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Abstract In this paper, a class of shunting inhibitory cellular neural networks model with
multi-proportional delays is proposed. Based on the contraction mapping fixed point theorem
and differential inequality techniques, some sufficient conditions are obtained for the exis-
tence and global exponential stability of pseudo almost periodic solutions for this class of
neural networks. In addition, an example and its numerical simulations are given to illustrate
our results.

Keywords Shunting inhibitory cellular neural networks - Pseudo almost periodic solution -
Existence - Exponential stability - Multi-proportional delay

Mathematics Subject Classification 34C25 - 34K13 - 34K25

1 Introduction

As we known, time delays inevitably exist in biological and artificial neural networks because
of the finite switching speed of neurons and amplifiers [ 1], which can also affect the stability of
neural network systems and may lead to some complex dynamic behaviors such as oscillation,
chaos and instability. In reality, time delays involving in neural networks may be proportional
in theory, that is to say, the proportional delay function t(#) = ¢t — gt is a monotonically
increasing function with the increase of time ¢ > 0, where ¢ is a constant and satisfies
0 < ¢ < 1. In particular, the proportional delay is one of the many objective-existent delay
types such as the proportional delay usually is required in web quality of service routing
decision, which is because it is convenient to control the networks running time according
to the network allowed delays [2—7]. Moreover, the systems with proportional delays have
many interesting applications, for example, collection of current by the pantograph of an
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electric locomotive [8], electrodynamics [9], nonlinear dynamics [10,11], and probability
theory on algebraic structures [12].

On other hand, in the aspect of studying the almost periodic problems for dynamic sys-
tems and its related topics, the existence of almost periodic, asymptotically almost periodic,
pseudo-almost periodic solutions become the most attractive hot issues in qualitative the-
ory of differential equations due to their applications, especially in biology, economics and
physics (see [13—15]). In particular, people have paid much attention to the study of existence
and stability of almost periodic solutions and pseudo almost periodic solutions for shunting
inhibitory cellular neural networks (SICNNs) with time-varying delays and distributed delays
because of its successful applications in variety of areas such as signal processing, pattern
recognition, chemical processes, nuclear reactors, biological systems, static image process-
ing, associative memories, optimization problems and so on (see [16-28] and the references
cited therein). However, to the best of our knowledge, there is no result on the existence of
pseudo almost periodic solutions for SICNNs with proportional delays.

Motivated by the above discussions, the main purpose of this paper is to establish some
sufficient conditions on the existence and exponential stability of pseudo almost periodic
solutions for the following SICNNs with multi-proportional delays:

X (1) = —aijOxi;(0) — X C,»kjl(t)f(xkz(qkzl))xij(t) + L;j(1),
CreN: . )) (1.1)

xij(s) = @;ij(s),s € [gijto, to], 20 > O,

fort >tpandij e J:={11,...,1n,21,...,2n,...,ml, ..., mn}, where C;; denotes the
cell at the (7, j) position of the lattice, the r-neighborhood N, (i, j) of C;j is

Ny (i, j) ={Cu :max(lk —il, |l = j) =r 1l <k =m,1 <l <n}.

x;j istheactivity of the cell C;;, L;;(¢) is the external input to C;;, a; j (t) represents the passive
decay rate of the cell activity, C lk] (t) is the connection or coupling strength of postsynaptic
activity of the cell transmitted to the cell C;;, and the activity function f'(x4;) is a continuous
function representing the output or firing rate of the cell Cyy, g;j,ij € J, are proportional
delay factors and satisfy 0 < ¢;; < 1,and g;;t =t — (1 —g;;)t, in which 7;; (1) = (1 — g;;)t
is the transmission delay function, and (1 — g;;)t — oo as g;; # 1, — 00, ¢;;(s) denotes
the initial value of x;;(s) at s € [g;;to, fo], and ¢;; € C([g;;to, to], R). It can be shown by
the method-of-steps given in Hale and Verduyn Lunel [29] that the solution of (1.1) exists
and is unique.

The remaining of this paper is organized as follows. In Sect. 2, we give some basic
definitions and lemmas, which play an important role in Sect. 3 to establish the existence of
pseudo almost periodic of (1.1). Here we also study the global exponential stability of pseudo
almost periodic solutions. The paper concludes with an example to illustrate the effectiveness
of the obtained results by numerical simulation.

2 Preliminaries

In this section, we shall first recall some basic definitions, lemmas which are used in what
follows.

