Nonlinear Dyn (2007) 47:181-192
DOI 10.1007/s11071-006-9064-6

ORIGINAL ARTICLE

Primary resonance excitation of electrically actuated

clamped circular plates

Gregory W. Vogl - Ali H. Nayfeh

Received: 19 October 2005 / Accepted: 17 December 2006 / Published online: 28 November 2006

(© Springer Science + Business Media B.V. 2006

Abstract We investigate the response of an electrically
actuated clamped circular plate to a primary resonance
excitation of its first axisymmetric mode using an an-
alytical reduced-order model (macromodel). We dis-
cuss the influence of the number of modes retained
in the discretization on the predicted solutions. The
reduced-order model, which is a system of coupled
nonlinear ordinary-differential equations, accounts for
general residual stress and strain hardening and allows
for general material and geometric design variables.
Our reduced-order model is robust up to the pull-in in-
stability and is general enough to be an effective design
tool for capacitive micromachined ultrasonic transduc-
ers.

Keywords CMUT - Electrostatic actuation -
Macromodel - Pull-in - Reduced-order model

1. Introduction

Circular microplates are commonly electrically actu-
ated in capacitive micromachined ultrasonic transduc-
ers (CMUTs) in both air [1-9] and liquids [4, 10-12].
The circular microplate is typically composed of a sin-
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gle silicon crystal or silicon nitride and is suspended
above a heavily doped silicon bulk material. When a
bias voltage is applied between a deposited conductive
material (the top electrode) on the microplate and the
bulk base (the bottom electrode), the attractive electro-
static forces cause the microplate to deflect downward.
If a small alternating voltage is added to the bias volt-
age, then relatively large displacements can be created
when the frequency is near resonance, causing signifi-
cant sound generation [2]. The CMUT converts electri-
cal energy into mechanical energy and vice versa [9],
and a good design requires a large displacement from
the bias voltage for efficient energy coupling between
the circular microplate and the air [1]. The microplate
can also be deflected by ambient pressure if the cav-
ity beneath the microplate is vacuum sealed [8], which
is necessary for immersion applications. Optimum en-
ergy coupling is achieved when the plate is near the
structural instability known as ‘pull-in’ [9], where the
largest stable plate deflection occurs.

Many resonance applications demand better un-
derstanding of CMUT behavior. Many researchers
use FEM simulations [6 8, 9, 13-15], analytical
plate or membrane models [1-3, 5, 10, 16, 17], or
lumped-element models [9, 14] to analyze resonat-
ing circular microstructures. These approaches have
their respective flaws. Most FEM simulations are
computationally inefficient or breakdown near pull-
in of electrostatically actuated structures, and mem-
brane models ignore plate bending, which is needed
for bending-dominated microstructures. Furthermore,
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analytical plate or plate-membrane models usually ig-
nore nonlinearities [ 18], such as those created by large
plate deflections, so linear theories may produce inac-
curate results. Then, a geometrically nonlinear elastic
analysis needs to be utilized [19].

We investigate the response of a clamped circular
plate to a primary resonance excitation of its first mode
through reduced-order modeling, which is atypical for
electrostatically actuated circular plates. We use the
analytical reduced-order model (macromodel) for an
electrostatically actuated clamped circular plate that
was developed in an earlier paper [20]. The reduced-
order model, which is a system of N coupled nonlinear
ordinary-differential equations, accounts for general
residual stress and allows for general material and
geometric design variables. The reduced-order model
uses a full plate model and is robust up to the pull-
in instability. Furthermore, large deformations are al-
lowed because the first geometric nonlinearity of the
von Kdarman type is included in the model [21]. Conse-
quently, the reduced-order model captures the complex
multi-energy-domain physics in a relatively simple and
compact model and is general enough to be an effective
design tool.

2. System equations

A schematic of a circular plate under electrostatic ac-
tuation is shown in Fig. 1. The plate has a radius R,
thickness %, and is fully clamped above a parallel elec-
trode with an effective electrode separation distance d.
When a voltage 0(f) is applied between the plate and
electrode at time 7, the plate will deflect towards the
fixed electrode. For an isotropic plate with a uniform
residual biaxial plane stress 7, the transverse deflec-
tion W is axisymmetric when the plate is electrically

electrode

Fig. 1 A schematic of electric actuation of a clamped circular
plate
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actuated from rest. Furthermore, because of the fully
clamped boundary condition, the residual stress does
not cause the initial deflections that occur for other
boundary conditions [6].

An approximate analytical model [21]

N
W, 1) =Y (P (r) e

m=1

has been created for the nondimensional axisymmetric
deflection w(r, t) of a clamped circular plate, where ¢
and r are the nondimensional temporal and spatial vari-
ables, respectively. The shape functions ¢,,(r) seen in
Equation (1) are the first N axisymmetric modes of the
linear undamped case with zero residual stress and no
electrostatic forcing, and n,,(¢) is the generalized coor-
dinate associated with the mth shape function. All n,, ()
can be determined by solving the following system of
N coupled nonlinear ordinary-differential equations in
matrix form:

M ()i} + 2eM (i + N(m = P(n) + v*(OL, (2)

where the matrices M (1) and N (n) and the vector P(n)
are nonlinear functions of n(t) = {n(¢), n2(?), ...,

ny (1)}, L is a constant vector, ¢ is a nondimensional
damping parameter, and v(¢) is the nondimensional po-
tential difference between the ground and the electrode
on the plate. The matrices M and N and the vectors P
and L are defined in Appendix A.

