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Abstract This paper is concerned with the existence of pseudo almost periodic solutions
for shunting inhibitory cellular neural networks with leakage delays and complex deviating
arguments. Applying the contraction mapping fixed point theorem and inequality techniques,
some sufficient conditions are presented to ensure the existence of pseudo almost periodic
solutions of this model, which are new and supplement some previously known ones.
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1 Introduction

In the last two decades, a leakage delay, which is the time delay in the leakage term of the
neural networks systems and a considerable factor affecting dynamics for the worse in the
systems, is being put to use in the problem of stability for neural networks (see [1-5]). Such
time delays in the leakage term are difficult to handle but has great impact on the dynamical
behavior of shunting inhibitory cellular neural networks (SICNNs). Therefore, people have
paid much attention to the problem on almost periodic solutions and pseudo almost periodic
solutions for SICNNs with leakage delays because of its successful applications in variety
of areas such as psychophysics, speech, perception, robotics, adaptive pattern recognition,
vision, and image processing (see [6—8] and the references therein).

On the other hand, over the past several years it has become apparent that functional
differential equations with state-dependent delays arise in several areas such as in classical
electrodynamics [9], in population models [10], in models of commodity price fluctuations
[11], in models of blood cell productions [12—15], and in models of bidirectional associative
memory networks (BAMs) and cellular neural networks (CNNs) [16,17]. For more infor-
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mation about BAMs, CNNs and other functional differential equations with state-dependent
delays, we refer the reader to [18] and the references therein. It is well known that the CNNs
with complex deviating arguments is a special type of state-dependent delay-differential equa-
tions. Recently, sufficient conditions for the existence of periodic solutions of continuous-time
CNNs and discrete-time CNNs with complex deviating arguments have been obtained in
[19,20]. However, to the best of our knowledge, there is no result on the existence of almost
periodic solutions and pseudo almost periodic solutions of SICNNs with complex deviating
arguments.

Motivated by the above discussions, in this paper, we will consider the existence of pseudo
almost periodic solutions for the following SICNNs with leakage delays and complex devi-
ating arguments:

X[ = —aij(Oxij(t =0y 0) = D CH@)f Con Gera (0))xij (1) + Lij (1), (1.1)

Cr €Ny, )

where ij € J :={11,...,1n, 21,...,2n,..., ml,...,mn}, C;; denotes the cell at the
(i, j) position of the lattice. The r-neighborhood N, (7, j) of C;; is given as

N:(i, j) ={Cx :max(lk —il, |l = j]) <r,1 <k <m,1 <[ <n},

x;j is the activity of the cell C;j, L;;(¢) is the external input to C;;, the function a;;(z) > 0
represents the passive decay rate of the cell activity, ijl(t) is the connection or coupling
strength of postsynaptic activity of the cell transmitted to the cell C;;, and the activity function
f () is a continuous function representing the output or firing rate of the cell Cy;, and n;; (1) >
0 corresponds to the leakage delay.

For convenience, we denote by R*(R = R!) the set of all :(—dimensional real vectors (real
numbers). We will use

{xij(t)} = @x11@), .., x10 @), - xi1(@)s o Xin (@), o X1 (), e, X (7)) € R™",

For any x(¢) = {x;;(#)} € R™ ", we let |x| denote the absolute-value vector given by

|x] = {|x;;1}, and define [lx(¢)| = majc{lxij ()|}. A matrix or vector A > 0 means that all
ije

entries of A are greater than or equal to zero. A > 0 can be defined similarly. For matrices or
vectors A1 and Ay, A1 > Aj (resp. A1 > Ap) means that A| — Ay > 0 (resp. Aj — Ay > 0).
Let BC(R, R™*™) be the set of all bounded and continuous functions from R to R™*",
and BUC (R, R™*™) be the set of all bounded and uniformly continuous functions from R to
R™*" Clearly, (BC (R, R™ ™), |- |ls) is @ Banach space, where || - || o denotes the supremum

norm || f|leo := sup || f(¢)||. Given a bounded and continuous function / defined on R, let
teR

h™T and h~ be defined as

h™ =sup|h(@t)|, h~ =inf |h(t)|.
teR 1eR

We also make the following assumptions.
(81) there exist constants My and L/ such that

|f(u)—f(v)|§Lf|u—v|, |f(w) <My, forallu,veR.
(S,) there exist positive constants « and ¢ such that
1 a;; 1 a
0<k <L, rnax[—_Eij, 1+ — Eij]SK, max[—_Fij, 1+ — F,-j] <1,
ijel aij aij ijel aij aij

