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Abstract

This paper studies stochastic quasi-synchronization of delayed neural networks with param-
eter mismatches and stochastic perturbation mismatch via pinning impulsive control. By
pinning selected nodes of stochastic neural network at impulse time, an impulsive control
scheme is proposed. Some sufficient conditions are obtained to ensure that the error system
can converge to small region in the mean square. Meanwhile, numerical example is provided
to illustrate the effectiveness of theoretical results.
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1 Introduction

In the past few decades, neural networks as an emerging field have been drawing attention
from researchers due to their wide application in signal processing, pattern recognition,
dynamic optimization, deep learning and so on [1-6]. As an important collective behavior, the
synchronization of neural networks is an important topic because of its practical applications
in biological systems [7-13].

Asis well known, random noises widely exist in the signal transmission of neural networks
due to environmental uncertainties, which usually lead to stochastic perturbation and uncer-
tainties of the process for dynamic evolution. Based on the theory of stochastic system [14],
a lot of stability and synchronization for neural networks with stochastic perturbations have
been obtained [15-17]. In the hardware implementation of neural networks, it is impossible
for neurons to respond and communicate simultaneously owing to time-delays. To reduce the
negative influence of time-delays, delay-independent method is a powerful tool to check the
stability and synchronization of neural networks by constructing Lyapunov—Krasovkii func-
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tional, see [18-20]. On the other hand, in the implementations of neural networks systems,
parameter mismatches and stochastic perturbation mismatch are unavoidable. If parameter
mismatch and stochastic perturbation mismatch are small, although the stochastic synchro-
nization error can not converge to zero in the mean square with time increasing, but we may
show that the error of system is small fluctuations about zero or even a nonzero mean value
in the mean square. For background material on parameter mismatch of system, we can find
in [21-23].

Pinning control, which is an effectively external control approach, has been widely used
for a variety of purposes due to low cost. It is characterized that the controllers are added on
only a small fraction of network nodes [24-27]. For example, in [26], the authors proposed
a variety of pinning control methods of cluster synchronization in an array of coupled neural
networks and proposed a new event-triggered sampled-data transmission strategy. Impulsive
control is an energy-saving control due to the instantaneous perturbations input at certain
moment, which has been applied efficiently in the fields of engineering, physics, and science
as well [28,29]. With the help of the impulsive system theory, a lot of synchronization
results of dynamical networks with impulsive input have been obtained [30-33]. It is worth
noting that the cost of control can be further reduce by adding the impulsive controllers to
a small fraction of networks nodes, which can combine the advantage of pinning control
and impulsive control. Recently, some research have been devoted to the synchronization of
delayed neural networks with pinning and impulsive controls [34,35]. For instance, in [34], the
authors proposed a new pinning impulsive control scheme to investigate the synchronization
problem for a class complex networks with time-varying delay.

Motivated by the above discussion, this paper focuses on stochastic quasi-synchronization
of delayed neural networks under parameter mismatch and stochastic perturbation mismatch.
Although the error of systems will not converge exponentially to zero in the mean square,
some effectively sufficient condition are obtained to synchronize the error of systems up to a
relatively small bound in the mean square via pinning impulsive control. The contributions
in this paper are concluded as follows:

(i) By pinning certain selected nodes of stochastic neural networks at each impulsive time,
impulsive control strategy is proposed to achieve stochastic-synchronization.

(ii) By establishing a new lemma of stochastic impulsive system, stochastic-synchronization
criteria are derived to guarantee that the nodes of stochastic neural networks can syn-
chronizes desired trajectory to small region in the mean square.

(iii) If the bound of time delay does not exceed the length of impulsive interval, delay-
independent method is used to overcome the effects of time delay and impulses by
constructing Lyapunov—Krasovkii functional.

The rest of this paper is organized as follows. In Sect. 2, the stochastic neural network
is presented and some definitions and lemmas are provided. In addition, a new lemma is
established, which plays an important role in the proof of obtained theorems. In Sect. 3,
some stochastic quasi-synchronization criteria are obtained via impulsive control technique.
In Sect. 4, numerical example is presented to illustrate our results. Finally, some conclusions
are given in Sect. 5.