The N x N matrices M and N and N-length vec-
tor P are functions of a nondimensional residual stress
7, Poisson’s ratio v, the number of modes N, an ax-
isymmetric downward pressure difference F(r,t) on
the plate, and a nondimensional parameter 8 defined
as

d 2
B = 12(%) (1 —v?).

Once all 7,,(¢) are determined by solving the nonlinear
matrix equation (2), the plate deflection w(r, t) is given
approximately by Equation (1).
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3. Primary resonance of the first mode

We investigate the response of a clamped circular plate
to a primary resonance excitation of its first mode.
Hence, we let the nondimensional voltage v(¢) be

v(t) = Xo + X3 cos(wrt), (3a)
where the forcing frequency wy is defined as
wf = w) + 0, (3b)

and the detuning parameter o represents how far the
forcing frequency is from the first natural frequency
) of the plate around its deformed equilibrium state.
Physically, the parameters xo and x3 are associated with
the DC and AC voltage components, respectively. The
nondimensional DC voltage x causes the plate to de-
form towards the fixed electrode, and the first frequency
w 1s then determined for the deflected equilibrium.

Following the method of multiple scales (MMS)
[22, 23], we seek a third-order approximate solution
of Equation (2) in the form

n(t;€) = o+ en(To, Ti, To) + €ny(To, Ti, Tr)
+EN(To, Ty, To) + O(e*) 4)

where T, = €"t and € is a small bookkeeping parame-
ter. In order that the nonlinearity balance the effects of
the damping and forcing, we introduce the following
scaled variables a priori:

and o — €0, ®))

Cc —> 626‘, X3 — 63)(3,

and rewrite Equation (2) as
M (yiy + 2€*cM(mn + N(mm = P() + v*(1)L(6)

Moreover, we express the cosine function in Equation
(3a) in terms of exponentials, apply the new scaling for
the detuning parameter o, and then use the time scales
T, to obtain

U(t) = X0 + §€3X3(€10T261w1 To + eflo'Tzefla)]To). (7)

We substitute Equations (4) and (7) into Equation (6),
expand all matrices and vectors that are functions of n

in powers of ¢, collect terms of orders of € up to O(e?),
and obtain the following equations:
Order(1)
Nomg—Po— xgL =0 (8)
Order(e)
Mo Dgny + Nom, + Ni(m)mg — Py =0 (9)
Order(e?)
Mo Dy + Nomy + Ni(1) g — Py
= — 2Mo DoDyny — Mi(m,) D
—Ni(mp)ny — No(ny, ny) mo + Pa(ny, m1)
(10)
Order(e3)
Mo Dgn + Noms + Ni(m3) 1o — P17
= —2cMy Donyy — 2Mo Do D1,
—My Din, — 2My DoDyn, — My(n;) Dgn,
—2M(n,) DoDim,
—Mi(m,) Dgmy — Ma(ny, my) Dym,y
=Ni(n)my — Ni(ny) m
—No(my, M) My — 2N2(ny, M) Mo
—N3(ny, My, M) Mo + 2P2(ny, 1m2)

+P3(ny, my,m)
+XOX3 (eiaTzeia}]To + e—inge—iwl TU)L (11)
where D; = ﬁ, 0 is the zero vector of length N,
Py = P(n), (12b)
oM oN
Mi(x) = | —x; |, Nix)= x; |,
an; an;
(12¢)
oP;
P =[Pyjl=|—|, (12d)
8nj
MG, y) = [ 1 M (12¢)
x,y)=1|= Xy, e
20X,y 2 9,01, y
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1 9°N
xiyj ) (]Zf)

587),'87]]'

N2(x1y) = |:

Py(x,y) = {Py(x, y)}
{1 3P,

= iYi(s 12
2877iamxy] (12g)

(1 9N
Ni3(x,y,2) = | ——————Xiy ;% (12h)
6 9n;0n;0m !

and P3(x,y,z) = {Py(x,y,2)}

(1 &P,
| 697:0m;9m

xiyz | (120

Here, v; is the ith component of a general vector v,
all derivatives are evaluated at 7 = 1), and Einstein’s
summation convention is used.

Before solving Equations (8)—(11), we rearrange
their left-hand sides and rewrite them as

Order(1)

Nomg—Po— xgL =0 (13)
Order(e)

Mo Dgny + Rom; =0 (14)
Order(e?)

