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Abstract

In this paper, an original scheme is presented, in order to study the finite-time stability
of the equilibrium point, and to prove its existence and uniqueness, for Caputo—Katugam-
pola fractional-order neural networks, with time delay. The proposed scheme uses a newly
introduced fractional derivative concept in the literature, which is the Caputo—Katugampola
fractional derivative. The effectiveness of the theoretical results is shown through simulations
for two numerical examples.

Keywords Fractional-order calculus - Neural networks - Finite-time stability -
Caputo—Katugampola derivative

1 Introduction

Nowadays, artificial neural networks can be considered as one of the most used and growing
techniques in technology. For instance, they are extensively exploited in voice recognition
[1], pattern identification [2] and systems control [3]. It is of a great importance to note that,
in electronic implementation of neural networks, time delays are very frequent. This is due
to various reasons, such as circuit integration and communication delays [4]. Thus, it is very
significant to study the stability of delayed neural networks, from both the theoretical aspect
and the practical aspect. During the last three decades, several research works have been
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conducted in this context [5—13]. Though, the great majority of these investigations have
been based on infinite time intervals.

The finite-time stability definition has been introduced for the first time in [14]. Finite-time
stable systems have been proved to have interesting properties, such as disturbance rejection,
better robustness and faster convergence [15]. For this reason, several research works have
been conducted to study finite-time stability and stabilization for different classes of systems
[16-18].

In the last decades, several applications of the fractional calculus in science and engi-
neering have emerged [19, 20]. This fact has considerably stimulated the investigation of
fractional-order systems by researchers in the control theory. Indeed, several papers, dealing
with this area of research, have been elaborated in the last years, and still, many researchers
are working on this field. As examples of the treated queries for fractional-order systems, in
the literature, one can cite: model reference control [21], fault reconstruction [22] and finite-
time stability analysis [23]. In the last two decades and dealing with artificial neural networks,
many researchers have incorporated the fractional calculus in them, see for instance [24-27].
In particular, some remarkable papers have investigated the finite-time stability problem for
fractional neural networks [28—31]. It is prominent to indicate that, recently, some interesting
papers have been published in relation with finite-time stability for fractional-order neural
networks with time delay [32-36]. Note that, in these four works, the well-known definition
of Caputo fractional derivative has been used.

In the last years, Katugampola has defined a new fractional derivative concept, called the
Caputo—Katugampola derivative. This new concept has been shown to be more general than
the classical Caputo one [37, 38]. The Caputo—Katugampola derivative is characterized by
two parameters: p > 0 and 0 < « < 1. It is noteworthy to indicate that, if p = 1, this
derivative reduces to the classical Caputo one [39]. From a physical point of view, it is being
shown in the literature that the Katugampola fractional-order representation is of value. See
for instance [40], where it has been insisted that the Caputo—Katugampola derivative is very
significant for quantum mechanics.

Motivated by all the above discussions, the authors propose in this paper an original inves-
tigation, in which it is question of proving the existence and uniqueness of the equilibrium
point, which is finite-time stable, for Caputo—Katugampola fractional-order neural networks,
with time delay. In order to demonstrate the existence of a unique equilibrium point, the
fixed-point theorem is exploited in this paper. It is of value to note that other research works
[41, 42] have used another approach to prove it, which is the topological degree theory. To
the best of the authors’ knowledge, no analogue study has been done in the literature for
the new general class of Katugampola fractional-order systems. To be more precise, some
aspects, in the few similar literature papers, have motivated and have inspired the authors to
develop the present paper. In the following, the contribution aspect is clarified, and the main
advantages of this work, compared to the literature results, are summarized:

e In [32-36], the authors have considered Caputo fractional-order neural networks. The
present paper investigates a wider class of systems, since the considered Caputo—Katugam-
pola fractional derivative is more general than the classical Caputo fractional derivative.

e The present paper has another merit, compared to [32, 33, 36], since these three cited
works did not investigate the existence and uniqueness problem of the equilibrium point.
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Throughout the paper, the authors investigate the fractional-order neural networks with
time delay, given by the following representation:

CDZ[)’pxi(t) = —cix,-(t)+2aijfj(xj(t)) +Zb,‘jfj(x]‘(t — ‘L')) +1;,i=1,2,...,n

j=1 j=1
ey
The corresponding vector form is:
DR Px(t) = —Cx(t) + Af (x(1)) + Bf (x(t — 7)) + 1 )

for t € [to, 7], where €Dy is the Caputo-Katugampola fractional derivative (see Def-
inition 3 in the preliminaries’ section), with the derivation parameters: 0 < o < 1,
and p > 0. x(t) = (1), x2(0), ... x,(1))T € R" is the state vector, fx@) =
(fi(x1®)), fr(x2(®)), ..., fulxa ()T € R” is the neuron activation function, C = diag
(c1,c2, ... cp), is the rate, with which the ith neuron resets its potential to the resting state
in isolation when disconnection from the networks and the external inputs (¢; > 0); A =
(ai j)nxn and B = (bi j)nxn represent the connection between the jth neuron and the ith neu-

ron at ¢ and ¢t — 7, respectively, (7 is the nonnegative constant delay), I = (I, I, ... )T
stands for constant inputs.
With the initial conditions:

xi(to +5) = Vi (s) 3

¥i(s) are continuous functions defined on [—7, 0], such that: ||{[|= supse;_; o) Z:’l:]
Wi (s)].

The rest of the paper is organized as follows. In Sect. 2, some useful preliminaries are
given. In Sect. 3, the main results of this paper are detailed. Two theorems are demonstrated,
in order to prove the existence and uniqueness of the equilibrium point, which is finite-
time stable, for Caputo—Katugampola fractional-order neural networks, with time delay.
Theorem 1 investigates the case 0 < o < 1, while Theorem 2 investigates the case % <a<
1. Finally, in Sect. 4, The effectiveness of the theoretical results is shown through simulations
for two numerical examples.

2 Preliminaries

Definition 1 [37] (Katugampola fractional integral) Given « > 0, p > 0 and an interval
[a, b] of R, where 0 < a < b. The Katugampola fractional integral of a function x € L!

([a, b)) is defined by:
l—a -1
[otJr,/O _ 14 / 5P u(s) ds.
a F(Ol) (Ip _Sp)l—oz

where I is the gamma function.

Definition 2 [38] (Katugampola fractional derivative) Given 0 < o < 1, p > 0 and an

interval [a, b] of R, where 0 < a < b. The Katugampola fractional derivative is defined by
t

p% 1—p d sPLu(s)

Da;'o 1) = ————t _—
ot u(0) Fr(l—a) dt) @p—sr)l-@
a

)
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Definition 3 (Caputo—Katugampola fractional derivative) Given 0 < @ < 1, p > 0 and an
interval [a, b] of R, where 0 < a < b. The Caputo—Katugampola fractional derivative is
defined by

“Dg u() = DR u®u(r) — ua@)]

Pl [ 87 uG) — @)

“Tl-w (tP — sP)1—@
a

Definition 4 [34] The equilibrium point x* = (x}, x3, ..., x;f)T of system (1) is said to be

finite time stable with respect to {f9, §, &, ©@,t},0 < § < ¢,3,6 e R, O = [to, to + tf], such
that for any solution x(t) = (x1(¢), x2(¢), ... Xy, )T of system (1) with initial conditions
(3), if and only if

Iy —x*[|< 8,
implies
[lx(t) —x*||< &, VteoO,
where

W —x*ll= sup Y [¥ils) — x|, [lx() —x*[|= ) |xi(6) — x}.

s€l=7.01 i=1

Lemma1 [43] Let n € Nand a1, ay, ..., ay be nonnegative real numbers. Then for | > 1;

n l n
(z) <Y,
i=1 i=1

Lemma 2 (Holder inequality, Cauchy—Schwartz inequality) [44] Let p, g > 1 and %+$ =1.
If fi € LP(la, b)), , f2 € L([a, b)), then fi f2 € L' ([a, b]) and:
b b P b %
[inw e < | [incora) | [inaemra
a a a
where L? ([a, b)) is the Banach space of all Lebesgue measurable functions f : [a, b] — R,
with flf(x)l”dx < oo.If p = q =2, then it reduces to the Cauchy—Schwartz inequality:
a 1
2

b b 2 b
/ 100 fa)ldx < / 1 (O Pdx f (0P

3 Main Results

First, these assumptions are considered:
(H1) The functions f; are Lipschitz; one can find constants F; > 0 such that