Notations R” and R"*" denote n dimensional Euclidean space and the set of n x m real
matrices. The superscript 7 denotes the transpose. I, represents the identity matrix with
n dimension. || - || denotes the Euclidean norm for a vector and a matrix. Apnax(A) and
Amin(A) represent the maximum and minimum eigenvalues of matrix A. diagf{- - -} stands
for a diagonal matrix. For real symmetric matrices X, the notation X > 0(X < 0) implies
that the matrix X is positive (negative) definite. ® represents Kronecker product. Let w (1) =

@ Springer



Stochastic Quasi-Synchronization of Delayed Neural Networks... 949

(1), w2(1), -, wa(1))T be an n-dimensional Brownian motion on a complete probability
space (2, F, P) with a natural filtration {F;};>0 satisfying the usual conditions.

2 Model Description and Preliminaries

Consider stochastic neural network with delay and N coupled nodes. The dynamics of ith
neuron is described by the following form

N
dx;(t) = [C1x;(t) + B f(x;(t)) + D1 f(x; (t — T(1))) + Zaijrxj(’) +u;(t)]dt
j=1
+hi (¢, xi (1), x;(t — T(0))do(),i =1,2,--- | N, ey
where x; (1) = (x;1(1), xi2(t), - - , xin(t))T is the state vector of the i-th neural networks at
time t; C; = diag{c11, c12, - - - , 1} denotes the rate with which ith cell resets its potential

to the resting state when being isolated from other cells and inputs, B} = (bl.(;) Ynxn, D1 =

(di(jl)) nxn € R™*™ are the connection weight matrices; f (x) is the activation function at time ¢
satisfying f (xi (1)) = (f1(xi1(1)), f2(xi2(0). ... fu@inONT 5 1 (2, xi (1), xi (1 = T(1))) =
(h11 (i (), xin (0 —T(@))), hi2(xi2 (1), Xi2(t — T (1)), =+, hin (Xin (8), Xin (£ — f({))))T; (1)
is transmittal delay, and there exist constant 7 and o such that0 < t(¢) < 7,7 () <0 <
1; T = diag{y1, 2, -+, v} is the inner coupling positive definite matrix between two
connected nodes i and j; and g;; is defined as follows: if there is a connection from node j
tonode i(j # i), then a;; # 0; otherwise, a;; > 0.
Let s(¢) be the desired trajectory described by the following form:

ds(t) = [Cas(t) + Baf(s(t)) + Do f(s(t — T (1)))]dt + ha(t,5(t), s(t — T(1)))dw(1),
(2)
where C; = diag{ca1, c22. -+ . €onh By = (07 Vusns D2 = (d}: Ynxen € R (1, xi (1),
Xi(t—=7 (1)) = (ha1(x;i1 (1), x;1 (t =T (1)), hoo (xi2(2), Xi2(t =T (2))), = -+, hon (Xin (1), Xin (t—
)’

Define the error signal as e; (1) = x; (¢)—s(t),i = 1,2, --- , N, then we have the following
error dynamical system

dei(t) = [Cre;(1) + ACs (1) + Bi(f (xi (1)) — f(s(1))) + ABf(s(1))
+D1(f(xi(t —1(1)) — f(st — (1)) + ADf(s(t — (1))

N
+ZaijF€j(f) +u;(t)]dt

j=1
Hlh(, xi (0), xi (t — T(1)) — I (F, s(2), s(t — (1))
+AR(t,s(t), st — (1)) ]dw(t), 3)

where AC = C| — Cy, AB = By — By, AD = Dy — D; are parameter mismatch errors and
Ah = hy — hj is stochastic perturbation mismatch error.

Due to the parameter mismatch and the stochastic perturbation mismatches, the origin
e; = 0 is not an equilibrium point of the error system (3), which means that it is impossible
to be complete synchronization. However, by pinning impulsive control, stochastic quasi-
synchronization with a relatively small error bound can considered.
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Let #x > 0 be impulsive moments satisfying 0 = 19 < 1 < -+ < tx < tg41 < -+,

lim # = 400 and sup{Ax} < +00, where Ay = 341 — t;. For t = t¢, the node errors are
k—+o00 k>0

arranged in the following two forms

(i)  Ellei, @)l = Ellei, (@)l = --- = Ellei, ()|l = Ellei,, ()l = --- = Elleiy ),
and

