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1 Introduction

In recent years, high-order Hopfield recurrent neural networks have attracted the attention
of many scientists : mathematicians, computer scientists, physicists and other. This is due
to the fact that high-order neural networks have stronger approximation property, faster
convergence rate, greater storage capacity, and higher fault tolerance than lower-order neural
networks [1-10].

Time delays, which is inevitably encountered in the neural networks, is often one of the
main sources to cause poor performance, make the dynamic behaviors become more complex,
may destabilize the stable equilibria and admit oscillations, bifurcation and chaos [7,14-20].
Therefore, it is of prime importance to consider the delay effects on the stability of neural
networks. Recently, Xiao and Meng [6] studied the high-order Hopfield neural networks
(HHNN ) with time-varying delays described by

xX[(1) = —ci(Oxi () + D aij(1)gj (xj(t — 1ij (1))

j=1

n n
+ D biji(0)g; (x; (1 — 07 (D)@ (t — vij (1))
j=11i=1

In addition, the time delay in the negative feedback terms which is known as leakage
have a tendency to destabilize the system [21-24] and have great impact on the dynamical
behavior of neural networks. This is to say, it is necessary to consider the effect of leakage
delays when studying the stability of state estimation of neural networks.

Moreover, it is known that the existence and the stability of the almost periodic solution
play a key role in characterizing the behavior of dynamical system [25-32]. Thus, it is worth
while to continue to investigate the existence and stability of almost periodic solution to
high-order neutral networks.

The dynamics of evolving processes is usually subjected to suddenly changes such as
shocks, harvesting, and natural disasters [11-13]. Often these short-term perturbations are
treated as having acted instantaneously or in the form of impulses. High-order recurrent
neural networks are often subject to impulsive perturbations that in turn affect the dynamical
behaviors. Xu et al. [8] studied the following impulsive high-order Hopfield type neural
networks with delays as follows

n
crx)(t) = — 50 4 2 Tijgj (vt = 7))
pa
n n

+ 2> > Tijugixjt —t)e(xi(t — 1))
j=li=1
+1I;, teR, t#k, kel
n

Axi(ty) = dixi(t7) + Zl Wijhj(xj'(f_ - Tj))
j=

n n
+ _Zl 121 Wijihj(x;j(t~ — ;) g1t~ — )
j=li=
There have been extensive results on the existence and stability of equilibrium points, peri-
odic solutions, almost periodic solutions and anti-periodic solutions for high-order neural
networks. However, to the best of our knowledge, there are no published papers consider-
ing the piecewise differentiable pseudo almost periodic solutions for impulsive high-order
Hopfield neural networks with time-varying delays in the leakage terms.
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In this paper, we discuss piecewise differentiable pseudo almost periodic solutions for impul-
sive high-order Hopfield neural networks (IHOHNNS) with time-varying delays in the leakage
terms

x[(t) = —c;i(Oxi(t — p(1) + Zl a;j(1)gj(x;(t — 7 (1))
j=

20 b0 [ dij g ¢ = w)du
]:

+ Zuzi a1 (t) g (xj(t — oy (1)) g (xp (t — v;j (1)) )
j=ll=

X3 B J5 g (5 ¢ — ) 5 i g (e — w)d
j=li=

+Ji(t), teR, t#t, ke’
Axi () = xi (45 — xi () = L (xi (1))

in which n corresponds to the number of units in a neural network, x;(¢) corresponds to
the state vector of the i’ unit at the time ¢, ¢;(f) > 0 represents the rate with which the
i unit will reset its potential to the resting state in isolation when disconnected from the
network and external inputs at the time ¢, a;;(.), b;;(.) and «;j;(.), B;ji(.) are respectively
the first-order connection weights and the second-order connection weights of the neural
network, 0 < 7;;(¢), 07 (1), v;j (1) < 7,0 < p(t) < pT correspond to the transmission
delays, d;;(.), hiji(.) and k;j;(.) correspond to the transmission delay kernels, J; (t) denote
the external inputs at time ¢, and g; is the activation function of signal transmission. The
sequence {f;} has no finite accumulation point and 7 : R" — R, k € Z.

The main aim of this article is to establish some sufficient conditions for the existence,
uniqueness and exponential stability of piecewise differentiable pseudo almost periodic solu-
tions of Eq. (1).

Throughout this paper, fori, j, =1, 2, ..., n,itwillbe assumed thata;;, b;;, 1, Biji, Ji :
R — Rare pseudo almost periodic functions, and let the positive constant a; ;, E,-‘,- L O, Bl- il
and J; such that

=

a;j = supla;j(1)|, bij = sup |b;j ()]
teR teR
@;ji = sup |iji()], Bijr = sup|Biji(0)], Ji = sup |Ji(0)].
teR teR teR
We also assume that the following conditions (H1)—(H6) hold.
(H1) Foreach j ={1,2,...,n}, there exist nonnegative constants L§ and M f such that
gj(0) =0, |gjw) —gj)| < Liu—vl, and |g;jw)| <M}, forall u,veR,

(H2) Fori, j,l € {1,2,...,n}, the delay kernels, d;;, h;ji, k;ji : [0, 00) — R are contin-
uous, and there exist nonnegative constants di‘; Jh kK N4, Nn, Nk such that

iji> Kiji
ldij )] < dfe™, Jhiji@)] < hifye™™ Jkiji )] < ke
(H3) Forall 1 <i < n the functions ¢ + ¢;(¢) are almost periodic and
0 < cix = }ng (ci), ¢ = ?up (ci ().
€R
(H4) I € PAP(Z,R") and there exists a constant L such that 0 < L; < 1 and
I k@) — L) IS Lilu—vll, u,veR", keZ
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(HS5) Assume that there exist nonnegative constants L, p and ¢ such that

Ji =
max max 14— )J;t =L
I<i<n Ci* Cix

p = [max max ( c+p++ZauL +Zbl/ Lg-f-ZZOlUlL MF

j=11=1
1.3 3N i U1 R | (R [
i1 ) — )¢ P
j=11=1 Y e 1 —eci cix | !
S+ 0+ 3 S
j=11=1
+
l/l 1/1 Mé ¢ Ly
+/Z;lzlﬂljlii J l]+ l—le*Ci* <L
d+
q_lrillai(nmax ci;l c+p++2a,]L +Zb” Y Lg
j=1 j=1 nd
n n
+ > > (LM + MELY)
j=11=1
n h+ k+ L +
LYijl (reaq8 gre 1 Ci + +
+ B, (LM+ML)+7__, 1+ 5 ety
jZ%lZl: T e 1 —e~cix Cix g
n no d+
DITES WIS
— — N
j= j=
n n
+ > > @i (LS mf + MiLY)
j=11=1
hiy ki Ly
il tijl (1 gage g8 i
+j21;ﬂljl Nh Mk (LJM’ +MJ'L’) e ]
(H6) There exist positive constants p; and g;, such that: for ¢ € [0, 00),i =1, 2, ,n

pici(t) = gicf p* Zp,m,,(z)wg Zp,|b,,(r>| ”Lg

j=1 Jj=1

n n
- ZZ |Olijl(t)|[PjL§Mlg + pszLf]

j=1i=1

n
l l o o o o
—ZZwul(m i ”[ JLEMF + pMSLF] > 0,

j=11=1

@ Springer



Piecewise Pseudo Almost Periodic Solution... 619

gi — pici(t) — gicf p* Zp,m,,(ng Zp,wz,(m ”Lg
Jj=1 Jj=1

n n
=2 e Olip; LEMf + piM$Lf]
j=11=1

l l 0 g oo
—ZZwl,,(m i "[ JLSMF + piMELF] > 0,

j=11=1

Throughout this paper, we will first recall some basic definitions and lemmas which are
used in what follows.

