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Abstract

In this paper, we consider Clifford-valued fuzzy cellular neural networks with time-varying
delays. In order to avoid the inconvenience caused by the non-commutativity of the multipli-
cation of Clifford numbers, we first decompose the considered n-dimensional Clifford-valued
systems into 2" n-dimensional real-valued systems. Then by using the Banach fixed point
theorem and a proof by contradiction, we establish sufficient conditions ensuring the exis-
tence, the uniqueness and the global exponential stability of S”-almost periodic solutions
for the considered neural networks. Finally, we give an example to illustrate the effective-
ness of the obtained results. Our results are new even when the considered neural networks
degenerates to real-valued, complex-valued and quaternion-valued neural networks.

Keywords Clifford-valued fuzzy cellular neural networks - S”-almost periodic solution -
Global exponential stability

1 Introduction

Fuzzy cellular neural networks are a class of neural networks that combine fuzzy operations
(fuzzy AND and fuzzy OR) with cellular neural networks [1,2]. They have been found many
applications in various fields such as physics, chemistry, biology, economics, sociology,
medicine and meteorology [3—6]. Since all of these applications are related to their dynamics,
their various dynamic behaviors are heavily studied [7—17]. For example, in [7], the existence
and global attractivity of a unique almost periodic solution for a class of fuzzy cellular
neural networks with multi-proportional delays was investigated by applying contraction
mapping fixed point theorem and differential inequality techniques, in [8], the existence
and exponential stability of almost periodic solutions for a class of fuzzy cellular neural
networks with time-varying delays was studied by the almost periodic function theory and
differential inequality techniques, in [10], the global exponential convergence of T-S fuzzy
complex-valued neural networks with time-varying delays and impulsive effects is discussed
by employing Lyapunov functional method and matrix inequality technique, in [11], the
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existence and global exponential stability of periodic solutions of quaternion-valued fuzzy
cellular neural networks with time-varying delays was established by using the Schauder
fixed point theorem and by constructing an appropriate Lyapunov function.

Clifford-valued neural networks are a kind of neural networks whose state variables,
connection weights and external inputs are Clifford numbers. They are generalizations of real-
valued, complex-valued and quaternion-valued neural networks. They have been proved to
be superior to real-valued, complex-valued and quaternion-valued neural networks in dealing
with high-dimensional data, multi-level data and spatial geometric transformation [18,19].
However, due to the fact that the multiplication of Clifford numbers does not satisfy the
commutative law, the current research on the dynamics of Clifford-valued neural networks
is still rare [20-24]. For example, in [20], authors studied the existence of anti-periodic
solutions for a class of Clifford-valued inertial Cohen—Grossberg networks by a coincidence
degree theory and constructing a suitable Lyapunov functional, in [22], authors investigated
the stability of Clifford-valued recurrent neural networks with time delays in terms of a
linear matrix inequality, in [23], authors considered the global asymptotic almost periodic
synchronization of Clifford-valued cellular neural networks with discrete delays based on
the Banach fixed point theorem and Lyapunov functional method.

Periodic oscillation, almost periodic oscillation and stability of solutions are important
dynamic characteristics of dynamic systems. Therefore, the periodic and almost periodic
oscillations, and the stability of solutions of differential equations, neural network systems,
ecosystems and physical systems have been extensively studied [25-47]. The almost peri-
odicity is a generalization of the periodicity, which was invented by Bohr [48,49]. The
concept of Bohr’s almost periodic functions has attracted wide attention of mathematicians
since it was put forward, which has led to various extensions and variants of the concept.
However, Bohr’s almost periodic functions are defined on the class of uniformly continuous
functions. Stepanov [50] proposed a weaker concept of almost periodic functions in Bohr’s
sense, while Stepanov’s almost periodic function may be discontinuous. For more details on
Stepanov almost periodic functions, see [51,52]. But until today, there is no research on the
existence and stability of S”-almost periodic solutions of fuzzy cellular neural networks with
time-varying delays. This is an interesting and valuable question.

Motivated by the above discussion, in this paper, we consider the following Clifford-valued
fuzzy cellular neural network with time-varying delays:

xX[(1) = —ai()xi (1) + Y bij (1) i (xj(0) + Y dij(t)pw;(t)

=1 j=1

+ N\ i) (xjt =i (@) + \/ Bij (g (x;(t — 73 (1))

j=1 j=1
n n
+ N\ T @)+ \/ SO0 + @), ey
j=1 j=1
wherei € {1,2,...,n} =: I, Ais a Clifford algebra, n is the number of neurons in layers;

xi(t) € A, ui(t) € Aand I;(t) € Aarethe state, input and bias of the i th neuron, respectively;
a; > Orepresents the rate with which the ith neuron will reset its potential to the resting state
in isolation when they are disconnected from the network and the external inputs at time ¢,
a;j(t) € A, Bij(t) € A, T;j(t) € A, and S;;(t) € A are the elements of fuzzy feedback
MIN template, fuzzy feedback MAX template, fuzzy feed forward MIN template and fuzzy
feed forward MAX template, respectively; b;;(t) € A and d;;(t) € A are the elements of
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feedback template and feed forward template, /,\/ denote the fuzzy AND and fuzzy OR
operations, respectively, which will be defined in the next section; f; and g; : A — A are
the activation functions; 7;;(#) > O corresponds to transmission delays at time ¢.

