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Abstract In this paper, based on the exponential dichotomy theory, contraction mapping
fixed point theorem and inequality analysis technique, we obtain some sufficient conditions
ensuring the existence and global exponential stability of pseudo almost periodic solutions
for a new generalized cellular neural network model with continuously distributed leakage
delays. Our results complement with some recent ones.Moreover, an illustrative example and
its numerical simulation are given to demonstrate the effectiveness of the obtained results.
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1 Introduction

In the last three decades, the dynamical behaviors of delayed cellular neural networks
(DCNNs) have receivedmuch attention due to their potential applications in associatedmem-
ory, parallel computing,pattern recognition, signal processing and optimization problems (see
[1–5]). In particular, a neural network usually has a spatial nature due to the presence of an
amount of parallel pathways of a variety of axon sizes and lengths, it is desired to model them
by introducing continuously distributed delays over a certain duration of time (see [6–8]).
Recently, a typical time delay called Leakage (or “forgetting”) delaymay exist in the negative
feedback terms of the neural network system, and these terms are variously known as for-
getting or leakage terms (see[9–13]). Consequently, the dynamic behaviors of cellular neural
networks with continuously distributed leakage delays have been extensively and intensively
studied. We refer the reader to [14–18] and the references cited therein.
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On the other hand, the variation of the environment plays an important role in the dynamics
of DCNNs. As pointed out in [19,20], periodically varying environment and almost periodi-
cally varying environment are foundations for the theory of nature selection. Compared with
periodic effects, almost periodic effects aremore frequent, andmany phenomena exhibit great
regularity with being pseudo almost periodic which allow complex repetitive phenomena to
be represented as an almost-periodic process plus an ergodic component. Therefore, many
researchers have focused their attention on the study of existence and stability of almost
periodic solutions and pseudo almost periodic solutions for DCNNs (see [21–25] and the
references cited therein). Most recently, Zhang [26] considered the following CNNs with
continuously distributed delays in leakage terms:

x ′
i (t) = −ci (t)

∞∫

0

hi (s)xi (t − s)ds +
n∑
j=1

ai j (t) f j (x j (t − τi j (t)))

+
n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (x j (t − u))du + Ii (t), i = 1, 2, . . . , n, (1.1)

in which n corresponds to the number of units in a neural network, xi (t) corresponds to the
state vector of the i th unit at the time t, ci (t) > 0 represents the rate with which the i th unit
will reset its potential to the resting state in isolation when disconnected from the network
and external inputs at the time t . ai j (t) and bi j (t) are the connection weights at the time
t, hi (s) ≥ 0, Ki j (u) and τi j (t) ≥ 0 denote the leakage delay kernel, transmission delay
kernel and transmission delay, respectively, and Ii (t) denotes the external inputs at time t .
f j and g j are activation functions of signal transmission, i, j = 1, 2, . . . , n.
By using Lyapunov functionalmethod and differential inequality techniques, in [26], it has

been established some sufficient conditions to guarantee that all solutions of (1.1) converge
exponentially to the almost periodic solution. Moreover, it is well known that the global
exponential exponential convergence behavior of solutions plays a key role in characterizing
the behavior of dynamical system since the exponential convergent rate can be unveiled
(see [27–30]). However, to the best of our knowledge, few authors have considered the
exponential convergence on the pseudo almost periodic solution for (1.1). Motivated by the
above discussions, in this paper, we shall establish the existence and uniqueness of pseudo
almost periodic solution of (1.1) by using the exponential dichotomy theory and contraction
mapping fixed point theorem. Meanwhile, we also shall give the conditions to guarantee that
all solutions and their derivatives of solutions for (1.1) converge exponentially to the pseudo
almost periodic solution and its derivative, respectively.

The initial conditions associated with system (1.1) are of the form

xi (s) = ϕi (s), x ′
i (s) = ϕ′

i (s), s ∈ (−∞, 0], i = 1, 2, . . . , n, (1.2)

where ϕi (·) and ϕ′
i (·) are real-valued bounded continuous functions defined on (−∞, 0].

In the following part of this paper, given a bounded continuous function g defined on R,
let g+ and g− be defined as

g+ = sup
t∈R

|g(t)|, g− = inf
t∈R |g(t)|.

For convenience, we denote by R
n(R = R

1) the set of all n−dimensional real vectors (real
numbers). We will use x = (x1, x2, . . . , xn)T ∈ R

n to denote a column vector, in which
the symbol (T ) denotes the transpose of a vector. We let |x | denote the absolute-value vector
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Pseudo Almost Periodic Solutions for CNNs 235

given by |x | = (|x1|, |x2|, . . . , |xn |)T , and define ‖x‖ = max
1≤i≤n

|xi |. A matrix or vector

A ≥ 0 means that all entries of A are greater than or equal to zero. A > 0 can be defined
similarly. For matrices or vectors A and B, A ≥ B (resp. A > B) means that A − B ≥ 0
(resp. A − B > 0).

The paper is organized as follows. Section 2 includes some lemmas and definitions, which
can be used to check the existence of pseudo almost periodic solutions of (1.1). In Sect. 3, we
present some new sufficient conditions for the existence and uniqueness of the continuously
differentiable pseudo almost periodic solution of (1.1). In Sect. 4, we establish sufficient
conditions on the global exponential stability of pseudo almost periodic solutions of (1.1).
At last, an example and its numerical simulation are given to illustrate the effectiveness of
the obtained results.

2 Preliminary Results

In this section, we shall first recall some basic definitions, lemmas which are used in what
follows.

In this paper, BC(R,Rn) denotes the set of bounded continued functions from R to
R
n . Note that (BC(R,Rn), ‖ · ‖∞) is a Banach space where ‖ · ‖∞ denotes the sup norm

‖ f ‖∞ := sup
t∈R

‖ f (t)‖.

Definition 2.1 (see [19,20]) Let u(t) ∈ BC(R,Rn). u(t) is said to be almost periodic on
R if, for any ε > 0, the set T (u, ε) = {δ : ‖u(t + δ) − u(t)‖ < ε for all t ∈ R} is
relatively dense, i.e., for any ε > 0, it is possible to find a real number l = l(ε) > 0,
for any interval with length l(ε), there exists a number δ = δ(ε) in this interval such that
‖u(t + δ) − u(t)‖ < ε, for all t ∈ R.

We denote by AP(R,Rn) the set of the almost periodic functions from R to R
n . Besides,

the concept of pseudo almost periodicity (pap) was introduced by Zhang in the early nineties.
It is a natural generalization of the classical almost periodicity. Precisely, define the class of
functions PAP0(R,Rn) as follows:

⎧⎨
⎩ f ∈ BC(R,Rn)| lim

r→+∞
1

2r

r∫

−r

| f (t)|dt = 0

⎫⎬
⎭ .