@ Springer



Pseudo Almost Periodic Solutions for SICNNs with Leakage... 377

and
af +afni+ D CHTW e+ +1FOD |+ L)+ L+ <),
CueNr (i, j)
where
Ej=|aini+ D CHTW k+L)+IfOD|k+L), ijel,
CrEN: . ))
Fj=afnti+ > CHYMp+LI0+0k+1L), ijel,
CreNy (i, ))
and

t t
L = max [ max{sup / e s “"f(l’)dl’Lij(S) ds
—00

ijeJ | reRr

|

r
Lij(t) — aij(t) / e~ baiwdip, (s)ds
—0o0

|

The paper is organized as follows. Section 2 includes some lemmas and definitions, which
can be used to check the existence of pseudo almost periodic solutions of (1.1). In Sect. 3,
we present some new sufficient conditions for the existence of the continuously differen-
tiable pseudo almost periodic solution of (1.1). At last, an example is given to illustrate the
effectiveness of the obtained results.

max’sup
ijeJ | reR

> 0.

2 Preliminary Results

In this section, we shall first recall some basic definitions, lemmas which are used in what
follows.

Definition 2.1 (see [21,22]). Let u(¢t) € BC(R, RW"). u(t) is said to be almost periodic on
Rif, forany ¢ > 0, the set T'(u, &) = {6 : |lu(t +8) —u(?)|| < ¢ forall ¢ € R} is relatively
dense, i.e., for any ¢ > 0, it is possible to find a real number / = [/(¢) > 0 with the property
that, for any interval with length /(¢), there exists a number § = §(¢) in this interval such
that ||u(t +§) —u(t)|| < e, forall r € R.

We denote by AP (R, R™*") the set of the almost periodic functions from R to R™*",
Besides, the concept of pseudo almost periodicity was introduced by C. Zhang in the early
nineties of 20 centuries. It is a natural generalization of the classical almost periodicity.
Precisely, define the class of functions PAPy(R, R™*") as follows:

1 T
BCR,R™™)| I — ) dt=01.
[gE C(R, )ITiTsz/_Tlg()l 0]

A function ¢ € BC(R, R™*") is called pseudo almost periodic if it can be expressed as
p=h+g,

where h € AP(R, R™*™) and g € PAPy(R, R™*"). The collection of such functions will be

denoted by PAP(R, R™*"). The functions /& and g in above definition are respectively called
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the almost periodic component and the ergodic perturbation of the pseudo almost periodic
function ¢.

It will be assumed that a;; : R — (0 + 00) is an almost periodic function, n;; : R —
[0 +o00) and L;;, Cikj[ : R — R are pseudo almost periodic functions, where ij, kl € J.
later.

Lemma 2.1 (see [8, Lemma 2.2]). Let Z = {f|f, f' € PAP(R, R™"*")} be equipped with
the induced norm defined by

I fllz = max{|| flloo, I f'[loc} = max [SUP Il f ()]l sup IIf’(t)II] .
teR teR

Then, Z is a Banach space.
Let

BY = {gplp € PAPR,R™"), A{lg;;j(t1) — ¢ij()|} < {¢|ti —tal}, forall 1,1, € R},

and

1
B* = [‘P’”SO“POHZ <k, @ GZ], where @y = [/

ek “i/(w)deij (s) ds] .
—00

Lemma 2.2 BY is a closed subset of PAP(R, R™X").