Let [ be a positive integer, we denote by R’ (R = Rl) the set of all /—dimensional real
vectors (real numbers). For any {x;;} = (x11, X12,...,Xms) € R™", we let |x| denote the
absolute-value vector given by |x| = {|x;;|}, and define || x|| = max;;cs |x;;|. A matrix
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or vector A > 0 means that all entries of A are greater than or equal to zero. A > 0
can be defined similarly. For matrices or vectors A; and Az, A; > Aj (resp. A1 > Aj)
means that Ay — Ay > 0 (resp. A; — A> > 0). BC (R, Rl) denotes the set of bounded
and continuous functions from R to R!, and BUC (R, R! ) denotes the set of bounded and
uniformly continuous functions from R to R’. Note that (BC (R, R'), || - ||« ) is a Banach
space, where || - | oo denotes the supremum norm ||¢ || := sup;cg ll@(#)||. Forh € BC(R, R),
let AT and /i~ be defined as

Bt = sup |h(1)|, h™ = inf |h(1)].
teR teR

We denote by AP (R, R ) the set of the almost periodic functions from R to R’. Besides,
define the class of functions P APy (R, R') as follows:

1 T
e BC(RR')| lim Hldt =0} .
{w |T—1>Too o ), lp(n)]
A functionu € BC (]R, R ) is called pseudo almost periodic if it can be expressed as
u=h+e,

where 1 € AP (R,R') and ¢ € PAP) (R, R!). The collection of such functions will be
denoted by PAP (R, ]Rl) . Then, (PAP (]R, ]Rl) s ||.||oo) is a Banach space and AP (]R, ]Rl)
is a proper subspace of PAP (R, R") [13,14].

Forij € J, it will be assumed that ¢; : R — R is an almost periodic function, n; : R —
[0, +00), I;, ajj, b;j : R — R are pseudo almost periodic functions.

We also make the following assumptions which will be used later.

(Hyp) forij € J, M[a;;] = limy_ 1 o0 % ftt+T a;jj(s)ds > 0, and there exist a bounded
continuous function a;; : R — (0, 4+00) and a positive constant K;; such that

em lraidn < g o= [ @de - for a1l 45 ¢ R and t — s > 0.
(Hy) there exist constants My and L/ such that
lf@) — f)| < LY u—v|, |fw)| < My, forallu,veRR.

(H3) there exist positive constants L and « such that

t 1
{L} > {suP/ ek “”(”)d”|Lij(S)|ds} ;
—00

teR

K .
sup | =780 + Kij D ICHOIL (k + L)+ 1f O § <0,

CrieN(i,J)
and
K Yeyen, i 1CHOIMy + LY (c + L)) 3
8;j = sup — <1, ijel.
reR a;j(t)

Lemma 2.1 (see [5, Lemma 2.1]) Let ¢(t) € PAP(R, R), and B € R be a constant. Then,
o(Bt) € PAP(R,R).
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3 Main Results

In this section, we establish sufficient conditions on the existence and exponential stability
of pseudo almost periodic solutions of (1.1).

Theorem 3.1 Let (Hy), (H) and (Hp) hold. Then, there exists a unique continuously dif-
ferentiable pseudo almost periodic solution of system (1.1).

Proof Let ¢ € PAP(R, R™), it follows from Lemma 2.1 that
ori(qrit) € PAP(R,R), kl € J.
In view of (H1) and Corollary 5.4 in [14, p. 58], we have
f(@i(gur)) € PAP(R,R), kI € J. (3.1)

Then, notice that M[a;;(t)] > 0, ij € J, in view of (3.1), it follows from Theorem 2.3 in
[30] that the nonlinear pseudo almost periodic differential equations,

X (1) = —aij(Oxi; () = Y CHO foa@u@))ei () + Lij(0),ij € J,  (3.2)
CueN: (i, J)

has exactly one pseudo almost periodic solution:

() = x50}
= / Lo et | >0 CH) fulpr())gij(s) + Lij(s) | ds
- CueN; (. j)
3.3)
Let goo(t) = x9(¢). Then,
o0 = {e 0} = { / ek aij(u)duLij(s)dS}
oo
€ PAPR,R™), L > [¢°[loo.
Set
B = {plp € PAPR,R™), |lp — ¢lloc <k}
It follows that B is a bounded closed subset of PAP (R, R™"). If ¢ € B, then
leleo < o —¢°) ., + [¢°], <« +L. (3.4)

Now, we define a mapping 7 : B — PAP (R, R™") by setting
(Te)(1) =x%(t), Yy €B.

