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Abstract In this paper, by using a fixed point theorem and by constructing a suitable Lya-
punov functional, we study the existence and global exponential stability of almost periodic
solution for high-order bidirectional associative memory neural networks with delays on time
scales. An examples shows the feasibility of our main results.
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1 Introduction

It is well known that high-order neural networks have been extensively applied in psy-
chophysics, speech, perception, robotics, adaptive pattern recognition, vision, and image
processing. This is due to the fact that high-order neural networks have stronger approxi-
mation property, faster convergence rate, greater storage capacity, and higher fault tolerance
than lower-order neural networks. Many interesting results on the existence and stability of
periodic and almost periodic solutions of high-order neural networks have been achieved in
recent years. For details, we refer to [1–11] and references therein.

As we know, both continuous and discrete systems are very important in implementation
and applications. But it is troublesome to study the existence and stability of almost periodic
solutions for continuous and discrete systems, respectively. Therefore, it is meaningful to
study that on time scales which can unify the continuous and discrete situations. Recently,
several types of neural networks on time scales have been presented and studied, see, for
e.g. [7,12–16], which can unify the continuous and discrete situations. To the best of our
knowledge, there is no work on the existence and exponential stability of the almost periodic
solutions of high-order bidirectional associative memory (BAM) neutral networks on time
scales. Moreover, it is known that the existence and stability of the almost periodic solution
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248 Y. Li et al.

play a key role in characterizing the behavior of dynamical system (see [17–19]). Thus, it is
worth while to continue to investigate the existence and stability of almost periodic solution
to high-order BAM neutral networks on time scales.

Motivated by the above, in this paper, we consider the following high-order BAM neutral
networks with time-varying delays on time scales:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x�i (t) = −ai (t)xi (t)+
m∑

j=1
bi j (t)g j

(
y j

(
t − τ j (t)

))

+
m∑

j=1

m∑

l=1
ei jl(t)p j

(
y j

(
t − τ j (t)

))
ql (yl (t − τl(t)))+ Ii (t),

y�j (t) = −d j (t)y j (t)+
n∑

i=1
c ji (t) fi (xi (t − ωi (t)))

+
n∑

i=1

n∑

l=1
s jil(t)vi (xi (t − ωi (t))) wl (xl (t − ωl(t)))+ J j (t),

(1.1)

where i = 1, 2, . . . , n, j = 1, 2, . . . ,m, t > 0, xi (t) and y j (t) denote the potential (or
voltage) of the cell i and j at time t, ai (t) and d j (t) denote the rate with which the cell i
and j reset their potential to the resting state when isolate from the other cells and inputs,
time delay τ(t) and ω(t) are non-negative, they correspond to finite speed of axonal signal
transmission, bi j , c ji , ei jl and s jil are the first- and second-order connection weights of the
neural network, respectively, Ii and J j denote the i th and the j th component of an external
input source that introduce from outside the network to the cell i and j, respectively.

The system (1.1) is supplemented with initial values given by

xi (s) = φi (s), y j (s) = ψ j (s), θ = max{τ ′, ω′},
whereφi ∈ C([−ω′, 0]T, R), ψ j ∈ C([−τ ′, 0]T, R), i, j = 1, 2, . . . ,m, τ ′ = max1≤ j≤m

supt∈T
{τ j (t)}, ω′ = max1≤i≤m supt∈T

{ωi (t)}, and denoteϕ(t) = (φ1(t), . . . , φm(t), ψ1(t),
. . . , ψm(t)), s ∈ [−θ, 0]T.

For the sake of convenience, we introduce the following notations:

‖z‖ = max
1≤i≤n

|xi | + max
1≤ j≤m

|y j | for z = (x1, x2, . . . , xm, y1, y2, . . . , ym)
T ∈ R2m,

ai = sup
t∈T

|ai (t)|, d j = sup
t∈T

|d j (t)|, Ii = sup
t∈T

|Ii (t)|, J j = sup
t∈T

|J j (t)|,

bi j = sup
t∈T

|bi j (t)|, c ji = sup
t∈T

|c ji (t)|, ei jl = sup
t∈T

|ei jl(t)|,
s jil = sup

t∈T

|s jil(t)|, ai = inf
t∈T

|ai (t)|, d j = inf
t∈T

|d j (t)|, i, j, l = 1, 2, . . . ,m,

and make the following assumptions:

(H1) ai , d j , bi j , c ji , ei jl , s jil , Ii , J j , t − τ j (t), t − ωi (t) ∈ AP(T), −ai , −d j ∈ R+
and ai > 0, d j > 0, for i, j, l = 1, 2, . . . ,m.