My D§m, + Romy = —2Mo DoDim,
—My(1,) Dy — Ni(apy)
—N2(ny, mp) Mo + Pa(my, my) (15)

Order(e”)

Mo Dgns + Roms = —2cMo Dom,
—2My DoDimy — Mo Diny — 2Mo Do Do,
—Mi(ny) Dyny — 2M,(n) DoDin
—My(n,) Dgn, — Ma(n,.my) Dgm,
=Ni(m)my, — Ni(my) my — Na(ny, mp)my
—2N2(m1, M) Mo — N3(m1, My, M) Mo
+2P>(ny, 1) + P3(ny, my, M)
+XOX3 (eiaTzeiw]Tg + e—iUTze—iwITo)L (16)
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where Ry = Ny — P; + Qg and
0o = oN oN oN
0 amno om Mo . Mo

We now solve Equations (13)—(16) sequentially, start-
ing with Equation (13). The equations are solved sym-
bolically here and numerical solutions are generated
afterwards.

Mo
a7

Order(1)

If xo is less than its pull-in value Xé’i, the nondi-
mensional DC voltage x, causes the plate to deform
towards the fixed electrode and reach a new static equi-
librium state. We solve the nonlinear matrix equation
(13) numerically.

Order(¢)

If M, is nonsingular, then Equation (14) can be re-
arranged as

Diny + Som, =0, (18)

where Sy = M, 'Ry is a known matrix function of 7o-
Assuming that i, = A(Ty, T»)e“"p is a solution of
Equation (18), we obtain the eigenvalue problem

Sop = w*p. (19)

We consider the case in which Equation (19) has N
unique real eigenvalues w}, w3, ..., ®} and associ-
ated real eigenvectors p, p,, . .. , Py, Which represent
the undamped natural frequencies and mode shapes
around the deflected configuration, respectively. Con-
sequently, the general solution of Equation (18) can be
expressed as

N

M=) (A1, ) " py + ATy, To)e P py),
k=1

(20)

where Ay is a complex measure of the vibration am-
plitude and phase of the kth mode, and the overbar
denotes the complex conjugate of an expression. We
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consider the case in which the first mode is excited
with a primary resonance and not involved in an internal
resonance with any other mode. Because in the pres-
ence of damping all of the modes that are not directly
or indirectly excited decay with time [24, 25], the long-
time response of Equation (18) can be expressed as

N = ATy, T P p, + ATy, e op,.  (21)

Order(e?)
Substituting for 1, and 17, in Equation (15), we ob-
tain
My D}n, + Rom, = —2iw; DA " My p,

+2iw; D1A e i TOM() D

+w%A2e21wlTUM1(p1)p]+w%A26_2iwlToM](p1)pl

+20 AAMi(p)) p)

—Azeziw]TONl (p)py — A2672iw1T0N1(P1)P1

—2AAN(p)) p,

— A% Ny (p 1L py) g

— A% TNy (p 1, p) Mo

—~2AAN(py, p1) Mo

+A%P N Py(py, py) + A% 2 O Py(py, py)

+2AAP;y(p,. p)). (22)
We want to solve for 1,, but we need to eliminate sec-
ular solutions to ensure uniformity of the expansion.
In the absence of internal resonances, the only terms
that produce secular terms are the terms on the right-
hand side proportional to el 7 or e=170_ A uniform
solution for m, exists only if the terms that produce
secular terms are orthogonal to every solution u; of

the adjoint homogeneous problem associated with wy,
given as

wtM! uy = R} u. (23)

Impozing the solvability condition on Equation (22)
demands that

DIA=0 = AN, T)=AT). (24)

The general solution of Equation (22) consists of a
homogeneous component and a particular component.

We “lump” the homogeneous component for 17, with
the homogeneous solution for 7, since they are of the
same form, leaving us with the following particular
solution for 7,:

n, = A’e?Tog; + A%e 2 Tz + AAz,, (25)
where

21 = [Ro — 402 Mo] {2 M1 (p)) p,

— Ni(p) p1—Na(py, p) no+P2(py, P},
(26a)

and 2z, =2 Ry {oiM(p)) p,

—Ni(p) p1—Na(py. p) Mo+P2(py, P}
(26b)

Order(e?)

As with 1,, a uniform solution for 75 exists only
if the terms that produce secular terms at o(e)
are orthogonal to u,;. Substituting for 7y, n,, and
1, in Equation (16), using Equation (24), collecting
terms proportional to e 7, and making the vector
sum be orthogonal to u;, we obtain the solvability
condition

(- vDA +cu -v)A
+(uy - v2) AA+ (xour - L) 2 x3 =0,  (27)

where

v = —2iwo My p,, (28a)
vy = o1 Mi(z1) py + @i M1(22) p,
+3wiMa(py, p) Py — Niz1) py
— Ni(z2) py = 3N2(py, P Py
+40iMi(p))z1 — Ni(p)z1 — Ni(p))z2
—2N2(py, 21) Mo — 2Na(p 1, 22) Mo
= 3N3(pi,p1, P Mo+ 2P2(py. 21)
+2Pa(py,22) +3P3(py, py1. Py, (28b)
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and the prime denotes differentiation with respect to 7.
Now, because the eigenvector #; is known to within an
arbitrary constant, we normalize u; such that

uy-vy = 1
and reduce Equation (27) to
/ . 27, Lo en
A"+ cA — dioA°A + Elaze x3 =0, 29)

where «; and o, are real and defined as

o) = Z1u1 Vo (3021)
and
@y = —2ixou, - L. (30b)