The initial conditions of system (1) are

xi(s) = ¢i(s), s e€[-1,0]

where T = maxi<;, j<u{Tij}, i € C([—7,0], A),i € I.

Our main aim of this paper is to study the existence and global stability of S”-almost
periodic solutions of system (1). As we mentioned that there is no research on the S”-almost
periodicity of fuzzy cellular neural networks with time-varying delays. Even when system
(1) degenerates into real-valued, complex-valued, and quaternion-valued systems, the results
of this paper are brand new.

The rest of the paper is organized as follows. In Sect. 2, we make some preparation.
In Sect. 3, we state and prove the existence, the uniqueness and the global exponential
stability of the S”-almost periodic solution. In Sect. 4, we present an example to illustrate
the effectiveness of the obtained results. In Sect. 5, we give a conclusion.

2 Preliminaries

The real Clifford algebra over R™ is defined as

.AZ{ Z aAeA,aAeR},
AcC{

1,2,...,m}
where eq4 = epep, - -ep, with A = {hy,hy, ..., 0}, 1 <hy <hy <--- < h, <m.
Moreover, ey = eg = 1 and ejpy = ep, h =1, 2, ..., m are called Clifford generators which

satisfy the relations:

epey+eve, =0, w#Ev,
el =—1, w=12....m.

For simplicity, when one element is the product of multiple Clifford generators, we will
write its subscripts together. For example ejey = eq2 and ezejeqes = e3745. We define
A={0,1,2,...,A,...,12-.-m]}, then it is easy to see that

A= { ZaAeA,aA ER}.

AeA

For every x, y € R, we define
/\ _x, i x <y,
AACE y, ifx>y
and
)y, ifx =<y,
x\/y_{x,ifx>y.

Foreveryx = Y 4o xYea, y = qcqviea € A wedefinex Ay =3 4,4 A yHea
andx Ay =3 41caxA\V yNea.
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Forany x = Y, x € A, the principal involution of x is defined as

=) x"e.

AeA

n[Al(n[A]+1)

where eq = (—1)" 2 ea,if A =0, thenn[A] =0andif A = hjhy---h, € A, then
n[A] = v.

It is easy to see that eqeq = eqe4 = landxy = yxfor A € A, x,y € A.

The derivative of function z = 3, z%e4 : R — A'is given by 2(t) = 344 24 (Hea,
where z4 : R — R.

_ n[AI[A]+1) . _

Due to the fact that eges = (—1 2 epea, we can simplify and express egeq = ec
or egeq = —ec with ec being some basis of Clifford algebra. For example, esre27 =
—eqper; = —eyqerere7 = eqe7 = e47. So it is possible to find a unique corresponding basis
ec for the given epe 4. Define

0, if eges =ec,
1, if egesy = —ec,

n[B-A] = {
then epes = (—1)"[B'Z]ec. In addition, for any ©® € A, define OF satisfying OBA —
(=DMBAIQC for eges = (—1)"BAlec. Therefore,

@B.XeBEA — @BX(_l)n[BX]ec — (_1)11[BZ]QC(_1)H[BZ]8C — @Cec
and

6= Z OCec € A.
CeA

For example, for the second term in system (1), we have

Y b fi(x ) =YY bfec Y fE(xj0)es

j=1 j=1CeA BeA
=33 S A EIpAE ) (1) Ble sep B (x;(1))en
j=] AeA BeA
= Z( D2ABENY S pAE @) fE (x(1))eaeses
AeA BeA
= Z SOST BB fE (xj))ea. i€ 1.
j=1AeA BeA

To overcome the difficulty of the non-commutativity of the Clifford number’s multiplica-
tion, according to the above discussion, we can transform (1) into the following equivalent
real-valued system:

W0 = —ai0xt 0+ YD O x0)+ Y3 at P out o)

j=1BeA j=1BeA

+A D a{}'E(t)gf(xj(t —1;;(1))

j=1BeA
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n —
+\/ DB E0el (xjt — i)
j=1BeA
n _ n _
+ A DT Poufo+\/ Do siPouto+1to, iel ()
j=1BeA j=1BeA
and
o) =¢ls), iel, sel-1,0]
where
X0 =Y xtea. L)=Y IF@®)ea.
AeA AeA
bij(t) = Y _ bG(Mec, byPr) = (=1 FbL),
CeA
() — C AB N _ n[A-B] ;C
dij(ty = Y _dSec. dfyP) = (=1)""Flal @),
CeA
@ij(t) =Y afec, ofyPt) = (=1 Flaf o),
CeA
Bijt) = BSec, BiEw) = (1" BIBEw),
CeA
() — C AB N _ n[A-B]C
Tjt) =Y bSec, THB @) =n"ATE @),
CeA
i)=Y S5wec, SiE@ =1y FsCa,
CeA
fi =) = Y PG =), x5 =),
BeA
X —Tie)es = Y fF it — T (0))es.
BeA
C m
i) =Y (0. x5 (1), ... X ()ep = Y gP(xj(1))es,
BeA BeA
for eqep = (—1)"14-Ble.
Remark 1 If x = (x{,xl, ... x] 2 m x0 xd, o xdZom oo x xl a2t =
{xiA} is a solution to system (2), then x = (x1, ..., x,)T must be a solution to (1), where

Xi= xiAeA, i=1,2,...,n,and vise versa.
AeA

Let (X, | - ||) be a Banach space and BC (R, X) be the set of all bounded continuous

functions from R to X.

Definition 1 [53] A function f € BC (R, X) is said to be almost periodic if for every € > 0
there exists a positive number ¢ such that every interval of length ¢ contains a number t such

that

lf&+7)— f@®)] <e, teR.

The 7 is called the e-almost period of f. Denote by A P (R, X) the set of all such functions.
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Lemma 1 [53] For each € > 0, a finite family of almost periodic functions has a common
set of e-almost periods.

Definition 2 [53] Let p € [1, 0o). Denote by L loc (R, X) the space of all functions from R
into X which are locally p-integrable in the sense of Bochner-Lebesgue. A function f €
(R, X) is called SP-bounded if

loc

41 1
I fllsp = sup </ ||f(s)||pds> < 00.
t

teR

We denote by LY (R, X) the set of all such functions.

Definition 3 [53] A function f € LY (R, X) is said to be S”-almost periodic, if for every
€ > (0 there exists £ > 0 such that every interval of length ¢ contains a number t such that

t+1 %
ey U If G+~ f (s)||”d“} =€
t

reR
We denote by S” AP (R, X) the set of all such functions.

Definition4 A function f = ) 7, fleq : R — Ais said to be SP-almost periodic, if
fAeSPAP(R,R) forall A € A.

Lemma 2 [53] SPAP(R, X) is a Banach space with the norm

1+1 :
Ifllsp = sup (/ IIf(S)IlpdS) :
teR t

Lemma3 [54]Ifa € AP(R,R), and f € SPAP(R, X), then af € SPAP(R, X).
Lemma4 [53]fx € SPAP(R,X) and t € AP(R, R), then x(- — 7(-)) € SPAP(R, X).

Similar to the proof of Lemma 3.7 in [53], one can prove

Lemma5 Let f € C(X, X) and satisfy the Lipschiz condition. If g € SP AP (R, X), then
f(g() € SPAP(R, X).

From the relevant results of [55], one can easily obtain that

Lemmaé Fori = 1,2,...,n,a; € BC(R,R) with inf;cra;(t) > 0. If f € BC(R,R"),
then the linear system

X1 = Ax@®) + f(@)
has a unique bounded solution
! t
x(1) = / els AW £ (5)ds,
—00

where A(t) = diag(—ay(t), —ax(t), ..., —a,(1)).

Throughout the rest of this paper. For convenience, for a bounded and continuous function
f R — R, wedenote f = mf|f(t)| and f = sup|f(t)|

Before ending this section, we introduce the followmg lemma.
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Lemma 7 [56] Suppose x and y are two states of system (2). Then we have

\ /\al](t)f,(x) /\a,]mf,(y)\ Zlau(t)llf,(x) fil iel,

j=1

‘ \/ﬁij(t)fj(x) - \/ ﬂij(l)fj()’)‘ < Zlﬁij(f)ﬂfj(x) =il iel.
j=1 j=1 j=1

3 Main Results

In this section, we will establish some results for the existence, the uniqueness and the global
exponential stability of S”-almost periodic solutions of system (2).

Now, we let D = {x]x = {x} € SPAP(R,R*"")} and equip it with the

1

norm |x|sr = ma{x{glax |x; |5p] where [x/|sp = supteR(f:Jrl |xiA(s)|”ds)p
e eA

Then, we know that D is a Banach space. Let ¢p = {((po);‘}, where (wo)f(t) =

fioo 67L ai(u)du(z;{zl ZB€A dl’?l'E(S),uf(s)

n — n —
+ A Y Ti;"B(s)Mf?(s) +V X S;}'B(s)uf(s) + IiA(s))ds,i € I,A e Aandr be
h=1BeA h=1BeA
a constant satisfying » > |l¢o||s».
Throughout this paper, we assume that the following conditions hold:

(Hy) Functions a; € AP(R,R"), 7;; € AP(R, RT), b;jf, agf, ﬂ;}-ﬁ, uf e APR.R)

and dA'B, 1A, TAB, S4B € SPAP(R, R), where i, j € I, A, B € A.