(i) Ellei (m)ll = Ellei,(m)]l < --- < Ellei,(ti)|| < Ellei, . )l < -+ = Elleiy (@),

where iy € {1,2,---,N},s = 1,2,---, N, and i, # i, for u # v. Furthermore, if
Elle; (ti)l = Elle;,,, (%), then iy < i;41. To reach stochastic quasi-synchronization of
networks, the pinning impulsive control scheme is used on the nodes. Let §(-) be a Dirac
function. di denotes the impulsive gain. If —1 < u; < 1, the first ¢ nodes are chosen as
pinned nodes according to the arrangement (i). If ux > 1 or ux < —1, then the first ¢ nodes
are chosen as the pinning nodes according to the arrangement (ii). The set of pinned nodes
can be defined by x () = {i1,i2,--- ,ig} C {1,2,---, N} and ffx () = g. We design the
pinning impulsive controller as follows:

+00
kZI(vk — De; ()6t — ), i € x(t),
0,i € (1,2, N\x(t).

ui(t) = “

With the help of impulsive control, the error dynamical system can be obtained in the
following form:

dei(t) = [Crei(t) + ACs(t) + B1(f(xi (1)) — f(s(®) + ABf(s(1))
+D1(f(xi(t —T(1)) — f(s(t — () + ADf(s(t — (1))
N
+ Y aiTej()lde + [hi(t, x; (£), xi (t — T(t))) — hi (2, 5(2), s(t — T(1)))
=1
+ih(z, s(), st —t(®))]dw(t),
i=1,2,-- N, t #1,

ei(t) = vrei (k). i € x (1),
ei(t]j) = ei([k)vi S {1’25 T N}\X([k)v

(&)

where ¢; (t,j ) = h£%1+ ei(ty + h),ei(ty) = hgrg_ e;(ty + h) is left-hand continuous at

t = tr. The initial condition of e;(¢) is denoted as e;(t) = ¢(t) € PCr ([—7,0], R"),
where PCr, ([—7, 0], R") is the family of all ;-measurable, PC([—t, 0], R")-value ran-
dom variable ¢ satisfied f?r E[|$(6)[*1d6 < oo, PC([—T, 0], R") is the family of piecewise

continuous functions ¢ with the norm [|¢|| = sup [¢(©@)].
—1<6<0

Remark 1 Based on the proposed scheme, the norm of synchronization error may vary with
impulse time #;, which implies that the pinned nodes may be different at different #. In view
of control cost, if —1 < vx < 1, some nodes with large norm value are chosen to be pinned
nodes. If vy < 1 or vy > 1, some nodes with small norm value are considered to be pinned
nodes.

Definition 1 Let ® be a region in the phase space of system (2). The neural nethorks (1) and
(2) are said to be uniformly stochastic quasi-synchronized with error bound 6 > 0 if there
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theists a 7 > 0 such that for r > 7, E[||x; (0)|?], E[|Is(O)|?] € ®,i =1,2,--- , N
N N _
E[Y llei®)*1 = E[Y llxi(1) — s(0)]*] < 6.
i=1 i=1

Assumption 1 There exists constant / > 0 such that for Vx, y € R"

ILf ) = fFDI < Llix =yl

Assumption 2 There exist matrices M; € R"™" > 0, M, € R™" > 0 such that for
X,y,u,v € R"
trace[(hy(t,x,y) — hi(t,u, v))" hi(t,x, y) — hi(t, u, v))]
<@ —w MG —u)+—v) My —v).

Assumption 3 There exists constant p; > 0 such that
[AC| +LIAB| +I|AD] < p1.
Assumption 4 There exists constants p» > 0, p3 > 0 such that
trace[ AT (1, x(1), x(t = T(M)) Ah(t, x(1), x(t = TON] < p3|x O + p3[lx(t — 7).
For the following impulsive stochastic equation with delay:

dx(t) = F(t,x(@),x(t —t(t)dt + G(t,x(t), x(t —t(t))dw(t),t > 0,t # t, 6
Ax(t) = I(t. x(1). k=12, ©

where x (1) = (x1(1), x2(t), - - - ,xn(t))T, F :[0,4+00) x R" x PC([—7,0]; R") — R",
G :[0,4+00) x R" x PC([—7,0]; R") — R™", Ax(t) = x(t,j) —x(tp), I : [0, +00) x
R" — R".