Proof Suppose that {x p};iﬁ C B¢ satisfies

lim_flx, = glloo = 0. @.1)

Obviously, ¢ € PAP(R, R™*"). We next show that
{lgij(t) — @ij ()]} < {¢]ti — 12|}, forall t, € R. (2.2)

Let #1, 1 € R, for any ¢ > 0, from (2.1), we can choose p > 0 such that

£
lxp — @lloc < 3 (2.3)

Since x,, € B¢, we obtain
lxp(11) = xp(02)| < (Sl — 02},
which, together with (2.3), implies that
lp(t1) — @(@)] < lot1) — xp()] + |xp(t1) — xp @) + |xp(12) — @(12)]
< {e+¢|t — 2} 2.4)

Letting & — 0, (2.4) provides the fact that (2.2) is true. Hence, B is a closed subset of
PAP(R, R™*™). This completes the proof of Lemma 2.2. O

Definition 2.2 (see [21,22]). Let x € R" and Q(¢) be a ¢ x ¢ continuous matrix defined on
R. The linear system

x'(t) = Q(1)x(1) 2.5)

is said to admit an exponential dichotomy on R if there exist positive constants k, o, projection
P and the fundamental solution matrix X (¢) of (2.5) satisfying

IX(OPX ()| < ke @ fort > s,
1X@) (I — P)X '(s)|| < ke 67D forr <s.

@ Springer



Pseudo Almost Periodic Solutions for SICNNs with Leakage... 379

Lemma 2.3 (see [21]) Assume that Q(t) is an almost periodic matrix function and g(t) €
PAP(R, RY). If the linear system (2.5) admits an exponential dichotomy, then pseudo almost
periodic system

x'(1) = Q()x (1) + g (1) (2.6)
has a unique pseudo almost periodic solution x(t), and
t +o0
x(t) = / X PX 1 (s)g(s) ds —/ X()(I — P)X 1 (s)g(s) ds. 2.7
0o t

Lemma 2.4 (see [21,22])
Let ¢i(t) be an almost periodic function on R and

1 t+T
Mlci]= lim — ci(s)yds >0, i=1,2,...,t.
T—>+oo T J;

Then the linear system

x'(t) = diag (—c1 (t), —c2(), ..., —c ())x(t)

admits an exponential dichotomy on R.

3 Existence of Pseudo Almost Periodic Solutions

In this section, we establish sufficient conditions on the existence of pseudo almost periodic
solutions of (1.1).

Theorem 3.1 Let (S1) and (S2) hold. Then there exists a unique pseudo almost periodic
solution of equation (1.1) in the region B = B* [ B*.

Proof 1t follows from Lemmas 2.1 and 2.2 that B is a closed subset of Z. Let ¢ € B.
Obviously, the boundedness of <p’ and (S1) imply that f and ¢;; are uniformly continuous
functions on R forij € J. Set f(t z) = ¢;j(t —2)(ij € J). By Theorem 5.3 in [21, p. 58]
and Definition 5.7 in [21, p. 59], we can obtain that f € PAP(R x ) and f is continuous
in z € K and uniformly in # € R for all compact subset K of 2 C R. This, together with
nij € PAP(R, R) and Theorem 5.11 in [21, p. 60], implies that

@ij(t —n;j(t)) € PAPR,R), ij € J.
From Corollary 5.4 in [21, p. 58], we have

S(ij(pij (1)) € PAPR,R), ij € J,
which, together with the fact that ¢;; (r — n;;(t)) € PAP(R, R), implies

t

a;j(t) i () ds = a;j()gij (1) — aij()gij(t — nij (1)) € PAP(R,R), ij € J,
1—1;j (1)

and

— D> CHOf@ulpun®)gij () + Lij(t) € PAP[R,R), ij € J.
CreNy (i, ))
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For any ¢ € B, we consider the pseudo almost periodic solution x¥ () of nonlinear pseudo
almost periodic differential equations

t
X[ (1) = —aij ()i (1) + aij (1) i;(s) ds
1—n;;(1)

- D> O feulpn®Nei ) + L), ijed. (3D
CueNr (i, J)

Then, notice that M([a;;] > 0, ij € J, it follows from Lemma 2.4 that the linear system
xi;(1) = —aij(Ox;;(0), ij €, (3.2)

admits an exponential dichotomy on R. Thus, by Lemma 2.3, we obtain that the system (3.1)
has exactly one pseudo almost periodic solution:

x4 () = {xf;(0)}

t s
_ [/ - fSt a;j(u) du I:aij(s) (pl/](u) du
—00

s—1ij(s)
— D CHOpulpu()eij(s) + Lij(s)] ds]. (33)
Cr €N (i, )
Let
1
Wi (1) = a;; (1) 90,{,-(5) ds
t—n;; (1)

