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Abstract

This paper mainly investigates the positive effects of delay-dependent impulses on the syn-
chronization of delayed memristor neural networks. Different from traditional impulsive
control, the impulsive sequence in this paper is assumed to have the Markovian property, and
is not always stabilizing. Based on a useful inequality, mean square synchronization criterion
is derived under such a kind of impulsive effect. It can be seen that the stochastic impulses
play an impulsive controller role, if they are stabilizing in an “average” sense. The validity
of the theoretical results is illustrated by a numerical example.

Keywords Memristor neural networks - Exponential synchronization - Average impulsive
interval - Stochastic delayed impulse

1 Introduction

Nowdays, neural networks (NNs) has become a hot research topic, due to its wide applications
[1-4].In 1971, the concept of memristor was first proposed and some properties of memristor
from theoretical level were discussed [5]. Memristor, as a new passive two-terminal circuit
element, has been applied in designing integrated circuits and artificial NNs due to its good
properties, such as low energy consumption, nanoscale, memory capability and good mimic
of the human brain. Hence, the memristor neural networks (MNNs) have been designed to
emulate human brains recently [6].

In recent years, synchronization, as a typical dynamical behavior of the NNs, has been
studied extensively [7-11]. Compared with the traditional continuous NNs, the synchroniza-
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tion of MNNs is more difficult to investigate because of the switching characteristics of
the connection weights [6,12,13]. In addition, the internal parameters of memristor, such as
length, cross-sectional area and heterogeneity, may also affect the performance of memris-
tor. In [13], the synchronization issue of MNNs with the uncertain parameter is addressed
by using the theory of differential inclusion. In [14], by constructing Lyapunov-Krasovskii
functionals, two effective synchronization criteria are provided for the coupled MNNs.

In many real networked systems, information transmission and exchange between
neighboring nodes will suffer some uncertain factors, such as network attacks [15,16] or
communication delay [17-19]. Undoubtedly, the time-delay has become an important factor
which should be considered for the synchronization problem of MNNs [12,20]. In [12],
it has been shown that the fixed-time synchronization for DMNNs can be achieved by
designing the state-feedback controllers and adaptive controller, respectively. In [20], con-
servatism of synchronization criteria is reduced by using the average impulsive interval (AII)
approach.

Impulsive effect, whether artificial or natural, is common in real networks [21]. In the past
few years, more and more attention is paid to the synchronization of NNs with impulsive
effects [22]. On the one hand, impulsive control is an effective and economical control
technique in networked systems, since it is a discontinuous control and only applied to the
nodes in some discrete time instants [2,23,24]. On the other hand, a real-world network
may suffer from impulsive disturbance. Generally, according to the impulsive intensity, all
impulses can be divided into two types: synchronizing impulses, or desynchronizing impulses
[25,26]. In [27-29], a uniform synchronization criterion for impulsive dynamic networks
is proposed based on All, where the impulsive strengths are assumed to be determined
constants.

As is well known, when impulsive intensity is assumed to be determined, synchronization
of a network can be destroyed by desynchronizing impulses, and a pre-designed impulsive
controller can synchronize an asynchronous network [30-32]. However, impulsive distur-
bance is often stochastic, while an impulsive controller can also exhibit randomness because
of some unstable factors. Hence, it seems more reasonable that the impulsive strengths
are stochastic [33-35]. The above classification may no longer be applicable when impul-
sive strengths are not determined. An interesting question naturally arises: can a stochastic
impulsive sequence act as an impulsive controller? If yes, what conditions should be satis-
fied?

Inspired by the discussions above, this paper will focus on the positive effects that stochas-
tic impulses might have on synchronizing a DMNNSs. The main contributions of this paper
can be listed as follows:

(1) Auseful inequality is proposed in this paper which enriches the famous Halanay inequal-
ity. Compared with the previous result in [17], it is no longer required that all impulsive
strengths are a fixed constant.

(2) Different from [17,27], the impulsive sequence in this paper is assumed to have the
Markovian property. An easy-to-verify criterion is derived to guarantee the mean square
synchronization of the concerned DMNNSs.

