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Abstract
Creep failure behavior of rock is the focus of research on rock rheology and affects the 
stability and safety of slopes and underground structure. Based on continuous damage 
mechanics and the physical damage mechanism, double variables of time-dependent dam-
ages are defined here to further investigate the creep behaviors of rock. A new viscoelas-
tic-plastic damage element and residual strength correction factor are first introduced to 
construct a novel double damage factor for the creep constitutive model. Furthermore, 
three-dimensional creep equations are derived for considering the yield criterion, plastic 
potential function, and flow law. Finally, the experimental data and the Burgers model have 
conducted a series of validations on the proposed model. Results show that the model pro-
posed here can accurately capture the creep characteristics of rock, especially in simulating 
accelerated creep. The proposed model is more advantageous than the Burgers model and 
provides some reference for practical engineering design and safety monitoring.

Keywords  Rock creep · Damage · Viscoelastic-plastic · Three-dimensional model · 
Parameter identification

List of symbols
𝜎̇	� First derivative of stress with respect to time
𝜎̈	� Second derivative of stress with respect to time
E1	� Elastic modulus of an elastic body
η3	� Viscosity coefficient of a viscous body
E2	� Elastic modulus of a viscous body
η2	� Viscosity coefficient of the viscous body
ε	� Total strain in the Burgers model
σ	� Stress
t	� Cumulative loading time
D1	� Time-dependent damage variable relating to effective bearing area
Ḋ1	� First derivative of damage variable with respect to time
C	� Material parameters

 *	 Mingwu Wang 
	 wanglab307@foxmail.com

1	 School of Civil and Hydraulic Engineering, Hefei University of Technology, Hefei 230009, China
2	 School of City and Architecture Engineering, Zaozhuang University, Zaozhuang 277160, China

http://orcid.org/0000-0001-5680-5199
http://crossmark.crossref.org/dialog/?doi=10.1007/s11069-022-05634-y&domain=pdf


2206	 Natural Hazards (2023) 115:2205–2222

1 3

n	� Material parameters
σ*	� Apparent stress
σr	� Residual strength
σc	� Long-term strength
δ	� The residual strength correction factor
tf	� Initial time when creep failure occurs
D2	� Time-dependent damage variable relating to elastic modulus and viscosity 

coefficient
a	� Unstable constant related to the internal properties of the material
εv	� One-dimensional strain of the damaged viscous body
η4	� Viscosity coefficient of the damaged viscous body
εve	� One-dimensional strain of the damaged viscoelasto body
E4	� Elastic modulus of the damaged elastic body
εvep	� One-dimensional strain of the damaged viscoelasto-plastic body
�t
ij
	� Three-dimensional total strain of the proposed creep model

�e
ij
	� Three-dimensional strain of the elastic body

�v
ij
	� Three-dimensional the strain of the viscous body

�ve
ij

	� Three-dimensional the strain of the viscoelastic body
�
vep

ij
	� Three-dimensional and the strain of the damaged viscoelasto-plastic body

�ij	� Total stress tensor
�ij	� Total strain tensor
δijσm	� Spherical tensor of stress
Sij	� Deviatoric tensor of stress
δijεm	� Spherical tensor of strain
eij	� Deviatoric tensor of strain
δij	� Kronecker delta
K1	� The bulk modulus of the elastic body
G1	� Bulk modulus and shear modulus of the elastic body
G2	� Shear modulus of the viscoelastic body
G4	� Shear modulus of viscoelasto-plastic body
F	� Yield function
F0	� Initial value of the yield function
Q	� Plastic potential function
Φ

(
F

F0

)
	� The form of power function

J2	� Second invariant of deviatoric stress
σm	� Mean spherical stress
S11	� Axial deviatoric stress
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1  Introduction

Nowadays, it is well known that the rheological properties of rock materials contribute to 
the safety of buildings and slopes (Zhao et al. 2017; Xu et al. 2019; Cao et al. 2020). The 
essential purpose of rock rheology research is to analyze the actual mechanical properties 
of rock mass and the relationship between mechanical properties and rock structure, i.e., to 
establish the constitutive equation of rock. The creep fracture or creep failure of rock has 
time effects. Many scholars have made in-depth studies on the creep properties of stones, 
and a series of valuable results have been obtained (Chaboche 1982; Zhong and Ma 1987; 
Kachanov 1993; Wong et al. 2006; Jiang et al. 2013; Wu et al. 2020; Li et al. 2021).