4. Modulation equations

To solve Equation (29), we first transform it into two
coupled real equations using the transformation

1 .
A(Ty) = Ea(Tz)e‘e(T”, (€29

where a(73) and 6(7T,) are real functions. Substituting
Equations (21), (25), and (31) into Equation (4), we
have

1n(t;€) = Mg + € a(Ty) cos(w To + 6(T2)) p,

1
+ Eezaz(Tz)I: cosw; Ty + 20(T)) 24

1
+ 512:| + 0(63)' (32)

Because € is abookkeeping parameter, we absorb € into
a by letting ea — a, such that a is now small. In other
words, we let € be equal to one, with the understanding
that @ is small, and rewrite Equation (32) as

n(t) = 1y + a(t) cos(wst + y (1)) py
+%a2(l‘)|:COS(2(1)ft +2y(®)z1 + %Zz:|

+0(a?), (33)
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where y (1) = 6(t) — ot. If a is sufficiently small and
[p,I =1, then the functions a(t) and 6(¢) represent
the amplitude and phase of the response of the plate,
respectively.

Substituting Equation (31) into Equation (29) and
separating real and imaginary parts yields the following
autonomous set of modulation equations:

a = —ca — a3 sin(y) (34)

and

) a X3 cos(y)

Yy =aa”—0 — (35)
a

5. Frequency-response (F-R) equation

The equations governing the equilibrium values a.q and
Yeq Of Equations (34) and (35) are found by setting
a = 0and y = 0. They are given by

0= —ca — apx3sin(y) (36)

and

2 ax3cos(y)

O=woja"—o 37

a

Eliminating y from Equations (36) and (37) yields the
frequency-response (F-R) equation

ag{c? + (0 —aaz)’} = aix;. (38)

A point on the frequency-response curve is asymptoti-
cally stable if the eigenvalues A and X, of the Jacobian
matrix of the right-hand sides of Equations (34) and
(35) at that point are in the left-half of the complex
plane.

6. Nonlinear resonance

The nonlinear resonance frequency occurs at the peak
of the F-R curve; that is, the maximum value a,, in
the o — aeq plane. By using the F-R equation (38) and
Equation (3b), we find that the nonlinear resonance
frequency wy, is given by

2,2
Q105 X3

> (39)

Wy = w1 +
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Thus, when only the first mode is excited by a primary
resonance excitation, the plate resonates nonlinearly
at the frequency w,, with a first-order amplitude ay,,
according to the solution (33) for n(¢). We also note that
a, must be sufficiently small in order for the truncated
terms of O(a®) to be neglected in 7(¢).

7. Inflection point, softening/hardening,
and saddle-nodes

For sufficiently small forcing x3, the amplitude a.q is
a single-valued function of the detuning parameter o.
The F-R curve has a “camel’s hump” with a peak at
the nonlinear resonance point. However, as the forcing
parameter x3 increases, the camel’s hump bends either
to the left (softening) or to the right (hardening). An ex-
ample of hardening-type behavior, which is discussed
in the following section, is seen in Fig. 2. At a critical
value x3', the camel’s hump loses its single-valuedness
(one value of aeq for one o) and is multi-valued (three
values of aeq for one o) for certain o when x3 > x3'.
Therefore, an inflection point exists on the F-R curve
when x3 = x3', being the transition value separating
single- and multi-valued solutions. The inflection point
can be shown to occur at

9

(0, deq) = («/5 ¢ sgn(ay),

\4/3»0[12 ) ; (40)

0.20 0.20
0.15 F 0.15
a 0.10 F a 0.10
0.05 ‘/\ 0.05

wy w1

1 1

5.0 100 150  20.0 5 10 15 20
wy wt

(a) Single-valued response
(x3 <x§")

(b) Response with inflec-
-tion point (x3 = x§")

0.25 0.25
0.20 0.20 ’

0.15 /: b 0.15
a / e a

0.10 / k! 0.10

7\

0.05 f — S 0.05

pe wy wyr T s

5 10 15 20 5 10 15 20

wr we

X3t

)

(d) Responses for
various x3

(¢) Multi-valued response
(x3>x§")
Fig. 2 F-R curves for g =100, v=0.1, t =1, x§ = 0.5,
F@r,t)=0, ¢c=2 and (@ x3=35, (b) x3=x5 =798,
(c) x3 = 10, or (d) multiple values of x3

where sgn(x) gives the sign of a real nonzero number x,
and the critical value of y; is

12
3
=) . @1)
3«/§|a1|0¢§

Then, it follows from the F-R equation and the
inflection point (40) that the F-R curve bends to the
left (softening) or to the right (hardening) according to
the following rules:

o] < 0 = softening (42a)
and

o) > 0 = hardening. (42b)

8. Numerical results

By using the frequency-response equation (38), we
can plot the equilibrium vibration amplitude aq (a,
for short) versus the forcing frequency wy; that is, we
can create F-R curves for general system parameters.
The nonlinear resonance frequency wy, is given by
Equation (39) and the nonlinear resonance amplitude
ay, 1s the largest solution of Equation (38) for the detun-
ing parameter from Equation (39). For computational
efficiency, three modes are used to generate the curves
presented in this section, and the convergence of similar
curves in investigated in the next section. Furthermore,
the softening or hardening nature of the nonlinearity is
determined according to conditions (42), and the criti-
cal AC voltage y5' for the onset of multi-valuedness is
given by Equation (41).