Let Clz([—r, 00) x R"; [0, 4+00)) be the family of all nonnegative functions V (¢, ¢)
on [—1,00) x R", V, V;, Vi, V., are continuous on (f;_1, ;] x R". For each V €
C3([—7,00) x R"; [0, +00)), ¢ = {¢(0) : =t <6 <0} € PCx ([—7,0]; R"), an operator
LV i (ti—1, k] x PCx,([—7,0]; R") — [0, +00) associated with Eq. (6) is defined as the
following form:

LV(t,¢) = Vi(t,¢(0) + Vi(t, 9(0) F (1, 9(0), p(—7(1))
1
+§trace[G1T(l, #(0), P)Vax G(t, $(0), p(—7(1)). )

Lemma 1 AssumethatV € Clz([—r, 00) X R"; RT) and there exist constantsd; > 0,dr > 0,
nm>0,k=1,2,---, x>0, 4 >0, u, 8 such that

(i) dillx|> < V(t,x) < dox|%

(ii) E[LV(t,x(1)] < pE[V(t,x(t)] + RE[V (t, x(t — T(0)] + fi forall t € (-1, t];
(iii) E[V (6", x(tr) + Ie(tx, x(tON] < nk ELV (t, x(0)];
(iv) lnnk <éNp_1,k=1,2,---;

(v) p+Br+6<0,

then the zero solution of Eq. (6) converges exponentially to small region K = {x(t) €

R E[|x®)|?] < d} in the mean square with exponent ., where f = sup {Bi}, Bx =
1<k<+4o0
max{eS2k-1, ¢ =08k-1} A is the unique solution of . + 1 + Be* m+8=0,d = IH‘_tSli/jSﬁ'
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Proof By Ito formula, we can obtain
dV(t,x) =LV (t,x()) + Vi (t,x(@)G(, x(), x(t —t(2)))dw(t). (8)

For t € (t;—1, tx], we chose € > O such that r + ¢ € (#4_1, t;]. It follows from integrating
the above inequality from ¢ to ¢ 4 ¢ and taking the expectations on both sides of (8) that

E[V(t+e x(t+e€)]— E[V(E, x())])
t+e€ t+e
= / E[LV (s, x(s))]ds + E/ Vils, x(5))G(s, x(s), x(s — t(s))dw(s).
t t

€)]
Let ¢ — 0, by (ii), it yields that for r € (1x_1, #]
DTV (1, x(1)) = E[LV(t, x(1)] = RE[V (1, x(0)] + RE[V (1, x(r — T(1))] + f1.
(10)
Let V(1) = V(t,x(t)) and z(t) = e M E[V(t)]. Fort € (tx_1, tx], we have
DFz(r) = i*fﬁf;f)%[vm] - ue’“’AEEV(t)] (11
=Te ME[V(E —t(t)] + jre ™.
By (iii), we have
() = e MEV ()] < mez(te). (12)
For ¢ € [0, 1], integrating the inequality (11) from O to #, we obtain
2(1) = z(0) + [y me M E[V (s — T(s)]ds + [ fre™*ds, 13)
and
2(t) = 2(0) + fy' e M E[V (s — t(s))ds + [y e~ ds. (14)

For ¢ € (11, 2], by using the same method, we obtain

2(t) = 2(t) + [ e W EV (s — T(5)lds + [} fre™"ds
< m{z(0) + [y e P ELV (s — 7(5))ds + [y fre™ s}
+ [} e ELV (s — T(s))ds + [ e ds s,
= mz(0) + 1 fy' Be M ELV (s — T(s))lds + [ e M E[V (s — T(s)]ds
+m o e ds + [} e ds.

By induction, it yields that for € (fx_1, ]

20) <z0) ] m+mfy T1 me ™EWV(—te)ds+afy [1 ne ds,

0<t; <t s<ti<t S<ti<t

(16)

which implies that for t > 0
t
E[V(O] < ElVOIe* [ ni+7 f U TT mEV(s = t(s)ds
0<ti<t 0 s<ti<t

t

+1 f O T nids. a7)

0 s<ti<t
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For t > s, the impulsive points in [s, ) can be denoted by #;1,;2, - , ), and ;1 is the
first impulsive point before #;1. If § > 0, by (iv), we have

l_[ ni = ninizc o Nip < SUin—ti—1) p8(tia—ti1) . .. p8tip—tip—1)
s<t; <t N
= Sip—ti1=1) — g8(1=9) g8(lip=1) p(s—ti1-1) (18)
S eé‘(l‘—s)es(s—l‘,‘[,]) S IBe(S(Z‘—S).
If 5 < 0, by the similar methods, we can conclude that the above inequality holds. It
follows that

t
E[V(1)] < BE[V(0)]e"“ ™" + BT / W) BV (s — 1(s))]ds
0

+B f l W= g g (19)
0

Let (A) = A + u + Be*™ + 6. By (v), we see that ¢(0) < 0, ¢(+00) = +oo and
@ (M) = 1+ Bure* > 0, which means that (1) = 0 has a unique positive solution A.
Next, we can claim that for t > —7