- > CHOF@ulou®))eij (1) + Lij(t), ij € J.
Cr €Ny (i, J)

Then, {¥;;} € PAP(R, R"*"), and Lemmas 2.3 and 2.4 imply that
x{ (1) = —aij(0)xij (1) + Vi (1), ij € J,

has exactly one pseudo almost periodic solution

t
[ / el deg,, (s)ds] € PAP(R, R, (3.4)

—00
Then, {W¥;;} € PAP(R, R™>*") and (3.3) imply that
(x?(1) = {W;;(t) — a;j(t)x¥ (1)} € PAP(R, R™*"). 3.5
Now, we define a mapping 7 : B — PAP(R, R™*") by setting
(Te)(t) =x*(t), Vg eB.

First we show that forany ¢ € B, Ty = x¥ € B.
If ¢ € B, then

L =llgollz. llellz < ll¢ —¢ollz + llgollz <« + L. (3.6)
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Note that

[(T) () — @o(0)]

t N
_ H/ e—j; ajj(u) du |:aij(5) (pl{j(u) du
—00 s=nij(s)

|

- > C,f;’(s).f(gau(qokz(s)))w,,<s>]ds

CrieNy (i, )

t j "
a au
< [[w " [ aintlelz

+ > Ckl+(|f((ﬂkl((ﬂkl(s)))_f(0)|+|f(0)|)||¢||z:|ds]

CrieN,(i,j)

1 .
[,[,,n,ﬁ > C"’+(Lf||<p||3+If(0)|)}||<plll]

CreNy (i, )

f[al,[,]n,]wL > ck’*(Lf<K+L>+|f<0)|>]<K+L>]
ij

Cr €Ny, )

and

I(Te)(®) = po(1))|

t
_ ( |:aij(t) @} (s) ds — Z C"’(t)f(wkz(fﬂkz(t)))wz, (t)]
1=nij (1) CreN;(i,))
t " S
—ajj (t)/ e~ s aij) du I:ﬂij (s) . ¢ij () du
—o0 s=nij(s

- > ck’(s)f«pkz(wkz(s)))ga,,(s)]ds

CueN: G, )) ]

af; .
< [(1 + a’)[ afnf+ >, CH W lelz + |f(0>|>]||¢||z]

ij Cri €N (i)

< ((1 T a’)[ agmi+ 2 O WD+ If(O)I)](K N L)].

ij CueNr(i,J)

It follows that

1 ag
1Te —golz SmaX[—_EU, 1+ L E,]]
@, j) a;; a..

ij
T ¢lloo = [ITY = @olloo + [lgolloe =« + L,
t

I(Te)(®)'| = H—aij(t)((Tw)(t))ij +aij (1) j;(s) ds

1= (1)

|

- > HOfulou )i ) + Lij(t)

CreNy (i, ))
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< [[ +a,,m,+ Z Ckz+(Lf(/<+L)+|f(0)|)](K+L)+Li+j]
Cu €Ny, ))
< {¢}, Vt eR, 3.7

and

[(Te)(t1) — (Te) ()| = (I((TP)(1)ij) li=ty+Atr—11) (1 = )} < {k|t1 — 2]}, (3.8)

where forall 1, € R, A € (0, 1), and t; + A(#p — t1) is the mean point in Lagrange’s
mean value theorem. Thus, (3.7) and (3.8) yield T¢ € B. So, the mapping T is a self-mapping
fromBtoB.

Second, we show that T is a contract operator.