In Fig. 2, we show representative frequency-
response curves. For any system, a critical AC voltage
X5 exists, such that the F-R curve is single-valued for
X3 < Xx3',as in Fig. 2(a). The solution is purely stable,
being represented by a solid curve, and the nonlinear
resonance point is represented by a circle. At the critical
value x5, the single-valuedness is about to break down,
asinFig. 2(b). Aninflection point exists, denoted by the
dot. For x3 > x5, the curve is partially multi-valued,
as seen in Fig. 2(c). Two saddle-node bifurcations, also
denoted by dots, now exist and the curve between them
is unstable (dashed). Accordingly, hysteresis exists as-
sociated with jumps at the saddle-node bifurcations as
the forcing frequency wy is slowly varied up and down.
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(a) F-R curves for (b) Force-Response curve
x% =0.5 for xg =05ando =5
0.25 0.25
020F 8 0.20 ./e/"
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015 F W 0.5 \\T
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0.10 | 0.10
0.05 | 0.05
w1
L

5
—
o
o
1)
S
]
S

0.2 04 0.6 08 1.0 1.2 14
wg X3

(¢) F-R curves for
for X% =25

(d) Force-Response curve

for x% =25and o =-5
Fig. 3 Frequency-response and force-response curves for the
system with 8 =100, v =0.1, t =1, F(r,t) =0, c = 2, and
either (a)-(b) x¢ = 0.5 or (c)-(d) xZ = 25

The evolution of the vibration amplitude with in-
creasing 3 can be seen in Fig. 2(d). As the AC forcing
X3 increases, a increases and the F-R curve bends to
the right (hardening). Eventually, the F-R curve be-
comes multi-valued and hysteresis exists. We note that
according to conditions (42), the nonlinearity is of the
hardening type because «; = 157.5 > 0.

Jumps can also be seen in force-response curves,
which depict how the vibration amplitude a changes
with the AC forcing x3 for a fixed forcing frequency wy,
or alternatively a fixed detuning parameter 0. Example
force-response curves are seen in Figs. 3(b) and (d) cor-
responding to the frequencies marked in Figs. 3(a) and
(c), respectively. Jumps (depicted as arrows) occur in
Fig. 3(b) because o is greater than the critical value for
the inflection point (40) of the hardening-type system,
and amplitude jumps occur in Fig. 3(d) because o is less
than the critical inflection value of the softening-type
system. Conversely, if the chosen forcing frequency wy
does not deviate far enough from the natural frequency
w; for either system parameters, then no jumps in the
vibration amplitude will occur.

We note that the softening/hardening nature of the
plate is independent of y3, but is strongly dependent
on the DC component o, which affects equilibrium.
In fact, the nature of the nonlinearity transitions from
hardening to softening as yo increases and the plate
deflects more towards the fixed electrode. This tran-
sition is seen in the bold curve of Fig. 4. The curve
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Fig. 4 Progression from hardening to softening as x increases
for =100,v=0.1,t=1, F(r,t) =0,c=0.25, and x3 =
0.25
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Fig. 5 Hardening and softening regions forv = 0.1, 7 = 1, and
F(r,t)=0

tracks the nonlinear resonance frequency from its posi-
tion for zero x( (denoted with a circle) up to pull-in (not
seen in the figure). Initially, we only have a hardening-
type behavior («; > 0). However, as we increase y to
3.36 (denoted by an asterisk), we find that there is nei-
ther hardening nor softening, since o; = 0. Hence, the
system is locally linear and the F-R curve is not bent
for that case. As we increase xo beyond 3.36, we find
that the nonlinearity of the system becomes softening
(a¢; < 0), with the F-R curve being bent to the left, like
that for xo = 3.61. Softening remains until the plate
reaches pull-in.

The DC voltage xo at the transition point (¢; = 0)
from a hardening-type to a softening-type behavior de-
pends on the parameters §, v, and t. The dependence on
B forv =0.1and r = 1 is shown in Fig. 5. For exam-
ple, when B = 100, the system being studied is that of
Fig. 4. The effective nonlinearity moves from the hard-
ening region to the softening region as yj is increased.
Eventually, the plate is pulled into the “brick wall” (the
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fixed electrode). In fact, @y — —o0 and o, — 00 as 50 L0
the pull-in limit is approached, which means that the 752 EZ o
nonlinear resonance amplitude and frequency become M 100 %2 04 V)2
. . .. 2
increasingly sensitive to x3. Consequently, x3 must ap- ~150 54 02
proach zero to maintain finite responses as the plate 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
. 2 2
approaches pull-in. X X
(a) a1 vs. x3 (b) g vs. x2
12 0.20
10 1
8 0.15
9. Numerical convergence w6 N\ @010
; 84 0.05
We have found that stable deflections converge suffi- T e s 10 3 i 16 e e
ciently with five axisymmetric modes [20]. However, Xt i

in order for the reduced-order model to be of any use,
the equilibrium amplitude a also has to converge as
the number N of modes increases. This means that the
system parameters «; and «; in the F-R equation (38)
and the first undamped natural frequency w; must all
be sufficiently close to their limits for some N, such
that the F-R curve is sufficiently converged.