(H2) There exist positive constants G j , Pj , Ql , Fi , Vi , Wl , such that |g j (x)|≤G j , |p j (x)|
≤ Pj , |ql(x)| ≤ Ql , | fi (x)| ≤ Fi , |vi (x)| ≤ Vi , |wl(x)| ≤ Wl , i, j, l =
1, 2, . . . ,m, x ∈ R.

(H3) Functions g j (u), p j (u), ql(u), fi (u), vi (u), wl(u) (i, j, l = 1, 2, . . . ,m) satisfy
the Lipschitz condition, that is, there exist constants G ′

j , P ′
j , Q′

l , F ′
i , V ′

i , W ′
l >

0 (i, j, l = 1, 2, . . . ,m) such that
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Existence and Global Exponential Stability 249

|g j (u1)− g j (u2) | ≤ G ′
j |u1 − u2|, |p j (u1)− p j (u2) | ≤ P ′

j |u1 − u2|,
|ql (u1)− ql (u2) | ≤ Q′

l |u1 − u2|, | fi (u1)− fi (u2) | ≤ F ′
i |u1 − u2|,

|vi (u1)− vi (u2)| ≤ V ′
i |u1 − u2|, |wl (u1)− wl (u2) | ≤ W ′

l |u1 − u2|.
The organization of this paper is as follows. In Sect. 2, necessary preliminaries are pre-

sented. In Sect. 3, a set of sufficient conditions are derived for the existence of almost periodic
solutions. In Sect. 4, by constructing a suitable Lyapunov function, some sufficient condi-
tions are obtained for the global exponential stability of system (1.1). We give an example
in Sect. 5.

2 Preliminaries

In this section, we shall first recall some basic definitions and results about almost periodic
dynamic equations on time scales. Throughout this paper, E

m denotes R
m or C

m .

Let T be a non-empty closed subset (time scale) of R. The forward and backward jump
operators σ, ρ : T → T and the graininess μ : T → R

+ are defined, respectively, by

σ(t) = inf{s ∈ T : s > t}, ρ(t) = sup{s ∈ T : s < t}, μ(t) = σ(t)− t.

A point t ∈ T is called left-dense if t > inf T and ρ(t) = t, left-scattered if ρ(t) < t,
right-dense if t < sup T and σ(t) = t, and right-scattered if σ(t) > t. If T has a left-scattered
maximum m, then T

k = T \ {m}; otherwise T
k = T. If T has a right-scattered minimum m,

then Tk = T \ {m}, otherwise Tk = T.

A function f : T → R is right-dense continuous provided it is continuous at right-dense
point in T and its left-side limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be a continuous function on T.

For y : T → R and t ∈ T
k, we define the delta derivative of y(t), y�(t), to be the

number (if it exists) with the property that for a given ε > 0, there exists a neighborhood U
of t such that

∣
∣[y(σ (t))− y(s)] − y�(t)[σ(t)− s]∣∣ < ε|σ(t)− s|,

for all s ∈ U.
Let y be right-dense continuous, if Y�(t) = y(t), then we define the delta integral by

t∫

a

y(s)�s = Y (s)− Y (a).

A function p : T → R is called regressive provided 1 +μ(t)p(t) �= 0 for all t ∈ T
k . The

set of all regressive and rd-continuous functions p : T → R will be denoted by R = R(T) =
R(T, R). We define the set R+ = R+(T, R) = {p ∈ R : 1 + μ(t)p(t) > 0, ∀t ∈ T}.

If r is a regressive function, then the generalized exponential function er is defined by

er (t, s) = exp

⎧
⎨

⎩

t∫

s

ξμ(τ)(r(τ ))�τ

⎫
⎬

⎭
,

for all s, t ∈ T, with the cylinder transformation

ξh(z) =
{

Log(1+hz)
h , if h �= 0,

z, if h = 0.
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250 Y. Li et al.

Definition 2.1 ([20,21]) Let p, q : T → R be two regressive functions, define

p ⊕ q = p + q + μpq, 
p = − p

1 + μp
, p 
 q = p ⊕ (
q).