E[V(D] < e sup E[V($)]+d. 20)

—7<6=<0
Indeed, forr € [—1, 0]
ElV(O1 < B sup EIV(9]<Be™ sup E[V(S)]+d. e

—7<¢=0 —-7<¢=0

Thus we only need to prove that (20) holds for r > 0. Otherwise, there exists a7 > 0 such
that

ElV{DH] > e sup E[V($)]+d,

—1<6=0

E[V()] < Be™ sup E[V(¢c)]+d, —1<t<1i. (22)

—7<5=0

Noting ¢(1) = 0 and (20) (21) yields

_ i ~
E[V(D)] < BE[V(0)]e" ! 1 1 / WV EIY (s — 7(s))]ds (22)
0

7 .
+ :3:&/ e(lt+3)(t7‘y)ds
0

~ i ~
<B sup E[V(¢))eWD' 4 B2me’™ sup E[V(¢)] | eWFIU=9ePsgs
—-1<6<0 —7<6<0 0

i i ]
+ pd / L) g 4+ g / HHHDE—) g
0 0

=,8e‘“~ sup E[V(¢)]+d.

—1<6<0

[m}

Lemma 2 [36]. For any vectors x,y € R", there exist constant ¥ > 0, and E € R"*" > 0
such that

2Ty <voxTex +9-1yTa-ly
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Lemma 3 ([36] Schur complement). The linear matrix inequality
Un Un
U = <0
(U b U22>

Uy <0, U11—U12U231U1T2<0,

is equivalent to

where Uy = UlTl, and Uy = U2T2.

3 Stochastic Quasi-Synchronization in Mean Square

This section devotes to stochastic quasi-synchronization for stochastic neural networks by
adding pinning impulsive control.

Theorem 1 Under Assumption 1-4. Let ©® = {y € R”|E(||y||2) < 0} is the range of system
(2). If there exist matrices P € R"*" > 0, L; € R"" > 0,i = 1, 2, 3 and constants a; > 0,
oy >0, a3 > 0, iy, 2, v such that

Ef1N®PB]f1N®PD]f1N®P
. IN*® " —Iy @ L> 0 <0, @3)

* * * —INQ® L3
oy ' PLy + hmax (PYM2 < p2 P, 24)
In& < vA-1, (25)

and

n1+vur+v <0, (26)
then the error ofsystem (3) can converge to small region D = {(e1 (1), e2(t), - - , en(®))T
|E[Z llei ()1I1%)] < o1 (P), ei(t) e R",i =1,2,---, N} inthe mean square with exponent

i=1
A, where & = IN®(PC+CTP+a1_112L1+AmaX(P)M1)+A®PF+(A®PF)T—M11N®P,

f=vf — (i — Do + D229 5= sup (i), v = max{e?d1, eV, d =
1<k<oo

—90[e5 ! Amax (L3) 3+ max (P) (03 +03)]
Hi1+vpuz+v

, A > 0 is the unique solution of A + v +ve* 1 +v = 0.

Proof Construct a Lyapunov function

N
V()= el (t)Pei(t). (27
i=1

For t € (tx—1, tx], by (7), we have
N
LV (1) =2 ZeiT(t)P[Ciei (t) + ACs(t) + B F(e; (1)) + ABf(s(1))
i=1
N
+DiF(ei(t — T(1)) + ADf (s — T(1) + »_ ai;Te;(1)]
j=1
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N
+ Z trace[HT (t, e;(t), ej(t — T (1)) PH (1, e (1), ei (t — T(1)))]

i=1
N

+ Ztrace[AhT(t, s(t), st —t@)Ph(t,s(t), st —t(1)))] (28)
i=1

From Assumption 1 and Lemma 2, there exist «; > 0, ap > O and L1 € R™" > 0,
L, € R > 0 such that

2el (1)PB1F(ei (1)) < are] (1)PBILy BT Pe;(t) +a; ' FT(e;(t))L1F(e; (1))
< arel (1)PBILT'BT Pe; (1) + o' 1Pe] (1)Lyei (1), (29)
and
2el (1)PD1F(ei(t — ©(1))) < anel (1)PD1L; ' DI Pe; (1)
+oy 'FT (e (t — T(1))) Lo F (e (t — T(1)))
< azel (1)PDiL;' DT Pe;(1)
+a5 el (t — T(t)) Laei(t — T(1)). (30)