(3) Discussions on the synchronization criterion are made in this paper. It is revealed that the
stochastic impulsive sequence can act as a controller and contribute to the synchronous
behavior. Unlike the traditional impulsive controller [17], impulses in this paper only
need to be stabilizing in an “average" sense, rather than always be stabilizing.
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Table 1 Table of notations

R" The set of all n-dimensional real vectors

diag{dy, dp, --- , dy} N x N diagonal matrix with diagonal elements dy, d», --- , dy

111l 2-norm of matrices (or vectors)

Amin (X)) (Of Lpax (X)) Minimum (or maximum) eigenvalue of matrix X

® Kronecker product of matrices

xT (or xT) Transposition of matrix X (or vector x)

PC([—7, +00), R") Bounded variation functions on any compact subinterval of [—t, +00)
colE] The closure of the convex hull of some set E

Notations: See Table 1.

2 Preliminaries & Model Description

In this section, some assumptions, definitions, lemmas and the model description are given
so as to get the main results.

Definition 1 [23]. Consider % = F (t, x), where [ (¢, x) is discontinuous in x. Define the
set-valued map of F (¢, x) as

o@,x)=() (] colF ¢, Bx,\N),
8>0 u(N)=0

where B(x, %) = {y : ||y — x|| < »}, u(N) is the Lebesgue measure of set A/. For this
system, a Filippov solution with initial condition F (0) = F ¢ is absolutely continuous on any
subinterval ¢ € [t1, t»] of [0, T'], and the differential inclusion i—f e d(t,x),a.et €[0,T].

Definition 2 [27]. (Average Impulsive Interval(AIl)) Ty is said to be the AII of the impulsive
sequence ¢ = {1, tp, - - - }, if there exist positive integer Ty and positive scalar T, such that

T —1t T —1t
—To<Tt, 7)< ——+T, YO<t<T,
T, T,

where T, (7, T') stands for the number of impulses during the time interval (¢, T').
Remark 1 The concept of Al reduces the conservatism for the synchronization of the NNs
under impulsive effects since the positive number 7, can be used to estimate the number of

impulses during the time interval (¢, T').

Definition 3 [17] (Average Impulsive Delay(AID)) T > 0 is called the AID of a sequence of
impulsive delays {x }xez, , if there is a constant t© > 0 satisfying

k
th—10 <Y n<thk+19, kez,.
j=1
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Fig. 1 Hysteresis curves of memristor at different frequencies

This paper considers the DMNNs described by the following equations:

%i(t) = —Dx;(t) + A(x; (1) f(x; (1)) + Bxi (1) f (xi (t — 7)) + 1 (1)
+CZ§V:1 Hijxj(t), i=1,2,---,N. )

where x; (f) = (x;1(7), -+ , xin(1))T € R" denotes the state variable of the i th neuron at time
t, the matrix D > 0. A(x; (1)) = (a1 (x;j (t)))nxn and B(x;(t)) = (byj(x;;(t)))nxn indicate
the connection weight matrix and the delayed connection weight matrix, respectively. f(-)
represents the activation function.  (f) denotes the external input, and 7 is a positive constant
which represents the transmission delay. Ly = (H;;j)nxn is the negative Laplacian matrix of
the DMNNSs. The initial condition of system (1) is given by x; () = ¢; (t) € PC([—t, 0], R").

According to the typical current-voltage characteristics of the memristor (see Fig. 1),
aj(x;j(t)) and byj (x;(¢)) in (1) are defined as

o ags o = T,
al,/(xu(l)) - {Cvllj’ |x,-j(t)| > Tj

and

bij. xij (O] < Ty,

blj(xij([)) = {blj7 |xij(t)| > T]

Here, T; > 0 are memristive switching rules, a s a s l;[ s I;I j are constants relating to memris-
tance. For further discussion, based on [23] and Definition 1, the system (1) can be rewritten
as:

Xi (1) € =Dxi (1) + co[A(xi ()] f (x; (1)) + co[ B(x; (1))]
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N
X it =)+ 1(0)+ ¢y Hyjxj (@), )
j=1
where C_O[{\(Xi ()] = [A, Al, co[B(x;(1))] = [B, Bl, A = (a1j)nxn. A = (@1j)nxn, B =
Bij)nxns B = (bij)nxn, drj = min{dy;, ag}, arj = max{a;, aj}, by = min{byj, byj},
bij = max{b;;, by;}.