A function f ∈ BC(R,Rn) is called pseudo almost periodic if it can be expressed as

f = h + ϕ,

where h ∈ AP(R,Rn) and ϕ ∈ PAP0(R,Rn). The collection of such functions will
be denoted by PAP(R,Rn). The functions h and ϕ in above definition are respectively
called the almost periodic component and the ergodic perturbation of the pseudo almost
periodic function f . The decomposition given in definition above is unique. Observe that
(PAP(R,Rn), ‖.‖∞) is a Banach space and AP(R,Rn) is a proper subspace of PAP(R,Rn)

since the function φ(t) = cosπ t + cos t + e−t4 sin2 t is pseudo almost periodic function but
not almost periodic. It should be mentioned that pseudo almost periodic functions possess
many interesting properties; we shall need only a few of them and for the proofs we shall
refer to [19].
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236 B. Liu

Lemma 2.1 (see [19, p. 57]) If f ∈ PAP(R,R) and g is its almost periodic component,
then we have

g(R) ⊂ f (R).

Therefore ‖ f ‖∞ ≥ ‖g‖∞ ≥ inf
x∈R |g(x)| ≥ inf

x∈R | f (x)|.

Lemma 2.2 (see [19, p. 140]) Suppose that both functions f and its derivative f ′ are in
P AP(R,R). That is, f = g + ϕ and f ′ = α + β, where g, α ∈ AP(R,R) and ϕ, β ∈
PAP0(R,R). Then the functions g and ϕ are continuous differentiable so that

g′ = α, ϕ′ = β.

Lemma 2.3 Let B∗ = { f | f, f ′ ∈ PAP(R,R)} equipped with the induced norm defined by
‖ f ‖B∗ = max{‖ f ‖∞, ‖ f ′‖∞} = max{sup

t∈R
| f (t)|, sup

t∈R
| f ′(t)|}, then B∗ is a Banach space.

Proof Suppose that { f p}+∞
p=1 is a Cauchy sequence in B∗, then for any ε > 0, there exists

N (ε) > 0 such that

‖ f p − fq‖B∗ = max{sup
t∈R

| f p(t) − fq(t)|, sup
t∈R

| f ′
p(t) − f ′

q(t)|} < ε, ∀p, q ≥ N (ε).(2.1)

By the definition of pseudo almost periodic function, let

f p = gp + ϕp, where gp ∈ AP(R,R), ϕp ∈ PAP0(R,R) and p = 1, 2, · · · .

From Lemma 2.2, we obtain

f ′
p = g′

p + ϕ′
p, where g

′
p ∈ AP(R,R), ϕ′

p ∈ PAP0(R,R) and p = 1, 2, · · · .

On combining (2.1) with Lemma 2.1, we deduce that, {gp}+∞
p=1, {g′

p}+∞
p=1 ⊂ AP(R,R) are

Cauchy sequence, so that {ϕp}+∞
p=1, {ϕ′

p}+∞
p=1 ⊂ PAP0(R,R) are also Cauchy sequence.

Firstly, we show that there exists g ∈ AP(R,R) such that gp uniformly converges to g,
as p → +∞.

Note that {gp} is Cauchy sequence in AP(R,R).∀ ε > 0, ∃ N (ε), such that∀ p, q ≥ N (ε)

|gp(t) − gq(t)| < ε, for all t ∈ R. (2.2)

So for fixed t ∈ R, it is easy to see {gp(t)}+∞
p=1 is Cauchy number sequence. Thus, the limits

of gp(t) exists as p → +∞ and let g(t) = lim
p→+∞ gp(t). In (2.2), let q → +∞, we have

|g(t) − gp(t)| ≤ ε, for all t ∈ R, p ≥ N (ε). (2.3)

Thus, gp uniformly converges to g, as p → +∞. Moreover, from the theorem 1.9
[20, p. 5], we obtain g ∈ AP(R,R). Similarly, we also obtain that there exist g∗ ∈ AP(R,R)

and ϕ, ϕ∗ ∈ BC(R,R), such that

|g∗(t)−g′
p(t)| ≤ ε, |ϕ(t)−ϕp(t)| ≤ ε, |ϕ∗(t) − ϕ′

p(t)| ≤ ε, for all t ∈ R, p ≥ N (ε),

(2.4)

which imply that

g′
p ⇒ g∗, ϕp ⇒ ϕ, ϕ′

p ⇒ ϕ∗,

where p → +∞ and “ ⇒′′ means uniform convergence.
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Pseudo Almost Periodic Solutions for CNNs 237

Next, we claim that ϕ, ϕ∗ ∈ PAP0(R). Together with (2.4) and the facts that

lim
r→+∞

1

2r

r∫

−r

|ϕp(s)|ds = 0, lim
r→+∞

1

2r

r∫

−r

|ϕ′
p(s)|ds = 0, p = 1, n2, . . . ,

1

2r

r∫

−r

|ϕ(s)|ds ≤ 1

2r

r∫

−r

|ϕ(s) − ϕp(s)|ds + 1

2r

r∫

−r

|ϕp(s)|ds, r > 0, p = 1, 2, . . . ,

and

1

2r

r∫

−r

|ϕ∗(s)|ds ≤ 1

2r

r∫

−r

|ϕ∗(s) − ϕ′
p(s)|ds + 1

2r

r∫

−r

|ϕ′
p(s)|ds, r > 0, p = 1, 2, . . . ,

we have

lim
r→+∞

1

2r

r∫

−r

|ϕ(s)|ds = 0, lim
r→+∞

1

2r

r∫

−r

|ϕ∗(s)|ds = 0.

Hence ϕ, ϕ∗ ∈ PAP0(R). Let f = g + ϕ, f ∗ = g∗ + ϕ∗, then f = g + ϕ ∈ PAP(R),
f ∗ = g∗ + ϕ∗ ∈ PAP(R) and f p ⇒ f , f ′

p ⇒ f ∗ as p → +∞.
Finally, we reveal f ′ = f ∗. For t,
t ∈ R, it follows that

f p(t + 
t) − f p(t) =
t+
t∫

t

f ′
p(s)ds (2.5)

In view of the uniform convergence of f p and f ′
p , let p → +∞ for (2.5), we get

f (t + 
t) − f (t) =
t+
t∫

t

f ∗(s)ds,

which implies that

f ∗(t) = lim

t→0

t+
t∫
t

f ∗(s)ds


t
= lim


t→0

f (t + 
t) − f (t)


t
= f ′(t). (2.6)

In summary, in viewof (2.3), (2.4) and (2.6),we obtain that theCauch sequence { f p}+∞
p=1 ⊂

B∗ satisfies

‖ f p − f ‖B∗ −→ 0(p → +∞),

and f ∈ B∗. This yields that B∗ is a Banach space. The proof is completed. ��

Remark 2.1 Let B = { f | f, f ′ ∈ PAP(R,Rn)} equipped with the induced norm defined by
‖ f ‖B = max{‖ f ‖∞, ‖ f ′‖∞} = max{sup

t∈R
‖ f (t)‖, sup

t∈R
‖ f ′(t)‖}. It follows from Lemma 2.3

that B is a Banach space.
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Definition 2.2 (see [19,20]) Let x ∈ R
n and Q(t) be a n × n continuous matrix defined on

R. The linear system

x ′(t) = Q(t)x(t) (2.7)

is said to admit an exponential dichotomy onR if there exist positive constants k, α, projection
P and the fundamental solution matrix X (t) of (2.7) satisfying

‖X (t)PX−1(s)‖ ≤ ke−α(t−s) for t ≥ s,
‖X (t)(I − P)X−1(s)‖ ≤ ke−α(s−t) for t ≤ s.