— N, Z and R stand for the set of natural numbers, integer numbers and real numbers,
respectively.

— C(R, R™): the set of continuous functions from R to R”.

— BC(R,R"): the set of bounded continuous functions from R to R”. Note that
(BC(R,R"), || . lloo) is a Banach space where || . ||o denotes the sup norm

I f lloo:=max sup|f;(1)].
I=i=n;eR

— Let T be the set consisting of all real sequences {t;};c7 such thato = in£ (tig1 —t;) > 0.
1S

It is immediate that this condition implies that lim # = +ooand lim # = —oo0.
i——+00 i——00

— PC(R, R™): the space of all piecewise continuous functions f : R — R” such that

— f(.) is continuous at ¢ for any t ¢ {t;,i € Z},
- f(ti+), f(@7) existsand f(t;) = f(%) foralli € Z.

- PC([—7,0], R”):{f :[—7,0] = R*|f(t7) = f(1), fort € [—1,0], f(tT) exists on
R and f(t7) = f(¢) for all but at most a finite number of points on [—T, 0].},
- PCY([~1,0],R") = {f : [=7,0] = R f/(tT) and f'(t7)) exist, f'(t) = f'(t7) for
—1,0], f'(t7) = f/(¢) for all but at most a finite number of pointson [—1, O].},
[®°(Z,R") = {x Z—>R": | x ||= sug | x(n) ||< oo}
ne

Definition 1 [32]. A function f € C(R,R") is called (Bohr) almost periodic if for each
& > 0 there exists L(¢) > 0 such that every interval of length L(¢) > O contains a number
7 with the property that || f(t + 1) — f(?) lco< &, foreacht € R.

The number 7 above is called an e-translation number of f, and the collection of all such
functions will be denoted as AP (R, R").

Definition 2 [32]. A sequence {x,} is called almost periodic if for any € > 0, there exists a
relatively dense set of its e-periods, i.e., there exists a natural number = [(¢), such that for
k € Z, there is at least one number p in [k, k + [], for which inequality || x4, — x, ||< €
holds for all n € N. Denote by A P(Z, R"), the set of such sequences.

Define

PAPY(Z,R") = {x € I®(Z.R") : lim_ Z I x(k) =0

—n

Remark 1 Notice that

@ Springer



620 C. Aouiti et al.

1. A sequence vanishing at infinity is a P A Py(Z, R) sequence.
2. The sequence (x(n)),cz defined by

1, n =2k,

x(}’l): [0, n;ézk,

is an example of a P A Pp(Z, R) sequence which not vanishing at infinity.
3. For k € N, the sequence (x(n)),cz defined by

k,n=2F,
o= {o, n# 28,

is an example of an unbounded P A Py(Z, R) sequence.

Definition 3 [32]. A sequence {x,},cz € [®°(Z,R") is called pseudo almost periodic if
Xp = x} +x2, where x} € AP(Z,R"), x2 € PAPy(Z, R"). Denote by P AP (Z, R") the set
of such sequences.

For {ti}iez € T, {zij} defined by
{t,-j =ty — i}, i, ] €L

It is easy to verify that the numbers tl.j satisfy

LY R S hlC

J J_ Lk
L =1 il = =l

L=t TR fori, j,k € Z.

Definition 4 [34]. A function f € PC(R, R") is said to be piecewise almost periodic if the
following conditions are fulfilled:

1. {tij =tiyj—t},1, j € Zare equipotentially almost periodic, that is, for any € > 0, there
exists a relatively dense set in R of e-almost periods common for all of the sequences
{r/).

2. For any € > 0, there exists a positive number § = §(¢) such that if the points ¢’ and 7"
belong to the same interval of continuity of f and |t'—¢"| < §,then | f()— f(") | < e.

3. For any € > 0, there exists a relatively dense set £2¢ in R such that if T € §2., then

I ft+7)=f@) <€

for all r € R which satisfy the condition |t — t;| > €, | € Z.

We denote by A Pr (R, R") the space of all piecewise almost periodic functions. Obviously,
APr (R, R") endowed with the supremum norm is a Banach space. Throughout the rest of this
paper, we always assume that {ti/ } are equipotentially almost periodic. Let U PC (R, R") be
the space of all functions f € PC (R, R") such that f satisfies the condition (2) in Definition
4.

Define

PAPY(R,R") = {f € PC(R, R"),r@m%/r I f@) | dt = 0}.

Definition 5 [32]. A function f € PC(R, R") is said to be piecewise pseudo almost periodic
if it can be decomposed f = g + h, where ¢ € APr(R,R") and h € PAP})(R, R™).
Denote by PAPr(R,R") the set of all such functions. PA Pr (R, R") is a Banach space
when endowed with the supremum norm.
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Remark 2 The functions g and / in Definition 5 are respectively called the almost periodic
component and the ergodic perturbation of the pseudo almost periodic function f. The
decomposition given in Definition 5 is unique. For instance, the function

£ = [ sin”(+v/3t) + cos? (1) + ﬁ t# 1, ke,

$8in(v30 + 74, t=1t.,kez,

is a piecewise pseudo almost periodic function, where
1
te=k+ c|sink — sin v/2k|.

Hence, itis easy to see that f(.) is more general than our traditional piecewise almost periodic
functions since the ergodic perturbations are introduced.

Lemma 1 [37]. Suppose that both functions f and its derivative f’ arein PAP (R, R). That
is, f=g+hand f' =g + h', where g, g’ € AP(R,R) and h,h’ € PAPy(R, R). Then
the functions g and h are continuous differentiable.

Remark 3 Let E = {f|f, f' € PAP(R,R")} equipped with the induced norm defined by
I f le=max{ll f lloos Il £ lloc}-
Follows from [37] that (PAP(R,R"), || . ||g) is a Banach space.
The initial conditions associated with (1) are of the form
xi(s) = @i(s), s € (—00,0], i =1,2,...,n,
where ¢(.) and ¢'(.) are real-valued piecewise continuous functions defined on (—o0, 0].

Lemma 2 [28]. Let ¢;(.) be an almost periodic function on R and
t+T
Mci] = lim / ci(s)ds >0, i=1,...,n.
t

Then the linear system

¥ (0) = diag( = c1(1), —e2(0), ..., —en (D)) x(0) @
admits an exponential dichotomy on R.

Lemma 3 [36]. The inhomogeneous linear system
xX'(t) = —c(x(6) + £ (1)

has a unique bounded solution for a vector f € C(R, R") if and only if the inhomogeneous
linear system (31) has exponential dichotomy.

The rest of this paper is organized as follow. The existence and the uniqueness of piece-
wise differentiable pseudo almost-periodic solutions of Eq. (1) in the suitable convex set are
discussed in Sect. 2. Some sufficient conditions on the global exponential stability of piece-
wise differentiable pseudo almost periodic solutions of Eq. (1) are established in Sect. 3. A
numerical example is given in Sect. 4 to illustrate the effectiveness of our results. Finally, we
draw conclusion in Sect. 5.
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622 C. Aouiti et al.

2 Existence of piecewise differentiable pseudo almost periodic solution

In this section, let us recall some lemmas and theorems, which are of importance in proving
the main results of this paper.

Lemma 4 [30]. If ¢ € PAPr (R, R"), then (. — h) € PAPr (R, R").
Lemma 5 [30]. If ¢, ¥ € PAPr (R, R), then ¢ x € PAPr (R, R).

Lemma 6 If g € C(R, R) a L8—lipschitz function, ¢(.) € PAPr(R,R) and o € C(R, R)
then g(p(. —0(.))) € PAPr(R,R)

Proof We have ¢ = ¢1 + @3, where ¢1 € APr(R,R) and ¢; € PAPTO(]R, R). Let

E@t) = glpt —o@)) = glp1(t —o (1))
+g(p1(t —o () + @2(t — o (1)) — glp1(t — o (1)))]
= E1(t) + Ex(1).