As we know, the creep model of rock mainly includes two categories of mechanical 
models and physical models (Cao et  al. 2020; Li et  al. 2021). Mechanical models are 
widely used due to their easy understanding and clear physical mechanics concepts. How-
ever, it has difficulty to characterize nonlinear deformation properties (Liu et  al. 2020). 
Physical models establish the rheological constitutive relations from the perspective of 
solid-state physics. They can consider the effects of physical and chemical properties inside 
materials, crystal and crystal boundary defects on the rheological properties. Unluckily, the 
development of the two kinds of models is relatively independent, there is lack of effective 
bridging and transition methods between them because the question of an organic com-
bination between them has not yet been substantively resolved (Xue and Zhang 2015) in 
recent years, the introduction of damage mechanics provides a way to solve this problem.

Previous studies have shown that correctly defining the damage variable is essential 
for constructing the damage creep models. Since the concept of continuous damage was 
proposed (Kachanov 1958), the damage variable has been defined from various perspec-
tives and approaches. The familiar theoretical bases of the definition can be divided into 
three categories. One is the effective bearing area, earlier, Chaboche (1982) pointed out 
that material damage mainly represents a reduction in the effective bearing area at a macro 
level. Then, based on the concept, Kachanov (1993) obtained the time-dependent dam-
age variable by considering the stress and material properties. Another is the so-called 
geometric damage theory, which focuses on the quantitative relation between the meso-
scopic cracks and the damage, such representative damage variables can be found in Grady 
(1980), Chen and Taylor(1985), and Yang (1996). The last is the statistical damage theory. 
Tang and Kaiser (1998) proposed that the cumulative seismic damage calculated by the 
simulated event rate can be used as the damage parameter to describe the damage evolu-
tion mechanism. Wong et al. (2006) postulated that the statistics of damage properties fol-
low the Weibull distribution with time parameters at the grain scale. To accurately study 
some dynamic mechanical behaviors of rock, such as accelerated creep behavior, time as 
an essential parameter is further coupled into the damage variable (Jiang et al. 2013; Wang 
et al. 2014, 2017; Liu et al. 2017; Wu et al. 2020; Yan et al. 2020).

It is observed that these researches introduce a single damage variable into the damage 
evolution equation for changing physical constants into nonlinear variables. In light of the 
above discussion, there are two main ideas for dealing with the coupling behavior of time 
and damage in mechanical models. One is to convert some physical constants into equiva-
lent variables based on the concept of effective bearing area, and the other is to directly 
reduce the values of physical constants based on the damage deterioration characteristics 
of materials. However, in these damage creep models mentioned above, only one of the 
two is adopted. That is, only a single time-dependent damage variable is used to capture 
the nonlinear characteristics for accelerated damage creep behavior of rock under different 
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mechanical and physical mechanisms. As a result, these models have some shortcomings 
in theory and need further research.

In addition, according to the experiments on the total stress–strain relationship of the 
rock, there is still a particular residual strength after the failure of the rock (Xu et al. 2018; 
Zhu et  al. 2019). The residual strength should be incorporated into the time-dependent 
damage variable, which can improve the rigor of the damage creep model. Still, there are 
few studies on the residual strength in creep constitutive models of rock.

Another problem, the current consensus is that the accelerated creep characteristics of 
rock are mainly related to the deterioration of the properties of elastic modulus and vis-
cosity coefficient. Previous studies of the static damage model of rock also show that it is 
not adequate to describe three-dimensional isotropic damage only by a single damage sca-
lar. Two independent damage scalars are needed (Fares 1993; Kachanov 1993; Gao et al. 
1996). Although many damage creep models exist, the damaging effect on elastic modulus 
and viscosity coefficient is rarely considered simultaneously.