We calculated o, a», and w; as functions of yq for
various combinations of system parameters 8, v, and T
with different values of N. Because the reduced-order
model is intended for analysis of CMUTSs, we choose
(nondimensional) system parameters feasible for typi-
cal CMUTs. We focus on modeling air transducers by
restricting the nondimensional residual stress T to be
less than the nondimensional parameter 8, where S is
as high as 100. For simplicity, we also let Poisson’s ratio
v equal 0.2 and let F(r, t) = 0 (no pressure difference
across the plate).

Results for acombination of parameters are shown in
Fig. 6. As pull-inis approached, the respective curves in
Figs. 6(a)—(c) generally deviate from each other. How-
ever, three modes seem to be sufficient to characterize
the dynamic-related quantities «, op, and w; for most
of the range of x( up to pull-in. In fact, the curves for
three and four modes are hardly distinguishable. At
x& = 13, which is about 87% of the critical value for
pull-in, the frequency-response curves in Fig. 6(d) are
basically converged for three modes.

Three modes may not be sufficient for convergence,
as seenin Fig. 7, where at least four modes are needed to
sufficiently characterize the steady-state dynamics for
most of the range up to pull-in. The curves for four and
fives modes are barely distinguishable, and at xé =28,
which is about 84% of the critical value for pull-in, the
F-R curves in Fig. 7(d) are basically converged for four
modes.

(d) F-R curves for x2 = 13,
¢ = 0.45,and x3 = 0.15

(c) wi vs. Xa

Fig.6 Parameterandresponsecurvesforf = 1,v =0.2,7 =1,
and F(r, t) = 0 with different numbers of modes
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(d) F-R curves for x2 = 28,
c¢c=1.2,and x3 =0.5

(c) wr vs. X2

Fig. 7 Parameter and response curves for g = 100, v = 0.2,
t =1, and F(r, t) = 0 with different numbers of modes

The previous analysis was for systems with zero
pressure difference across the plate, but advantageous
pressure differences exist in many CMUTs. For in-
stance, when a vacuum is created under the plate and the
pressure from a fluid acts on its top, the electromechan-
ical coupling increases due to the plate deflection, mak-
ing the system more efficient for conversion of electri-
cal energy to mechanical energy [8]. We would like
the macromodel to be applicable for such situations. In
this spirit, we let F(r, t) be constant and test conver-
gence for feasible cases, one of which is seen in Fig. 8.
For all four values of F, four modes are sufficient for
convergence for most of the range up to the respective
pull-in. However, as F increases, the curves deviate
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Fig. 8 First undamped natural frequency for § = 50, v = 0.2,
7 = 50, and (for paired curves from left to right) F(r, t) = 150,
F(r,t) =100, F(r,t) = 50, or F(r, t) = 0 for four or five modes

more and five modes become necessary for conver-
gence.

In general, at least three (N = 3) modes should be
used in the reduced-order model (2) to characterize
the responses of clamped circular plates used in air-
immersed CMUTS to primary resonance excitations. In
fact, three modes were used to generate the curves in
Figs. 2-5. Consequently, the error in the approximate
equilibrium solution (33) is mainly due to truncation
at a certain order of a in the method of multiple scales
and not due to the truncation of the number N of modes
in the reduced-order model. In practice, however, the
nondimensional amplitude a will be sufficiently small,
such that the number N of modes primarily limits the
accuracy of the approximate amplitudes.

10. Conclusions

We used an analytical reduced-order model (macro-
model) to investigate the response of an electrostat-
ically actuated clamped circular plate to a primary
resonance excitation of its first axisymmetric mode.
The method of multiple scales was used to derive a
semi-analytical expression for the equilibrium ampli-
tude of vibration. The plate was found to always transi-
tion from a hardening-type to a softening-type behavior
as the DC voltage increases towards pull-in.

We found that, in general, at least three linear un-
damped axisymmetric modes are needed to charac-
terize the equilibrium amplitude of vibration for pri-
mary resonance excitation of clamped circular plates
used in many capacitive micromachined ultrasonic

@ Springer

transducers. Sufficient convergence up to pull-in seems
to be met for feasible CMUTs if five modes are used,
but one should inspect the frequency-response curves
for assurance of convergence.

Our macromodel can be used as an effective de-
sign tool for CMUTs for multiple reasons. First, the
equilibrium-amplitude expressions allow for general
residual stress and material and geometric design vari-
ables. For instance, the nonlinear resonance point of
any system can easily be calculated for multiple values
of the AC voltage forcing. Second, our model elimi-
nates the computational problems near pull-in found in
many FEM-based models, because the amplitudes near
pull-in can be calculated as fast as those away from
the instability. Third, our model allows for bending-
dominated plates, which is desirable for CMUTs in
which the residual stress is negligible. Fourth, the
reduced-order model presented here accounts for the
first geometric nonlinearity of the von Karman type.
Consequently, any increase in frequency due to strain
hardening is accounted for, as seen in Fig. 7(c) in which
the frequency can increase instead of always decrease
with deflection as in Fig. 6(c).