Firstly, it follows from Theorem 2.11 in [29] that E1(.) € APr(R, R). Then, we show that
E(t) e PA P})(R, R) because

. LT . L7
Thl)nwﬁ[T |E2(1)|dt = Th_r)nooﬁlT 18(p1(r = 0 (1)) + 2t = 0 (1))

—8(p1(t — o (1)))dt

Le (T
lim / lga2(t — o (1))|dt = 0.

< -
T T—o 2T J_7
Thus E»(.) € PAP})(R, R). So, E(.) € PAPr (R, R). The proof is complete. O

Theorem 1 Under the conditions (HI)-(H2), and forall 1 < j <n, x;(.) € PAPr (R, R),
then for all 1 < i < n, the function ¢; : t —> fioo dij(t — s)gj(x;(s))ds belongs to
PAPr(R,R).

Proof For x;(.) € PAPr (R, R), it follows from Lemma 6 that g;(x;(.)) € PAPr (R, R).
Let gj(x;(.) =u;()+v;(),whereu; € APr(R,R) and v; € PAP})(R, R), then

t ' t
¢i (1) =/ d,-j(z—s)gj(xj(s))ds=/ d,-j(t—s)uj(s)ds—i—/ dij(t —s)vj(s)ds

= ¢} (1) + 7 ().

First, ¢! (.) € APr (R, R).

It is not difficult to see that d)l.l () e UPCR,R). Letty <t < tyy1.

For € > 0, let £2 be a relatively dense set of R formed by e-periods of u ;. For T € £, and
0 < < min{e, §},

t

|6} (1 +17) — ¢} (1)] < / dij(t — s)lluj(s +7) —uj(s)lds

k-1 fi41—h
<> / |dij(t = $)lluj(s +7) — uj(s)lds
1
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k=1 t1+h
+ > / Id;j(t — 5)||uj(s +7) — uj(s)|ds
1

I=—00
k—1

f41
+ Z/ \dij(t = )l j(s + ) = uj(s)lds

I=—— oo l1—h

t
+/ |dij(t = $)lluj(s +7) — uj(s)lds.
Ik

Since u; € APr(R,R), one has |u;(t + 1) —u;(t)| <€, forallt € [ty +h, 1,11 — h] and

leZ,1 <k,
then
k=1 f141—h
> / |d;j(t = $)||uj(s + 1) — uj(s)|ds
=00 t1+h
k—1

fi+1—h
<e Z/ |d;; (1 — 5)|ds

I=—ooith

k—1

f141—h
Eéd; Z/ e M=) g
1

I= oo lith

+ k-1
ed;’
Y Z e~ Md(t—tir1+h)
nd [=—00

6d+ k—1

ij Z o~ aa(k—=1=1)

Nd oo
+
edij

na(1l — e~nae)”

IA

IA

IA

On the other hand,

k—1 t+h
> / |dij (t — $)l|uj(s +7) — u;(s)|ds
I=—o0 !l

k—1 t+h
§2d;|ujloo Z / e M=) gy
1

I=—00
k—1
< 2 |u jlocee™” > et gy
[=—00
k—1
52d;|uj|ooee"dhe_”"(t_”‘) Z e naatk=0) 4¢
I[=—00
(nge)

+
Zdij|uj|ooee 2
< - -

- 1 — e Na
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Similarly, one has
k-1 l1+1
> / \dij(t = )lluj(s +7) — uj(s)lds < Sie,
I=—oc0 141 —h

t
/ [dij(t — $)lluj(s + 1) —uj(s)lds < Sre,
173

where Sp, $> are some positive constants. Hence, qﬁil () € APr (R, R).
Second ¢?(.) € PAPQ(R, R).
In fact, for r > 0, one has

1
r@wj/ |2 (Oldr = lim /_ / dij(t — s)v;(s)ds|dt

r=>00 21 [r / dlj(s)vj(t s)ds|dt

< lim 7/ (/ di e v (1 — s)|ds)dt

|
3
|-

I
=3
|-

r—so00 2r 0
o " 1 r
—nas( i (f —
5/0 dl.je (rhrnoo > /_r|v](t s)|dt)ds.

Since v; (.) € PAP;) (R, R),itfollows thatv; (.—s) € PA P}) (R, R) foreach s € Rby Lemma
4. Using the Lebesgues dominated convergence theorem, we have qbiz (.) e PA P}) (R, R). This
completes the proof. O

Similarly, we can obtain:

Corollary 1 Under the conditions (HI)-(H2), and forall1 < j <n,x;(.) € PAPr (R, R),
then for all 1 < i < n, the function ¢; : t —> fioo hiji(t — 5)g;(x;(s))ds belongs to
PAPr (R, R).

Corollary 2 Under the conditions (HI)-(H2), and forall1 <1 <n, x;(.) € PAPr(R,R),
then for all 1 < i < n, the function ¢; : t ——> fioo kiji(t — s)gi(x;(s))ds belongs to
PAPr (R, R).

Lemma 7 Suppose that assumptions (H1)—(H3) hold. Define the nonlinear operator X ,(.)
as follows, for each ¢ = (¢1,...,¢,) € PAPr(R,R") and ¢' = (¢,...,¢,) €
PAPr(R,R")
t _ [t d
e i erdu g (6)ds
Xo(1) = :

g e kg, (s)as
and

N

Fi(s) = ¢i(s) @i (wydu + Zai,- (9)2;(@;(s — 13j()))

s—p(s)

+ Zb,, (s) / dij () (9 (s — w))du

j=1
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+ DD wiji(9)g(9j(s — 01 ())& (@r(s — vij(5))

j=11=1
n n 00

+ZZ/3U[(S)/ hij[(u)gj(goj(s_u))du
j=11=1 0
o0

/ kiji(u) g1 (@i (s — u))du + Ji (s),

0
then X, maps PAPr (R, R") into itself.

Proof First, note that, for all 1 < i < n, the function

t

s = Fi(s) = ci(s) ( )w}(u)du + D aij(5)gj(@j(s — 1ij(5)
s—p(s j=1

+ b0 [ dy s o6 = wyda
=

+ O aiji()g(pj(s — 01 (gi(@r(s = vij(s)

j=1i=1

+ 203 B [ s oG5 =

J=11=1
/O kij1 (081 (91(s — w)du + Ji(s),

is in PAPr (R, R) by using Lemmas 4, 5, 6, Theorem 1, Corollary 1 and 2. Consequently,
forall 1 <i <n, F; can be expressed as

)
Fi=F; +F,

where F' € APr(R,R) and F? € PAP(R, R). So

t t t '
(X(ﬂ(t))i — / eifs ci(u)du Fil (s)ds +/ eiff ci(u)ydu Fiz(S)dS
—00 —00

= Gl (t) + GH(1).