This paper aims to introduce a new viscoelasto-plastic damage element considering 
double time-dependent damage variables. The damage correction coefficient is firstly uti-
lized to improve the time-dependent damage variable. Then, a one-dimensional damage 
creep model is obtained using a constitutive differential equation with double damage sca-
lars. To better accord with the engineering practice, considering the failure criterion and 
the flow law, the three-dimensional creep damage constitutive equation of rock is further 
derived. Finally, experimental data and the Burgers model are used to verify and analyze 
the proposed constitutive model. For the safe design and construction of slopes and under-
ground structures, this study can provide a theoretical reference and can better guarantee 
the stability and safety of the projects.

2 � Establishment of the damage viscoelastic‑plastic creep model

2.1 � Definition of double time‑dependent damage variables

The typical creep curve of rocks consists of three stages, transient creep, steady creep, and 
accelerated creep, as shown in Fig. 1. When the loading stress level is lower than the long-
term strength of the rock, the internal damage of rock material has little influence on creep, 
and the creep curve of the stone only includes the transient and steady stages. On the con-
trary, the damage will occur to the rock and result in a faster rate of rock deformation, and 
then rock creep will enter the accelerated stage.

Fig. 1   Typical creep curve of 
rock
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In general, the initial two stages can be accurately described by the traditional Burgers 
model, as shown in Fig. 2, and the corresponding constitutive differential equation can be 
written as Eq. (1) (Chen et al. 2017)

where 𝜎̇ and 𝜎̈ represent the first and second derivatives of stress to time, respectively. 𝜀̇ and 
𝜀̈ represent the first and second derivatives of strain versus time, respectively. E1 is the elas-
tic modulus of the elastic body. η3 is the viscosity coefficient of the viscous body. E2 and η2 
are the elastic modulus and viscosity coefficient of the viscous body, respectively. By solv-
ing Eq. (1), the one-dimensional creep equation of the Burgers model can be obtained as

where ε is the total strain of the Burgers model. σ is the stress inside the rock. t is the cumu-
lative loading time, and the meanings of other parameter symbols are the same as above.

Compared to the initial two stages of rock creep, the third stage, i.e. the acceleration 
stage of creep, has nonlinear characteristics. Existing studies (Kachanov 1958, 1993; Chab-
oche 1982; Fares 1993) have shown that the evolution and development of internal mseo-
cracks under external load will be produced along with the stress–strain change process 
of rock. These mesoscopic defects will slowly evolve to macro performance deterioration, 
eventually leading to rock destruction. So the damage variables are defined here from two 
aspects of macroscopic and mesoscopic.

Firstly, from the macroscopic point of view, under the external force, dislocation creep 
and diffusion creep both lead to the generation of mesoscopic cracks and holes, as time 
goes on, these accumulated defects will lead to a reduction in effective bearing area, which 
in turn leads to an increase in effective stress. Herein, concerning the concept of effective 
stress proposed by Kachanov (1992, 2007), the expression of time-dependent damage vari-
able D1 relating to effective stress is given as

where Ḋ1 represents the first derivative of the damage variable with respect to time. C and 
n are material parameters.

According to the principle of strain equivalence (Lemaitre 1990), the stress–strain rela-
tion with damage is given as

(1)𝜎̈ +

(
E1

𝜂3
+

E1

𝜂2
+

E2

𝜂2

)
𝜎̇ +

E1E2

𝜂2𝜂3
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𝜎
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Fig. 2   Burgers model
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where σ represents the effective stress; σ* denotes the apparent stress; E is the elastic mod-
ulus, and ε is the strain. Equation  (4) can be combined and rewritten into the following 
formula

It should be noted that D1 only reflects the impact of damage on the stress of rock, 
but does not involve the impact on elastic modulus. Then, by observing Eq. (5), it can be 
found that when the damage approaches the maximum value, D1= 1, the effective stress 
approaches infinity. As seen in the introduction, existing experiments have shown that 
residual strength remains after rock failure. Therefore, the residual strength correction fac-
tor δ is introduced here to resolve this conflict (Yuan et al. 2019), and the corresponding 
model is

where σr represents the residual strength; σc is the long-term strength.
Substitute Eq. (6) into Eq. (3), then Eq. (3) can be written as