Letal*i = %(&1j+d1j), b;“j = %(blj+bl_/),whichexpress the intervals [}, a;;1, [by}, bj]in
terms of the midpoints, a;* = $(yj —dyj) and by = %(l\nj — byj) represent the half-lengths.
By denoting A* £ (@} )nxn and B* £ (b} )nxn, We can rewrite system (2) as follows:

%i(t) = —=Dxi (1) + (A" + Ra) f (x; (1)) + (B* + Rp) f (x;(t — 7))
N
+1(t) + ¢ Hijx; (1), (©)
j=1
where Ry =FEpAXAFA, Rp = EpXpFp, EA,B € X, and

. nzxnz .
¥ =diag[s1, -, 2, 2l 2] €R Dbl <1,

2
Ex=[Jaffer. - . \Jajter.- . \Jaiien, - . Jajien] e RV,
Fa=[\affer, -+ . \Jatten, - .\ Jaiier, -, Jakie ]T e RMxn
A 11€1» ) 1n€ns ) n1€1s ’ nn€n ’
2
/ / / X
EB:[ biﬂ’l“el,...7 bT;zke]""’ b:’i‘em...’ b;’;zen]ER" n7
T 2
_ [ [pwx L pex o e, o n?xn
Fp = [ bllelv s blnen» s bn]el, s b,men] eR s

where ¢; stands for the i-th column of the identity matrix I,.
To deal with the uncertain terms R4 and Rp, let E = [E 4, Eg] and

Fa f(xi (1)) } “@)

Ai(t) = diag{Z4, Xp} [FBf(xi(t ?))

Then, we can recast system (2) as

%i(t) = =Dxi(t) + A" f (x; (1)) + B* f (x; (t — 7))
N
+1(0) +c Y Hyxj(t) + EAi(1). )
j=1

In this paper, it is assumed that the following assumptions are satisfied.

Assumption 1 The function f is Lipschitz continuous. That is, for some constant @ > 0
and Vyy, y2 € R I f(y) — fFO)ll = @iyt — y2l.

Assumption 2 Ly is symmetric and irreducible.

This paper focuses on how a stochastic impulsive sequence can promote the synchro-
nization of network (1). Due to limited transmission speed, imperfect pulse output devices
and some other factors, time delay always inevitably occurs in real-world networks. For this
reason, we consider the one delayed impulsive effect, which can be formulated as follows:

xj () — xi(t) < onlxj(ty — ) — xi(ty — w)lif Hyj > 0, (6)
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where ¢ = {tx}r=1,2... is a strictly increasing sequence which represents the impulsive
instants subject to Definition 2, and limy_, 4 #x = 00. 7% is a delay sequence as described
in Definition 3. Moreover, it is assumed that ty — ty_1 > © > 17 > 0, Yk € Z. {0y} is the
sequence of impulsive strengths, and satisfies the following assumption.

Assumption 3 Letr; £ (1) be a discrete Markov chain which is independent with the initial
conditions ¢; (-). 2 = {1,2,---, B} is the set of states, from which r(#;) takes its values.
P = (pij)pxp and 1y = (mrqy, - - - , 1) are the transition matrix and initial distribution of
r(tx), respectively. r (i) determines the impulsive strength at #;, that is, oy = o) where
o® > 0 are g different constant representing different impulsive strengths, i =1, --- , §.

By combining (5) with (6), we can obtain the following DMNNs with delay-dependent
impulsive effect:

%) = —Dxi(t) + A* f(xi(1)) + B* f(xi (t — 1)) + 1 (1)

+e YN Hijxj(t) + EAi(t), t# 4, i=1- N,
xj () = xi () < oxlxj(t — ) —xi(ty — w)lif Hyj > 0,
xi(t) = @i (1), t €lto—1,10].