In view of Assumption 2, we can obtain

trace[HT(t, ei(t),ei(t —t(t)PH(t,ei(t),ei(t —t(1)))]
< Amax(P)le] (1)Mie;(t) + el (t — T(t)) Mae; (1 — T(1))]. 31)

Lete(r) = (el (1), el (1), -, ek, (1)T, then
N N
23 el )P Y a;Tej(t) =27 (1) (AR PT)e(r). (32)
i=1 j=1

Noting that the parameter mismatches and stochastic perturbation mismatches satisfy
Assumption 3 and Assumption 4, it follows from Lemma 2 that there exist «3 > 0 and
L3 € R > 0 such that

2 (1) P[ACs(t) + ABF(s(1)) + ADf(s — T(1))]
<aze] (1VPL3'Pei(t) + o5 '[ACs(t) + ABf(s(1)) + ADf (s — T(t)]”
L3[ACs(t) + ABf(s()) + ADf (s — T(1))]. (33)
and
trace[AhT(t, s(), st —t(@)PAR(t,s(t), st —1()))]
< max(P)(03 s |1* + p3ls(t — T()]1?). (34)

Substituting (29)—(34) into (28) yields

N N
Lv() <> el ()Wrei(t) + 2" (A Q) PDe(t) + Y el (t — T()Waei(t — T(1))

i=l1 i=l1
+a; '[ACs () + ABF(s(1)) + ADf (s — t(t)IT L3[ACs(1) + ABf (s(1))
+ADF (s — T(O)] + Amax (P) (D3 Is(O1* + p3lIs(t — )P, (35)
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where W) = PC+CT P+a1 PBILT' B P+a ' PLi+aa PD1 Ly DT P4 Anax (P)M; +
a3PLy'P. Wy =y '1Ly + hmax (P)M>. By (23) (24) and Lemma 3, we have

E[LV ()] < mEIV (O] + mELV (¢ — T(0))] + [03 Amax (L3) 07
+Amax (P) (03 + p)16. (36)

On the other hand, when ¢t = 1, we have

Vg = ZeTa YPei (1)
= Z el (HPeitH+ Y el () Pei(t))

i€xp () i€xp (1)

—u2 Y TP+ Y el (w)Pein) (37
iex(n) i€x ()
N
=ul Y el () Pei(tr) — uk — D(ug + 1) Y el () Pe;(tx).
i=1 i€x(t)
If =1 < ug < 1, in view of the selection of pinning nodes in set x,(#), we get
max P
N— > Ele] ) Pei()] < ¥ > Ele] ()ei ()]
i€x(ty) iex(ty)
)\.max(P) max(P) al T X
= = Z] Ele! (t)ei (1)) < PN ZIE[ei () Pei(t)]  (38)
Then we have
E[V(ED] < v ZE[eT(zk>Pe, ()]
i=1
Amax (P)(N
— (g — D(vk + 1) Z Ww? (1) Pe; ()]
= &E[V 1], (39)

where &, = vk (vg — D(vp + 1)% For vy < —1 or v > 1, we can conclude
that (39) holds by the same method. It follows from (23)—(26) and Lemma 1 that there exists
[ > 0 such that

E[Vi] <le™™E| sup V()| +d,t>0 (40)
—7<6=0
which implies that
[Znez(nuz *mﬁ(i;le—“E[ sup ||e,-(g)||2]+mj(,3),zzo. (41)
—-1<5=0

Therefore, the error system (3) can converges to small region in the mean square with
exponent A. O

Remark 2 From the proof of Theorem 1, the cluster synchronization criterion is related to
Pp» Nk and the impulsive interval fz | — #;. nx depends on the impulsive gain dj and the
pinned number p,, at impulsive time #. on the other hand, inequality (10) characterize the
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relation between ny and ;1 — fx. Therefore, a suitable pinning impulsive controller can be
determined by selecting the value dy, p, and x| — f.