Through integrating Eq. (7), the following expression can be obtained as

where A is the integration constant, to solve Eq.  (8), the boundary conditions are intro-
duced as follows:

Substitute Eq. (9) into Eq. (8), the functional expression of initial time tf  when creep 
failure occurs can be given as:

By combining Eqs. (7) and (10) with suitable integration and arrangements, the time-
dependent damage variable D1 considering residual strength can be obtained as

(4)

{
� = �∗

(
1 − D1

)

�∗ = E�

(5)� = E�
(
1 − D1

)

(6)� =

√
�r

�c

(7)Ḋ1 = C

(
𝜎

1 − 𝛿D1

)n

(8)
(
1 − �D1

)1+n
1 + n

+ A = C�nt

(9)

{
D1 = 0 for t = 0

D1 = � for t = tf

(10)tf =
1 − (1 − �)1+n

C(1 + n)�n

(11)D1 = 1 −

(
1 −

t

tf

(
1 − (1 − �)

1+n
)) 1

n+1
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Crystal is a kind of polycrystalline structured material. Its defect is the root of the weak-
ness of the mechanical properties from the mesoscopic point of view. In the mechanical 
model of rock creep, the elastic modulus and the viscosity coefficient are critical physical 
parameters that reflect a rock’s ability to resist deformation under the action of external 
forces. As far as stones are concerned, the dislocation slip of crystals is an essential factor 
affecting these two physical parameters. Previous studies have shown that the existence of 
dislocations causes the surrounding atoms to be disturbed and disarranged, thus causing 
lattice distortion or local strain. Considering macroscopic continuity, such strain will lead 
to distortion of the stress field and accumulation of strain energy (Liu 1994).

Based on the above analysis, it is assumed that the constant accumulation of stress field 
energy will accelerate the lattice distortion or local strain over time. This physical assumption 
is reflected in phenomenology as the elastic modulus and viscosity coefficient deterioration 
with time. In general, the damage properties inside the rock are close to the power function of 
time (Yang et al. 1999), so the suggestion of Hou et al. (2019) is adopted, a time-dependent 
damage variable relating to elastic modulus and viscosity coefficient can be given as

where D2 is the time-dependent damage variable relating to elastic modulus and viscos-
ity coefficient, 0 < D2 < 1; a is an unstable constant related to the internal properties of the 
material.

2.2 � A new element of time‑dependent damage

Continuum damage mechanics is introduced here to more appropriately describe the nonlin-
ear characteristic of the accelerated creep from the perspectives of effective area and internal 
structure damage, and put forward a new element of viscoelastic-plastic damage. Elastic mod-
ulus and viscosity coefficient in this new element are both transformed into unstable constants 
by time-dependent damage variables. The concrete form of the damaged mechanical element 
is depicted in Fig. 3. The physical meanings of D1 and D2 are the same as above.

Through the principle of effective stress (Kachanov 1992, 2007), the constitutive relation 
of the damaged viscous body in Fig. 3 can be expressed in Eq. (13).

where εv and η4 represent the strain and viscosity coefficient of the damaged viscous body 
in Fig. 3.

Substitute Eq. (11) into Eq. (13), and by integration, the one-dimensional creep equation of 
the damaged viscous body is obtained as

(12)D2 = 1 − exp (−at)

(13)�v =
�

�4
t =

�

�4
(
1 − D1

) t

Fig. 3   The element of viscoelas-
tic-plastic damage
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For the deterioration of rock physical properties in the stress field, for the simplicity of 
computation and applicability of the formula, take the traditional approach here. The time-
dependent damage variable D2 is directly introduced into the viscosity coefficient, then the 
final one-dimensional creep equation of the damaged viscous body can be written as

Duo to the damage elastic body and damage viscous body are in series in Fig.  3. 
According to the superposition principle, the creep equation of the damaged viscoelastic 
body in Fig. 3 in a one-dimensional stress state is given as

where εve represents the strain of the damaged viscoelasto body, and E4 is the elastic modu-
lus of the damaged elastic body.