(H>) There exist positive constants L{, L§ such that for any u, v € A, functions f5, gf
C(A, R) satisfying

1fEw — fEal =LY u€ -

CeA

g w) — gf ) < L5 ) u€ =€)

CeA
and fj.B(O) = gf(ﬂ) =0,where j € I,A, B e A.
1/p n _AB.f
1 Al _. A _ f
(H3) ier},li’é/\{(z’zf) Q,.} = p < 1, where 07 = g (Z by "Ll +

—A-B
> “A BLg+ > Bij L?)-
BeA BeA

Lemma8 Ifb; € SPAP(R,R) and a;j € AP(R,R), then /\;zlaij(')bj('), \/;:1 ai; ()
bj() € SPAP(R,R), i € I.

Proof Since a;j € AP(R,R) and b; € SPAP(R, R), we have

sup|a,-_,-(t)| = K,‘j < oo and |bj|sp = Kj < Q.
teR
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Now, for given any €;;, €; > 0, let T be a common almost period of a;; and b;. By using
Minkowski’s inequality, we have

t+1, 1 n p 1/p
sup(/ ‘/\aij(s—{—r)bj(s—l—t)— /\a,-j(s)bj(s)’ ds)
! j=1 j=1

teR

1, 7 n » 1/p
< sup(/ | N\ aij + 0056+ = N aij6)bis +0)| ds)
j=1 j=1

teR
t+1, 1 n p 1/p
+sup( / [ A\ @b +1) = N @b o) ds)
teR t j=1 j=1

+1 " 1/p
< sup[/ Z|b (s + DI laij(s + 1) —a,J(s)|”dsj|

teR

t+1 " 1/p
+sup[/ Z|al,<s)|1’|b (s+7)—bj (s>|Pds]

teR
< Z Kjéij +Kij€j), iel,
Jj=1
which implies
n
/\ bij()a;() € SPAP(R,R), i €1
j=1
Similarly, we can get
n
\/ bij()a;(-) € SPAP(R,R), iel.

j=1

[}

Theorem 1 Assume that (H\)-(H3) hold, then system (2) has a unique SP-almost periodic
solution in the region D* = {p|p € D, |l¢ — @ollsr < %}.

Proof For every ¢ € D, we consider the linear differential equation system

i) = —ai0xt O+ YD b E(0;0) + > D di Bt o

j=1BeA j=1BeA
+ /\ > af P gl — i) + \/ > oAt
j=1BeA j=1BeA

xgf it =) + N\ 2 TP ouf

j=1BeA

+\/ Y sABouboy +12m, el 3)

j=1BeA
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Combining (H;) and Lemma 6, we deduce that system (3) has a unique bounded solution

! t
@Hita) = / e*fs“f(”“"[ZZb )/ (9j(9)

j=1BeA

+3 S @Bt + N\ Y el B g i — 1))

j=1BeA j=1BeA

+\/ Y B E)8E (05 — 1 (9))

j=1BeA

+ A DT Eoubs +\/ Y s Eeuls) + IiA(s)]ds

j=1BeA j=1BeA

! 13
= / e s aitdu YA5)ds, i€l Ac A 4)
—00

Now, we define a mapping @ : D* — D by setting (P ¢)(t) = {(x‘/’){‘(t)}, VYo € D*. First,
we show that the mapping @ is a self-mapping from D* to D*. By (H;) and Lemmas 3-5,
we have (g(p);* (t) € SPAP(R, R). Let¢; > 0, there exist G; > 0 and £ > 0 such that every
interval of length ¢ contains a number t such that

t+1 >
sup[ / |(;¢>;‘(s>|pds] <G, Q)
teR t

11 %
suﬂg[ / |(c¢>;‘<s+r>—(;w){‘(sw’ds] <€ (©6)
te t

and
lai(t+1)—a;(t)| <€, i€l.
By the Minkowski’s inequality and (4)—(6), we obtain
t+1 w+T wit
sup |:/ ’/ e s adu e yA(s)ds

teR t —00
1

_/ e_/:"ujai(u)d”(fw)?(S)ds‘pdwr

1+1 w w
= sup [/ ‘ / e K “"(”“)d”(gp)?(s + 1)ds
—00

teR

1
_/ —fwai(u)du@(p)?(s)ds‘pdw}p
1

t+1 y .
< SUP[/ ’/ A ai(u)du((&p)iA(S +1)— (C(p) (S))ds‘ dw]

teR

+ sup |:/ ’/ el airndu e A (s + )ds
t —00

teR

w P 1
w P
_/ e—f; ai(u)du(é-(p)l{“(s + T)ds‘ dwj|
—00
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<=

t+1 w w
< sup[ f f e~ I paitd| e yA(s 4 7) — (cw);*<s)|”dsdw]
t —0o0

teR

t+1 w w
+ sup |:/ ‘/ (e_fv aj (u+t)du
teR t —00

_e*f:w a[(u)du)(é'(p)?(s i 'E)ds‘pdw]