Appendix A: Matrix and vector definitions for
reduced-order model

In this appendix, we reduce the reduced-order model
developed in a previous paper [21] to the matrix form
in Equation (2). First, we let

, I14+v
Voun (1) = Quun () + 77— 02mn (1), (43)

where

L[ ., r (.
(plmn(r) = E/() €¢m¢nd§ + Z/r S d%_
(44a)
and
1
o) = - / £, 0, dE. (44b)
0
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The reduced-order model then becomes

(ilg + 2¢ig + 2ny)
+(ﬁm + zcnm + Q;Znnm)nl njBljmq

14+v
= :B — NmMnNp Clmnpq + 1 — C2mnpq

+20i N N Np <Dltmnpq + —

—NiNjNmMnMp (Ell]mnpq +

_Tr/mqu + 2T77ianimq -
+1,

where

Aimq

ijmq

Clmnpq

C2mn Pq

Dlimnpq

D2imnpq

Elijmnpq

EZijmnpq

1
/(; r¢i¢m¢qdr:
1
/(; r¢i¢j¢m¢qdra
1
:'/0 (»b(/]qs;n(/)lnpdrs
1
— [ oidipmpar
1
:/0 (¢i¢q)/¢;n(p1npdra
1
:A (¢[¢q)'¢,’n(p2n,,dr,
1
= [ @0 000r,
1
=/0 (D9 Bq) by, P20pdr,
1
" b dr,
| rondar
1
/ ré, (gigy) dr,
0

1
/0 e, (Bigidy)dr,

- 2(77m + ZCT:/m + lennm)niAimq

E21]mnpq>i|

TninjrlmHijmq
— 20 Jig + min;Kijq + 03 ()L,

(46a)

(46b)

(46¢)

(46d)

(46¢)

(46f)

(46g)

(46h)

(461)

(46])

(46k)

1 1
I =[0 Fro,dr, Ji :/0 Froig,dr, (461)

1 1
Kij, :[0 Froip;p,dr, L, :/0 r¢gdr,(46m)

forg =1,2,..., N, and the summation signs have
been removed in Equation (45) for notation simplifica-
tion. Therefore, all terms in Equation (45) are created
by summing over their respective lower-case Latin in-
dices (excluding g), which range from 1 to N.

Because all integrands in Equations (46) are known
explictly after a function F(r, t) is chosen, the integrals
can be evaluated numerically one time and saved for
use in Equation (45). Thus, the variables with upper-
case Latin names in Equation (45) are simply known
constants.

Finally, we simplify the form of Equation (45) by
putting the N coupled equations (¢ =1,2,...,N)
into matrix form. We collect all n;(¢) into a column
vector n(t); that is,

() = {n ), m(), ..., ny@)}, (47)

and then rearrange Equation (45) to obtain
Equation (2); that is,

M®m)i) + 2ecM(m)n + N(p)n = P(n) + v ()L,

where

M) = [Mys(m)] = [845 — 2ni Aisq + 1in;j Bijsql,
(48a)
N(m) = [Ngs(m)]
= [Q08,6 — 2Q2ni Aisg + inin; Bijsq ], (48b)
P(n) = {P;(m)}

1+v
/3 — NmMnMp Clmnpq + 1_ VCZmnpq

14+v
+2771 Nm nnnp D]lmnpq + — DZlmnpq

1 -

l1+v
—NiNjNmMnNp <Eltjmnpq +— 1— EZI]mnpq):|

—TNm qu + aninm Gimq — TNiN;jNm Hijmq
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+1y =20 Jig +nin;Kijg ¢ (48¢)

L ={L,}, 8, is the Kronecker delta, and the summa-
tion signs have been removed in Equations (48) for
notation simplification.

References

10.

. Haller, M.I., Khuri-Yakub, B.T.: A surface micromachined

electrostatic ultrasonic air transducer. In: Proc. of IEEE
Ultrasonics Symp. Cannes, France, Vol. 2, pp. 1241-1244
(1994)

. Ladabaum, I., Khuri-Yakub, B.T., Spoliansky, D., Haller,

M.L.: Micromachined ultrasonic tranducers (MUTSs). In:
Proc. of IEEE Ultrasonics Symp., Seattle, WA, Vol. 1, pp.
501-504 (1995)

. Haller, M.I., Khuri-Yakub, B.T.: A surface micromachined

electrostatic ultrasonic air transducer. IEEE Trans. Ultrason.,
Ferroelectr. Freq. Control 43, 1-6 (1996)

. Jin, X., Ladabaum, I., Khuri-Yakub, B.T.: The microfab-

rication of capacitive ultrasonic transducers. J. Microelec-
tromech. Syst. 7, 295-302 (1998)

. Hansen, S.T., Turo, A., Degertekin, F.L., Khuri-Yakub, B.T.:

Characterization of capacitive micromachined ultrasonic
transducers in air using optical measurements. In: Proc. of
IEEE Ultrasonics Symp., San Juan, Puerto Rico, Vol. 1, pp.
947-950 (2000)