I1fi () = fiWII= Fillx =yl

foranyx,yeR,i=1,2,...,n.
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(H2) Given a;j, b;j, ¢; and F;, one has:

n
D max Hay [ Fj+ |bi|F;} < min (ci)

i=1

Theorem 1 Assume that (HI) and (H2) hold and 0 < a < % If the following condition is
satisfied:

q
-1

A( P
—t>+
PRV

q
1

Aq (1 +5)" — (t0+8)p)>:| <=
@)

\/34 L+ NAT (10 + ) — to]exp|:tf +N<

1, —qa
where N = 3?1"(0())‘11 (r(ﬁéff plfrl)) ,p=1l+aand g = ‘“1 , A1 = maxi<;<,(c;) +
h maxliji,,(|aij |F,) and Ay =Y 7, max1§.i§,1(|b,-j }FJ-). Then, there exists a unique
equilibrium point x* = (x’f, X3, .., x,’f)T of system (1) which is finite time stable with
respect to {19, 8,¢,0,7},0 <8 <¢,8,6 €R, O =[ro, 10 +17].

Proof The first step, is to prove that there exists a unique equilibrium point for the
considered class of systems. We consider the function @ given in [35] by @ (u) =
(@1w), 2(w), ..., Py())" where

@i (u) = Za,,f,< ) Zb,,f,( >+1,,l_12

foru = (uy, uy, . ..un)T.

Consider two vectors u = (uy, ua, . .. u,,)T andv = (v, v2, ... vn)T. Then, using assump-
tion (H1) and the same development as [35], we get:

@) — D) =Y |®i(w) — @i (v)]

i=1

Z?:lmaxlfjfn{|aij|Fj |b,J|FJ
= minj<;<,{c;} Z|“J —vj| (&)

Hence @ : R"” — R”" is a contraction mapping on R”, which means that there exists a unique
fixed point u* € R” satisfying @ (u™*) = u™:

Zaljfj< >+Zbljfj< )+Il, i=1,2,...,n 6)

Consider ¢;x] =u?,i =1,2,...,n, then

n n
—c,-xf+2a,~jfj<x;’f)+Zbijfj(x;>+li =0, (7)
j=1 j=1
Thus, system (1) has a unique equilibrium point x*.
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Now, the goal is to check the finite time stability of x* = (xf, x;, R x,’f)T. Define x
() = (x1(1), x2(1), ... x, ()T as a solution of system (1). We have
n
CDg'p(xi(t) — xl*) = —Cj (x,'(t) - xl*) + Za,‘j (fj(xj(t)) — fj (x}k))
j=1
) j
+ > by(fi (0 = 0) = £(x)). 1z 0 ®)
j=1

The integral equation of (8) is

xi (1) — x = xi(to) — x; + I3 7 gi(s), t>1o ©)
where
gi(s) = — ci(xi(s) — x7) +Zaij(fj(xj(s)) - fj(x;)) + Zbij<fj(xj(s -1))— fj(ﬁ)),
=1 j=1
(10
Then,

() = x*[1 =Y _|xi(to) — x} + Iy £ gi(s)|

i=l1

n
< Z}xi(to) —xf|+
i=1

n

D Ilei(s)

i=1

n

<Y —x*+Y Il eils)|, =10, (1)
i=1
It follows that,
n n
D Ipteis)| <Y iy |xi(s) — x|
i=1 i=1
n n
+ >3 aij|Fily f1xj(s) — x7]
i=1 j=1

n n
o,
+ Y byl Filfx (s — 7) — x|
i=1 j=1

So,

n
. o,p o,p
[lx () — x’|I< llell+ max (ci) L'y |1x(s) — x™||+ E max |a;;| FjL 7 ||x(s) — x*||
1<i<n N 115]5"
=

n
+ 3 max b |[F I e — 1) = xFIL 1210 < lgl]
—1<j<n
i=1
o, o,
+ ALY |x(s) — ¥+ AL (s — ) — x¥[1, 1 = 1o,

where A] = maxj<j<n(ci) + Y1y maxlijgnﬂaij}Fj), Ay = Y1, max15j§,,(|b,-j|Fj)
and ¢ = ¢ — x*. Let u(r) = x(¢) — x*. Using the Holder inequality, one has:
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u@Il < lloll+A1

t
l—a
P o p\e—1 p—1
F(a)/(t sPY TP uds) | Ids
fo

+ Ay

1-a !