1
P

<=

t+1 pw w
< sup[ f / e I Paid| ) (s 4 1) — <c¢);‘<s>|"dsdw]
t —00

teR

t+1 w w
+sup |:/ ‘ / e~ 4i(w—s) (/ la; (u + 7)
teR t —00 s

T
—ai(u)[du) (6)} (s + )| dw:|

1
P

o0 t+1
< sup |:f e P4 / |(;¢)I.A(w —o+71)— ({w)f‘(w - cr)’pdwda]
teR 0 t

1

t+1 00 >
+ € sup [/ / e PGP (L) w — o + r)|Pdadw]
teR t 0

1 o 1/p
< Gi(i)l/p +6,'G,'[/ efpgig(rpda] ,
pa; 0

where 0 = w — s, i € I, which implies that (x“’)lA e SPAPR,R),i € I, A € A. Hence,
@D C SPAP(R, R?""). In addition, for any ¢ € D*, we have

or
llellsr < llo — wollsr + llgollsr =< T

and by the Minkowski’s inequality, we have

(@) — (@0)i s

t+1 w w n _
< sup { |:/ / e Jy aiwdu ( Z Z blfj-'B(s)
teR t —

e j=1 BeA
x f1 (v <s>)>ds

p 1/p 1| pw w n —
dw] } + |:/ f el a"(”)d”(/\ Z a,-‘?-'B(s)
! 0 j=1BeA
14 1/p 1+1
] ol
t

/w e~ f;” a; (u)du
x < VY B8l (06 — 1) (s))))ds

P I/p
dw] }

g} (¢j(s — n-,-(s))))ds

j=1BeA

n t+1 w -

— vy —AB
< sup {[/ / e s ”'(“)d”( b;;
IER; t —00 g‘ Y

P 1/p 1+1 w »
><ij (‘/’j(S))>ds dw:| } + [/ / e Js aitwdu

1 —0o0
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x( > 1gf (it — (s)m)ds

BeA

1759

r 1/p t+1 w
dw] + |:/ /
t —00
— [ a;(w)du 2AB| B : v
xe Js (Z Bij 187 (pj(s — tij(s))”)ds dw] }

BeA
AB,y h 00 e
<sup2|:2b L’ Z(/ / e P4 % (w—6)|”d(7dw>
teR

BeA CeA

t+1
+y ay LgZ(/ /e%ﬂ(p w-o

BeA CeA

1/p t+1
—rij(w—a))|pdadw> + Zﬂ Lg > (/ / e P

BeA CeA

1/p
><|<pjc(w —o—1j(w— 0)))|pdadw) :|

1 \YP, SAB AT
=i

j=1 “BeA BeA BeA

pr
I—p

)

which implies that @ € D*, so the mapping @ is a self-mapping from D* to D*.

Next, we shall prove that @ is a contraction mapping. In fact, for any ¢, ¥ € D*,i € I,
we have

(@) — (@Y sr
t+1
:su}g”i/ / e s a,(u)du(ZZbA B(S) f, (0](5)) ij(lﬁj(S)])
te t —

j=1BeA
+ /\ S ol Bis) x [g8 @6 — mp()) — g (W5 — ;)]

j=1BeA

+ \/ S BAE [ (pi(s — 1)) — 8P (s — rij(S)))])ds

P 1/p
dw] }

j=1BeA
t+1 w
< sup{[/ / o a,(u)du(Z N OIAI0)
teR t —00 =1 BeA
P 1/p t+1| pw w
—rF (wJ-(s))])ds dw] }+ [ [
t —00

j=1BeA

|: t+1

p I/p
(/\ > el Bs)[gf (i (s — i) — P (WG — rij(S)))]>ds dw]

,f a,(u)du< \/ Z ,BA B(s) gj (@j(s — Tij(s))

j=1BeA
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P 1/p
dwj| }

AT P t+1 00 pao C
<supZ<Zb L Z(/; /0 e Pai |<pj(w—cr)

1eR BeA CeA

—gf Wils — 7 (s)»])ds

1/p
9 (w— a)|”dodw>

t+1
+ )@y LEZ(/ / TP oS (w — o — Tij(w — 0))

BeA CeA

1/p ZAB
_1/,].C(w—g—t,-.,'(w—d))lpdgdw> +Zﬂu

BeA

t+1
(/ / e anXW’ (w—o0 — Tt](w 0)))
CeA

1/p
—Iﬁf(w—O—‘Cij(w—a)))|pdodw> ]
1 \Ur_ < A ) AT .
= (50) 2”2(2’9 Li+ Y i+ Y By Li-)ﬂw—vfus»,
— BeA BeA BeA

that is, we have

D) — (PU)A
I}‘gl( )i — (@Y |sp

1 1/P ABf
< () " (S

BeA

_ —A-B
+ > aptL + Z Bi L*;f)ngo —lisr.