We next prove that the mapping 7 is a contraction mapping of the B.
First we show that for any ¢ € B, T'(¢) = x¥ € B.
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Note that
t ‘-
0 -0 < { [ Hawig, S cHes Gt
e CueN:(i.j)
— O+ 1 ODl¢llocds
t 1~ .
< / e a@dig, NN CH ()L (e + L)
> CueN: (i, j)
+1/O)Dds @l
! 7f’ a;ii(u)du K
< {/_ooe s dij K+La,~j(s)ds(K+L)}
= {x},

ie., T(p) =x¥ € B.
Second, we show that T is a contract operator.
In fact, in view of (3.3), (3.4), (Hyp), (Hy) and (Hy), for ¢, ¢ € B, we have

IT(p@®) =T @)l

IA

t ;-
/ e lamdi g N K )1 f (wuaqus) @i () — i ()]

CueNy(,j)

+ 1 f (ki (qiis)) — f ki (qres)¥ij (s)Dds

IA

t ‘.
/ e lrandng, N cH )1y + LYY llo)dslle — oo
- CreN: (i, ))

IA

t ‘-
/ e lamdn g N )My + LY (e + L)dsllg — ¥l
o0 CreN,(i.j)

IA

' .

/ e I dijdug,.a;i (s)ds|lg — \/flloo}
—00

< {8ijlle = Vloo},

which yields

A

IT(@) =T lloo = g}g}i&j o = ¥llioo,

which implies that the mapping 7 : B — B is a contraction mapping. Therefore, the
mapping T possesses a unique fixed point

x* = {xi*j(l)] € B, Tx* =x*.
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By (3.2) and (3.3), x* satisfies (3.2). So (1.1) has at least one pseudo almost periodic solution
x* . The proof of Theorem 3.1 is now completed.

Theorem 3.2 Let (Hy) and (Hy) hold. Moreover, assume that there exist positive constants
Ao, L and k such that (Hy) holds, and

Kij Ycyen,i.jy IC O (Mg + LY (i + L)eto( ~ar)

1>ty aij(t)

<1, ijel. (35

Then system (1.1) has at least one pseudo almost periodic solution x*(t). Moreover, x*(t) is
globally exponentially stable, i.e., for arbitrary solution x () of (1.1), there exist two positive
constants ). and M such that

|xij () —xi*j(t)| < Mmax{ max lgij (1) — x75(0)| e forallt > 19, ij €J.
ijeJ tE[q,'jt(), 1] J

Proof Obviously, by Theorem 3.1, (1.1) has a pseudo almost periodic solution x*(¢) =
[xi*j (t)]. Suppose that x(¢) = {x;;(¢)} is an arbitrary solution of (1.1) associated with initial
value ¢(t) = {g;; (1)} satisfying the second equation of (1.1).
Let y(1) = {yij (1)} = {xij (1) — x];(D)}. Then
ylfl,'(t) = —a;j(t)y;j )
- ) CHOU Gulqun)xij@)

CreN, (i, ))
—f (g qu)x; (1), ij € J. (3.6)

From (3.5), we can choose a constant A € (0, min{Xg, min;;cy inf;>4 aG;;(¢)}) such that

sup {2 = a0+ Ky | Y ICHWI (M + LT e + D I700) | 1 <0,

1=fo CueN, (i.))
ijel. (3.7)
Let
= max max NOEEAGIE 3.8
llelle max {te[qiﬂo’ ol lgij (1) — x;3( )|} (3.8)

For any ¢ > 0, we obtain
Vi O] < (l@lle +e)e 7 < M(llplle +e)e 0 for all 1 € [g;jto. to],
and

Iyl < (lelle +&)e 7 < M(llglls +e)e ™™ for all 1 e [ma§q,~jro, to],
ije

where M = max;jey K,’j + 1.
In the following, we will show

Iy < M(llglle +&)e ™) forallt > t. (3.9)
Otherwise, there must exist ij € J and 6 > ty such that

Iy@) = 1yi; @) = M(llglls + &)e 010, (3.10)
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and
Iy (0] < M(l@lle +&)e 70 for all t € [guto, 0), kI € J. 3.11)

Note that

1 L. t
yij(t) = yij(to)e O +/ ¢~ s aijwdu

0]
x [ — Y CHO Cralqus))xij(s) — f (x5 (qus)x; (s))]ds,
Cri €Ny (i, ))
t € [y, 9]. (3.12)
With the help of (3.7), (3.8) and (3.11), we have
—fg aji(u)du o ,f” Gi i (u)d l
[yi; @) < (lelle +&)Kije 0 +/ e Js it “KU[ Z ICi; ()]
1

0 CreN: (. j)

X (| f Cera (qras)1xij () — x5 + 1 f Gowar (qras)) — f(xlfl(qsz))IIXEkj(S)I)}dS

— 9”[.. d o _ [0~
< (lglls +e)Kije o “+/ AR 1D SR/ 1O]
0 CueNy(i.j)

x (M7 [yij ()| + LY |ykz(qkzs>||x;;(s)|)]ds

_ [ a; i d 0 R
< (”(pHE +8)Kije f;oa_/(u) u +/ e [ al,(u)duKij Z |Clk]l(s)|
fo CLEN (i)

x(MTM(l@lle +&)e 670 + LI M(|lplle + e)e™570) (e 4 L))}ds
9 .. —
< (gl + e)e™ O Kype™ o @D