Lemma 2.1 ([20,21]) Assume that p, q : T → R are two regressive functions, then

(i) e0(t, s) ≡ 1, and ep(t, t) ≡ 1;
(ii) ep(σ (t), s) = (1 + μ(t)p(t))ep(t, s);

(iii) ep(t, s) = 1
ep(s, t) = e
p(s, t);

(iv) ep(t, s)ep(s, r) = ep(t, r);
(v) (e
p(t, s))� = (
p)(t)e
p(t, s);

(vi) If a, b, c ∈ T, then
∫ b

a p(t)ep(c, σ (t))�t = ep(c, a)− ep(c, b).

Definition 2.2 ([22]) A time scale T is called an almost periodic time scale if

 := {τ ∈ R : t + τ ∈ T, ∀ t ∈ T} �= {0}.
Definition 2.3 ([22]) Let T be an almost periodic time scale. A function f ∈ C(T, E

m) is
called almost periodic if the ε-translation set of f

E{ε, f } = {τ ∈  : | f (t + τ)− f (t)| < ε, for all t ∈ T},
is relatively dense in T for all ε > 0; that is, for any given ε > 0, there exists an constant
l(ε) > 0 such that each interval of length contains at least one τ = τ(ε) ∈ E{ε, f } satisfying

| f (t + τ)− f (t)| < ε, for all t ∈ T.

τ is called ε-translation number of f, and l(ε) is called contain interval length of E{ε, f }.
Lemma 2.2 ([22]) Let f ∈ C(T, E

m) be an almost periodic function, then f (t) is bounded
on T.

Theorem 2.1 ([22]) If f, g ∈ C(T, E
m) are almost periodic, then f + g, f g are almost

periodic.

Theorem 2.2 ([22]) If f (t) ∈ C(T, E
m) is almost periodic, F(t, x) is almost periodic if and

only if F(t) is bounded on T, where F(t) = ∫ t
0 f (s)�(s).

Theorem 2.3 ([22]) If f (t) is almost periodic, F(·) is uniformly continuous on the value
field of f (t), then F ◦ f is almost periodic.

Definition 2.4 ([22]) Let z ∈ E
m, and A(t) be an m × m rd-continuous matrix on T, the

linear system

z�(t) = A(t)z(t), t ∈ T, (2.1)

is said to admit an exponential dichotomy on T if there exist positive constant k, α, projection
P, and the fundamental solution matrix Z(t) of (2.1), satisfying

|Z(t)P Z−1(σ (s))| ≤ ke
α(t, σ (s)), s, t ∈ T, t ≥ σ(s),

|Z(t)(I − P)Z−1(σ (s))| ≤ ke
α(σ (s), t), s, t ∈ T, t ≤ σ(s),

where | · | is a matrix norm on T (say, e.g., if B = (bi j )m×m, then we can take |B| =
(
∑m

i=1
∑m

j=1 |bi j |2) 1
2 ).
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Existence and Global Exponential Stability 251

Consider the following almost periodic system

z�(t) = A(t)z(t)+ f (t), t ∈ T, (2.2)

where A(t) is an almost periodic matrix function, f (t) is an almost periodic vector function.

Lemma 2.3 ([22]) Let A(t) be an almost periodic matrix function and f (t) be an almost
periodic vector function. If (2.1) admits exponential dichotomy, then system (2.2) has a unique
almost periodic solution z(t) as follows:

z(t) =
t∫

−∞
Z(t)P Z−1(σ (s)) f (s)�(s)−

+∞∫

t

Z(t)(I − P)Z−1(σ (s)) f (s)�(s),

where Z(t) is the fundamental solution matrix of (2.1).

Lemma 2.4 ([16]) Let ci (t) be an almost periodic function on T,where ci (t) > 0, −ci (t) ∈
R+, ∀ t ∈ T and

min
1≤i≤n

{

inf
t∈T

ci (t)

}

= m̃ > 0,

then the linear system

z�(t) = diag (−c1(t), −c2(t), . . . ,−cm(t)) z(t),

admits an exponential dichotomy on T.