p p_ Pyl o1 _

m)/(f sP) s us — olids
o

1
t P
—a

p 5P p—1 pa—p
< + ePs P (P — 5P ds
<liglis L | [ persr 1@ =)
i}
t 7 t 7
x | A p/e*‘””sﬂ*1||u(s)||qu + A p/e*qsps/’*1||u(s —1)||%ds
I0) 0]

Using the change of variable u = p(t” — s”), we get:
1

/pe”sps"_](l" —sp)pa_Pds <

fo

ptP

e F(ple—1+1),1 > 10,

It follows from Lemma 1 (for n = 3 and / = ¢) that:
_ 9
(e 1x@n)" =37 gl +N

t t
A?/ps”_le_qsp||x(s)||qu+Ag/,osp_le_‘”pﬂx(s—‘c)||qu
o to

Case1 Letr € [tg, o+ T]:

‘We have

t t
q . .
(e e = 3 gtiran | A3 [ psotem fpisyirds 4 a7 [ o577 1e s ixio)lvds
) to
t

= liglt? (397 + N AL (10 + )" = 1f) ) + N AT / ps?~1e45" | |x (s)[|%ds

fo

Case2 Letr > ry+1:

‘We have
t -1
p—1,—qs” q0¢ — p—1,—qu+t)? q
/ps e P lx(s — )l|%ds = _/ pu+t) e [lx@)[|?du
1o fo—¢
0]
= f o +7)° e 1" 1 ()| 9du

fo—¢

-7
. f P+ 1) e 1 ()14 du

fo
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1o t

<ttt [ ps o taus [ oo (e aain) du
to—t o
t

< olt (040" = 1) + [ ps 0 (e o) du

fo

So,

(e I = 10119 (39" + NAY (10 + 07 = 1))
t ) e .
e8| [(pats oAl + 00 (0 xio)l) s

)
The Gronwall inequality on [19; 5], gives:
(e Ixn)" = 1lgl1? (37" + NAY (0 + 07 = 1)
x exp[N(AY(t” = 1§) + A((t +T)" — (1o + T)"))]

Hence,

[lx(D)I < ||<,0||\q/3q_1 + NAT((to + 1) — 1)
Al oL A
xexp|tP + N| —(t” —1§)+ = ((t+D)” — o+ 1)")) | |, Vi € [t0.1f]
q q
So, if (4) is satisfied and | ||| < 8, then ||x (1)||<€, Vt € [to, t7]i.e., system (1) is finite-time
stable w.r.t {fg, 8, &, ®, T}

Theorem 2 Suppose o € (%, 1) and the fractional-order system (1) satisfies the initial con-
dition x(tg +s) = ¢(s), —t < s < 0. If the following condition is satisfied:

3+ 2Mad (o + 0 — i) exp(T2+ M (A3 (1) = 1) 4 A3((t + 1)’ — 0+ D)%) < .

12)

_ 3p7 Qa1 . o .
where M = Er@)r then (1) is finite-time stable with respect to {ty, 5, &, ©, t},8 < e.

Proof As the same in Theorem 1, we have the following estimation:

t
1—a
[lx(D)]=< ”‘le?(a) /(ﬂ’ - sP)"“sP*‘(A] [lx(s)||+A2]|x (s — T)|)ds
0]

By using the Cauchy-Schwartz inequality, one has

t
11—«
I = llglhs 2 A f(tp — ) L0 lx(s) Ids
fo
pl=@ 1
+ Ay /(ﬂ’ —s?)* 5P Nix(s — 1)l|ds
@)

fo
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Bl

t
o

P 2P p—1(p _ p)\222
< + e s tP —s ds
stiglis L | [ s = 50)
fo
1 1
t q t 2
x | A p/e_zsps"_1||x(s)||2ds + Ay p/e—zfpsﬂ—‘nx(s—r)nzds
to 1o

