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Abstract. This paper is concerned with the existence and uniqueness of pseudo almost periodic solutions to a class of semilinear
differential equations involving the algebraic sum of two (possibly noncommuting) densely defined closed linear operators acting
on a Hilbert space. Sufficient conditions for the existence and uniqueness of pseudo almost periodic solutions to those semilinear
equations are obtained.
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1. Introduction

Let (H, || - |, (-, -)) be a Hilbert space. In [1] the author had shown through the so-called method of the
invariant subspaces for unbounded linear operators [1—4] that under some suitable assumptions, every
bounded solution to the abstract differential equation

uw'(t) = Au(t) + Bu(t) + g(t), t €R, D

where A, B are densely defined closed linear operators on H, and g : R +— H is a continuous function,
is pseudo almost periodic.

In this paper, we combine the above-mentioned method and the classical Banach fixed-point principle
to obtain some sufficient conditions, which do guarantee the existence and uniqueness of a pseudo almost
periodic solution to the class of the semilinear differential equations

u'(t) = Au(®) + Bu(t) + f(t,Cu(t)), t€eR, 2)

where A, B are densely defined closed (possibly noncommuting) linear operators on H, C: H — H is
a nonzero bounded linear operator, and f: R x H — H is a jointly continuous function.

The concept of the pseudo almost periodicity, which is the central question in this paper was first
initiated by Zhang in [5-7] and is a natural generalization of the of the classical (Bochner) almost
periodicity. Thus, this new concept is welcome to implement another existing generalization of the
(Bochner) almost periodicity, the so-called notion of asymptotically almost periodicity due to Fréchet,
see e.g., [4, 8—10]. More details on the concepts of almost periodicity and pseudo almost periodicity
and related applications can be found in [1, 4-7, 9, 11-17] and the references therein.
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The existence and uniqueness of pseudo almost periodic solutions to some semilinear differential
equations has been studied in [5-7, 11-13, 16] and the references therein. Here, it goes back to examine
some sufficient conditions which do guarantee the existence and uniqueness of a pseudo almost periodic
solution to Equation (2), by using the above-mentioned techniques.

Let us recall some definitions and notations that we shall use in the sequel.

2. Preliminaries
2.1. INVARIANT AND REDUCING SUBSPACES FOR LINEAR OPERATORS

Let (H, || - |I, (-, -)) be a Hilbert space and let M C H be a closed subspace. Let A be a densely defined
closed unbounded linear operator on H and let P denote the orthogonal projection onto the closed
subspace M.

Definition2.1. M C H is called an invariant subspace for A if the linear operator A maps D(A) N M
into M.

Example 2.2. Let H be a Hilbert space and let A : D(A) C H — H be a densely defined closed linear
operator on H.

(1) M =N(A)={u € D(A): Au = 0} is an invariant subspace for A.

(i) If A is self-adjoint, then each eigenspace M; = N (Al — A) is invariant for the linear operator A.

Example 2.3 LetH = L?*([a, B]).If V € L*([a, 8] x [, B]), let A be the integral operator defined by

(A0))i= [ Ve.ndr, s € la pl
Setting M, = {¢ € L*(e, B]) : ¢ = 0 a.e. on [, y1}, it is not hard to see that (M) cla, ) 18 invariant
for A.

Theorem 2.4. The equality PxyfAPx; = AP, is a necessary and sufficient condition for a subspace
M to be invariant for a linear operator A.

Proof. Suppose Py(APy = APy If x € D(A) N M, then x = Pyx € D(A), and so, Ax =
APpix = PMAPpx € M.

Conversely, if M is invariant for A; let x € H such that Pyyx € D(A). Then APyx € M and
$0 PyfAPyx = APyx, hence APy C PpAPpy. Since D(APy) = D(PapAPy) it follows that
APy = PyAPp. O

Definition 2.5. A closed proper subspace M of the Hilbert space H is said to reduce an operator A if
Py D(A) C D(A) and both M and H © M, the orthogonal complement of M, are invariant for A.

Theorem 2.6. A closed subspace M of H reduces an operator A if and only if PpyA C APp.