As is known to all, plastic deformation occurs only when the stress level of rock exceeds 
the long-term strength σs, so σ should be replaced by σ–σs. Then, the final creep equation of 
the damaged viscoelasto-plastic body is as

where εvep represents the whole strain of the damaged viscoelasto-plastic body.

2.3 � The one‑dimensional creep equation of the creep model presented

Since the Burgers model can well capture the characteristics of the initial two stages of 
rock creep, which can be connected in series with the proposed element of viscoelastic-
plastic damage to establish a new damage creep model as shown in Fig. 4.

The proposed creep damage model in Fig. 4 is subdivided into four parts: elastic body, 
viscous body, viscoelastic body, and damaged viscoelasto-plastic body. Thus, the one-
dimensional creep equation obtained according to the superposition principle is written as

(14)�v =
�

�4

(1 + n)

n

tf

(1 − �)1+n − 1

((
1 − D1

)n
− 1

)

(15)�v =
�

�4(1 − D2)

(1 + n)

n

tf

(1 − �)1+n − 1

((
1 − D1

)n
− 1

)

(16)�ve =
�

E4

(
1 − D1

)
(1 − D2)

+
�

�4(1 − D2)

(1 + n)

n

tf

(1 − �)1+n − 1

((
1 − D1

)n
− 1

)

(17)�vep =
� − �s

E4

(
1 − D1

)
(1 − D2)

+
� − �s

�4(1 − D2)

(1 + n)

n

tf

(1 − �)1+n − 1

[
(1 − D1)

n − 1
]

Fig. 4   The creep damage model
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2.4 � The three‑dimensional creep equation of the creep model presented

The actual rock mass is in a complex stress environment, so it is necessary to establish the 
three-dimensional creep equation further. Before derivation, some assumptions should be 
made as follows:

(1)	 The rock is isotropic material, and the damage law in all directions is consistent.
(2)	 Damage occurs only during the accelerated creep phase.
(3)	 The damage time and creep time are consistent in the accelerated creep stage.

Suppose that the total strain of the proposed creep model is �t
ij
 , the strain of the elas-

tic body is �e
ij
 , the strain of the viscous body is �v

ij
 , the strain of the viscoelastic body 

is �ve
ij

 , and the strain of the damaged viscoelasto-plastic body is �vep
ij

 . According to the 
superposition principle, the total strain �t

ij
 can be expressed as

For elastic materials, the total stress tensor �ij and the total strain tensor �ij at any 
point in the interior are composed of two parts; the specific relationship is as follows

where δijσm denotes the spherical tensor of stress. Sij is the deviatoric tensor of stress. δijεm 
is the spherical tensor of strain. eij is the deviatoric tensor of strain, and δij is Kronecker 
delta.

According to the generalized Hooke’s law, the three-dimensional constitutive relation 
of elastic materials is

where K is the bulk modulus; G is the shear modulus.
Combined with Eqs. (20) and (21), the three-dimensional creep equations of the elas-

tic body, viscous body, and viscoelastic body can be derived. We have

(18)𝜀(t) =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

𝜎0

E1

+
𝜎0

E2

�
1 − exp

�
−
E2

𝜂2
t

��
+

𝜎0

𝜂3
t For 𝜎0 < 𝜎s

𝜎0

E1

+
𝜎0

E2

�
1 − exp

�
−
E2

𝜂2
t

��
+

𝜎0

𝜂3
t +

𝜎0 − 𝜎s

E4(1 − D1)(1 − D2)

+
𝜎0 − 𝜎s

𝜂4(1 − D2)

(1 + n)

n

tf

(1 − 𝛿)1+n − 1

��
1 − D1

�n
− 1

�
For 𝜎0 ≥ 𝜎s

(19)�t
ij
= �e

ij
+ �v

ij
+ �ve

ij
+ �

vep

ij

(20)

{
�ij = Sij + �ij�m

�ij = eij + �ij�m

(21)

{
�m = 3K�m

Sij = 2Geij
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where K1 and G1 are the bulk and shear modulus of the elastic body, respectively; G2 is the 
shear modulus of the viscoelastic body.