6 0 -
+ / e I @i =du G, () — 2)dsM([llle + £)e >0
0]

K;;: s B
= M(lglls + 8)6_)‘(9_“))[ (ﬁ] _ 1) o oG-, 1}
< M(llgll + £)e ),
which contradicts (3.10). Hence, (3.9) holds. Letting ¢ —> 0™, we have from (3.9) that

i (O] = Mllg = x"llge™ ™ for all 1 > 10, ij €,

and

| (1) —x;"j(t)| < Mmax{ max |g;; (1) —x;‘j(z)|}e‘“ for all r > 1y, ij € J,
ijeJ |t€lgijto, 1ol

where M = Me*0. This completes the proof.

@ Springer



174 Y. Tang

4 An Example

Example 4.1 Consider the following non-autonomous SICNNs with multi-proportional
delays:

Dii gy — Y cof (v (a))wmo+ Lo, @
dt 1 L ij ) ij ij N .

CueNr(i,J)

where t > 1, f(x) = %(Ix-f— I = |x — 1D, xij(s) = ¢;ij(s),s € [%, 1], and ¢;; €
C([5.1].R) i, j=1,23 Let

ja
ay ar a1z | . 1 +25sin400¢ 1 + 2sin400¢ 3 + 4 sin 400¢
arp ap a3 | = 1 3 4+ 45sin4007 1 + 2sin400¢ 3 + 4sin400z |, 4.2)
asy az as;z | 3 +45sin400¢ 1 + 2sin400¢ 3 + 4 sin 400¢
[ Cii Ci2 Cis | 0.01sin7 0.02sin 0.01 sin ¢
Cy1 Cp Cp3 | = ¢ | 0.02sinr 0 0.02sint |, 4.3)
C31 Cx Cx3 0.01sinz 0.02sinz 0.01 sint
(L1 L2 Li3 ] sin /2t cost 1
Ly Ly Lyy | = cos?t — ﬁ sint 1 |, 4.4)
| L31 L3z L33 | cost — iy sint 1
Obviously,
1 1 1
an ap as 113 e300 a0 e 70
ay ap ax | =~-|313|,{K;} =< 26 ¢T5 2eTW |
as1 sy ass 313 S

1
My =004, gij = 5, Ly =004, > ICH)] < 0.05e7,

CreN1(3.3)
Y oIcfior=00se7 > |Ct)] < 0.08e 7,
CreNi(1.1) CreNi(1.2)
> ekl < 0.05e7 !,
CreN1(1.3)
>l <0127 Y |CK@)] < 0.08¢71,
CreN1(2.2) Cr1eN1(2.3)
> Ikl <008e7, Y |Ci ()] < 0.05¢7M,
CreNp(2.1) CreNi1(3.1)
> ICkh®] < 0.08e7 ",
CrieN1(3.2)
where ij € J = {11,12,13,21,22,23,31,32,33}. Let L = 5,40 = 2,k = 1,¢q;; =
%, L;f = Lf = ﬁ, K; = e3,&ij = 1,i, j = 1,2, one can easily check that system (4.1)

satisfies (Hp), (H1), (H>) and (3.5). By the consequence of Theorem 3.2, it follows that
system (4.1) has exactly one pseudo almost periodic solution x*(z). Moreover, all solutions
of solutions for (4.1) converge exponentially to x*(¢) . The exponential convergent rate is
about 0.001. The fact is verified by the numerical simulation in Fig. 1 and there are three
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Fig. 1 Numerical solutions to system (4.1) with three groups of different initial values

different initial values which are @11 = 2.1, 912 = —2.3,¢013 = 2.4, 01 = 2.2, 02
25,003 =23, 031 = 21,030 = =22, 033 = —2.5; 9011 = 22,910 = —2.1,¢13
25,001 =24,00 =22,03 =21, 031 = —2.3,¢030 = —2.4, 9033 = —2.3 and ¢|] =
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22,012 =21p13 = =25,¢21 = 24,00 = 22,93 = —2.1, 031 = 23,903 =
2.4, p33 = —2.3, respectively.

Remark 4.1 To the best of our knowledge, there is no research on the globally exponen-
tial convergence of the pseudo almost periodic solution of SICNNs with multi-proportional
delays. We also mention that all results in the reference [16-28] cannot be applied to imply
that all solutions for (4.1) converge exponentially to x*(z). In particular, we employ a novel
proof to establish some criteria to guarantee the existence and exponential stability of pseudo
almost periodic solutions for SICNNs with multi-proportional delays. We expect to extend
this work to other neural networks models with multi-proportional delays.
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