Proof. See the proof of [18, Theorem 4.11., p. 29].
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Remark 2.7. Notice that the inclusion PyyA C APy yields if x € D(A), then Pyx € D(A) and
Py Ax = APpx.

Fromnow on, (H, |- ||, (-, -)), D(T'), R(T") and N (T ) stand for a Hilbert space, the domain, the range, and
the kernel of a given (possibly unbounded) linear operator T', respectively. If S, T are densely defined
closed (unbounded) linear operators on H, then their algebraic sum is the linear operator defined by
DS+T)=DS)NDT)and (S + T)u := Su+ Tu, foreachu € D(S) N D(T).

Throughout the rest of the paper, we suppose that the algebraic sum A 4+ B of A and B appearing in
Equation (2) is densely defined.

2.2. PSEUDO ALMOST PERIODIC FUNCTIONS

Let (BC(H), || - |loo) be the Banach space of bounded continuous functions g : R + H endowed with
the sup norm defined by [|gloc := sup,cg I|g(#)||. Similarly, BC (R x £2) where € C H is an open subset
denotes the vector space of bounded continuous functions F: R x Q +— H.

Definition 2.8 [8] A function f € BC(H) is called almost periodic if for each ¢ > 0, there exists
[, > 0 such that every interval of length /, contains a number t with the following property

[ft+1)=fOl <& (eR).

The number 7 above is called an e-translation number of f, and the collection of such functions will
be denoted AP (H).
Similarly,

Definition2.9. A function F € BC(R x 2) is called almost periodic in# € R uniformly inany K C
a bounded subset if for each ¢ > 0, there exists [, > 0 such that every interval of length /, > 0 contains
a number 7 with the following property

|F(t+t,x)— F(t,x)]| <¢e, (teR, xeK).

Here again, the number t above is called an e-translation number of F, and the class of such functions
will be denoted AP (R x 2).
More details on properties of almost periodic functions f: R +— H and as well as those of the form
F:R x H + H can be found in the literature, especially in [4, 8, 9, 17] and the references therein.
From now on, one supposes that 2 = H and set

T

APy(H) := {f e BC(H) : lggo%/ I £()llds = o}, and

—r

1"
APyR x H) = {F € BCR x H) : lim 2_f IF(t, ulldt =0, Yu e ]HI}.
r—oo 2r .

=7
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Definition 2.10. A function f € BC(H) is called pseudo almost periodic if it can be expressed as

f=g+0¢,

where ¢ € AP(H) and ¢ € A Py(H).
The collection of such functions will be denoted by P A P (H).

Let us mention that the functions g and ¢ appearing in Definition 2.10 are respectively called the
almost periodic and the ergodic perturbation components of f. Furthermore, the decomposition in
Definition 2.10 is unique [5].

We now equip PAP(H) the collection of pseudo almost periodic functions from R into H with the
sup norm. It is well-known that (PAP(H), || - ||.0) is a Banach space, see e.g., [16].

Definition 2.11. A function f € BC(R x H) is called pseudo almost periodic in ¢ € R uniformly in
x € H if it can be expressed as

f=g+0¢,

where g € AP(R x H) and ¢ € APy(R x H).
The collection of such functions will be denoted by PAP(R x H).

The following assumptions will be made:
(H.1) The function f: R x H +— H, (¢, u) — f(¢, u) is pseudo almost periodic in ¢t € R uniformly
inu € H,ie. f =g+ ¢, where g € AP(R x H) and ¢ € APy(R x H); and that f satisfies
Lipschitz condition in # € H for each ¢ € R, i.e., there exists L > 0,

If(t,u) = f, vl <L.|u—vl,

forallu,v e Hand ¢t € R;
(H.2) there exists M C H a closed subspace which reduces both A and B. In this event, we denote by
Pr, O = (I — Prg) = Puom, the orthogonal projections onto M and H © M, respectively;
(H.3) A, B are the infinitesimal generators of cy-groups of bounded operators (7' (s))scr, (R(S))seR,
respectively, such that, there exist M, K, ¢, d > 0 with

IT(s —o)Pum| < Me 6= foreachs > o, and

IT(s —o)Omll < Me=““~  foreachs <o, and
IR(s — o)Pumll < Ke™“~  foreachs > o, and

IR(s — )0l < Ke °~  foreachs < o;

(H4) R(A) C R(Pp) = N(Q )
(H.5) R(B) C R(Qm) = N(Pm).