(i) Firstly, we prove that G! () € UPC(R,R). Lett , 1" € (tx,tit1), k € Z, 1 <1, then

tl )‘/ t y”
IGHt) — Gl ()] = |/ e~ Iy ctodupl (s)ds—/ el adupl (g
—c0 —00
I// ’ "
< |/ Iie*fst ci(u)du _ef‘f;’ c,'(u)du:| F‘il(S)dS|
-0
t/ I citwdu g1
+|/t" e~ Js U EN(s)ds|

_ ’,: . l” ¢ .
< |€ f’ ci(u)du - 1|/ e_fx c,(u)du|Fil (S)|dS
—00
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’

t o
+/” e~ ki awdu) pl o)1 4s
t
’ ” t” "
(@ = [ iR s
—00
l‘/ /
+ [ e E s,
t
It is easy to see that for any € > 0, there exists

0<3s . Cix€ €
< < min N
25 I FHIE 20 BN

and for a suitable ', " satisfying 0 < { —1" < 8 one has

" ’

t ” t ’
GH) =Gl = [0 =t [ sy [ e as]
—0o0 t
< € T €
€L €.
-2 2

which implies that G} (.) € UPC(R, R).
(ii) Secondly, we prove that Gil(.) € APr (R, R). Since Fi1 € APr (R, R), for € > 0, there
exists a relatively dense set 2, such thatfort € §2.,¢t € R, |t — x| > €, i € Z, then
t+t 4t t .
Gi(t+1)—G}(1) = / e I adupl(g)qs —/ e~ I awdt gl (s)ds
—00 —00
t+t ; t .
— / P j:sfr Ci(p+l')d,0F~il (S)dS _ / e~ jx Ci(u)duFil (S)dS
—00 —00
t t
_ / o J! C,.(m+r)dei1 (s + 7)ds — / e [l eim+tydm Fil (s)ds
—00

—0oQ

t " ! 4

—00 —00

'
_ / — N ci(u+r)du(Fi1 (s+71)— Fil (s))ds

o.¢]
t
+/ (671; ci(u+t)ydu 6‘7f; L‘[(u)du)Fil (S)dS
—00
So there exists 6 €]0, 1[ such that

7}01- (u+t)du 7fci(u)du
K —e ds

t
Gla+n -Gl < | F / ’
—00

7ftc,~(u+r)du 1 1
+/e |F!' (s +1)— F! () |ds

—00
t i 1 1
/ ( ~[ Jeijwrorduro [ ciwdu— [ ci@rrrdw]
E e s N s
—0o0
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t
/ lci(u) —ci(u + T)|du)ds I Fil I
K
t '
— [ ci(utr)du 1 {
-I-/e |F!' (s +1)— F! () |ds
—00
/ —[j ci (u+r)du+9(j ci (u)du—j' ci (u+r)du)]
S (e s s N
—00

t
/ lci(u) —ci(u + r)|du)ds I Fil I
S
t
+ / e*Ci*(l*.Y)|Fil (S + T) _ Fvil (S) |dS
—00

t

'
_ / {efc'[*(tfs)eie(! ‘L’,‘ (u)—c; (u+r)|du)

—00

t
[ e = it oidulds 1 £
N
t
—+ / efc"*(tf‘v)|Fil (s+71)— Fi1 (s) |ds

—0oQ0

t
t
<UE [ e [aw - e+ oldu)ds
s
—00

1

+ / eI F (s + 1) — F! (s) |ds

—00
t t
:/@(t,s)ds—i—/llf,-(t,s)ds
—00 —00
where
t
@i(t,5) = e | L / lei (u) — ¢i(u + 7)|du
S
and

Wi(t,s) = e *IF s+ 1) = F (9) .

We obtain immediately that, G 11 e APr (R, R).
Now, we turn our attention to Giz.

1 r 1 r t
lim — / |G2(1)|dt < lim — / / e~ =9 | F2(5)|dsdt
r—o02r J_, r—002r | _, ) oo
<L+ D,
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where

1 r t
I = lim — e~ U= F2(s)|ds | dt
r—o00 2r _r _r !
1 r —r
L= lim — e~ U= | F2(s)|ds ) dt.
r—002r J_,. o0 !

Pose m =t — s, then by Fubini’s theorem one has

Iy ‘
I =r£nw;/ (/ e_(t_s)"'*|Fiz(s)|ds)dt
—r —r
1 r t+r
= lim — e " | F2(t — m)|dm ) dt
r—so00 2r _r 0 !
1 r +o00
t [ (st mian) o
—r
1 r
/IFiz(t—m)ldt)dm
2r ),

since the function Fl.Z(.) S PAP}) (R, R), and by the Lebesgue dominated convergence
theorem, we obtain

and

IA
3
|

A
S—
—+
3

m‘

g
<'*\

85

i

I, =0.

On the other hand, notice that || Fi2 ||= sup |Fi2 ()| < oo then
teR

1 r —r
b i / ( / e*<f*S>0f*|Fi2(s)|ds) dt
r—o00 2r _r oo

1 —r r
< i / ¢ F7 (s)|ds / e~ 'ndt
r—002r J_o —r

D
= lim ——
r—00 2rcis J_,

:O’

I
5
|

A
3
\

e—(r+t)c,-* dt

then

1ot >
lim — / | / e~ Ji ciwdn p2(0y g1 dr = 0.
—r J—oo

r—o0 2r

Consequently, the function Gi2 belongs to PA P}) (R, R). So (X,) belongs to PAPr (R, R").
]

Lemma 8 Suppose that assumption (H4) hold. Foreach¢ = (¢1, ..., ¢,) € PAPr (R, R"),
we have

t ..
S B (g w0)) € PAPHR, B,

<t
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t .
Proof We will show that 3" e~ 4 ™% 1 (0. (1)) € PAPr(R, R). It is not difficult to

I <t

see that 3" ¢ e T 1 (4: (1)) € UPC(R, R). By Corollary 2.1 (see [30]), Ik (x; (1)) €

<t

PAP(Z,R), then let It (x; (t)) = I, + I} where I! € AP(Z,R) and I? € PAPy(Z, R), so

13 . _ 1 . _ 13 .
z o ftk ci(u)du (i (1) = Z B f,k ¢ (u)dulkl i Z B f,k ¢ (u)dulkz
fe<t <t fe<t
= @1(1) + D2(0).

Since {t}‘}, k, j € Z are equipotentially almost periodic, then (see Lemma 3.2, [30]), for any
€ > 0, there exists relative dense sets of real numbers £2. and integers Q., such that for
th <t <tg41,T € 2¢,q € Qe, |t —tx| > €, |t — tyy1]| > €, k € Z, one has

I+T >l +€+7T> iy,
tetg+1 > lk41 —€+T > 1471,

thatis fi44 >t + T > tyyg41; then

t+1 "t
- i (u)d = J;, ci)d
I R o I A e A
Ik <t+t <t
rt
= J,, ciwyd
< Ze j’k‘ w)du I Ikl+q_lkl I
te<t
< Gze—(f_fk)ci*
fr<t
1
<e——,
T 1 —eCix

So, @1(.) € APr (R, R).
Next, we show that @, (.) € PAP}) (R, R). For a given k € Z, define the function y (¢) by

— [[; ci(u)ydu

x(@) =e I, o<t <4,

then

1 .
f’k Cz(u)du]kz ”5 tllpgo ef(tftk)c,‘* sup ” 1/(2 ”: 0,

lim || x(@) [I= lim |l e
1—00 1—>00 keZ

then x € PAP})(R, R). Define x, : R — R by

t
i(u)d
Sy i@ ‘IR, t<t<fi, neN.

xn (1) = e
So x, € PAPTO(]R, R). Moreover,

't .
” e— j’k—n ci(u)du

Il X (2) |l 7, |

o~ = tk—n)Cix sup || Ik2 I
keZ

IA

IA

o~ U—tk)Cix p—Cixtk sup || Ik2 Il
keZ
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therefore, the series X'°°, x, is uniformly convergent on R. By Lemma 2.2 (see [30]), one
has

ot
Oyt = D e i ZX" € PAP)R,R).

te<t n=0

So, 3 ¢ WM L (1)) € PAP(R, R). O

<t
Theorem 2 Suppose that assumptions (HI)-(H4) hold. Define the nonlinear operator I"
as follows, for each ¢ = (¢1,...,9,) € PAPr(R,R"), and ¢' = (¢|,...,¢)) €
PAPr(R,R"),
ci(u)ydu

L) = X+ > e

<t

Ii (@i (1)),

then I maps P A Pr (R, R") into itself and

(u)du

(T (1) = Fi(1) = ¢i(1) / e B et g (5yds — () S e M (g a),

t <t
and I maps PAPr (R, R") into itself.