BeA BeA

Therefore,

P — PYllsr < pllg — Pllsr.

Hence, @ is a contraction mapping. Thus, system (2) has a unique S?-almost periodic solution
in the region D* = {p € D||l¢ — @ollsr < %}. This completes the proof of Theorem 1. O

Similar to the definitions about the global exponential stability of solutions given in [11,
12,14,20], we give the following definition.

Definition 5 Let x = {xiA} be a S”-almost periodic solution of system (2) with the initial
value x = {fl‘f‘}. If there exist constants @ > 0 and M > 0, for any solution ¢ = WiA} of
system (2) with initial value ¢ = {@A} such that

[x() — @) < M@ |loe™", Vi >0,
where

(1) = ()| = max { max [x (1) — ¢/ (1)1}
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and

Il llo = max { max { sup [¥A(s) —a;‘(m}}.

AeA se[—1,0]

Then, x is said to be globally exponential stable.

Theorem 2 Assume that (Hy)-(H3) hold. Suppose further that

H orl
max . < 1,
(Ha) iel,AeA | %

then system (2) has a unique S?-almost periodic solution x (t) which is globally exponentially

stable.

Proof From Theorem 1, we see that system (2) has an S”-almost periodic solution X = {x }
with initial value ¢ = {gol }. Suppose that x = {x ZA} is an arbitrary solution of system (2)
with initial value ¢ = {(piA}. Set X = x — X, then, according to (2), we have

XA ) = —ai )X 0) + Z S bAEO [ (x0) - (7))

j=1BeA

+ /\ 3oy x [88 (i — wij () — g &t — 7 ()]

j=1BeA
+\/ S BAE0[8 (- 7))
j=1BeA
g} (xj(s —Tj())].i €I, A€ A )

Fori € I, we define functions ®; (0) as follows:

“ B n —
©0)=a; —0-2" Y < S+ Y @k

j=1 “BeaA BeA
+ Y B Lk 0,,,) icl.
BeA
By (Hy), fori € I, we get
©i(0) =a; — Qi > 0.
Since ®; is continuous on [0, +00) and ®;(#) — —o0, as § — +00, so there exist ; such
that ®;(¢;) = 0 and ®;(0) > 0for 0 € (0, ¢;), i € I. By choosing ¢ = min;¢;{¢;}, we have

®i(c) > 0,i € 1. So, we can choose a positive constant 0 < A < min {c, miniel{gi}} such
that

O;x) >0, iel,

which imply that
2m i(Zba‘.BLf""Za LZ’ Ar,I+ZIB Lg MU> |
Qi_kj:l BeA o BeA BeA 7
wherei € I.
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Set M = malx{%}, then by (H3), we have M > 1. Thus,
i€ !

;4 — <§ b;; Ljf + ga,f}'ﬁLﬁeﬁ"f + Bg;‘ﬁ{}"*ﬁe“if) <0, iel.
Obviously, for any ¢ > 0,
IXOI < llwlo+e (®)
and
IX1 < (lwllo + &)™ < M@ llo +e)e ™, Vi e[-,0). )
We claim that
IXOI < M@ llo +e)e™, Vi >0. (10)
If (10) is not true, then there must be some #; > 0 such that
{ IX ()l = Ml llo + e)e ™, an

IXOIl < M@ llo +e)e™, 0<1<1.

Multiplying the both sides of (7) by el aidu gpq integrating over [0, ¢], we get

; t
XA 0 = X (e Jo i / e ““”’d“(ZZb”(s) 17 (xi(9))
0

j=1BeA

PEi@)] + /\ > e Bs)[gf (s — ()

j=1BeA

—g8 @ — o]+ \/ D BAE® [ (s — 1 (9))

j=1BeA
—g] (xj(s — T,-j(s)))])ds, iel,Ae A
Thus, by M > 1, (8), (9) and (11), we obtain
IX7 ()]

—f a,(u)du(z ZbABLf

j=1BeA

X Z |X]C(S) —f]C(SN + Z ZE?,‘ELf Z |x]C(s — fij(s))