Remark 2.12
(1) If A, B are infinitesimal generators of co-groups of bounded operators, then their algebraic sum
A + B need not be the infinitesimal generator of a cy-group of bounded operators.
(i) Since A + B is assumed to be densely defined, then from the assumption (H.2) it follows that both
M and [H © M] are invariant for A + B.
(iii)) The method of the invariant subspaces consists of imposing the assumptions (H.2), (H.4), and (H.5)
on A and B.
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3. Existence and Uniqueness of Pseudo Almost Periodic Solutions

Throughout the rest of the paper, C:H +— H denotes a nonzero bounded linear operator.

Theorem 3.1 Under assumptions (H.1), (H.2), (H.3), (H4), and (H.5), Equation (2) has a unique
pseudo almost periodic solution whenever

=[]

The proof of our main result (Theorem 3.1) requires the following technical lemmas:

Lemma 3.2. Under assumptions (H.1), (H.2), (H.3), (H4), and (H.5), every bounded solution to
Equation (2) can be expressed as: u = ¢ (u) + &(u), where

t

c(u)(@):= / Tt —s)Pumg(s,Cu(s))ds +/ R(t — s)O mg(s, Cu(s))ds, and

E(u)(t):= / T(t —s)Prop(s, Cu(s)) ds + f R(t — $)Q pmd(s, Cu(s)) ds.

o] —00

Proof. (Lemma 3.2). Let u be a bounded solution to Equation (2). In view of (H.2), u can be decom-
posed as

u(t) = Ppu(t) + (I — Pru(t), Vt e R,

where Pyu(t) € R(Py) = N(Qa) and Q pu(t) € N(Pag) = R(O ).
We have

d ., _p A
E( mu(t)) = ME”(I)

= PrAu(t) + PyBu(t) + Pa £z, Cu(t))

= APyu(t) + PrBu(t) + P f(t, Cu(t)), by (H2),

= APyu(t) + P f(t, Cu(t)), by (H.5).

From the previous equation and the fact that P, is a bounded linear operator on H it is clear that
P u(t) is a bounded solution to the differential equation

d
E(Z(t)) = Az(t) + Py f (¢, Cu(t)).
It follows that (see [13]):

Pypu(t) = / Tt —s)Pymf(s,Cu(s))ds.

(o]

And hence,

t

Pyu(t) = / Tt —s)Pymg(s,Cu(s))ds + / T(t —s)Pymo(s, Cu(s)) ds,

oo —00
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by (H.1).
Arguing similarly as above, it follows that

QMM(I)Z/ R(t = 5)0mf (s, Cu(s)) ds,

o0

and therefore

t t

R(t — )0 pg(s. Culs)) ds + / R(t — $)0 (s, Cu(s)) ds,

—00

Ot = /
by (H.1).

One completes the proof by combining expressions of both Py u and Q x(u above. -

Lemma 3.3. Under assumptions (H.1), (H.2), (H.3), (H4),and (H.5), ifu € PAP(H) is a solution
to Equation (2), then u = ¢ (u) + &(u), where {(u) € AP(M) and &(u) € APy(H) (¢ and & being as in
Lemma 3.2).

Proof. (Lemma 3.3). Let u € PAP(H). Clearly, u is bounded. If « is a solution to Equation (2), then
u = ¢(u)+ &(u), by Lemma 3.2.

First of all, let us notice that since f € PAP(R x H) and satisfies Lipschitz condition, (H.1), for each
v € PAP(H), the function f(-, v(-)) belongs to P AP (H), see, e.g., [14, Proposition 2.2]. Furthermore,
g(-, v(-)) and ¢(-, v(-)) are respectively the almost periodic and ergodic perturbation components of
f(, v(-)). In particular, g(-, u(-)) € AP(H) and ¢(-, u(-)) € APy(H).