In fact, in view of (3.3), (3.5), (S1) and (S»), for ¢, ¥ € B, we have

(Te)(@) = (Ty) (0]
= {[(To)(®) = (TY)(1))ij 1}

H/ a,,(u)du|:a i(s) ‘ (gal/j(u)—wllj(u)) du

s—n;j(s)

- > c,f,’(s)(f(gokz(wkz(s))m,-(s)—f(wmwkz(s)))wi,»(s))}ds

CrieN,(i,))

t
sl/ —J“W‘)"”[a*n lp — ¥z
—00

I z Ckl +(|f((/7kl(¢7kl(s)))||(pl'j(s) — wij )l

CreNy (i, j)

|

+ 1/ (@r(@ri ($))) — f ra (Wi ()i (S))I)]dS]

1
S‘;[ﬁn?}llw-%lz-ﬁ- > CH Ml —vlz

ij CreN; (i, ))

+ L7 (lorr (@11 (5)) — Vit @1 ()| 4 [ (@ra (5)) — lﬁkz(wkz(s))l)llllfllz)“

1 .
[ ,[ afni+ C’;-”(Mf+Lf<1+¢>||w||z)]||¢—vf||z]
4ij

CreNr(i, )
1
< [—_[ afnfi+ D CHYMy+ LI+ 0k + L))]nsa wnz]
ij ClEN, (i, j)
and

I(Te)@) = (Ty)(@®)|
={((Te)@) = (T 1}

_ [ ’

[aij Q) (¢ (s) = ¥i;(s)) ds
- D CHO (pulpu )i (1) — f(wklwkz(z)))wi,-(r)}

1—n;j(t)
CueN:(i,J)
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t ” s
_aij(t)[ o= [ aij ) du |:aij(s) (¢} () — ;) du

s—nij(s)

- > Cf}(s)(f(qpkl(wkz(s)))wj(s)—f<wkz(wk1<s))wi,~<s>]ds

CueNr(i,J) ]
at
< [(1 + —i)[ afnf+ D CHTMp+ LI+ + L))]Ilw 1/f||z]
ij CueN, (i j)
which yields

1 +

1T =Tz < max[fﬂ,, (1 + )F,,]ngo ¥liz.
aij a.

%) iy

+

It follows from ma;({a ijs (1 + Z%) Fij} < 1 that the mapping T : B — Bis a
ije ij ij

contraction mapping. Therefore, we obtain that the mapping 7 possesses a unique fixed

point
x* {x ) eZ, Tx*

By (3.1) and (3.3), x* satisfies (3.1). So (1.1) has at least one continuously differentiable
pseudo almost periodic solution x* in the region B. The proof of Theorem 3.1 is now com-
pleted. O

4 Example

In this section, we give an example to demonstrate the results obtained in previous sections.

Example 4.1 Consider the following SICNNs with leakage delays and complex deviating
arguments:

dx,-‘,-
yral —a;j (t)xij(t — i (1))
- D> OO () + Lij(), i, j=1,2,3. @)
CreNy (i, ))
Cay app aiz’] 113 Ci1 Crp Ci3 0.1 0.2 0.1
ay; a»y an | =13 1 3|, [ Cy Cxp Cxn| =102 0 02/, 4.2)
| a3 az azz | 313 C3y C32 C33 0.1 0.2 0.1
_ _ 2 2
ni N2 N3 sin? /31 + 1+t2 cos® /31 + 1§ 1+r2 sin? 21 + 1§ l+t2
mi M2 M3 | = 0.01| cos® /51 + 5 1+12 sin® v/51 + 1 1+;2 cos® 21 + 1 th .
L7311 m32 133 Sin?2 4 % cos?3r 4 0y sin® V20 4 0
4.3)
-2 1 2
L Ly Lis . 0.7 4 0.24sin* V21 — 17 0.41 +0.5cos’ 7 1
Lo Ly Loz | =3 0.61 +0.2cos*t — 7 0.67+02sin’s 1|. (44)
L31 L3z L33 0.59+04costr — L7 0.5+041sin’s 1
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Set
1
f(x)=5(|x—1|—|x+1|), k=05, ¢=4, r=1.
Clearly,
My =004, L;=004, > C=05,
Cr1eN1(3,3)

> ci-os Y chi-os Y ch-os Y ci-os,
CreNi(1,1) CreNi(1,2) CreNi(1,3) CreNi(2,1)