Lemma 2.4 (see [19]) Assume that Q(t) is an almost periodic matrix function and g(t) ∈
PAP(R,Rn). If the linear system (2.7) admits an exponential dichotomy, then pseudo almost
periodic system

x ′(t) = Q(t)x(t) + g(t) (2.8)

has a unique pseudo almost periodic solution x(t), and

x(t) =
t∫

−∞
X (t)PX−1(s)g(s)ds −

+∞∫

t

X (t)(I − P)X−1(s)g(s)ds. (2.9)

Lemma 2.5 (see [19,20]) Let ci (t) be an almost periodic function on R and

M[ci ] = lim
T→+∞

1

T

t+T∫

t

ci (s)ds > 0, i = 1, 2, . . . , n.

Then the linear system

x ′(t) = diag (−c1(t),−c2(t), . . . ,−cn(t))x(t)

admits an exponential dichotomy on R.

3 Existence and Uniqueness of Pseudo Almost Periodic Solutions

In this section, we establish sufficient conditions on the existence of pseudo almost periodic
solutions of (1.1).

For i, j = 1, 2, . . . , n, it will be assumed that hi : R → [0, +∞) is a continuous
function with 0 <

∫∞
0 hi (v)dv < +∞ and

∫∞
0 vhi (v)eκvdv < +∞ for a certain positive

constant κ, ci : R → (0, +∞) is an almost periodic function, τi j : R → [0, +∞) and
Ii , ai j , bi j : R → R are uniformly continuous pseudo almost periodic functions. We also
make the following assumptions which will be used later.

(A1) for each j ∈ {1, 2, . . . , n}, there exist nonnegative constants L f
j and Lg

j such that

| f j (u) − f j (v)| ≤ L f
j |u − v|, |g j (u) − g j (v)| ≤ Lg

j |u − v|, for all u, v ∈ R.

(A2) for i, j ∈ {1, 2, . . . , n}, the delay kernels Ki j : [0,∞) → R are continuous,
|Ki j (t)|eκt are integrable on [0,∞).
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Pseudo Almost Periodic Solutions for CNNs 239

(A3) for each i ∈ {1, 2, . . . , n}, there exist constants αi > 0 and ξi > 0, such that

− c−
i

∞∫

0

hi (v)dv + c+
i

∞∫

0

vhi (v)dv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|duLg
j ξ j ≤ −αi ,

and

c−
i

∞∫

0

hi (v)dv − αi + c+
i

∞∫

0

hi (v)dv(1 − αi

c−
i

∫∞
0 hi (v)dv

) < 1.

Lemma 3.1 Assume that assumptions (A1) and (A2) hold. Then, for ϕ(·) ∈ PAP(R,R),
the function

∫∞
0 Ki j (u)g j (ϕ(t − u))du belongs to P AP(R,R), where i, j = 1, 2, . . . , n.

Proof Let ϕ ∈ PAP(R,R). Obviously, (A1) implies that g j is a uniformly continuous
function on R. By using Corollary 5.4 in [19, p. 58], we immediately obtain the following,

g j (ϕ(t)) = χ j1(t) + χ j2(t) ∈ PAP(R,R),

where χ j1 ∈ AP(R,R), χ j2 ∈ PAP0(R,R), j = 1, 2, . . . , n. Then, for any ε > 0, it is
possible to find a real number l = l(ε)) > 0, for any interval with length l, there exists a
number τ = τ(ε) in this interval such that

|χ j1(t + τ) − χ j1(t)| <
ε

1 + ∫∞
0 |Ki j (u)|du , ∀t ∈ R, i, j = 1, 2, . . . , n,

and

lim
r→+∞

1

2r

r∫

−r

|χ j2(v)|dv = 0, j = 1, 2, . . . , n.

It follows that

∣∣
∞∫

0

Ki j (u)χ j1(t + τ − u)du −
∞∫

0

Ki j (u)χ j1(t − u)du
∣∣

≤
∞∫

0

|Ki j (u)||χ j1(t + τ − u) − χ j1(t − u)|du

<

∞∫

0

|Ki j (u)|du ε

1 + ∫∞
0 |Ki j (u)|du < ε, ∀t ∈ R, i, j = 1, 2, . . . , n,
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and

lim
r→+∞

1

2r

r∫

−r

∣∣
∞∫

0

Ki j (u)χ j2(v − u)du
∣∣dv

≤ lim
r→+∞

1

2r

r∫

−r

∞∫

0

∣∣Ki j (u)||χ j2(v − u)
∣∣dudv

= lim
r→+∞

1

2r

∞∫

0

∣∣Ki j (u)|
r∫

−r

|χ j2(v − u)
∣∣dvdu

= lim
r→+∞

1

2r

∞∫

0

∣∣Ki j (u)|
r−u∫

−r−u

|χ j2(z)
∣∣dzdu

≤ lim
r→+∞

1

2r

∞∫

0

∣∣Ki j (u)|
r+u∫

−r−u

|χ j2(z)
∣∣dzdu

≤ lim
r→+∞

∞∫

0

∣∣Ki j (u)|(1 + 1

r
u)

1

2(r + u)

r+u∫

−r−u

|χ j2(z)
∣∣dzdu

≤ lim
r→+∞

∞∫

0

∣∣Ki j (u)|e 1
r u

1

2(r + u)

r+u∫

−r−u

|χ j2(z)
∣∣dzdu

≤ lim
r→+∞

∞∫

0

∣∣Ki j (u)|eκu 1

2(r + u)

r+u∫

−r−u

|χ j2(z)
∣∣dzdu = 0, where r >

1

κ
,

i, j = 1, 2, . . . , n.

Thus,

∞∫

0

Ki j (u)χ j1(t − u)du ∈ AP(R,R) and

∞∫

0

Ki j (u)χ j2(t − u)du ∈ PAP0(R,R),

which yield

∞∫

0

Ki j (u)g j (ϕ(t−u))du =
∞∫

0

Ki j (u)χ j1(t−u)du+
∞∫

0

Ki j (u)χ j2(t−u)du∈ PAP(R,R),

i, j = 1, 2, . . . , n.

The proof of Lemma 3.1 is completed. ��
Theorem 3.1 Let (A1), (A2) and (A3) hold. Then, there exists a unique continuously dif-
ferentiable pseudo almost periodic solution of system (1.1).

Proof Set

x̄i (t) = ξ−1
i xi (t),
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then we can transform (1.1) into the following system

x̄ ′
i (t) = − ci (t)

∞∫

0

hi (s)x̄i (t − s)ds + ξ−1
i

n∑
j=1

ai j (t) f j (ξ j x̄ j (t − τi j (t)))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (ξ j x̄ j (t − u))du + ξ−1
i Ii (t)

= − ci (t)

∞∫

0

hi (s)dsx̄i (t) + ci (t)

∞∫

0

hi (s)

t∫

t−s

x̄ ′
i (u)duds

+ ξ−1
i

n∑
j=1

ai j (t) f j (ξ j x̄ j (t − τi j (t)))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (ξ j x̄ j (t − u))du + ξ−1
i Ii (t), i = 1, 2, . . . , n.