We next show that ¢ (1) € AP (H). Since C is bounded, it follows that ¢ — Cu(t) is almost periodic,
and hence g(-, Cu(-)) € AP(H). Thus for every ¢ > 0, there exists § > 0 such that for all y, there is
T € [y, y + 8] with

lg(s + 7,Cu(s + 1)) — g(s,Cu(s))| <m.e, VseR,
where
_(M K -
F=\¢T4 '
Considering ¢ (u)(t + t) — ¢ (u)(¢) and using the assumption (H.3) it easily follows that

£ + 1) —C)(] <&, VreR,

and hence # — ¢(¢) is an almost periodic function.
It remains to show that r — &(u)(¢) is in A Po(IH). For that, write

E@)(t) =Yr @)+ Yr(0),

where

Yr(t) .= / T(t —s)Pyo(s, Cu(s))ds,

o0
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and

t
Yr(t) := / R(t — $)0 m(s, Cu(s)) ds.

o0

We will only show that Y7 € A Py(H) since the proof for Y follows along the same lines. Indeed, it is
clear that s — Y7 (s) is a bounded continuous function. Thus, the remaining task is to show that

T
lim 2—/ 1Y7(0)|| dt = 0.

r—00 I —r

Using the assumption (H.3) it follows that,

1 "
lim — / YrOldt <I+J,

r—o0 2r J_,.
where
M r t
1= lim — / dt (/ e (s, Culs))|| dS>,
and
Mo -
J = ’lglolo > dt e llo(s, Cu(s))]| ds.
—r —0o0

To complete the proof we must show that I = J = 0. For that, we mainly use the facts that ¢ (-, Cu(-)) €
APy(H) and G = sup, g [|¢(t, Cu(t))|| < oo. Indeed,

M [T !
I= lim o f o, Cu@) dt / e ™) ds
r—o00 2r J_, —r
M [ 1 .
= lim — / o, Cu@))| dl(-[l —e_t(m)])
r—o02r J_, c
M 1 ’
=—. lim — / o, Cu@)| dt
c ro2r J_,
=0,

by ¢(-, Cu(-)) € APy(HD).
Similarly,

. M - cs : —ct
J = lim 2—/ e“lo(s, Cu(s))|| ds/ e “dt

r—>o0 2r J_ _r

MG - 1 .
< lim — / e’ ds(—[e" —e @ ])
r—oo 2r oo c

. G —2cr
= i 5t =)

=0.
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Thus s +— Y7(s) belongs to APy(H). In this way, s +— Yg(s) is also in APy(H), and therefore
&E(u) € APy(H). O

Proof. (Theorem 3.1). In view of Lemma 3.2, each bounded solution to Equation (2) can be written
as A(u) := ¢(u) + £(u), where

t

t
Au)(t) = / Tt —5)Pmf(s,Cu(s))ds + / Rt —5)Omf(s, Cu(s))ds.
Now using Lemma 3.2 it follows that A given above maps PAP(IH) into itself. To complete the proof
we must show that A is a strict contraction from (PAP(H), || - ||) into itself.
Let u, v € PAP(H),

H/ nwwwamcmm—fmcwmwssaw—wm[ e ™9 ds

foreacht € R witha = LM||C]|.
Consequently,

/ Tt —s)Pulf(s, Cu(s)) — f(s,Cu(s))]ds

o0

sup
teR

_ (LMICl
=< " N = vlloo.

Similarly,

sgwm—mm

H/ Rt —$)Qmlf(s, Culs)) — f(s, Cv(s))] ds

for each t € R with 8 = LK ||C||. And hence,

/ Rt —)Qmlf (s, Culs)) — f(s, Cv(s)] ds

sup
teR

< (EKIC
= d . 00-

In summary,
LM|C LK|C
HMW—MW%S[( ””)+( ”'v}w—mm
c d
_ M K cilL
_ (;)+(g>u 1oLt = vl
Thus, if

e8]

then the nonlinear operator A: (PAP(H), |.|lco) > (PAP(H), |.|lo) is a strict contraction, and therefore
by the Banach fixed point principle there exists a unique uy € PAP(IH) such that A(ug) = up.

|
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