Definition 2.5 The almost periodic solution x∗ = (x∗
1 , x∗

2 , . . . , x∗
m, y∗

1 , y∗
2 , . . . , y∗

m)
T of

system (1.1) is said to be globally exponentially stable, if there exist constants λ and M =
M(λ) ≥ 1, for any solution x(t) = (x1(t), x2(t), . . . , xm(t), y1(t), y2(t), . . . , ym(t))T of
system (1.1) with the initial valueϕ(t)=(φ1(t), φ2(t),. . ., φm(t), ψ1(t), ψ2(t),. . . , ψm(t))T ,
where (φ1(t), φ2(t),. . . , φm(t)) ∈ C([−ω′, 0]T, R

m) and (ϕ1(t), ϕ2(t), . . . , ϕm(t)) ∈
C([−τ ′, 0]T, R

m), such that

m∑

i=1

|xi (t)−x∗
i (t)|+

m∑

j=1

|y j (t)−y∗
j (t)|≤ M(λ)e
λ(t, 0)

⎛

⎝
m∑

i=1

‖xi −x∗‖+
m∑

j=1

‖yi −y∗‖
⎞

⎠ ,

where

‖xi − x∗‖ =
n∑

i=1

max
s∈[−ω′,0]T

|φi (s)− x∗
i (s)|, s ∈ [−ω′, 0]T,

‖y j − y∗‖ =
m∑

j=1

max
s∈[−τ ′, 0]T

|ψ j (s)− y∗
j (s)|, s ∈ [−τ ′, 0]T.

3 Existence of Almost Periodic Solutions

Set S2m = {z|z = (φ1, φ2, . . . , φm, ψ1, ψ2, . . . , ψm)
T , φi , ψ j ∈ AP(T), i, j = 1, 2,

. . . ,m}. For any z ∈ S2m, we define induced module ‖z‖ = supt∈T
‖z(t)‖ =

supt∈T
max1≤i≤m |φi (t)| + supt∈T

max1≤ j≤m |ψ j (t)|, then S2m is an Banach space.

Theorem 3.1 Assume that (H1)–(H3) hold, and suppose that
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(H4)

ρ � max
1≤i≤m

∑m
j=1 bi j G ′

j + ∑m
j=1

∑m
l=1 ei jl(Pj Q′

l + Ql P ′
j )

ai

+ max
1≤ j≤m

∑m
i=1 c ji F ′

i + ∑m
i=1

∑m
l=1 s jil(Vi W ′

l + Wl V ′
i )

d j
< 1.

Then (1.1) has a unique almost periodic solution.

Proof For any given z = (φ1, φ2, . . . , φm, ψ1, ψ2, . . . , ψm)
T ∈ S2m, we consider the

following almost periodic system:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x�i (t) = −ai (t)xi (t)+
m∑

j=1
bi j (t)g j

(
ψ j

(
t − τ j (t)

))

+
m∑

j=1

m∑

l=1
ei jl(t)p j

(
ψ j

(
t − τ j (t)

))
ql (ψl (t − τl(t)))+ Ii (t),

y�j (t) = −d j (t)y j (t)+
m∑

i=1
c ji (t) fi (φi (t − ωi (t)))

+
m∑

i=1

m∑

l=1
s jil(t)vi (φi (t − ωi (t))) wl (φl (t − ωl(t)))+ J j (t),

since min1≤i≤n{inf t∈T ai (t)} > 0, min1≤ j≤m{inf t∈T d j (t)} > 0, i, j = 1, 2, . . . ,m, t ∈
T, it follows from Lemma 2.4 that the linear system

{
x�i (t) = −ai (t)xi (t), i = 1, 2, . . . ,m,
y�j (t) = −d j (t)y j (t), j = 1, 2, . . . ,m,

admits an exponential dichotomy on T. Thus, by Lemmas 2.3 and 2.4, we obtain that system
(1.1) has a bounded solution:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xψi (t)=
t∫

−∞
e−ai (t, σ (s))×

( m∑

j=1

bi j (t)g j
(
ψ j

(
t−τ j (t)

))

+
m∑

j=1

m∑

l=1
ei jl (t)p j

(
ψ j

(
t−τ j (t)

))
ql (ψl (t−τl (t)))+ Ii (t)

)

�s, i =1, 2, . . . ,m,

yφ j (t)=
t∫

−∞
e−d j (t, σ (s))×

( m∑

i=1

c ji (t) fi (φi (t−ωi (t)))

+
m∑

i=1

m∑

l=1
s jil (t)vi (φi (t−ωi (t)))wl (φl (t−ωl (t)))+ J j (t)

)

�s, j =1, 2, . . . ,m,

and it follows from Theorems 2.1–2.3 and e−ai (t, σ (s)), e−d j (t, σ (s))being almost periodic
that (xψ, yφ) is also almost periodic.