Let ϕ ∈ B. Obviously, the boundedness of ϕ′ and (A1) imply that f j and ϕ j are uniformly
continuous functions on R for j = 1, 2, . . . , n. Set f (t, z) = ϕ j (t − z)( j ∈ {1, 2, . . . , n}).
By Theorem 5.3 in [19, p. 58] and Definition 5.7 in [19, p. 59], we can obtain that f ∈
PAP(R × �) and f is continuous in z ∈ K and uniformly in t ∈ R for all compact subset
K of �. This, together with τi j ∈ PAP(R,R) and Theorem 5.11 in [19, p. 60], implies that

ϕ j (t − τi j (t)) ∈ PAP(R,R), i, j = 1, 2, . . . , n.

Again from Corollary 5.4 in [19, p. 58], we have

f j (ξ jϕ j (t − τi j (t))) ∈ PAP(R,R), i, j = 1, 2, . . . , n. (3.1)

In view of
∫∞
0 hi (v)dv < +∞ and

∫∞
0 vhi (v)dv < +∞, by using a similar argument as in

proof of Lemma 3.1, we can show

∞∫

0

hi (s)

t∫

t−s

ϕ′
i (u)duds =

∞∫

0

hi (s)dsϕi (t) −
∞∫

0

hi (s)ϕi (t − s)ds ∈ PAP(R,R),

(3.2)

for all i = 1, 2, . . . , n.

By combining (3.1), (3.2) with Lemma 3.1, we obtain

ci (t)

∞∫

0

hi (s)

t∫

t−s

ϕ′
i (u)duds + ξ−1

i

n∑
j=1

ai j (t) f j (ξ jϕ j (t − τi j (t)))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (ξ jϕ j (t−u))du+ ξ−1
i Ii (t)∈ PAP(R,R), i=1, 2, . . . , n.
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For any ϕ ∈ B, we consider the pseudo almost periodic solution xϕ(t) of the pseudo
almost periodic differential equations

x̄ ′
i (t) = − ci (t)

∞∫

0

hi (s)dsx̄i (t) + ci (t)

∞∫

0

hi (s)

t∫

t−s

ϕ′
i (u)duds

+ ξ−1
i

n∑
j=1

ai j (t) f j (ξ jϕ j (t − τi j (t)))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (ξ jϕ j (t − u))du + ξ−1
i Ii (t), i = 1, 2, . . . , n.

(3.3)

Then, notice that M[ci (t)
∫∞
0 hi (s)ds] > 0, i = 1, 2, . . . , n, it follows from Lemma 2.5

that the linear system

x̄ ′
i (t) = −ci (t)

∞∫

0

hi (s)dsx̄i (t), i = 1, 2, . . . , n, (3.4)

admits an exponential dichotomy on R. Thus, by Lemma 2.4, we obtain that the system (3.3)
has exactly one pseudo almost periodic solution:

xϕ(t) = (xϕ
1 (t), xϕ

2 (t), . . . , xϕ
n (t))T

= (

t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c1(s)

∞∫

0

h1(v)

s∫

s−v

ϕ′
1(u)dudv

+ ξ−1
1

n∑
j=1

a1 j (s) f j (ξ jϕ j (s − τ1 j (s)))

+ ξ−1
1

n∑
j=1

b1 j (s)

∞∫

0

K1 j (u)g j (ξ jϕ j (s − u))du + ξ−1
1 I1(s)]ds · · · ,

×
t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[cn(s)

∞∫

0

hn(v)

s∫

s−v

ϕ′
n(u)dudv

+ ξ−1
n

n∑
j=1

anj (s) f j (ξ jϕ j (s − τnj (s)))

+ ξ−1
n

n∑
j=1

bnj (s)

∞∫

0

Knj (u)g j (ξ jϕ j (s − u))du + ξ−1
n In(s)]ds)T . (3.5)

In view of the uniform continuity of coefficients and delays, from (A1), (A2) and the Corol-
lary 5.6 in [19, p. 59], we get

(xϕ
i (t))′ =

[
ci (t)

∞∫

0

hi (v)

t∫

t−v

ϕ′
i (u)dudv + ξ−1

i

n∑
j=1

ai j (t) f j (ξ jϕ j (t − τi j (t)))
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+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)g j (ξ jϕ j (t − u))du + ξ−1
i Ii (t)

]

− ci (t)

∞∫

0

hi (v)dv

t∫

−∞
e− ∫ t

s ci (u)
∫∞
0 hi (v)dvdu

[
ci (s)

∞∫

0

hi (v)

s∫

s−v

ϕ′
i (u)dudv

+ ξ−1
i

n∑
j=1

ai j (s) f j (ξ jϕ j (s−τi j (s)))+ξ−1
i

n∑
j=1

bi j (s)

∞∫

0

Ki j (u)g j (ξ jϕ j (s−u))du

+ ξ−1
i Ii (s)

]
ds,

is a pseudo almost periodic function, where i = 1, 2, . . . , n.
Now, we define a mapping T : B → B by setting

T (ϕ)(t) = xϕ(t), ∀ϕ ∈ B.

We next prove that the mapping T is a contraction mapping of the B. In fact, in view of
(3.5), (A1) and (A3), for ϕ,ψ ∈ B, we have |T (ϕ(t)) − T (ψ(t))|

= (|(T (ϕ(t)) − T (ψ(t)))1|, . . . , |(T (ϕ(t)) − T (ψ(t)))n |)T

=
(

|
t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c1(s)

∞∫

0

h1(v)

s∫

s−v

(ϕ′
1(u) − ψ ′

1(u))dudv

+ ξ−1
1

n∑
j=1

a1 j (s)( f j (ξ jϕ j (s − τ1 j (s))) − f j (ξ jψ j (s − τ1 j (s))))

+ ξ−1
1

n∑
j=1

b1 j (s)

∞∫

0

K1 j (u)(g j (ξ jϕ j (s − u)) − g j (ξ jψ j (s − u)))du]ds|, · · · ,

×|
t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[cn(s)

∞∫

0

hn(v)

s∫

s−v

(ϕ′
n(u) − ψ ′

n(u))dudv

+ ξ−1
n

n∑
j=1

anj (s)( f j (ξ jϕ j (s − τnj (s))) − f j (ξ jψ j (s − τnj (s))))

+ ξ−1
n

n∑
j=1

bnj (s)

∞∫

0

Knj (u)(g j (ξ jϕ j (s − u)) − g j (ξ jψ j (s − u)))du]ds|
)T

≤
( t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c1(s)