@)

Remark 2 Under Assumption 3, the impulsive network (7) can be regarded as a Markovian
mode-jump system which switches among g different “impulsive modes” oV, ..., o®.
As mentioned in [37], systems with Markovian jump can be used to describe many real-
world applications, such as economic systems, chemical systems, power systems and so on.
Dynamic systems that experience random abrupt variations in their structures or parameters
can be well described by Markovian jump systems. Hence, it is meaningful to study impulsive
DMNNSs with such Markovian property.

To proceed, we introduce x (¢) =S % INZ 1 Xi (t) as the average state. Denote the synchro-
nization error as &; (t) = x;(¢) — x(¢) and define e(¢) £ (slT(t), cee 811\; ()T, The following
definition and lemmas are needed in the rest of this paper.

Definition 4 System (7) is said to achieve global exponential synchronization (GES) in mean
square, if

Elle®ll] < Mllegllee™ ™), Vi = 19,
where M and yx are two positive constants.

Lemma 1 Assume that there exist > Oand n > 1 such that& < ur < . Letw(:) € R be
a piecewise continuous function satisfying

DTw(t) < —qiw(t) + gw(t — 1), t # 1,
Y v ®)
w(t") < pew(t, — ),
where q1 € R, g2 € Ry, ty — tx—1 > © > 11 > 0. Then, it holds that
k k
w(t, x0) = lwglle [Trjep [+ -10-Y ] Vi elwn, — ©
j=1 j=0

where constant k > 0 satisfies —q| + /%q2 —k < 0.
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Proof Tt directly follows from Theorem 3.9 in [17] that (9) is true on [fg — , #1). Assume (9)
is true for all k < m — 1, then

wt,r) < pmw(t, — Tn)

m—1 m—1
< wmlwglle [ s exp (£ =t 47 =10~ Y1)
j=1 j=0
m m
= llwgle [T ey exp[#(tn +7 =10 = Y 7)] (10)
j=1 =0

It can be showed by contradiction that (9) is true for k = m. Otherwise, there must exists a
f € [t tmy1) such that (9) is true on [7g, ©),

w(t) =l lle [T ujexp [ +7—10= )] 2 a0 (11)
j=1 j=0
and
+ d .
DX WO, = 360 (Ol = Kén (D). (12)

But according to (8), (9) and t,, — t,,—1 > T > T, We have
DY w(t)|,—; < —q1w(@) + gw(f — 1)
—q1En () + qw(i — 1)

< —qi&n () + q2Em—1({ — T)
o .
< (—q1 + —q2)én ()
[
< (1) = D&, (0], 13)
which contradicts with (12). The proof is completed. O

Remark 3 1In particular, if ux = o € (0, 1), then Lemma 1 reduces to Theorem 3.9 in [17]
by letting u = po and o = 1. Hence, Lemma 1 can be seen as a generalization of the
previous results in [17].

Lemma?2 [36] Assume a matrix G = (gij)nxn € R"™" satisfying the following:
(a) G is irreducible and symmetric;

(b) Vi #j, gij = 05

(c) gii = _Z;l'zl,j;éi gij, Yi=1,---,n.

Then,

(1) All eigenvalues of G are non-positive;

(2) G has an eigenvalue 0 with multiplicity 1. In addition, (1, --- ,1)
0.

T is an eigenvector of

3 Main Result
For the sake of convenience, we denote g1 = CL—)»maX{—D-F%B*B*T+%EET}—ZU||A*||—

ZI’Tz||FA||2 and ¢ = z%2(1 + || Fg|%), where ¢, @, A*, B*, Fa, E, Fp are given in Sect.
2,1 = —A2(Lp) represents opposite number of the second largest eigenvalue of L.
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4356 L. Lietal

Now we are ready to provide the main theoretical result.