Theorem 3 Let conditions (HI)—(HS5) hold. Then, there exists a unique piecewise differen-
tiable pseudo almost periodic solution of system (1) in the region

pL
{w/fﬂ ¢ € PAPFR,R"), ¢ — o |E< 17}

where

t . d t . d T
wo(t) = (/ e Js 1w “Ji(s)ds, ... ,/ e Js en@) ”J,,(s)ds) .
—00 —00

Proof It is easy to see that B = {(p/go, ¢ € PAPPT(R,R"), | ¢ — o ||E< %} is a closed

convex subset of P A Pr (R, R"). According to the definition of the norm of Banach space
PAPr(R,R"), we get

0o lle = max { 1 o lloos I 66 o |

Ji \=
< max max{ 14+ = J,'}:L. 3)
I<i<n Cl* Cix

Therefore, for Vo € B, we have

pL L
lelle<lle—¢o llE + Il 9o ||E<17+L—ﬂ. @
In view of (H1), we have
|gj(u)|§L§|u|, forallu e R, j=1,2,...,n. 5)

Now, we prove that the mapping I is a self-mapping from B to B. In fact, for all ¢ € B,
by using the estimate just obtained together with (4), (5), Lemmas 2, 3, 7 and 8 we obtain
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Il F(p — 0 llo
! s
= max sup {l/ e J; eiwdu |:c,- (s) @;(m)dm
—0 s=p(s)

I<i=n;eg

+Zaij(S)gj((Pj(S — 15 (5)))

j:l
Zb,,m / dij()gj(pj(s — u)du
j=1

+ Z Zotijl(s)gj (pj(s — 01 ())& (@i(s — vij(s)))
j=11=1

+ZZﬁl,l<s> / hijiw)g;(¢j(s — u)du / kiji(u)gi (i (s — w)du | ds
j=11=1

e O ]
<t

t
< max sup{/ O A 7
Isi=nier U/ 00

j=1 j=11=1

d
+Zal, e oo +Zb,,—’Lg e lloo +ZZ%L M9 lloo
j=1

n + +
il “ijl
+ZZﬁUz Bt Lng l¢ lloo | ds+ D e ULy || g ||oo}

j=11=1 k<t
=2 { e let ot + Z"IJL + Zbu % Lg + Z;,IZI‘,“!JIL M
J
Ly
+ l lj] ljl LgMg Lo st
]Z;lzljﬂ,,nh SLEM] = e e
On the other hand
Il (Ep - (/’0)/ lloo
= max su]g lci (1) / ¢ (m)dm+2al,(s)g, (¢t = 73;(1)))
Stsn e
+Zb,, (1) / dij () gj (9 (t — u))du
j=1
+Zzaij1(f)gj(<ﬂj(t — 03 (1)) g1 (@i (t — i (1))
j:l =1
+ZZﬁuz(t) / hiji()g;(¢j(t — u))du / kiji(w)gi (@i (t — u))du
j=11=1
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— (D) / e~ i ] ¢ (s) gi(mydm + > a;j(5)g (9 (s — Tij(5)))

s—p(s) j=1

+Zb,,<s> / dij ()8 (@j(s — w)du

j=1

+ZZai,-l<s>gj (j (s = aij ())& (@r(s — vij(5)))

j=11=1

+ZZﬂUz(S) / hiji()gj (@) (s — w)du / kij1 (g1 (@i(s — w)du | ds

j=11i=1

—a0 X e M g

<t
n
SlrgflfnsuP{ ot 119 oo + D aiLE ||<o||oo+2b,, Lg ¢ llos
teR -
l l
+ZZa,ﬂL M9 llo +ZZﬂ,ﬂiiLng ¢ lloo
j=11=1 j=11=1
+ . (t—s) + + g leJr 8
+ot [ e ¢ lloo + ZauL ||<o||oo+2bl, L ¢ lloo
- j=l1 j=1 d
l l
+ZZa,ﬂL H ||<p||oo+ZZﬂ,ﬂ i it o LM 0 loo | ds
j=11=1 j=11=1
e D eTITNL g e |
<t
+ + ‘J 8 g
5112?5",,{(1+ )c p +Za,,L +Zbu oL +Z;‘IZ;'%IL M
J
+
l ljl g C; Ly
+ Bt + Lt lels
RIS

wherei = 1,2, ...,n.So we can write

I Ty — o e = max{l| I — @0 lloos | (I = ¢0)" lloo}

< max max[{ l*l[c+p++Za,1L —I—Zb,j U Lg—i—ZZazﬂL Ml

1<i<n
j=11=1
n eF
e 337 0 ) (14 )1
j=11=1 b
+Za,,L +th, i Lg—I-ZZa,le M

j=11=1
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LI h'+'1 k'+'z ¢ty
+ /3..1 ij LLSM&’ + i . }] ||(/7 ”E

=prlele

where p < 1, it implies that I,(.) € B. So, the mapping I" is a self-mapping from B to B.
Next, we prove that the mapping I is a contraction mapping of the B. In fact, in view of
(H1), for V¢, ¥ € B, we have

1 " s
(I — Iy), (0] = | / e~ Iy ciwdu [cim / ()<¢;<m> — ¥/ (m))dm
—0o0 s—p(s

+Zaij(s)(gj(¢j(5 —7;(8)) — g (s — 7 (s))))

j=1

+Zb,-,~<s>/0 i ) (265 (5 — ) — g (W5 — w))du

j=1

+ D> iji(9)(g) (¢ (s — 0ij ()i (i (s — vij(5)))

j=11=1

—8i(Wi(s —oij(s))g(Yi(s — vij(s))))

non 00

+ 2> Bijils) ( /0 hiji()g; (¢ (s — u))du /0 kij1 () gi (1 (s — u))du

J=11=1
_/0 hiji(u)g;(Yj(s — u))du/o kiji(u)gr (Wi (s — u))du)} ds

i Z o ﬂ; Cf(“)d“(]k (i (1) — Lt (i (1))

<t

t n
< / e (s [cmﬁ I =¥ lloo + D @i LS 1 ¢ — ¥ lloo
. A
J=1

n
+ D bid LS ¢ — ¥ lloo

j=1

+ D @ijilg (9 (s — 01 ())gi(i(s — vij(5)

j=11=1

—8i(Wj(s —0ij(s))gi(di(s — vij(s)))

+gi(Wi(s —0ij(s))gi(di(s — vij(s)))

—8i(Wj(s —oij($)))g(Yi(s — vij(s)))|

+>> Bl /0 hiji(u)g; (¢ (s — u))du /0 kiji () g1 (i (s — u))du
j=11=1

—/0 hiji(u)gj (s — u))du/o kiji(u)gi (i (s — u))du

+/0 hiji(u)g;(Yj(s — u))du/O kiji(u)gi(pi(s — u))du

o0

—/0 hijz(u)gj(llfj(s—u))du/o kijz(u)gz(lﬁl(s—u))dul] ds
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+ D7 e T (i (1)) — T (1)

<t
t n

< / e L cFpt ¢ =Y oo +ZaijL§ l¢ = lloo
o :

d
+Zb,, ”Lg ¢ — w||w+22a,,z<LgMg+Mng> I —v llo

J=1 j=11=1
htjl IJI g r8 gre
+ZZﬁ1,l " (LM + ML) | ¢ = ¥ Nl | ds
J=11=1 "Th
+ 2 TNL ¢~ ¥l
<t
- + + d’/ 4 8 818
= et [ep +Za,]L +Zb,,n—L +Zza,ﬂ(L Mf + MELS)
J=1 j=11=1

Lo —v e

h il ~ijl
IS 3 A <LgM”’+Mng)}

i=1i=1 M

On the other hand

, '
(r= 1) 01 =1 a0 [ @~ vy
! t—=p(t)