∞∫

0

h1(v)

s∫

s−v

|ϕ′
1(u) − ψ ′

1(u)|dudv

+ ξ−1
1

n∑
j=1

|a1 j (s)|L f
j ξ j |ϕ j (s − τ1 j (s)) − ψ j (s − τ1 j (s))|
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+ ξ−1
1

n∑
j=1

|b1 j (s)|
∞∫

0

|K1 j (u)|Lg
j ξ j |ϕ j (s − u) − ψ j (s − u)|du]ds, · · · ,

×
t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[cn(s)

∞∫

0

hn(v)

s∫

s−v

|ϕ′
n(u) − ψ ′

n(u)|dudv

+ ξ−1
n

n∑
j=1

|anj (s)|L f
j ξ j |ϕ j (s − τnj (s)) − ψ j (s − τnj (s))|

+ ξ−1
n

n∑
j=1

|bnj (s)|
∞∫

0

|Knj (u)|Lg
j ξ j |ϕ j (s − u) − ψ j (s − u)|du]ds

)T

≤
( t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c+

1

∞∫

0

vh1(v)dv + ξ−1
1

n∑
j=1

(a+
1 j L

f
j

+ b+
1 j

∞∫

0

|K1 j (u)|duLg
j )ξ j ]ds‖ϕ(t) − ψ(t)‖B , . . . ,

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[c+

n

∞∫

0

vhn(v)dv + ξ−1
n

n∑
j=1

(a+
nj L

f
j

+ b+
nj

∞∫

0

|Knj (u)|duLg
j )ξ j ]ds‖ϕ(t) − ψ(t)‖B

)T

≤
( t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu(c1(s)

∞∫

0

h1(v)dv − α1)ds, . . . ,

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu(cn(s)

∞∫

0

hn(v)dv − αn)ds

)T

‖ϕ(t) − ψ(t)‖B

≤
( t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdud

(
−

t∫

s

c1(u)

∞∫

0

h1(v)dvdu

)

−α1

t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvduds, . . . ,

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdud

(
−

t∫

s

cn(u)

∞∫

0

hn(v)dvdu

)

−αn

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvduds

)T

‖ϕ(t) − ψ(t)‖B
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≤
(
1 − α1

t∫

−∞
e− ∫ t

s c
+
1

∫∞
0 h1(v)dvduds, . . . ,

1 − αn

t∫

−∞
e− ∫ t

s c
+
n
∫∞
0 hn(v)dvduds

)T

‖ϕ(t) − ψ(t)‖B

≤
(
1 − α1

c+
1

∫∞
0 h1(v)dv

, . . . , 1 − αn

c+
n
∫∞
0 hn(v)dv

)T ‖ϕ(t) − ψ(t)‖B , (3.6)

and |T ′(ϕ(t)) − T ′(ψ(t))|

= (|(T ′(ϕ(t)) − T ′(ψ(t)))1|, . . . , |(T ′(ϕ(t)) − T ′(ψ(t)))n |)T

= (|[c1(t)
∞∫

0

h1(v)

t∫

t−v

(ϕ′
1(u) − ψ ′

1(u))dudv

+ ξ−1
1

n∑
j=1

a1 j (t)( f j (ξ jϕ j (t − τ1 j (t))) − f j (ξ jψ j (t − τ1 j (t))))

+ ξ−1
1

n∑
j=1

b1 j (t)

∞∫

0

K1 j (u)(g j (ξ jϕ j (t − u)) − g j (ξ jψ j (t − u)))du]

− c1(t)

∞∫

0

h1(v)dv

t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c1(s)

∞∫

0

h1(v)

s∫

s−v

(ϕ′
1(u) − ψ ′

1(u))dudv

+ ξ−1
1

n∑
j=1

a1 j (s)( f j (ξ jϕ j (s − τ1 j (s))) − f j (ξ jψ j (s − τ1 j (s))))

+ ξ−1
1

n∑
j=1

b1 j (s)

∞∫

0

K1 j (u)(g j (ξ jϕ j (s − u)) − g j (ξ jψ j (s − u)))du]ds|, . . . ,

|[cn(t)
∞∫

0

hn(v)

t∫

t−v

(ϕ′
n(u) − ψ ′

n(u))dudv

+ ξ−1
n

n∑
j=1

anj (t)( f j (ξ jϕ j (t − τnj (t))) − f j (ξ jψ j (t − τnj (t))))

+ ξ−1
n

n∑
j=1

bnj (t)

∞∫

0

Knj (u)(g j (ξ jϕ j (t − u)) − g j (ξ jψ j (t − u)))du]

− cn(t)

∞∫

0

hn(v)dv

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[cn(s)

∞∫

0

hn(v)

s∫

s−v

(ϕ′
n(u) − ψ ′

n(u))dudv

+ ξ−1
n

n∑
j=1

anj (s)( f j (ξ jϕ j (s − τnj (s))) − f j (ξ jψ j (s − τnj (s))))
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+ ξ−1
n

n∑
j=1

bnj (s)

∞∫

0

Knj (u)(g j (ξ jϕ j (s − u)) − g j (ξ jψ j (s − u)))du]ds|)T

≤ ([c+
1

∞∫

0

vh1(v)dv + ξ−1
1

n∑
j=1

(a+
1 j L

f
j

+ b+
1 j

∞∫

0

|K1 j (u)|duLg
j )ξ j ]‖ϕ(t) − ψ(t)‖B

+ c+
1

∞∫

0

h1(v)dv

t∫

−∞
e− ∫ t

s c1(u)
∫∞
0 h1(v)dvdu[c+

1

∞∫

0

vh1(v)dv + ξ−1
1

n∑
j=1

(a+
1 j L

f
j

+ b+
1 j

∞∫

0

|K1 j (u)|duLg
j )ξ j ]‖ϕ(t) − ψ(t)‖B , . . . ,

[c+
n

∞∫

0

vhn(v)dv + ξ−1
n

n∑
j=1

(a+
nj L

f
j

+ b+
nj

∞∫

0

|K1 j (u)|duLg
j )ξ j ]‖ϕ(t) − ψ(t)‖B

+ c+
n

∞∫

0

hn(v)dv

t∫

−∞
e− ∫ t

s cn(u)
∫∞
0 hn(v)dvdu[c+

n

∞∫

0

vhn(v)dv + ξ−1
n

n∑
j=1

(a+
nj L

f
j

+ b+
nj

∞∫

0

|Knj (u)|duLg
j )ξ j ]‖ϕ(t) − ψ(t)‖B)T

≤ (c−
1

∞∫

0

h1(v)dv − α1 + c+
1

∞∫

0

h1(v)dv(1 − α1

c+
1

∫∞
0 h1(v)dv

), . . . ,

c−
n

∞∫

0

hn(v)dv−αn+c+
n

∞∫

0

hn(v)dv(1− αn

c+
n
∫∞
0 hn(v)dv

))T ‖ϕ(t)−ψ(t)‖B . (3.7)

From (A3), we have

0 < 1 − αi

c+
i

∫∞
0 hi (v)dv

< 1,

and

K = max

{
max
1≤i≤n

{
1 − αi

c+
i

∫∞
0 hi (v)dv

}
,

max
1≤i≤n

⎧⎨
⎩c−

i

∞∫

0

hi (v)dv − αi + c+
i

∞∫

0

hi (v)dv(1 − αi

c+
i

∫∞
0 hi (v)dv

)

⎫⎬
⎭
⎫⎬
⎭ < 1,
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which, together with (3.6) and (3.7), yield

‖T (ϕ(t)) − T (ψ(t))‖B ≤ K‖ϕ(t) − ψ(t)‖B ,

which implies that the mapping T : B −→ B is a contraction mapping. Therefore, the
mapping T possesses a unique fixed point

x∗∗ = (x∗∗
1 (t), x∗∗

2 (t), . . . , x∗∗
n (t))T ∈ B, T x∗∗ = x∗∗.