Theorem 1 Suppose that Assumptions 1-3 hold for DMNNs (1). Let k > 0 satisfy —q1 +
2 qz —k < 0. Then, system (1) under impulsive effect (6) achieves GES in mean square if

~

7<l (14)

and
k(T —T,)—Inp = pg >0, (15)

where & = maxie{l, 0@}, 0 = minjeo{o @y and i = P [(6P)? max;co{pi)l

Proof Recallthatg; (1) = x;(t) — % ZlN:l x; (t) and construct a Lyapunov candidate function

V() = % ZIN:1 EiT (t)&i (t). By repeatedly using the fact that ZzNzl &;(t) = 0, the derivation
of V() on [tx, t;41) can be estimated as

N N
1
DIV =) e OL(1) = D )]

i=1 =1

N
=Y &l O[=Dxi(t) + A* f(xi (1) + B* f(x; (t = D) + [(1)

N
+c ) Hijxj() + EAi(1)]
j=1

N
D el O[=D(ei(0) + (1) + A*(f(xi (1) — ()

i=1

N
+ B (fxi(t—1) = fEE =)+ Hjej(t) + EAi(1)]

j=1

N N
- Z el (1)Dei(t) + o ZHA*II lel @ e )
i=1 i=1
1 N
+3 2o OB B e0) + o6~ et = o)

IA

N
+eel (L ® L)e®) + Y el (VEA (1), 1 € [t tig). (16)
i=1
Recall (4) and E = [E 4, Ep], we have
Al 04 (t) < @ | FallPe] (ei(t) + @2 || FglPe] (t — v)ei(r — 1), (17)

which further indicates that

2

w 1 1

DYV < § el O] — D+ (@]l A*|| + =R | FalDl, + EB*B*T + EEET]si(t)
i=1

2 N
+ U+ 1FD) Y 6] (1= Deit = 1)+ ce” Oy ® e, (18)
i=1
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where Assumption 1 is used. Considering Assumption 2, £y can be decomposed as
UAyUT =Ly, (19)

where U = (uj,up,---,up) is an orthogonal matrix, Ay = diag{i;(Ly), A2(LH),
JAN(LH)}, and 0 = A (Ly) > A(Ly) = --- > An(Ly) are eigenvalues of Lg.
In addition, u; = %N(l, -+, DT according to Lemma 2. Let y(r) = (UT @ I,)e(r) =

0T (@), -+, yh@)T, we have yi (1) = (u] @ L)e(t) = %ﬁ SN &i(t) = 0. Hence,
ce” )Ly ® Ie(t) = cy" (1)(Ap @ L)y (1)
N
=c Y nLr)y] @)yi)
i=2

< cra(Lm)y ()y()
= —ciel (H)e@). (20)

(18) and (20) yield that

w2

1 1
DYV < <w||A I+ 2 ||FA|| + Amax{— D+2B B + SEE }—CL>V(I)

2
+ <w7<1 + ||FB||2)>V(r -
=~ V) + @V — 1), 1€ [ tis1). @1

On the other hand, according to Assumption 2, for any two nodes i and j, there is at least
one path between i and j. More precisely, there exist some integers my, mo, - -+, mg, such
that H;,, > 0, Hyymy > 0, -+, Hy j > 0. Hence, at an impulsive instant #;, we can infer
from (7) that

=

V) = Zs e ()
1 N
= Z (N2 Z[x,(tk ) —x;tH1” Z [xi (t0) — x; (1} )])

N N
1
Z (—2 3 i ) = X ) + 2, (55 = -+ x5 — 2]

N N
< Z (—2 > [ = ) = X (7 — W)+ X, (7 — ) — x5 — )]
N
X Z [xi (g — ) — X, (G — ) + -+ X, (G, — ) — X (1 — Tk)])
j=1
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N 1 N N
=07y (ﬁ D bl — ) —xj (e — ol Y iy — ) — X, — u)])
1 j=1

i= j=1
=V, —w). (22)