Denote

max
1≤i≤m

{∑m
j=1 bi j G j + ∑m

j=1
∑m

l=1 ei jl Pj Ql

ai

}

+ max
1≤i≤m

{
Ii

ai

}

+ max
1≤ j≤m

{∑m
i=1 c ji Fi + ∑m

i=1
∑m

l=1 s jil Vi Wl

d j

}

+ max
1≤ j≤m

{
J j

d j

}

� L .
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Now we define a mapping T : S2m → S2m, T z = T (φ, ψ)T (t) = (xψi (t),
yφ j (t))Ti, j=1,2,...,m, ∀z ∈ S2m . Set

B∗ =
{

z|z = (φ1, φ2, . . . , φm, ψ1, ψ2, . . . , ψm)
T ∈ S2m, ‖z‖ ≤ L

}
.

Next, let us check that T z ∈ B∗.For any given z ∈ B∗, it suffices to prove that‖T (z)‖ ≤ L .
Noting that

‖T (z)‖ = sup
t∈T

max
1≤i≤m

{∣
∣
∣
∣

t∫

−∞
e−ai (t, σ (s))

( m∑

j=1

bi j (t)g j
(
ψ j

(
t − τ j (t)

))

+
m∑

j=1

m∑

l=1

ei jl(t)p j
(
ψ j

(
t − τ j (t)

))
ql (ψl (t − τl(t)))+ Ii (t)

)

�s

∣
∣
∣
∣

}

+ sup
t∈T

max
1≤ j≤m

{∣
∣
∣
∣

t∫

−∞
e−d j (t, σ (s))

( m∑

i=1

c ji (t) fi (φi (t − ωi (t)))

+
m∑

i=1

m∑

l=1

s jil(t)vi (φi (t − ωi (t))) wl (φl (t − ωl(t)))+ J j (t)

)

�s

∣
∣
∣
∣

}

≤ sup
t∈T

max
1≤i≤m

{∣
∣
∣
∣

t∫

−∞
e−ai (t, σ (s))

( m∑

j=1

bi j g j
(
ψ j

(
t − τ j (t)

))

+
m∑

j=1

m∑

l=1

ei jl p j
(
ψ j

(
t − τ j (t)

))
ql (ψl (t − τl(t)))

)

�s

∣
∣
∣
∣

}

+ max
1≤i≤n

{
Ii

ai

}

+ sup
t∈T

max
1≤ j≤m

{∣
∣
∣
∣

t∫

−∞
e−d j (t, σ (s))

( m∑

i=1

c ji fi (φi (t − ωi (t)))

+
m∑

i=1

m∑

l=1

s jilvi (φi (t − ωi (t)))wl (φl (t − ωl(t)))

)

�s

∣
∣
∣
∣

}

+ max
1≤ j≤m

{
J j

d j

}

≤ max
1≤i≤m

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

m∑

j=1
bi j G j +

m∑

j=1

m∑

l=1
ei jl Pj Ql

ai

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

+ max
1≤i≤m

{
Ii

ai

}

+ max
1≤ j≤m

⎧
⎪⎪⎨

⎪⎪⎩

m∑

i=1
c ji Fi +

m∑

i=1

m∑

l=1
s jil Vi Wl

d j

⎫
⎪⎪⎬

⎪⎪⎭

+ max
1≤ j≤m

{
J j

d j

}

= L ,

which shows that T z ∈ B∗. So T is a self-mapping from B∗ to B∗. Next, we shall prove
that T is a contraction of B∗. For any z1 = (ξ1, ξ2, . . . , ξm, η1, η2, . . . , ηm)

T , z2 =
(φ1, φ2, . . . , φm, ψ1, ψ2, . . . , ψm)

T , and z1, z2 ∈ B∗,
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‖T (z1)− T (z2) ‖ = sup
t∈T

‖T (z1) (t)− T (z2) (t)‖

= sup
t∈T

max
1≤i≤m

{∣
∣
∣
∣

t∫

−∞
e−ai (t, σ (s))