By (3.3) and (3.5), x∗∗ satisfies (3.3). So (1.1) has a unique continuously differentiable almost
periodic solution x∗ = (ξ1x∗∗

1 (t), ξ2x∗∗
2 (t), . . . , ξnx∗∗

n (t))T . The proof ofTheorem3.1 is now
completed. ��

4 Global Exponential Stability of the Pseudo Almost Periodic Solution

In this section, we will discuss the global exponential stability of the pseudo almost periodic
solution of system (1.1).

Definition 4.1 Let x∗(t) = (x∗
1 (t), x

∗
2 (t), . . . , x

∗
n (t))

T be the pseudo almost periodic solu-
tion of system (1.1). If there exist constants α > 0 and M > 1 such that for every
solution x(t) = (x1(t), x2(t), . . . , xn(t))T of system (1.1) with any initial value ϕ(t) =
(ϕ1(t), ϕ2(t), . . . , ϕn(t))T satisfying (1.2),

‖x(t) − x∗(t)‖1 = max
i=1,2,··· , n{max{|xi (t) − x∗

i (t)|, |x ′
i (t) − x∗

i
′(t)|}} ≤ M‖ϕ − x∗‖0e−αt ,

∀t > 0,

where ‖ϕ − x∗‖0 = max{sup
t≤0

max
1≤i≤n

|ϕi (t) − x∗
i (t)|, sup

t≤0
max
1≤i≤n

|ϕ′
i (t) − x∗

i
′(t)|}. Then x∗(t)

is said to be globally exponentially stable.

Theorem 4.2 Suppose that all conditions in Theorem (3.1) are satisfied. Moreover, assume
that

(1 +
c+
i

∞∫
0
hi (v)dv

c−
i

∫∞
0 hi (v)dv

)

⎡
⎣c+

i

∞∫

0

vhi (v)dv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j

+ ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j + ξ−1

i

n∑
j=1

b+
i j

∫ ∞

0
|Ki j (u)|duLg

j ξ j

⎤
⎦ < 1; i = 1; 2; · · · ; n. (4.1)

Then system (1.1) has at least one pseudo almost periodic solution x∗(t). Moreover, x∗(t) is
globally exponentially stable.

Proof ByTheorem3.1, (1.1) has a unique continuously differentiable pseudo almost periodic
solution x∗(t) = (x∗

1 (t), x
∗
2 (t), . . . , x

∗
n (t))

T . Suppose that x(t) = (x1(t), x2(t), . . . , xn(t))T

is an arbitrary solution of (1.1) associatedwith initial valueϕ(t) = (ϕ1(t), ϕ2(t), . . . , ϕn(t))T

satisfying (1.2).
Let

y(t) = (y1(t), y2(t), . . . , yn(t))
T

= (ξ−1
1 (x1(t) − x∗

1 (t)), ξ
−1
2 (x2(t) − x∗

2 (t)), . . . , ξ
−1
n (xn(t) − x∗

n (t)))
T .
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Then

y′
i (t) = − ci (t)

∞∫

0

hi (s)yi (t−s)ds+ξ−1
i

n∑
j=1

ai j (t)( f j (x j (t−τi j (t))) − f j (x
∗
j (t − τi j (t))))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)(g j (x j (t − u)) − g j (x
∗
j (t − u)))du

= − ci (t)

∞∫

0

hi (s)dsyi (t) + ci (t)

∞∫

0

hi (s)

t∫

t−s

y′
i (u)duds

+ ξ−1
i

n∑
j=1

ai j (t)( f j (x j (t − τi j (t))) − f j (x
∗
j (t − τi j (t))))

+ ξ−1
i

n∑
j=1

bi j (t)

∞∫

0

Ki j (u)(g j (x j (t − u)) − g j (x
∗
j (t − u)))du, (4.2)

where i = 1, 2, . . . , n.

Define continuous functions �i (ω) and �i (ω) by setting

�i (ω) = − c−
i

∞∫

0

hi (v)dv + ω + c+
i

∞∫

0

vhi (v)eωvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

ωτ+
i j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eωuduLg
j ξ j ,

and

�i (ω) =
(
1 + c+

i

∫∞
0 hi (v)dv

c−
i

∫∞
0 hi (v)dv − ω

)⎡
⎣c+

i

∞∫

0

vhi (v)eωvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

ωτ+
i j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eωuduLg
j ξ j

⎤
⎦ ,

where t > 0, ω ∈ [0, κ], i = 1, 2, . . . , n. Then, from (A3) and (4.1), we have

�i (0) = − c−
i

∞∫

0

hi (v)dv + c+
i

∞∫

0

vhi (v)dv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|duLg
j ξ j ≤ −αi < 0, i = 1, 2, . . . , n,
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and

�i (0) =
(
1 + c+

i

∫∞
0 hi (v)dv

c−
i

∫∞
0 hi (v)dv

)(
c+
i

∞∫

0

vhi (v)dv

+ ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j + ξ−1

i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|duLg
j ξ j

)
< 1, i = 1, 2, . . . , n,

which, together with the continuity of �i (ω) and �i (ω), implies that we can choose a con-
stants λ ∈ (0, min{κ, min

i=1,2,··· ,n c
−
i }) such that

�i (λ) = − c−
i

∞∫

0

hi (v)dv + λ + c+
i

∞∫

0

vhi (v)eλvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

λτ+
i j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eλuduLg
j ξ j

=
(
c−
i

∞∫

0

hi (v)dv − λ

)(
βi

c−
i

∫∞
0 hi (v)dv − λ

− 1

)
< 0, (4.3)

and

�i (λ) =

⎛
⎜⎜⎜⎝1 +

c+
i

∞∫
0
hi (v)dv

c−
i

∞∫
0
hi (v)dv − λ

⎞
⎟⎟⎟⎠
⎡
⎣c+

i

∞∫

0

vhi (v)eλvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

λτ+
i j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eλuduLg
j ξ j

⎤
⎦

=

⎛
⎜⎜⎜⎝1 +

c+
i

∞∫
0
hi (v)dv

c−
i

∞∫
0
hi (v)dv − λ

⎞
⎟⎟⎟⎠βi < 1, (4.4)

where

βi = c+
i

∞∫

0

vhi (v)eλvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

λτ+
i j + ξ−1

i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eλuduLg
j ξ j ,

and i = 1, 2, . . . , n.