According to (21) and (22), V (¢) satisfies all conditions in Lemma 1 by letting sz = Uk,
2= /& and gz = . Hence, for ic > —q + %6]2, we have

k k
Vo) = Wale [Triep R+ -0-Y )] Vel @3
Jj=1 Jj=0
Taking expectation on both sides of (23), we have
k k
E[V()] < E[ ]_[ I Vaolle exp [£( 47 10 - er)], Vi€l tepn).  (24)
=1 j=0
Define u® = ()2, i =1, -, B. Considering Assumption 3, we have

k

B[] w) = B[E] ﬂ WOl =i = ]

B B k
Z Z(l_[ XP(rl:ilv"',rk=ik))

i1=1 ir=1
BB koo L
=P ORI S0 PEATEAN O
i1=1 ix=1 j=2 =2
B AN .
< ZM(”)”I (Z Z (1_[;1,(’/) max{ p;; }))
=1 =1 =1 j=2
B k B
S o [ (50 i)
i1=1 j=2 1=l
ﬂ .
=@y w0y )

By (24), (25) and the fact that ;1 < 1, we have

k

E[V(n] < g+ Zu 1l Vig Il exp [K(t +T—fo— ij)]

i=1 j=0

B
~—T—14 210 ; _ _
<A uOm Vil exp[R(+ T — 10— T+ 70)]

i=1
to))

ﬂ ~
= ) Inp
= (@07 Y u O Vil exp (=
a
_ Oy 4 =15 T
xexp (it —to+7+1tP)+ic[TTo — ?(t—to)])
a

i=1
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B
~_Ty— i K Oz
=AY O [V AT

i=1
] ~
x exp| — - [R(F = T) —In )t = 10)

— 2 (t—19)
= M||Vyle T , V€ I, trt1), (26)

where the second and third inequalities use the AIl and AID assumptions, pi is defined in
(15). This completes the proof. O

Remark 4 1In order to achieve synchronization, the impulsive strengths should be stabilizing
in a sense of “average” as shown in (14). It is worth mentioning that (14) does not require
w® < 1foralli e £2, which is different from traditional impulsive controller [17].

Remark 5 According to (15), small i and & are helpful for synchronous behavior of the
network. This can be explained by the following physical meaning: smaller ¥ means a better
dynamic property of the network without impulses, while smaller /t indicates higher costs
at an impulsive instant. Another interesting fact is that the impulsive delay T may promote
synchronization in some way according to (15). In fact, (15) is equivalent to

Int
> KT
K

Obviously, a larger 7 is preferred in order to meet the requirement of (15).

Remark 6 Tt should be mentioned that, the criterion in Theorem 1 is just a sufficient condition,
and has some conservatism. This is mainly caused by some imprecise inequalities in the proof.

An important special case of Theorem 1 is when all 7 are the same, that is, 7z = 7. In
this case, we have the following two corollaries by utilizing Theorem 1.

Corollary 1 In Theorem 1, let the impulsive delays ty, = t1. Then, system (1) under impulsive
effect (6) is globally exponentially synchronized, if
w<1 (27)
and

k(ti —T,) —Inpm > 0, (28)

where the parameters [, k and T, are the same as in Theorem 1.

Proof When 1 = 71, we have T = 7. The proof can be completed by directly using Theorem
1. O

Corollary 2 Let the impulsive delays tj = 0 in Theorem 1. Then, system (1) under impulsive
effect (6) is globally exponentially synchronized, if
w<1 (29)
and

— kT, —Ing > 0, (30)

where the parameters [, k and T, are the same as in Theorem 1.
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4360 L. Lietal

When the impulsive sequence has no randomness, we have the following corollary.

Corollary 3 Let the impulsive strengths oy = o1 in Theorem 1. Then, system (1) under
impulsive effect (6) is globally exponentially synchronized, if

o <1 3D
and
k(t —T,) —2Inoy >0, (32)
where the parameters T, k and T, are the same as in Theorem 1.

Proof Noticing that 1 = 012, the proof is trivial. O

4 Numerical Example

This section gives a simple example to illustrate the validity of our theoretical results. More-
over, the case of T = 0 is also simulated to reflect the promotion of impulsive delay.