The three-dimensional creep constitutive relation of rock caused by friction sheet in 
the damaged viscoelasto-plastic body is related to the yield criterion and plastic poten-
tial function and the flow law. To sum up, the three-dimensional creep equation of the 
damaged viscoelasto-plastic body can be written as

with

where G4 is the shear modulus of viscoelasto-plastic body. F is the yield function. F0 is the 
initial value of the yield function, which is generally 1 for simplification of calculation; Q 
is the plastic potential function. Φ

(
F

F0

)
 is the form of power function. In general, the value 

of the power exponential is 1. In addition, the correlative flow rule is used, which is F = Q.
At room temperature or below, the deviatoric strain is the main effect on rock creep, 

while the spherical strain plays a secondary role. Herein, Mises yield function is adopted, 
and its form is as

where J2 is the second invariant of deviatoric stress.
In the conventional triaxial creep experiment of rock (σ1 ≥ σ2 = σ3), when the accelerated 

creep of rock begins, the stress should satisfy the following conditions:

where σm is the mean spherical stress; S11 is the axial deviatoric stress.

(22)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

�e
ij
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1

2G1

Sij +
1

3k1
�ij�m

�v
ij
=

Sij

2�3
t

�ve
ij
=

Sij

2G2

�
1 − exp

�
−
G2

�2
t

��

(23)

�
vep

ij
=

{
1

2G4

(
1 − D1

)
(1 − D2)

+
(1 + n)

�4(1 − D2)n

tf

(1 − �)1+n − 1

[
(1 − D1)

n − 1
]}⟨

Φ(
F

F0

)

⟩
�Q

��ij

(24)
�
Φ(

F

F0

)

�
𝜕Q

𝜕𝜎ij
=

⎧⎪⎨⎪⎩

Φ

�
F

F0

�
(F ≥ 0)

0 (F < 0)

(25)F =
√
J2 − �s

�√
3

(26)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

�m =
1

3
(�1 + 2�3)

S11 = �1 − �m =
2(�1 − �3)
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J2 =
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By combining Eqs. (21)–(26), the three-dimensional creep equation of rock can be 
obtained as

3 � Validations of model

3.1 � Parameter identification

Parameter identification is mainly divided into one-dimensional state and three-dimensional 
state. Before the nonlinear fitting of parameters, it is necessary to determine some parameters 
that do not need fitting and can be easily obtained through experimental curves.

In Eq. (18), the instantaneous elasticity modulus E1 can be determined by the stress–strain 
relationship curve, i.e.

where ε1 is the instantaneous elasticity strain when t = 0, which can be obtained from the 
creep curve. In addition, according to the characteristics of transition creep, we have

where ε’ is the strain value at the intersection of the extension line of the stable creep curve 
and the longitudinal axis, E2 can be determined. And finally, �3 can be determined by the 
slope of the steady creep curve.

In Eq. (27), G1 and K1 are shear modulus and bulk modulus, respectively, which the follow-
ing formulas can determine

(27)

𝜀t
11

=

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
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+
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+
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3G2
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�
−
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𝜂2
t

��
+

𝜎1 − 𝜎3

3𝜂3
t

𝜎0 < 𝜎s

𝜎1 + 2𝜎3

9K1

+
𝜎1 − 𝜎3

3G1

+
𝜎1 − 𝜎3

3G2

�
1 − exp

�
−
G2

𝜂2
t

�
)

�
+

𝜎1 − 𝜎3

3𝜂3
t +

𝜎1 − 𝜎3−𝜎s

6G4(1 − D1)(1 − D2)
+

𝜎1 − 𝜎3 − 𝜎s

3𝜂4(1 − D2)