Let

‖ϕ − x∗‖ξ = max{sup
t≤0

max
1≤i≤n

ξ−1
i |ϕi (t) − x∗

i (t)|, sup
t≤0

max
1≤i≤n

ξ−1
i |ϕ′

i (t) − x∗
i

′(t)|} (4.5)
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and M be a constant such that

M >

c−
i

∞∫
0
hi (v)dv − λ

βi
> 1, for all i = 1, 2, . . . , n, (4.6)

which, together with (4.3), yields

1

M
− βi

c−
i

∞∫
0
hi (v)dv − λ

< 0,
βi

c−
i

∞∫
0
hi (v)dv − λ

< 1, for all i = 1, 2, . . . , n,(4.7)

Consequently, for any ε > 0, it is obvious that

‖y(t)‖1 < (‖ϕ − x∗‖ξ + ε)e−λt < M(‖ϕ − x∗‖ξ + ε)e−λt for all t ∈ (−∞, 0].
In the following, we will show

‖y(t)‖1 < M(‖ϕ − x∗‖ξ + ε)e−λt for all t > 0. (4.8)

Otherwise, there must exist i ∈ {1, 2, . . . , n} and θ > 0 such that{ ‖y(θ)‖1 = max{|yi (θ)|, |y′
i (θ)|} = M(‖ϕ − x∗‖ξ + ε)e−λθ ,

‖y(t)‖1 < M(‖ϕ − x∗‖ξ + ε)e−λt for all t ∈ (−∞, θ).
(4.9)

Note that

y′
i (s) + ci (s)

∞∫

0

hi (v)dvyi (s)

= ci (s)

∞∫

0

hi (v)

s∫

s−v

y′
i (u)dudv

+ ξ−1
i

n∑
j=1

ai j (s)( f j (x j (s − τi j (s))) − f j (x
∗
j (s − τi j (s))))

+ ξ−1
i

n∑
j=1

bi j (s)

∞∫

0

Ki j (u)(g j (x j (s − u)) − g j (x
∗
j (s − u)))du, s ∈ [0, t], t ∈ [0, θ ].

(4.10)

Multiplying both sides of (4.10) by e
∫ s
0 ci (u)

∫∞
0 hi (v)dvdu , and integrating on [0, t], we get

yi (t) = yi (0)e
− ∫ t

0 ci (u)
∫∞
0 hi (v)dvdu

+
t∫

0

e− ∫ t
s ci (u)

∫∞
0 hi (v)dvdu[ci (s)

∞∫

0

hi (v)

s∫

s−v

y′
i (u)dudv

+ ξ−1
i

n∑
j=1

ai j (s)( f j (x j (s − τi j (s))) − f j (x
∗
j (s − τi j (s))))

+ ξ−1
i

n∑
j=1

bi j (s)

∞∫

0

Ki j (u)(g j (x j (s − u)) − g j (x
∗
j (s − u)))du]ds, t ∈ [0, θ ].
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Thus, with the help of (4.9), we have

|yi (θ)| =
∣∣∣∣yi (0)e− ∫ θ

0 ci (u)
∫∞
0 hi (v)dvdu

+
θ∫

0

e− ∫ θ
s ci (u)

∫∞
0 hi (v)dvdu[ci (s)

∞∫

0

hi (v)

s∫

s−v

y′
i (u)dudv

+ ξ−1
i

n∑
j=1

ai j (s)( f j (x j (s − τi j (s))) − f j (x
∗
j (s − τi j (s))))

+ ξ−1
i

n∑
j=1

bi j (s)

∞∫

0

Ki j (u)(g j (x j (t − u)) − g j (x
∗
j (s − u)))du]ds

∣∣∣∣

≤ (‖ϕ − x∗‖ξ + ε)e−c−
i

∫∞
0 hi (v)dvθ

+
θ∫

0

e− ∫ θ
s ci (u)

∫∞
0 hi (v)dvdu[c+

i

∞∫

0

vhi (v)eλvdvM(‖ϕ − x∗‖ξ + ε)e−λs

+ ξ−1
i

n∑
j=1

|ai j (s)|L f
j ξ j |y j (s − τi j (s))|

+ ξ−1
i

n∑
j=1

|bi j (s)|
∞∫

0

Ki j (u)Lg
j ξ j |y j (s − u)|du]ds

≤ (‖ϕ − x∗‖ξ + ε)e−c−
i

∫∞
0 hi (v)dvθ

+
θ∫

0

e− ∫ θ
s ci (u)

∫∞
0 hi (v)dvdu[c+

i

∞∫

0

vhi (v)eλvdvM(‖ϕ − x∗‖ξ + ε)e−λs

+ ξ−1
i

n∑
j=1

|ai j (s)|L f
j ξ j M(‖ϕ − x∗‖ξ + ε)e−λ(s−τi j (s))

+ ξ−1
i

n∑
j=1

|bi j (s)|
∞∫

0

|Ki j (u)|Lg
j ξ j M(‖ϕ − x∗‖ξ + ε)e−λ(s−u)du]ds

≤ (‖ϕ − x∗‖ξ + ε)e−c−
i

∫∞
0 hi (v)dvθ

+
θ∫

0

e− ∫ θ
s ci (u)

∫∞
0 hi (v)dvdu[c+

i

∞∫

0

vhi (v)eλvdve−λs

+ ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

λτ+
i j e−λs

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

Ki j (u)Lg
j ξ j e

λudue−λs]dsM(‖ϕ − x∗‖ξ + ε)
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≤ (‖ϕ − x∗‖ξ + ε)e−c−
i

∫∞
0 hi (v)dvθ

+ e−c−
i

∫∞
0 hi (v)dvθ

θ∫

0

e(c−
i

∫∞
0 hi (v)dv−λ)sdsβi M(‖ϕ − x∗‖ξ + ε)

≤ M(‖ϕ − x∗‖ξ + ε)e−λθ

⎡
⎢⎢⎢⎣
e(λ−c−

i

∫∞
0 hi (v)dv)θ

M

+ βi

c−
i

∞∫
0
hi (v)dv − λ

(1 − e(λ−c−
i

∫∞
0 hi (v)dv)θ )

⎤
⎥⎥⎥⎦

= M(‖ϕ − x∗‖ξ + ε)e−λθ

×

⎡
⎢⎢⎢⎣
(

1

M
− βi

c−
i

∫∞
0 hi (v)dv − λ

)
e
(λ−c−

i

∞∫
0
hi (v)dv)θ

+ βi

c−
i

∞∫
0
hi (v)dv − λ

⎤
⎥⎥⎥⎦,

(4.11)

which, together with (4.7) and (4.9), implies that

|yi (θ)| < M(‖ϕ − x∗‖ξ + ε)e−λθ ,

and

‖y(θ)‖1 = max{|yi (θ)|, |y′
i (θ)|} = |y′

i (θ)| = M(‖ϕ − x∗‖ξ + ε)e−λθ . (4.12)

From (4.4) and (4.7), (4.10) and (4.11) yield

|y′
i (θ)| ≤ ci (θ)

∞∫

0

hi (v)dv|yi (θ)| + ci (θ)