Example 1 Consider DMNNs (1) with N = 50 and n = 1. A(x;(¢)) and B(x;(t)) are chosen
to be

015, @) <1,
A(xi (1)) = :().257 [x; ()] > 1,

and

(=095, ()] <1,
Bxi (1) = { —1.05, |xi ()| > 1.

Moreover, D = 0.5, f(x;) = 1.5x; +0.5tanh (x;), 7 = 1, I_(t) =0,c =1, Ly israndomly
generated with Ar(Ly) = —0.6239 and the initial conditions are randomly chosen from
[—5, 5]. Figure 2 shows the state trajectories of all nodes when the DMNNSs is free from
impulsive effects. It is shown that the system is not synchronized without impulses.

Now we exert the delay-dependent impulsive effect (6) on (1). LetoV = 0.6,0® = 1.05.
0.7 0.3
0.80.2)
respectively. Furthermore, we choose T, = 1.05 and T = 0.98. Figure 3a shows the randomly
generated impulsive sequence, and Fig. 3b is the impulsive delays.

Using the parameters above, we easily calculate that g1 = —0.0761, ¢ = 2.2000,
i =0.6187,6 = 1.05and o = 0.6. Choosing k = 6.8236, which satisfies —q —i—g—iqz—k =
—0.01 < 0, we obtain ic (f — T,,) —In it = 0.0024 > 0. By applying Theorem 1, the DMNNs
(1) under delayed impulsive effect (6) can achieve synchronization, which can be seen from
Fig. 4.

As mentioned at the end of Remark 5, the impulsive delay T may promote synchronization
in some way. To illustrate this, the impulsive delay is changed to be T = 0, and all other
parameters are the same as above. Figure 5 shows the state trajectories under such impulsive
effects without impulsive delay, and it can be seen that synchronization is not achieved before
t = 12. To some extent, this can reflect the promotion of impulsive delay 7.

The initial distribution and the transition matrix are I1; = (0.8,0.2) and P =
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DMNNSs without impulses

T T

X(t),i=12,...
|

Fig.2 State trajectories of all nodes without impulsive effect in Example 1

12 Stochastic impulsive sequence ) Impulsive delays
0.95¢
1
0.9¢
0.8 ] 0.85¢
0.8+
X X
o 06 1 & 0750
0.7t
04 0.65}
0.2 | 0.6}
0.55¢
0 0.5
0 2 4 6 8 10 12 0 2 4 6 8 10 12
t t
(a) (b)

Fig.3 Impulsive strengths and delays in Example 1

Remark 7 In Example 1, oV = 0.6 < 1 is a stabilizing impulsive intensity, and ¢® =
1.05 > 1 is destabilizing [17,27]. Hence, the impulsive sequence in Example 1 is neither
synchronizing nor desynchronizing according to the classification in [27]. By calculating /1,

this paper provides a method to judge whether a stochastic impulsive sequence promotes
synchronization or not.

5 Conclusion

This paper investigated the positive effects that stochastic delayed impulses might have on the
synchronization of DMNNSs. Based on an extended Halanay inequality, sufficient condition
was derived to guarantee the mean square synchronization. It was revealed that the impulsive
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DMNNSs under stabilizing impulsive effects

X ()i = 1,2,..,50

'
N
T

!

!

2 4 6 8 10 12
t

Fig.4 State trajectories of all nodes under delayed impulsive effects in Example 1

DMNNSs under impulsive effects without impulsive delay

\\
o i
"O~ A\ \\ \\\ a |
o W \ AL 4
- \ \ 4
I Z h\ 1
= A /N - |
< 4 /' ) \\ / N~

t

Fig.5 State trajectories under impulsive effects with 7 = 0 in Example 1

effect should be stabilizing in an “average” sense, rather than always be stabilizing. The
theoretical results were verified by a numerical example.

It is worth mentioning that our main results are sometimes conservative. For instance, the
hypothesis #x —tx—1 > w, Vk € Z is hard to be satisfied in many cases, especially when the
interval between two consecutive impulses is short. An interesting future work is to reduce
the conservatism by allowing #x — fx—1 < tx. Another interesting future topic is to study the
case with stochastic impulsive interval.
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