(1 + n)

n

tf

(1 − 𝛿)1+n − 1

��
1 − D1

�n
− 1

�

𝜎0 ≥ 𝜎s

(28)E1 =
�

�1

(29)�� =
�

E1

+
�

E2

Table 1   Parameters of the one-dimensional creep model for Kawazu tuff rock

model E
1
(GPa) E

2
(GPa) �

2
(GPa h) �

3
(GPa h) �

4
(GPa h) E

4
(GPa) n a

Proposed model 148 60.3 26.2 1223 1216 171 11.48 0.1
Burgers model 148 60.3 3.12 3506
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where E is the instantaneous elasticity modulus.
After completing the above work, other undetermined parameters must be determined by 

nonlinear fitting algorithm. As is known to all, statistical fitting of nonlinear creep models 
and experimental data is a challenging task, and the scientific selection of initial parameters is 
significant. To avoid improper initial values of parameters resulting in complex convergence 
of calculation, the Levenberg–Marquardt method and the Universal-Global-Optimization 
method are combined to determine the other parameters in Eqs. (18) and (27).

3.2 � Verification of one‑dimensional creep equation

The experimental data used for parameter identification in the one-dimensional creep equation 
is chosen from Okubo et al. (1991), the parameters of the creep model listed in Table 1 are 
determined by the above method, and the contrastive analysis of the creep calculation curve 
and experimental data are illustrated in Fig. 5.

It can be seen in Fig. 5 that in a one-dimensional stress state, the model proposed here 
can fully capture the creep mechanical behavior of rock. In addition, since the experimental 
curve of Kawazu tuff rock under static load is relatively smooth, the error between the the-
oretical curve and the experimental point is tiny, in contrast, the traditional Burgers model 
has some shortcomings in describing the accelerated creep stage, and the fitting effect is 
poor. On the whole, the proposed damage creep model can accurately describe the charac-
teristics of three phases of rock creep, which verifies the rationality of the proposed model.

(30)

⎧
⎪⎨⎪⎩

K1 =
E

3(1 − 2�)

G1 =
E

2(1 + �)

Fig. 5   Comparison between the Burgers model and the proposed model for Kawazu tuff rock from Okubo 
et al. (1991)



2217Natural Hazards (2023) 115:2205–2222	

1 3

Table 2   Parameters of the proposed three-dimensional creep model

Parameters Wanzhou sandstone Changshan salt rock Sandy shale rock

�1 − �3
/
(MPa) 55 14.14 14.72 52.83 55.37 56.64 58.31

K1∕(GPa) 3.4 35.9 26.9 19.9 19.7 19.6 18.3
G1∕(GPa) 2.1 22.6 17.0 12.5 12.4 12.3 11.5
G2∕(GPa) 7.7 729.1 540.5 20.3 17.9 65.7 46.8
�2∕(GPa h) 10.2 30.28 49.6 7.5 7.1 24.0 63.7
�3
/
(GPa h) 485.0 8426.0 7690.0 784.8 654.9 269.9 817.4

�4∕(GPa h) 48.0 309.7 61.2 587.0 591.0 769.0 852.0
G4∕(GPa) 152.0 268.2 132.2 2253.0 1466.0 1190.0 986.0
n 6.6 × 10–2 9.8 8.6 4.35 5.3 1.94 4.6
a 0.32 2.5 × 10–3 2.7 × 10–3 0.36 0.49 0.32 0.46
Relevant coefficient/(%) 97.54 95.37 96.54 94.35 95.64 96.87 96.21

Table 3   Parameters of the 
Burgers model

Parameters Wanzhou 
sandstone

Changshan salt 
rock

�1 − �3
/
(MPa) 55 14.14 14.72

K1∕(GPa) 3.4 35.9 26.9
G1∕(GPa) 2.1 22.6 17.0
G2∕(GPa) 2.3 192 22
�2∕(GPa h) 0.3 45 126
�3
/
(GPa h) 283 18,050 9328

Relevant coefficient/(%) 92.49 95.37 96.54

Fig. 6   Comparison between the Burgers model and the proposed model for Wanzhou sandstone from Jiang 
et al. (2013)
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3.3 � Verification of three‑dimensional creep equation