Remark 3 According to Theorem 1, if —1 < vx < 1, we can conclude that the number of
the pinned nodes is estimated as

("% =1 —v) Amin (P)

g > 1+ paanemm V-

Correspondingly, if vy < —1 or vy > 1, we see that

("% =1 —v2) Amin (P)

¢ <+ G e V-

Remark 4 The obtained conditions for stochastic quasi-synchronization are condition (23)
(24) (25) and (26) in Theorem 1. To reduce the calculation burden, MATLAB LMI tool-
box is used to determine w1 and pp by fixing the values of «;,i = 1,2, 3. If taking

P=Li=Ly=Li=haj=—— ap=—L a3 = 1,111 = Apax (C1 +

, 02 5
/Amax (B1 BT) VAmax (D1 D)

CT) + 21\ hmax (B1 BY) + 1 danas (D1 DY) + A [(A ® T) + (A ® )T + Aax (M1) +

In[v — (v —1) (vg+1) 20 )
L wo = LAmax(D1DT) + Amax(M2), v = sup {— A ),

I<k<+4o0

J— —V0(p?+p3+p3)

g We can derive the following practical corollary.

Corollary 1 Under Assumption 1-4. Let © = {y € R"|E(||y||?) < 0} is the range of system
. If
m1+vur+v <0,

then the error of system (3) can converge to small region D = {(e1(t), ex(t), - ,en N’

N _
|E[Y leiO*)] <d, ei(t) e R*,i =1,2,---, N} in the mean square.

i=1
Theorem 2 Under Assumption 1-4 and ty — tx—1 > 7. Let ©® = {y € R"|E(|ly||*) < 0} is
the range of system (2). If there exist matrices P € R"*" >0, L; € R"*" > 0,i =1,2,3

and constants a1 > 0, ap > 0, a3 > 0, w1, o satisfying (23), (24). Also if there exists a
constant A > O such that fork =1,2---

In( + {25 Ak-1) + pLk—1 < — 4, (42)

then the error of system (3) can converge to small region D = {(e1(t), e2(t), -+ , en on’

N
|E['X:1 le: (3] < ﬁ, ei(t)y e R",i = 1,2,---, N} in the mean square with expo-
=

A _ w7 elet—dyert
nent 7, where p = w1 + 125, b = = =27

Amax(P)(p3 + pD)10, & = sup{Lg_i}.
k>1

+ Lt = 1), e = [ Aman(L2)p? +

Proof Consider a Lyapunov—Krasovskii functional
V(t) = Vi) + V2(0), (43)

where

N N
nio =y e WPei(),  Va)= {2 [, )y el (s)Pe;(s)ds. (44)
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Similar to the proof of Theorem 3.1, for t € (#, #x+1], we see that
LVI(1) < Vi) + 12V (¢ = T(0)) + [0 Amax(L3)pF + Amax (P) (03 + pD)10. (45)

Fort € (#, ty+11, it yields

LVy(1) < £ZVi(0) — pa Vit — (). (46)
Thus
E[LV(D)] < (u1 + {£Z)EIVI] +¢& < pE[V(D)] + e, 47)
where p = p1 + 2, & = [0 Amax(L3)p? + Amax(P)(p3 + p3)16. It follows that for
1€ (tg, try1]
E[V(D)] < E[V()]eP! ™) + E[er(=) — 1], (48)

When ¢ = #, according to the proof of Theorem 3.1 and by (48), we can obtain
EIVi(t)] < &EIVI(0)] < EEV (10)] < EeP S ELV (5 )] + SE[eP®=1 — 1].(49)
By (44), there exists a f;, € (fx_1, fx] such that

a6 = 5 [* ) Vil)ds < £5 [} Vils)ds = {25 A1 Vi)

—o Ji—T(fk)

(50)
< {5 Ak V().
It follows from (33) and the above inequality that
E[Va(tH] < %Ak—lepAk‘lE[V(t,:])] + ﬁAk—l(E”Ak“ - 1. (5D

Submitting (34) and (36) into (28), we have

EWVGOT = (8 + 2 41 P BV )1+ 5 (8+ 125 0001) (@041 = 1)

<
- 52
e _)\E[V(tk_l)]‘i‘ ;(e_x —b), o2

where b = 1nf {Ek + 1“2 Aj—1}, which yields that

E[V()) < e ™E[ sup V(5)]+ =D (53)

—e—h
—1<¢=<0 p(l—e™")