∞∫

0

hi (v)

θ∫

θ−v

|y′
i (u)|dudv

+ ξ−1
i

n∑
j=1

|ai j (θ)|| f j (x j (θ − τi j (θ))) − f j (x
∗
j (θ − τi j (θ)))|

+ ξ−1
i

n∑
j=1

|bi j (θ)||
∞∫

0

Ki j (u)(g j (x j (θ − u)) − g j (x
∗
j (θ − u)))du|

≤ c+
i

∞∫

0

hi (v)dv|yi (θ)| + c+
i

∞∫

0

vhi (v)eλvdvM(‖ϕ − x∗‖ξ + ε)e−λθ

+ ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j |y j (θ − τi j (θ))|

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|Lg
j ξ j |y j (θ − u)|du
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≤
{
c+
i

∞∫

0

hi (v)dv

[(
1

M
− βi

c−
i

∫∞
0 hi (v)dv − λ

)
e(λ−c−

i

∫∞
0 hi (v)dv)θ

+ βi

c−
i

∫∞
0 hi (v)dv − λ

]

+ c+
i

∞∫

0

vhi (v)eλvdv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j e

λτ+
i j

+ ξ−1
i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|eλuduLg
j ξ j

}
M(‖ϕ − x∗‖ξ + ε)e−λθ

≤ M(‖ϕ − x∗‖ξ + ε)e−λθ

[
c+
i

∞∫

0

hi (v)dv

×
(

1

M
− βi

c−
i

∫∞
0 hi (v)dv − λ

)
e(λ−c−

i

∫∞
0 hi (v)dv)θ

+ βi

(
c+
i

∫∞
0 hi (v)dv

c−
i

∫∞
0 hi (v)dv − λ

+ 1

)]

< M(‖ϕ − x∗‖ξ + ε)e−λθ ,

which contradicts (4.12). Hence, (4.8) holds. Letting ε −→ 0+, we have from (4.8) that

‖y(t)‖1 ≤ M‖ϕ − x∗‖ξ e
−λt for all t > 0,

which implies

‖x(t) − x∗(t)‖1 ≤ M‖ϕ − x∗‖0e−λt for allt > 0.

This completes the proof. ��

5 An Example

In this section, we give an example to demonstrate the results obtained in previous sections.

Example 1 Consider the following CNNs with continuously distributed leakage delays:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x ′
1(t) = − 1

11.2

∫∞
0 e−4s2 x1(t − s)ds + sin t

4000 f1(x1(t − 2 sin2 t))
+ sin t

36000 f2(x2(t − sin4 t)) + sin t
4000

∫∞
0 | sin u|e−ug1(x1(t − u))du

+ sin t
36000

∫∞
0 | cos u|e−ug2(x2(t − u))du + I1(t),

x ′
2(t) = − 1

16.3

∫∞
0 e−16s2 x2(t − s)ds + 1

1000(1+t2)
f1(x1(t − cos2 t))

+ cos t
4000 f2(x2(t − 2 cos4 t)) + 1

1000(1+t2)

∫∞
0 | cos u|e−ug1(x1(t − u))du

+ cos t
4000

∫∞
0 | sin u|e−ug2(x2(t − u))du + I2(t),

(5.1)

where f1(x)= f2(x)=g1(x)=g2(x)=|x |, I1(t)= I2(t)= 1
1000

(
4+sin t+sin

√
2t+ 1

1+t2

)
.
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Obviously,

c1(t) = 1

11.2
, c2(t) = 1

16.3
, h1(s) = e−4s2 , h2(s) = e−16s2 ,

a11(t) = b11(t) = sin t

4000
, a12(t) = b12(t) = sin t

36000
,

a21(t) = b21(t) = 1

1000(1 + t2)
, a22(t) = b22(t) = cos t

4000
,

L f
i = Lg

i = 1,

∞∫

0

|Ki j (s)|ds ≤ 1, i, j = 1, 2.

Let ξ1 = ξ2 = 1. Then,

− c−
1

∞∫

0

h1(v)dv + c+
1

∞∫

0

vh1(v)dv + ξ−1
1

2∑
j=1

a+
1 jξ j + ξ−1

1

2∑
j=1

b+
1 j

∞∫

0

|K1 j (u)|duLg
j ξ j

≤ − 1

11.2
×

√
π

2
+ 1

11.2
× 1

8
+ 1

4000
+ 1

36000
+ 1

4000
+ 1

36000
≈ − 0.0674

< − 0.067,

− c−
2

∞∫

0

h2(v)dv + c+
2

∞∫

0

vh2(v)dv + ξ−1
2

2∑
j=1

a+
2 jξ j + ξ−1

2

2∑
j=1

b+
2 j

∞∫

0

|K1 j (u)|duLg
j ξ j

≤ − 1

16.3
×

√
π

4
+ 1

16.3
× 1

32
+ 1

1000
+ 1

4000
+ 1

1000
+ 1

4000
≈ − 0.0228

< − 0.022,

1 − α1

c+
1

∫∞
0 h1(v)dv

≈ 0.1533, 1 − α2

c+
2

∫∞
0 h2(v)dv

≈ 0.1907,

c−
1

∞∫

0

h1(v)dv − α1 + c+
1

∞∫

0

h1(v)dv(1 − α1

c+
1

∫∞
0 h1(v)dv

) ≈ 0.0243,

c−
2

∞∫

0

h2(v)dv − α2 + c+
2

∞∫

0

h2(v)dv(1 − α2

c+
2

∫∞
0 h2(v)dv

) ≈ 0.0104,

and (
1 + c+

i

∫∞
0 hi (v)dv

c−
i

∫∞
0 hi (v)dv

)

⎛
⎝c+

i

∞∫

0

vhi (v)dv + ξ−1
i

n∑
j=1

a+
i j L

f
j ξ j + ξ−1

i

n∑
j=1

b+
i j

∞∫

0

|Ki j (u)|duLg
j ξ j

⎞
⎠

< 0.05, i = 1, 2.

Hence, from Theorem (4.2), system (5.1) has exactly one pseudo almost periodic solution
x∗(t).Moreover, all solutions and their derivatives of solutions for (5.1)with initial conditions
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Fig. 1 Numerical solution x(t) = (x1(t), x2(t))
T of system (5.1) for initial value ϕ(t) ≡ (0.1, 0.3)T

(1.2) converge exponentially to x∗(t) and x∗ ′(t), respectively. The exponential convergent
rate is about 0.001. The fact is verified by the numerical simulation in Fig. 1.

Remark 5.1 To the best of our knowledge, there is no research on the globally exponential
convergence of the pseudo almost periodic solution of DCNNs with continuously distributed
leakage delays. We also mention that all results in the reference [26] cannot be applied to
imply that all solutions and their derivatives of solutions for (5.1) with initial conditions (1.4)
converge exponentially to x∗(t) and x∗ ′(t), respectively. Here we employ a novel proof to
establish some criteria to guarantee the existence and exponential stability of pseudo almost
periodic solutions for DCNNs with continuously distributed leakage delays. This implies
that the results of this paper are essentially new.
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