+Zaij(t)(gj(¢j(f = 7ij (1) — g (¥t — ;1))

Jj=1

+zbij(t)/0 dij(u)(gj(pjt —u)) — gj(W;(t —u)))du
=1

+ 0D (g ()t — 01 (D)) gi (i (t — vij (1))

j=11=1

=& (Wt — oi; ON& Wit — vij (1))

n n

+2° > Bijn)( / hiji(u)gj(@;(t — w)du / kij1 ) g1yt — u))du
j=11=1
- /0 hiji(u)g; (Wt — w)du /O kiﬂ(u)gz(wz(t—u))du)]

1 1
—¢i(t) / e~ Js cidu [ci (s) (¢} (m) — ' (m))dm

s—p(s)

+ > aij($)(gj(@(s — 1ij () — g (Yj (s — 7ij ()

=1

+> by (s)/o dij()(g($ (s — w) — g; (Y (s — w)du
j=1

> i) (s — 01 ()@@ (s — vij(5))

j=11=1

—8j(Wj(s —aij(s))g1 (Wi (s — i (5))))
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IA

IA

+ZZﬂ,ﬂ(s>(/ i (g (65 (s — w)du /0 Kt 0811 (5 — w)du

j=11=1
—/0 hiji(u)g;(Yj(s —u))du/O kiji(u)gi (Y (s —u))du)]ds

— ) S eI g g a0) — i)

Ix<t

d.
{ pt ¢ — Mw+2a,,Lg||¢ w||oo+2b,,nL§||¢—x/f||w

j=1

+ Z Z&i_ﬂ 18 (@t — 01 ))& (P (1 — vij (1))

j=11=1
—8j(Wj(s — i (1)) g (1t — vij(1)))
+gj(1/fj(t —0i;(ON&I (@1t —vij (1)) — g (W (t — 01 (1)) g1 (Y1 (t — vij(1)))]

+22ﬂ,ﬂ| / hiji()g (@ (t — u)du / kiji () g1 (@ (1 — u))du

j=11=1

- /0 it ) (03 (¢ — w))du /O kijt (081 @1t — w)du
+ /0 hijt (g (0t — w))du /O kijt (g1 (1t — w)du

_ /0 hiji ()8 (W (t — u)du /0 kiji g1 (Y (t — "W“']
” n
+C,'+ /700 e—(tfx)c,‘* |:Ci+p+ I ¢/ _ W/ lloo +ZEUL§ l¢—v lleo

dt
Zb,, iLg I¢—v oo +Z Zaung, (7 (s — 01 ())& (1 (s — vij(5))

j=11=1
—gj (% (s =07 ())& (i (s — ij(s)))
+gj (Wj (s —0ij ())& (r(s —vij () — g (Wj(s — i ())& (Y1 (s — vij(s)))|

S / hiji (g (65 (s — w)du / kit (0811 (5 — 1)du

j=11=1

—/0 hijiu)gj(Yj(s — M))du/o kiji(u)gi(pi(s — u))du

+/0 hiji(u)g;(Yj(s — u))du/O kiji(u)gi(pi(s — u))du

- /0 hiji(u)g; (W (s — u))du /0 kiji () gr (Y (s — u))du|] ds
e D e T (i (1)) — I (Wi ()]

<t

n no d+
[c?f 16" =¥ lloo + D@L 11 ¢ — ¥ lloo +Zb,-,#L§ ¢ = lloo
j=1 j=1

n n
> @M+ MELE) | ¢ — ¥ lloo

j=11=1
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n n
hlj[ kz

+zzﬂlﬂ

j=11=1

. ”(LgM,+Mng) ¢ — x/f|oo}

t
o e GO P e
J =00
.

d
+Zal,Lé ¢ — w||oo+2b,, L9 =V o

+ZZa,-,-z(L§Mf +MELE) 11 ¢ — ¥ lloo
j=11=1
+ g+

hil k;
+Zz;3,ﬂ ijl ljl(L&Ml +MAL<S) ”(z) 1/"00} s

j=11=1 "Th

e DT THEL ¢ = o

<t
o e

n
— T8N 878
S S ML)

j=11=1

n n
hlj[ kz

+zzﬂlﬂ

j=11=1

I P
1 — e ¢ix £

11 (Lng _’_Mng)} +
Nh

wherei =1, 2, ..., n. It follows that

Iy =Ty lesqlé—vlE

where

d
q—lnglafnmax[{c;l C+p++za,,L Yy oz 43 S a Mg + MiL)
j=1 j=11=1

+

l/l ul Ly C;
S5 e | v ) (1)

j=11=1 Cix

n no d+ n n
ot DA+ Yy LSS a4 ML)
j=1 j=l1 j=11=1

+
zjl l]l g g8 c; Ly
+;;ﬂm (L] M+ MSLY) +1_’?]]<1
It is clear that the mapping I” is a contraction. Therefore the mapping I” possesses a unique
fixed point z* € B, T(z*) = z*. By (7), z* satisfies (1). So z* is a piecewise differentiable
pseudo almost periodic solution of system (1) in the region B. The proof is now complete. O

Remark 4 To the best of our knowledge, there have been no results of piecewise pseudo-
almost periodic solutions for impulsive high-order Hopfield neural networks with time-
varying coefficients, mixed delays and leakage until now. Hence, the obtained results are
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essentially new and the investigation methods used in this paper can also be applied to study
the piecewise pseudo-almost periodic solutions for general Hopfield neural networks and for
some other types of neural networks.

3 Exponential stability of piecewise differentiable pseudo almost periodic
solution

To study the exponential stability of (1), we need the following lemma and notations. So, for
a continuous function « (.), we denote k() = sup |k (s)],
1—T<s=<t

Lemma9 Let 7 > 0 be a given real constant. Assume that p(t) and q;(t)(i = 1,2) be
continuous functions on [0, +00), k(s) be nonnegative function on [0, +00) and satisfies
that f0+°° k(s)ds < k and f0+°° k(s)etds < +oo for positive constant .

Moreover, assume that there exist positive constants n and M such that

() —qi(t) —kq2(t) =2n>0,0=<q1(t) <M, 0<q(t) <M, vVt >0,

then

+00
A= inf (A >0, % — p(t)+q1 (1)’ + qz(t)/ k(s)e*ds = 0] > 0.
> 0

Proof Consider the following equation:

+00
GO =1—p®) +qi)e*" + g2 (1) / k(s)e*ds. (6)
0
Because
G(0) = —p(@) + q1(t) + kq2(r) <0,
G AT oo As
— =14q1(®)te"" 4+ q2(t) k(s)se™ds >0
di 0
and G (4-00) > 0, we follow that G (1) is a strictly monotone increasing function.
Therefore, for any ¢ > 0, there is a unique positive A(¢) such that

+oo
A1) = p) + 1 ()T + g2 (1) / k(s)e*3ds = 0.
0
Moreover, A* exists and A* > 0.
Now, we will prove A* > 0. Suppose this is not true. Pick ¢ € (0, u) such that ¢ <
3, %ln(l—i—ﬁ)}and f0+oo k(s)e“*ds < k++1;. Thenthereexistt* > Osuchthat A*(1*) < e
and
* * JFOO * *
M) — p(t*) 4+ q1 (%) T 4 qz(t*)/ k(s)e* T ds = 0.
0
Now we have
* * +oo * *
0= 2*(t*) = p(t*) + q1 (1) +q2(t*)/ k(s)eh "V ds
0

+00
<A — p(t*) 4+ qi ()t T 4 go (1) / k(s)e*ds
0
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<e= )+ (1450 ) + 020" (k+51)

M IM
= —(p) —q1(t%) — kqa(t t 1)) — )k + —
<3 (P™) = q1 (1) = kg2 (1) + (q1 (1) + ga( ))3M)+£12( AUREYV:
U 2n
4 —
<3773
which is a contradiction. Hence, A* > 0. The proof of this lemma is completed. O