To further demonstrate the applicability of the presented creep model, other three kinds of 
rock (Jiang et al. 2013; Qui et al. 2003; Zhong and Ma 1987) are utilized to verify the pro-
posed model. Otherwise, the comparison between the proposed model and Burgers model 

Fig. 7   Comparison between the Burgers model and the proposed model for Changshan salt rock from Qui 
et al. (2003)

Fig. 8   Comparison between experimental date and computational solution of sandy shale rock from Zhong 
and Ma (1987)
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in three-dimensional stress state is continued as with a one-dimensional stress state. How-
ever, it can be observed from Eq. (2), and Fig. 5 that the Burgers model can only describe 
the linear growth of creep. To illustrate it more intuitively, the Burgers model of Wanzhou 
sandstone from Jiang et al. (2013) and Changshan salt rock from Qui et al. (2003) is estab-
lished, respectively. The corresponding parameters of the three kinds of rock are deter-
mined as above. The physical parameters are listed in Tables 2 and 3, and the contrastive 
analyses of creep calculation curves and experimental data are depicted in Figs. 6, 7, and 8.

Fig. 9   The variation rule of G4 under different confining pressures for sandy shale rock

Fig. 10   The variation rule of η4 under different confining pressures for sandy shale rock
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It is worth discussing that, as seen in Table 2, the same physical parameter of different 
rocks differs significantly. For example, although Wanzhou sandstone and Sandy shale rock 
are both sandstone in nature, most of the physical parameter values of sandy shale rock are 
greater than Wanzhou sandstone. There are two possible reasons for this phenomenon. One 
is that the inner structure of sandstone may be various microscopic compositions due to 
different times of formation and environments. Another possibility is the problem of stabil-
ity of the optimization algorithm.

From Figs. 6, 7, 8, it can be seen that the proposed damage creep model with double 
time-dependent damage variables could accurately simulate the three creep stages of 
rock in a three-dimensional stress state. Besides, no matter which stress state of confin-
ing pressure is low, medium, or high, the creep failure behaviors of rock can be well 
described by the model. Figures 6 and 7 show that the ability of the Burgers model to 
describe the accelerated creep behavior of rock in the three-dimensional stress state is 
still rather rough and weaker than the creep model with two damage factors proposed 
here.

The damage viscoelastic-plastic element is the crucial part of the presented model, 
and the variation rules of η4 and G4 under different confining pressures are studied, as 
shown in Figs. 7 and 8, given the experimental data of sandy shale rock, is relatively 
sufficient, which can better illustrate the problem, so take it for example. According to 
Figs. 9, 10 for sandy shale rock, it is observed that η4 decreases with the increment of 
confining pressure, while G4 declines with the increase of confining pressure.

4 � Conclusions

Double time-dependent damage variables are discussed here based on the rock’s effec-
tive stress and mesoscopic physical damage mechanism. A new element of viscoelastic-
plastic damage was further constructed with the combination of residual strength. The 
final damage creep model and three-dimensional creep equations are derived and veri-
fied by experimental data and the Burgers model, and sound fitting effects are obtained.

(1)	 Combined with the damage mechanism of the rock’s internal structure, double time-
dependent damage variables are defined to set up a nonlinear creep model with residual 
strength. The case study indicates that the model proposed here is more comprehensive 
and rigorous relative to conventional Burgers model.

(2)	 The proposed model’s and three-dimensional damage creep equations are derived, 
and related model parameters identification methods are also given. Furthermore, four 
groups of experimental data are used for verification. The results show that the pro-
posed creep model with better description can reflect the creep characteristics in the 
whole stage well compared with the traditional Burgers model.

(3)	 According to the fitting data analysis of sandy shale rock, when the presented model 
identifies the parameters, the viscosity coefficient increases in the element of viscoe-
lasto-plastic damage, and the elastic modulus decreases with the rise in deviator stress.

Although the presented model provides a helpful way to accurately capture the creep 
characteristics of the given rocks with limited experimental data, more experimental 
data are needed to verify the applicability. And to facilitate the engineering application 
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of practical problems, how to incorporate the model presented here into the existing 
commercial software is still required to be studied in future.
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