> =12, > =08 > =05 > =03,
CreN1(2,2) CreN1(2,3) CueNi(3,1) CreNi(3,2)

where ij € J = {11, 12,13, 21,22, 23,31, 32, 33}. Then,
t

/ ef-fst“"f(”)d”Lij(s) ds ],
—00

t
Lij (1) — aij (1) / e~ Baiwdng (s ds
—00

L = max [ max[sup
ijeJ | reRr

rpax[sup
ijeJ | reR

e

Eij = [a,-tn,-j + > it D+ |f<0)|)](x +1L) <0095, ijelJ,
CrieNy (i, ])
Fj=afnfi+ D CHYMp+ LI+ +1) <0289, ijel,
CreN; (i)

1 a;
05=«x <L =0.6, max[ Ej, |1+ — Eij]%0.23§/<,
@) au

1 a;;
max[ F,], l—l—% Fij]%0.59<1,
()] a;;

and

af +afni+ D CHTW e+ L +I1FOD | (c+ L)+ Lt <{3.8) <{¢).
CueN:(i,j)

It follows that system (4.1) satisfies all the conditions in Theorem 3.1 Hence, system (4.1)
has exactly one pseudo almost periodic solution in the region B = B¢ [ B*.

Example 4.2 Assume that (4.2) and (4.4) hold. Consider the following SICNNs with leakage
delays and complex deviating arguments:

dx;;
S h = a0 0) = D Cf G )xi ) + Lij (), i j=1,2
CrieNr (i, )
4.5)
where

|:7711 7712:| 1 Olsmt—FOl—i-lth2 Olcost—i—Ol-i-lth2

20 | 0.1cost+0.1+ 22 0.1sint+0.1+ 2

n21 N2 v

1+t2
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and

%tanhx, x <0,

f(x)=[ 1 (4.6)
splx =1 =[x+ 1)), x>0.

Recently, 0.1sinz + 0.1, 0.1 cost + 0.1 and (4.6) have been considered as leakage delays
and the activation function to simulate the practical neural network models in [29,30] and
[31], respectively. This means that system (4.5) is a practical neural network model. It is
straightforward to check that all assumptions needed in Theorem 3.1 are satisfied. Therefore,
system (4.5) has exactly one pseudo almost periodic solution in the region B = B% (] B*.

Remark 4.1 For all we know, there is no research on the existence of pseudo almost periodic
solutions to SICNNs with complex deviating arguments. We also mention that all results in
the references [6-8, 15-20,23,24] cannot be directly applied to imply the existence of pseudo
almost periodic solutions to (4.1) and (4.2). Here we present a novel proof to establish some
criteria to guarantee the existence of pseudo almost periodic solutions for SICNNs with
leakage delays and complex deviating arguments. This implies that the result of this paper is
essentially new.

Remark 4.2 Most recently, a typical time delay called as Leakage (or “forgetting”) delay
may exist in the negative feedback terms of the neural network system and it has a great
impact on the dynamic behaviors of delayed neural networks (See Gopalsamy [4] and Liu
[5]). Moreover, as pointed out by Ait Dads and Ezzinbi in [25], it would be of great interest
to study the dynamics of pseudo almost periodic systems with time delays. It is well known
that the SICNNs (1.1) with complex deviating arguments is a special type of state-dependent
delay differential equations and plays an important role in applications (see [18]). In this
paper, the existence of pseudo almost periodic solutions on a class of shunting inhibitory
cellular neural networks with leakage delays and complex deviating arguments has been
studied for the first time.

5 Conclusion

In this paper, a class of shunting inhibitory cellular neural networks systems with leakage
delays and complex deviating arguments have been studied. Under some appropriate condi-
tions, the existence of pseudo almost periodic solutions for this model has been established
by using the exponential dichotomy theory, contraction mapping fixed point theorem and
inequality analysis technique. Our results can be applied for some practical problems con-
cerning neural networks. Moreover, an example is given to illustrate the effectiveness of our
new results. In the real world, fuzzy theory is considered as a more suitable method for the
sake of taking vagueness into consideration (see [26-28]). Whether or not our results and
method in this paper are available for the existence of pseudo almost periodic solutions the
fuzzy SICNNs models, it is an interesting problem and we leave it as our work in the future.
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