Then we have

Lemma 10 Assume that (HI)-(H6) hold and there exist nonnegative vector functions

Vi), ..., Vu)T and (W1(1), ..., Wo())T € PC([—p™T, 01, R"), where Vi(t) is con-

tinuous at t # ty(k € N*), such that

t— n

Wi(s)ds + D laij(OILEV (1)
j=1

DVi™) = —Ci(t)Vi(t_)—l-Ci(t)/

m—p@7)

+ > Ibij ()] /0 \dij )| LSV (™ — w)du

j=1

+ 2D i OILEV ;M + MELFV (7))
j=11=1
n n 00 kfl
+> D B0 [/0 hiji )| LSV (6™ — w)du ni M

j=li=1

hiy e
+TL M / Ikiji I LF Vit~ — wydu |, ™
©JO

+ n
Wit™) < ;O Vie™) +ci(0) WiGs)ds + > lai(OILEV ()

F_pa+
tt—p(t) j=1

+ 201 [l @ILV 6~ wd

j=1
n n - o
+ D i OILEV jHMF + MELFVI())
j=11=1
n n 00 k+l
+ D 1B @) [/ |hiji @I LEV; (T — wydu—= M
j=11=1 0 Nk
hiJ;l g [ &y (++
+ Mj/ kiji )Ly Vi(t™ —u)du |, (®)
Nh 0
Vi) < Livie) )
fort >0,i =1,2,...,nandk € N*. Thenforallt > 0andi = 1,2, ..., n, there exists
a positive constant M such that
n
Vi(t) < MY max{V;(0), W;(0)}e ", (10)

=1
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where M* is defined, respectively, as

A* = min{A}, k*|z =1,2,...,n}, (11)

= inf 12:() > 0, k(t)—c,(t)+ +pterDe” +z |a (0| L8eM0T

Z” by ) / i 0| LS du

Jj= 1

n n
Pj Pl g, g
+ZZIal,z<r)|[ Pipemg + MéLé] Mo
11=1 pi
J=
+

k;
+Zzlﬁuz(t)l[p ’ /0 |hiji )| LS e " du ’f’

j=11=1

h [e9)
i Mg/ |k,~jl(u)|Lfe)‘(’)“du:| :o] >0, (12)
0

Pi NMh

n
—; 4o ) ot ot A0t 8 M)t
= inf YA > 0. —gi +ci(Opi +qic]pTe 9774 pilaij (@)L

j=1
+Zp,|b,,(t)|/ Idu(u)ng MOu g,
j=1
+ZZ lotiji (1)1 [ij’jMf + leleg] (0 tan
j=11=1
1
+Zz|ﬂljl(t)| |:P// |hijl(u)|L§e)‘(t)”duileg
j=11=1 e
h+l 00
e, Mg/ Ikiji )| L e*du | =0 >0, (13)
Nh 0

Proof By the similar analysis in Lemma 9, we can deduce that 1} and A* exist uniquely and
AF >0, A* > 0. Consequently, A* > 0.
Choose a pos1t1ve constant 6 such that
min{p;, g;li =1,2,...,n}6 > 1.

Let

1

@,-(t):max[ Vi(1), W(t)] =1,2,...,n,
Di

l i

) =0 Z max{V;(0), W;(0)}e*". (14)
=1

Then for all t € (—o0,0] and y > 1, we have

YW (t) = y0 > max{V(0), W (0)}e " > &;(t). (15)
I=1
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Then
Di(t) <y¥(), t€[0,00),i=1,2,...,n. (16)
For the sake of contradiction, assume that there existi € {1,2,...,n}and f > 0 such that
() = yW @), (1) < yW (), for 10,0, e{l,2,....n} (17)

The we have the following
@ (1/p)V;(@") > y¥ (7) then we have the following subcases.
(i) 7 # ., tr €€ N*. So V;(¢) is continuous at ¢. By 17, we have

1 _ _ 1 _ _
— Vi) =y¥ (@), —D7Vi(1) > y¥'(1) (18)
Pi Pi
From (H6), (17) and the definition of A*, we have

| O _ _

—D7V; () —y¥'(1) < —ci()y¥ (1)

i

—a(r)/ ym)ds+Z—|at,(t>|LéytI/<f—r)
+Z%|bi,-(f)|/0 \dij )| Ly ¥ (F — u)du

1
+ZZ|aU,(z)| [”’ LEM] + i Mng:Iy'J/(t—‘L')

j=11=1

k)
+ZZIﬂuz(r)l[ / hijt | LSy W (= wdu—2 M
j=11=1 Nk
Lo

h+ 00 B _
o Mg/0 kiji|LFy W (tf — w)du | + 1*y W (1)
1

<yW(z)(A*—c,(r)+Z’ ot +Z”’ Jaij ()| L8eX
j= l

Z |b,,(r>| / \dij ()| LS e* " du

Pj Pl *
+ZZ|a,,z(z)|[ Srimf + Mng] re

j=11=1

k+
+ZZ|5111(1‘)| |: /0 |hz/l(u)|L‘S WU gy r;i]

j=11=1

i o0 .

2 Mg/ lkiji )| L e* “du |) <0, (19)
pl Nh 0

which is a contradiction with (18).
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(ii) There exists kg € N* such that r = . By (17), we have

1 _ |
— Vi) <y¥@) < —Vi(t"). (20)
i pi
Noting --V; (7 ™) # ]j—iv,-(#), we have 2L V;(i7) < yW (@) or y¥ (D) < iv,-(?*). Without
loss of generality, we assume that y ¥ (¢) < i Vi (?Jr). from (9) and (20) we get that

y¥ () < ivi(?ﬂ <yLi¥ (). 1)
o

1

Simplifying (21), we obtain L; > 1, which contradict that L; < 1.
If (I) does not hold, then
uy

1 _ 1 1
—Wi (") = y¥ (D). ;W/(t) <y¥(@), ;Wj(t) Zy¥(),
J J

1

fort € [0,7), j € {1,2,...,n). (22)

Then from (8) and (H6) we have

o+ n
0< =Wi@)+a@ViEH) +e™) / | Wi)ds + 3l OILFV )
T —p@t) i
j=1
n 00
+ > 1bijh) /0 \dij )| LV (T = w)du
Jj=1
n n - o
+ 20 D MO [ LV, EME + MELEVIE) |
j=11=1
S + * gy .7t kiJ;l g
+ > 1B Wi ILGV; @ —wdu— =M,
j=11=1

h;;l g * gy 7+
+EMJ'/ ki1 @ILf Vi@ — u)du
0

n

— * o+ o *

< yUD(=gi +ciOpi +qicy pTe? + D pilaij )L T
j=1

n [}
+Zp,~|bl~,~(r+)|/o \dij )| LS e* " du
j=1

n n
+ZZ loviju (1) [ijffMlg + lefo] oA tan
j=11=l

n n i k+l

+ 20 2 i)l [pj / Ihiji @ LS du~" M

j=11=1 0 Nk
+

ht % X
+p n”’ Mf/ lkiji ()| L} e* “du:|) <0 (23)
h 0
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which is a contradiction. From (I) and (II), (16) holds. Letting ¥ — 1% in (16), we have
Di(t) <yw¥(t), te€l0,00), i=1,2,...,n. 24)

So %Vi(t) <Y()foralt e [0,00),i=1,2,...,n. Let L = 1max {pi0} then for t > 0
i <i<n

andi =1,2,...,n, we have

Vi(t) < L max{V,(0), Wi(0)}e ", (25)
=1

The proof is complete. O

Theorem 4 Assume that (HI)-(H6) hold, then the unique piecewise differentiable pseudo
almost periodic solution of system (1) is globally exponentially stable.