CeA j=1BeA CeA

—F -+ Y S B LE

j=1BeA

X Z |xjc(s —15(5)) — Y?(S - Tij(S))|)dS

CeA
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SOMW0+QEE”+/‘ 7f@w“ﬂ<§:§:b

j=1BeA

n
SIS 3D oy rl? “’/)Mulwno +e)e s

j=1BeA j=1BeA

e~ 4ili B B
5M(|lw|lo+s){ m f [ ai@=nduym “1<ZZ

j=1BeA

— n _ _ n a7 _
Y S a1 3 Y A e )l

j=1BeA j=1BeA

(A—a;j)n 1 — e(}‘ a; )tl

SM(IlwlloJre)e_“‘{e 7t (ZZ”AB“
j=1 BeA
DIIERES A m)}

j=1BeA j=1BeA

<M(||w||o+s>e‘*"” Y (ZZZ’A L]

j=1BeA

+ Z S @l PLser + Z > B,’-f}'ELﬁeﬁffﬂe“—ﬂﬂﬂ

j=1BeA j=1 BeA

(ZZbABLf+ZZ“ABLg AT

j=1BeA j=1BeA

. i > py ")

j=1BeA

+

<M(lwlo+e)e ™, iel, Ae A,
that is,
IXDl < Mz llo + e)e™,
which contradicts the first equation (11). Therefore, (10) holds. Letting & — 07 leads to
IX0] < M@ lloe™', ¥1 € (0, +00).

Hence, the S7-almost periodic solution of system (2) is globally exponentially stable. The
proof of Theorem 2 is completed. O

4 An Example

In this section, we give an example to illustrate the feasibility and effectiveness of our results
obtained in Sects. 3 and 4.

Example 1 In System (1), let n = m = 2. The coefficients are taken as follows:
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ai(t) = 0.1+ 0.2 cos /3], ax(t) =0.8+0.8]sin6t], f1(x) = g1(x) =
2
0.0025((1x° + 1] = [x* = 1[)eg + e1 sin %(xl +x12) — ey sinx?
+ eqp tanh (x2 +x2 4 xo)), frx) =gkx) =
I
2
+ 2¢1> tanh (x2 +x12 +x0)),

2
0.0025( (1x° + 1] — [x* = 1])ep + e1 sin %(xl +x'2) — ey sin x?

1 (1) = 0.2¢p cos 9t + (0.1 4 0.2 sin v/21)e; + 0.2¢5 sin 2t + 0.1e} cos 41,
I (t) = 0.4ep cos 9t + (0.1 4+ 0.2 sin \/Et)el + 0.2¢3 sin 2t + 0.1e12 cos 4t,
b11(t) = 0.4egsin2t + 0.1eq cos 3t + 0.1ep cos 6¢ + 0.3¢e12 sin? Tt,
b12(t) = 0.4eg sin 2t + 0.2e1 cos 3t + 0.1ep cos 6¢ + 0.3¢e1> sin® 7¢,
br1(t) = 0.4eqsin2t + 0.1e1 cos 3t + 0.2¢ep cos 61 + 0.3¢1» sin? 7t,
by (t) = 0.4eqsin 2t + 0.2e1 cos 3t + 0.2¢5 cos 61 + 0.3¢12 sin? Tt,
dy1(t) = 0.1¢qg cos 3V2r + 0.3¢; sin VTt + 0.1er cos 2t + 0.1ej5 sin «/it,
di2(t) = 0.1¢g cos 321 + 0.3¢; sin VTt + 0.2¢3 cos 2t + 0.1ey; sin V21,
da1 (1) = 0.2¢q cos 33/21 + 0.3y sin v/71 4 0.1e3 cos 21 + 0.1eqa sin v/21,
dy (1) = 0.2¢q cos 33/21 + 0.3¢; sinv/71 4 0.2¢3 cos 21 + 0.1eya sin v/2t,
a11(t) = 0.1eg cos 3t + 0.2¢1 sin 2t + 0.2¢e sin 81 + 0.1eq2 sin? 2t,
aq12(t) = 0.2¢q cos 3t + 0.4¢q sin 2t + 0.2¢e sin 8¢ + 0.1eq2 sin? 2t,
ap1(t) = 0.1egcos 3t + 0.2¢; sin 2t + 0.2e5 sin 8t + 0.1e12 sin? 2t,
@22 (1) = 0.2¢( cos 3t + 0.4ey sin 2¢ + 0.2¢5 sin 8¢ + 0.1e15 sin? 21,
B11(t) = 0.3¢gsint + 0.1eq cos 2t + 0.2¢, cos Vet + 0.2e17 sin 3¢,
B12(t) = 0.3¢egsint + 0.1eq cos 2t + 0.4e; cos Vet + 0.2e17 sin 3¢,
B21(t) = 0.3¢gsint + 0.1eq cos 2t + 0.2¢; cos Vot + 0.2e17 sin 3¢,
B (t) = 0.3¢psint + 0.1eq cos 2t + 0.4e, cos Vot + 0.2e17 sin 3¢,
Ti1(1) = (0.2 + 0.15sin2¢)eq + 0.1ey cos? 2¢ + 0.1ey sin 5¢ + 0.1eja cost,
Ti2(t) = (0.2 +0.2sin2¢t)eg + 0.1¢; cos? 2t + 0.1ep sin 57 + 0.1ejp cos ¢,
T21(t) = (0.2 +0.1sin2t)eq + 0.1¢; cos2 2t + 0.2e sin 5t + 0.2eqp cost,
Tr(t) = (0.2 +0.2sin2t)eg + 0.1¢; cos? 2t + 0.2e5 sin 5t + 0.2¢1, cos t,
S11(t) = 0.1egcos 5t + 0.1ey sint + 0.1e32 cos 9r + 0.2e, sin ¢,
S12(t) = 0.1eg cos 5t + 0.2¢; sint + 0.1e22 cos 9¢ + 0.2¢1, sin ¢,
$21(¢) = 0.1egcos 5t + 0.1e; sint + 0.1e22 cos 9t + 0.4eq, sin ¢,
S$22(t) = 0.1egcos 5t + 0.2¢; sint + 0.1ep2 cos 9t + 0.4eqy sint,
u1(t) = 0.1egsint + 0.2¢ cos2t + 0.2e> cos 5t + 0.1ej2 sin \/gt,
u2(t) = 0.1eg sint + 0.4ey cos2t + 0.2e cos 5t + 0.1ej5 sin \/gt,
T1(t) = 112(1) = 11(1) = 12(t) = cos® V3t
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1 T T T T T T T T T
x3t) — — — x3(t)