For t € (%, tx+1], by (26) (33), we see that

E[V()] < e?""WE[V ()] + [e”(’ W _ 1] < ePPke ™ E[ sup V() +b

—1<¢<0
—hig
<efPke & E[ sup V(5]
—1<¢=0
~ Mt ) Mt - 54
+bh<elPe B e 5 E[ sup V(o) +b
—7<5=0
— . Mkl -~ ., =M
<efbtre 2 E[ sup V(¢)]+b<eltTrer E[ sup V(¢)]+b
—-7<6=0 —-7<6=0
~ -k _ 7 A
where b = % + %(epAk — 1). This completes the proof. O
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1 -08 -06 04 02 0 02 04 06 08 1
s1

Fig. 1 The state variables s(¢) with initial value (0.2, 0.5)

4 Numerical Simulations

In this section, a numerical example is given to demonstrate our results. Consider the follow-
ing neural networks with stochastic perturbation as the leader:

ds(t) = [Cas(t) + Baf (s(1)) + Do f (s(t — D)Idt + [ha(1, 5(1), s(t — 1)]dw(1), (55)

where s(t) = (s1(1), s2(0)7, f(s@) = (fi(s1(1)), fols2(0ONT, fi(s1(2)) = arctan s (1),
f2(s2(2)) = arctan 55 (¢),

~1 0 2 —0.1 ~1.5-0.1
€= ( 0 —1)’Bz=(—5 1.5 )’D2=<—0.2 ~1 )
_(01sit) 0 —0.1si() 0
ha(t, (@, s¢ = 1) = ( 0 0.03sz(t)> +( 0 —0.05S2(t))

Figure 1 depicts the trajectory of (si(¢), s2(¢)) with value (0.2, 0.5). This is a chaotic
attractor with stochastic perturbation and the range ® = {s € R2|E[|Is]1] < 16}.
We assume the response neural networks is the following form:

4
dx;i(t) = [Cix;(t) + By f(x; (1)) + D1 f(x;(r — 1)) + Z a;jxi (1) + u; (1)]dt (55)
5
R, xi (1), xi(t — D)de(@), i=1,2,3,4,
where I' = diag{1.2, 1.5}
B 1002 5 _ (2001 0.102
- —1003 PP = 499 1502 )¢
—1.502 —0.09
—0.203 —1.002
—20.6 0.8 0.6
05-3 05 2
1 02-2513]"
08 0 12 -2
015x11(t) 0 —0.12x11 (¢) 0
i), a0 —1) = ( 004x,-2(t)> ( 0 —O.O4x,-2(t)>'
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12
R — lle1ll

107 —e2ll|
‘ —mme lle3|l

8 WM llell |
6l ]

Fig.2 The errors |le;||,i = 1,2, 3, 4 of synchronization with initial value (0.2, 0.5)

1500
- lle1l
—le2
—lleg||

1000 N ||e4||

500
0 b—
0 1

Fig.3 The errors |le;|l,i = 1, 2, 3, 4 of synchronization without pinning impulsive input

We design the pinning impulsive input with pinned nodes ¢ = 2, ty = 0.02k, vy = 0.25. By
simple calculation, we conclude that ;] +vuy + v &~ —13.8816 < 0. By Corollary 1, we

4

can estimate the convergence region D = {(ey, €2, €3, e4)|E[)_ |l ||2] < 0.098}. Figure 2
i=1

depicts the errors |le1|| and ||ez| of synchronization with initial value (10, —5). Figure 2

depicts the errors |le; ||, (i = 1,2, 3, 4) of synchronization with initial value (0.2, 0.5). Fig-

ure 3 depicts the errors |l¢; ||, (i = 1,2, 3,4) of synchronization without pinning impulsive

input.

Remark 5 1t is necessary to select suitable nodes when applying pinning impulsive control
scheme. In [24,25], random nodes can be selected to control. However, since the expectation
of synchronization error ¢; () may be different at impulsive times ¢ = #, so the pinned nodes
are not invariant. Figure 2 implies that our pinning algorithm is more general than ones in
[24,25,35]. Figure 3 shows that pinning impulsive input plays an important role in stochastic
quasi-synchronization of delayed networks.
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5 Conclusions

In this paper, stochastic quasi-synchronization is studied in a leader-follower delayed neural
networks by using pinning impulsive control scheme. First, by pinning selected nodes of
stochastic neural networks and establishing a new lemma of stochastic impulsive system, a
general criterion is obtained to ensure stochastic quasi-synchronization between the leader
and the followers with two different topologies. Finally, an example is provided to illustrate
the effectiveness of the obtained results.
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