Proof 1t follows from Theorem 3 that system (1) has at least one piecewise differentiable
pseudo almost periodic solution x*(¢) = (x{(t),...,x; ()T e B with initial value ¢*(¢).
Let x(t) = (x1 (1), ..., xx(1))T be an arbitrary solution of system (1) with initial value ¢ (¢).
Let V; (1) = |x; (1) — x} ()|, Wi (1) = |x{(z) — xl.*/(t)| fort € RT, andi =1...n, Then,

= n
DTVi(t7) < —ci(OVi(t™) + (D) Wi(s)ds + D laij(OILEV (1)
1=—p@7) j=1

—l—ZIbij(t)l/O |dij )|LEV; (7 — u)du
j=1

+ D7D e OILEV ;T IME + MELEV (7))

j=11=1
n n +
> gy kiji g
+ D 1B @) |hiji @) LEV; (1~ — wydu—L M
i 0 Nk
hiy o
+—’M’?’/ Ikijt L Vit~ = wydu |, (26)
mo 7o
t+ n
With) < iVt + ci(t) Wi(s)ds + D laij(tHILEV ()
tt—p@™) !

Jj=1

+Z|bl~,-<r)|/0 \dij )| LV F — w)du

j=1

n n
+ 2D Mg OILEV ;M + MELFV (7))
j=11=1

n n 00 kﬁl
+ 2D 1B [/0 hiji)ILE V(= u)duﬁMf

j=li=1

il 0
+77:le/ lkiji )| LF Vet — w)du |, 27
0

@ Springer



Piecewise Pseudo Almost Periodic Solution... 643

By (9) and (HS) we have
Vi) < LVith), with Ly < 1. (28)
By (26)—(28), (H1)—-(H6) and Lemma 10, there exists a positive constant M such that
n
Vi(t) < M D max{V,(0), W, (0)}e ", (29)
=1
where A* is defined in (11). O

4 Application

Example 1 Consider the following impulsive High-order Hopfield Neural Networks with
time-varying coefficients, continuously distributed delays and leakage:

( 2
x[(t) = —ci()xi(t — p(t) + 2 a;j(t)g;(x;(t — (1))
j=1
2
+ Z bij (1) fo° dij(w)gj(x;(t — u))du

2

Z Z a;ji(t)g(xj(t — oy (1)) g (xp (t — v;j (1)) (30)
S
Z Z Biji(®) Jo© hiji(u)g;(xj(t —w)du [3° kiji(u) g (xi(t — u))du

+I(t) teR, t £2k, keZ
| Axi(t) = % (67) — xi(t7) = Le(x; (1))

where

.2
o) = (4+sm )

4+C082(t)) = cl =0 =4,

forallt e R
g1(t) = go(t) =sint = L = L = M{ = M5 =1,

1 .
7 (t) = 03;(t) = v;j(t) = p(t) = %Icosll, fori, j € {1,2}

+ hfl
dij () = hiji(t) =kiji() =e " = L = L
Nd Mh
k+
= _ 1, fori,j,1e€{l1,2}
Nk

(Axl(Zk)) B ( 0x1(2k) + 5 0 Sin(x1(20)) + 5 )
Axa(2k) )\ —g5x2(2k) + g5 cos(x2(2K)) + 35

. 0.02sin ¢ 0.03cost 0.02 0.03
a®) =\ 0.03coss + 008 0,01 cos /2 0.040.01 )"

0.01
b(t):( 0.02cos t + {20 0.02sin ¢ ) 52(0,03 o,oz)’

0.01cos /21 + 22 0.02sint + 2% 0.02 0.03
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0004cost+—° 0 0.05
(rji)<ji<2 = ( ) = (@1jdi<ji<2 = (0 0 )

0006smr+—° 00.07
(wji)i<ji<2 = ( 1+ )=>(04211)1<11<2 (0 0 )

ooossmz+—0 — 0 0.06
(Brji)n<ji<2 =( )=> Brjdi<ji<e = (0 0 )

0 0. 4cost +
(Boji)1<ji<2 = (

0
= (Boj)1<ji<2 = (0
0. 9smft +

l+12 : .
0.8cost ) ( )
Then
Ji \=
max max 1+—)J;; =2.0250 =L
1<i<n C,'* Cix

2 2

1(t)

2 2
p = max max [ e p* +Zalj Z u Lg Z:ZEWL?Mlg

j=1 j=1

Ly +
+ZZﬂul lﬂ llegMg]+1_e Ll*},{(l'i'cl )[c+p++2a”

J
= Nh Mk Cix =
2 + 2 2
DX IS DY,
=1 j=11=1
2 2 + .+
h' k: ctrL
- 1 ! 1
+ 23 B B M+
; Mk e=cis
j=11=1
=0.6712 < 1.
2 d+
_ 1| + + Tijrg
T |G P +Z“” Z} i, L
/:
2 2
- 8as8 8r8
+ D @ (LM + MELY)
j=11=1
2 2 +[ +l Ll
3. il Tl g gr8
+>° > Bii M ML) |+

l Z
+ZZ,3,,I hijt Ky (LgM, +MELE)

j=11=1
=09412 < 1.

1 — e‘cl*

C.+ 2 + 2 2
(1+c{) c+p++za” ZZ: 7; Z::ga,i,l(LﬁMf
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0.4

02}
0F
-0.2}

N
-0.4]
-0.6}

-0.8}

_1 Il
-04 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

Fig. 1 The orbit of X1 — X2 for the system

10

X1 -
050 Time (t)

Fig. 2 The phase system for the system

Let p; = p» = 1 and q;1 = g2 = 10, from the above assumption, the (H6) is satisfied.
Therefore, all conditions from Theorems 3 and 4 are satisfied, then the delayed impulsive
high order Hopfield neural network with leakage of Examplel has a unique piecewise dif-
ferentiable pseudo almost-periodic solution (Figs. 1, 2, 3).

Examplel without leakage:

2
x[(t) = —ci(DHx; (1) + Zlaij(t)gj(xj(t — 1 (1))

J
2
+ 3 by (0) 5 di g (et — w))du
=
2 2
+ Zl zzi aiji()gj(xj(t —oij ())& (x(t — vij (1)) (€29)
j=1l=
2 2

+> [ZI Biji(®) fo° hijiu)gj(xj(t — w)du [3° kiji(u)g(xi(t — u))du
j=ti=
Y L), (€R 1 £2% kel

Axi (1) = xi (67 — xi (1) = I (xi ()
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1.5 -
X1
X2
1k
0.5
X
0
-0.5
-1 i i i i j
0 10 20 30 40 50

Time (1)
Fig. 3 Transient response of state variables X1 and X2 for the system

0.4

-04 -0.2 0 0.2 0.4 0.6 0.8 1 1.2
X1

Fig. 4 The orbit of X1-X2 for the system without leakage

30 40

0 o X

X1 -05 0 Time (t)

Fig. 5 The phase system for the system without leakage

The example considered here is a special case of Example 1. Simulation results are
depicted in Figure 4, Figure 5 and Figure 6. If the leakage delays are not small enough they
can have a destabilizing influence on the system leading to delay induced instability and

oscillations and even periodicity.
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151
X1
X2
11
0.5
X
0
-0.5
_1 i i i i i
0 10 20 30 40 50

Time (t)

Fig. 6 Transient response of state variables X1 and X2 for the system without leakage

5 Conclusion

A class of impulsive high order neural networks described with mixed delays is considered.
By means of fixed point theorem, Lyapunov functional method and differential inequality
techniques, criteria on existence and global exponential stability of piecewise differentiable
pseudo almost periodic solution for model (1) are derived. Many adjustable parameters are
introduced in criteria to provide flexibility for the design and analysis of the system.The
results of this paper are new and they supplement previously known results. An example is
given to illustrate the results.
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