. Yaralioglu, G.G., Ergun, A.S., Bayram, B., Marentis, T,

Khuri-Yakub, B.T.: Residual stress and young’s modulus
measurement of capacitive micromachined ultrasonic trans-
ducer membranes. In: Proc. of IEEE Ultrasonics Symp.,
Atlanta, GA, Vol. 2, pp. 953-956 (2001)

. Caronti, A., Majjad, H., Ballandras, S., Caliano, G.,

Carotenuto, R., ITula, A., Foglietti, V., Pappalardo, M.:
Vibration maps of capacitive micromachined ultrasonic
transducers by laser interferometry. IEEE Trans. Ultrason.,
Ferroelectr. Freq. Control 49, 289-292 (2002)

. Huang, Y., Ergun, A.S., Heggstrom, E., Badi, M.H., Khuri-

Yakub, B.T.: Fabricating capacitive micromachined ultra-
sonic transducers with wafer-bonding technology. J. Micro-
electromech. Syst. 12, 128-137 (2003)

. Yaralioglu, G.G., Ergun, A.S., Bayram, B., Heggstrom,

E., Khuri-Yakub, B.T.: Calculation and measurement of
electromechanical coupling coefficient of capacitive micro-
machined ultrasonic transducers. IEEE Trans. Ultrason.,
Ferroelectr. Freq. Control 50, 449456 (2003)

Ladabaum, 1., Jin, X., Soh, H.T., Pierre, F., Atalar, A.,
Khuri-Yakub, B.T.: Microfabricated ultrasonic transducers:

@ Springer

11.

12.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

towards robust models and immersion devices. In: Proc. of
IEEE Ultrasonics Symp., San Antonio, TX, Vol. 1, pp. 335—
338 (1996)

Jin, X., Oralkan, O., Degertekin, F.L., Khuri-Yakub, B.T.:
Characterization of one-dimensional capacitive microma-
chined ultrasonic immersion transducer arrays. IEEE Trans.
Ultrason. Ferroelectr. Freq. Control 48, 750-760 (2001)
Ergun, A.S., Cheng, C-H., Demirci, U., Khuri-Yakub, B.T.:
Fabrication and characterization of 1-dimensional and 2-
dimensional capacitive Micromachined ultrasonic trans-
ducer (CMUT) arrays for 2-dimensional and volumetric ul-
trasonic imaging. In: Proc. of Oceans 02 MTS/IEEE, Biloxi,
MS, Vol. 4, pp. 2361-2367 (2002)

. Bozkurt, A., Degertekin, F.L., Atalar, A., Khuri-Yakub, B.T.:

Analytic modeling of loss and cross-coupling in capacitive
micromachined ultrasonic transducers. In: Proc. of IEEE
Ultrasonics Symp., Sendai, Japan, Vol. 2, pp. 1025-1028
(1998)

Bozkurt, A., Ladabaum, I., Atalar, A., Khuri-Yakub, B.T.:
Theory and analysis of electrode size optimization for ca-
pacitive microfabricated ultrasonic transducers. IEEE Trans.
Ultrason. Ferroelectr. Freq. Control. 46, 1364—1374 (1999)
Bayram, B., Yaralioglu, G.G., Ergun, A.S., Khuri-Yakub,
B.T.: Influence of the electrode size and location on the per-
formance of a CMUT. In: Proc. of IEEE Ultrasonics Symp.,
Atlanta, GA, Vol. 2, pp. 949-952 (2001)

Buhrdorf, A., Ahrens, O., Binder, J.: Capacitive microma-
chined ultrasonic transducers and their application. In: Proc.
of IEEE Ultrasonics Symp., Atlanta, GA, Vol. 2, pp. 933-940
(2001)

Pelesko, J.A., Chen, X.Y.: Electrostatic deflections of circu-
lar elastic membranes. J. Electrost. 57, 1-12 (2003)

Yu, M., Balachandran, B.: Sensor diaphragm under initial
tension: linear analysis. Exp. Mech. 45, 123-129 (2005)
Li, G., Aluru, N.R.: Linear, nonlinear, and mixed-regime
analysis of electrostatic MEMS. Sensors Actuators A 91,
278-291 (2001)

Vogl, G.W., Nayfeh, A.H.: A reduced-order model for elec-
trically actuated clamped circular plates. In: Proc. of ASME
Design Engineering Technical Conf., Chicago, IL, DETC
VIB-48530 (2003)

Vogl, G.W., Nayfeh, A.H.: A reduced-order model for elec-
trically actuated clamped circular plates. J. Micromech.
Microeng. 15, 684-690 (2005)

Nayfeh, A.H.: Perturbation Methods, Wiley, New York, pp.
228-236 (1973)

Nayfeh, A.H.: Introduction to Perturbation Techniques,
Wiley, New York, pp. 122-127 (1981)

Nayfeh, A.H., Mook, D.T.: Nonlinear Oscillations, Wiley,
New York, pp. 366-367 (1979)

Nayfeh, A.H.: Nonlinear Interactions: Analytical, Computa-
tional, and Experimental Methods, Wiley, New York, p. xvi
(2000)