) 0 20 40 60 80 100 120 140 160 180 200

) 0 20 40 60 80 100 120 140 160 180 200

Fig. 1 Curves ofx?(t) and xil 1,i=1,2

By calculating, we have

Lf =18=00025, L] =1%=0005 a =03, @ =16,
a; =01, ay=08, by, =04, by, =b;, =b;, =01, b1 =03,
b, =Dy, =04, bis=by =03, ba =0.1, by =buy=bay=02

by, =04, bo=d;; =03, dj,=03, dip=dsy =bj, =02,

&y~ = a2l — @ —aE—on

3(2)2 = 352 =0.2, 3;2 =0.3, Eg =01, T =Tp="T21 =10 =1,
al, =a;;=a;; =01, @}, =a;, =a), =01, =02}, =04,

@y =01, @y =03 =02 =05, =02, ay =an=01 @,=04,
B(l)l =Bgl =B(1)2 =B(2)2 =0.3, B:l =E}2 =E£1 =B;2 =0.1,

—2 -2 —2 —2 -2 =12 =12 —I2
1812 = ﬁ22 =04, ﬂll ::321 21312 :ﬁll :ﬁZI :ﬂ22 =02

Take p = 3, it is easy to verify that condition (H;) and (H) are satisfied. By a simple
calculation, we have

00 =0l =02=01>=0056, 09=0)=03=0=0.106,
3

INIA TN,
maxi (o) o () o =00792 <1,
AeA | \3a, 3a,
1 A 1 A
—of, —osb =056 <1,
T?ﬁ{alQl azQz} <

which implies that conditions (H3) and (Hj) are also satisfied. Therefore, according to
Theorem 2, (1) has a unique S3-almost periodic solution, which is globally exponentially
stable (see Figs. 1, 2, 3).
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0.5 T T T T T T T T T
x3(t) — — — x3(t)

0 20 40 60 80 100 120 140 160 180 200

o 20 40 60 80 100 120 140 160 180 200

2(t)

0.4
2 0.6 0.5 XO(t) 2(t) 0.5 <

Fig.3 Curves of xo(t), x! (1), x2(t) and x 12(t) in 3-dimensional space for stable case

Remark 2 For all we know, this is the first paper to study the existence and global exponential
stability of S”-almost periodic solutions for Clifford-valued fuzzy cellular neural networks
with time-varying delays. No known results can lead to the conclusion of Example 1.

5 Conclusion
In this paper, we have investigated the existence and exponential stability of S”-almost

periodic solutions for a class of Clifford-valued neural networks with time-varying delays.
As far as we know, this is the first time to study the S”-almost periodicity for Clifford-valued
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neural networks with time-varying delays. Our results are new even when the considered
neural networks degenerates to real-valued, complex-valued and quaternion-valued neural
networks. Our method of this paper can be applied to study other types of Clifford-valued
neural networks, such as recurrent neural networks, BAM neural networks, SICNNs, Cohen—
Grossberg neural networks and so on.
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