By using the change of variable u = t” — s, we get:
t

_ I'Ca—1
/peZSpSp—l(tp _ sp)ZOt zdS < 2%62”?’ > o,
)
It follows from Lemma 1 (for n = 3 and [ = 2) that:

t t

Ix()I12< 3llplP+2Me*" | A / pe 2" 5PN x(s)|2ds + A3 / pe 2 st x(s — D) Pds |,
to to
Hence,
t t
(e xon)” s3|<p||2+2M{A% / pe 2" sP 7N x ()| Pds + A3 f pe2~"’sﬂ‘||x(s—r>|2ds}
fo 1o

In the following, there are two cases as ¢ € [fo, fo + T] or t € [fo+ 7, 17].
Casel r e [tg, o+ 7]

We have
) t t
(™" IvIl)” < 3llplP+2m | 43 / ps?~le 2 lp(s)|Pds + AT / ps?~le 2 |x(s)ds

0 to
t

< ¢? (3 + 2MA%((t0 +1)° — té’)) + 2MA% / pspflefzspx(s)zds

1o

Case2 Lett >+t

‘We have
' -1
—1 —2sP e i
fPS” Le™2" ||x(s — 1)|?ds = / p(u+1)° e 20 |k ()| Pdu
to t—1
fo
_ _ 4
= / p(u+1)P e 20" || x (u)| | du
n—1

-7
+ / o(u +1)P e 2@ | 1x ()| Pdu

fo
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Table 1 Finite time stability of o P tf [lx(@)]|
Example 1, at § = 0.31

0.5 0.5 0.3216 1.2752

1 0.7967 1.1567

1.5 0.9036 1.0475

2 0.9585 0.9804

0.9 0.5 1.0846 1.8720

1 1.2567 1.4019

1.5 1.1873 1.1244

2 1.1424 0.9592

Table 2 Finite time stability of o P tf [lx(@)]|
Example 2, at § = 0.31

0.5 0.5 0.0151 0.6575

1 0.1583 0.5154

1.5 0.3432 0.5173

2 0.5005 0.5037

0.9 0.5 0.1556 0.9620

1 1.1719 1.2667

1.5 1.1748 1.0236

2 1.1389 0.8457

10

1
0 2
< ||<p||2f p<u+r)”*‘du+/p(u+r)p*‘(e*“ (x@lD) du

-1 1o
t

. 2
< liplP(0+ 0 =)+ [ ptus oy~ (e Gxwld) du

to

So,

o 2
(e Ix®I1) = el (3+2MA3 (0 +0)° = 17))

1

2
oM / (AT~ + pA3(s + 077 ) (2 1x (o) 11) ds

fo
The Gronwall inequality on [19; 5], gives:
2
(" 1Ix@N)" = lleIP (3+2MA3 (0 + D) — 15))
x exp[2M (A} (t” — 1) + A3((t + ©)° — (1 + T)"))]

Hence,

1] < 1lglly/3 +2MA3 (0 + 1) — 1)
x exp[t? +2M (AT (t” — 1§) + A3(((t + O)F — (10 + T)F)))], ¥Vt € [10.1f]

@ Springer



Finite-Time Stability for Caputo—Katugampola Fractional-...

617

a=09andp=1.

a=09andp=2,

0.6 — 05 .
0.4 F/__,J/‘”F// i //////
02— i _‘ﬂ,;/"//’—ﬂ
....... X, (t) [~
0 X‘m R [ x,(t)
» ™ 2 of —x(t)
2 020 4 £ 2
< -
] PR —
B g4l i
0.6 -
0.8
050
()] 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1
Time (s) Time (s)
@=09andp=15 a=0.9andp=0.5.
0.6 1 e
0.4f ﬂ}_,//ﬂ”, 0.5 //,,,// J
T X, (t)
02 ———— J 4()
P N x,(t) | e o — o xylt) ]
g0 S g
B 92| ] @
0.2 050 1
oal ]
0.6/ k L )
08 . . . ) . . . . . .
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
Time (s) Time (s)
a=0.5andp=15 a=0.5and p=0.5
06 : . : : _ 06F . . : . . —
04 ] 04l ———— 7 i
e ”
—— ] 0.2 g
02— (0 0
2 o —xyt) | g o — —X,(t) —
< ©
7] » 02} 1
0.2 ] -
040 ]
04f T ] .
‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 0.6 ]
0.6 N
. . . . 08 . . . .
0 02 0.4 0.6 0.8 0 0.05 0.1 0.15 0.2
Time (s) Time (s)
a=0.5andp=1. 05 a=05andp=2.
0sl . . . . . —
0.4 T T T i T
02k [ X1::; J e Xy(t)
- — %y 2 ol Xt 1
S o - 2
S S
a 7
0.2 i
0.4} 1
o8l e i -0.5) 1
L I 1 L L 1 1 ! = L L
0 01 02 03 04 05 06 07 0 02 0.4 0.6 0.8
Time (s) Time (s)

Fig. 1 States evolution for Example 1 (different cases of p and «)

So, if (12) is satisfied and ¢ < 8, then x(1) < &, V1 € [fo, 17] i.e., system (1) is finite-time
stable w.r.t {9, 8, &, @, T}.

Remark 1 If p = 1, then system (1) will be reduced to a fractional-order neural networks
system, under the Caputo derivative definition. For that case of Caputo derivative, the study
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Fig. 2 States evolution for Example 2 (different cases of p and «)

0.1

02 0.3
Time (s)

0.4 0.5

on the existence of a unique equilibrium point and finite-time stability for system (1) has
been given in [34, 35]. To the best of the authors’ knowledge, this is the first time that the
problem of finite-time stability for Caputo—Katugampola fractional-order neural networks,

with time-delay, is investigated.
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Remark 2 The proofs of Theorems 1 and 2 have been based on the ones of the authors’
sister paper [23]. It is not possible to demonstrate these to theorems at the same time, using
0 < o < 1. That is why the authors have divided the analysis into two theorems.

4 Numerical Examples

In this section, two expository examples with their numerical results will be given in order
to clarify the validity of the theoretical results which obtained in the previous sections.

Example 1 Let us consider the Caputo—Katugampola fractional-order neural networks sys-
tem, with time delay:

2 2
CD%"OX,'([) = —cix,'(t)+2a,-jfj(xj(t)) +Zbijfj(xj(t - 'L’)) +1;,i=1,2

j=1 j=1

where T = 0.5, f; (xj(t)) = tanh(xj(t)),j =1, 2 and:
03 0 0.01 0.02 0.03 —0.01 —0.7
CZ( 0 0.2)’ A= <o.03 —0.01)’ B= (—0.01 0.03 ) and IZ( 0.4 >

Example 2 Let us consider the Caputo—Katugampola fractional-order neural networks sys-
tem, with time delay:

3 3
CD%’pxi(t) = —c,-xi(t)+2a,~jfj(xj(t)) +Zb,‘jfj(x]‘(l — ‘L')) +1;,i=1,2,3
=1

j=1

where T = 0.2, f(x; (1)) = (x + 1| —|x — 1)), j = 1,2,3 and

045 0 O 0.05 0.01 0.02 0.01 0.03 0.04 0.35
C= 0 045 0 |, A=]10050080.03), B=1]0.020.050.02] and I=1| —0.5|].
0 0 0.65 0.03 0.08 0.02 0.06 0.02 0.05 0.6

Clearly, the function f in both examples satisfies the assumption (H1). Also, the hypothesis
(H2)is satisfiedfor F; = 1, j = 1, 2. InExamples 1 and 2, letus assume that§ = 0.31, & = 2.
According to the inequalities (4) and (12) with various values of p and «, we can compute
the estimated finite , ¢ 7, of the finite-time stability of both examples as shown in Tables 1 and
2. Moreover, it is obvious from the obtained results in Tables 1 and 2 that the norm of the
approximated solutions does not override the value of €. Figures 1 and 2, show the numerical
simulations with various values of p and «. From the obtained results in the tables and all
figures, we can indicate that our results coincided with the theoretical one and the finite-time
stability of the proposed systems.

5 Conclusion

In this research paper, fractional-order neural networks with time-delay have been inves-
tigated. An advantageous and newly introduced fractional-order derivative concept in the
literature, has been exploited: the Caputo—Katugampola fractional derivative. The main pur-
pose of the paper has been to demonstrate the existence of a unique equilibrium point, and to
prove its finite-time stability, for the general considered class of fractional neural networks.
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In order to further show the effectiveness of the used methodology, two simulation examples
have been given and analyzed.
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