( m∑

j=1

bi j (t)
(
g j

(
η j

(
t − τ j (t)

)) − g j
(
ψ j

(
t − τ j (t)

)))

+
m∑

j=1

m∑

l=1

ei jl(t)
(

p j
(
η j

(
t − τ j (t)

))
ql (ηl (t − τl(t)))

−p j
(
ψ j

(
t − τ j (t)

))
ql (ψl (t − τl(t)))

)
)

�s

∣
∣
∣
∣

}

+ sup
t∈T

max
1≤ j≤m

{∣
∣
∣
∣

t∫

−∞
e−d j (t, σ (s))

( m∑

i=1

c ji (t) ( fi (ξi (t − ωi (t)))

− fi (φi (t − ωi (t))))

+
m∑

i=1

m∑

l=1

s jil(t) (vi (ξi (t − ωi (t)))wl (ξl (t − ωl(t)))

− vi (φi (t − ωi (t))) wl (φl (t − ωl(t))))

)

�s

∣
∣
∣
∣

}

≤ sup
t∈T

max
1≤i≤m

{∣
∣
∣
∣

t∫

−∞
e−ai (t, σ (s))

( m∑

j=1

bi j (t)
(
g j

(
η j

(
t−τ j (t)

)) − g j
(
ψ j

(
t−τ j (t)

)))

+
m∑

j=1

m∑

l=1

ei jl(t)
(

p j
(
η j

(
t−τ j (t)

)) |ql (ηl (t−τl(t)))−ql (ψl (t−τl(t)))
) |

+ ql (ψl (t − τl(t))) |p j
(
η j

(
t − τ j (t)

)) − p j
(
ψ j

(
t−τ j (t)

)) |
)

�s

∣
∣
∣
∣

}

+ sup
t∈T

max
1≤ j≤m

{∣
∣
∣
∣

t∫

−∞
e−d j (t, σ (s))

( m∑

i=1

c ji (t) ( fi (ξi (t−ωi (t)))− fi (φi (t − ωi (t))))

+
m∑

i=1

m∑

l=1

s jil(t) (vi (ξi (t − ωi (t)))) |wl (ξl (t − ωl(t)))− wl (φl (t − ωl(t))) |

+wl (φl (t − ωl(t))) |vi (ξi (t − ωi (t)))− vi (φi (t − ωi (t))) |
)

�s

∣
∣
∣
∣

}

≤ sup
t∈T

max
1≤i≤m

{∣
∣
∣
∣

t∫

−∞
e−ai (t, σ (s))

( m∑

j=1

bi j G
′
j‖z1 − z2‖ +

m∑

j=1

m∑

l=1

ei jl(Pj Q′
l‖z1 − z2‖

+Ql P ′
j‖z1 − z2‖)

)

�s

∣
∣
∣
∣

}

+ sup
t∈T

max
1≤ j≤m

{∣
∣
∣
∣

t∫

−∞
e−d j (t, σ (s))

( m∑

i=1

c ji F ′
i ‖z1 − z2‖

+
m∑

i=1

m∑

l=1

si jl(Vi W ′
l ‖z1 − z2‖ + Wl V

′
i ‖z1 − z2‖)

)

�s

∣
∣
∣
∣

}
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=
⎧
⎨

⎩
max

1≤i≤m

∑m
j=1 bi j G ′

j + ∑m
j=1

∑m
l=1 ei jl

(
Pj Q′

l + Ql P ′
j

)

ai

+ max
1≤ j≤m

∑m
i=1 c ji F ′

i + ∑m
i=1

∑m
l=1 s jil

(
Vj W ′

l + Wl V ′
i

)

d j

}

× ‖z1 − z2‖ = ρ‖z1 − z2‖.

Because ρ < 1, so T is a contraction of B∗. By the fixed point theorem of Banach space,
T has a unique fixed point z ∈ B∗ such that T z = z. Therefore, system (1.1) has a unique
almost periodic solution z ∈ B∗. The proof is complete. ��

4 Global Exponential Stability of the Almost Periodic Solution

Suppose that z∗(t) = (x∗
1 (t), . . . , x∗

m(t), y∗
1 (t), . . . , y∗

m(t))
T is an almost periodic solution

of system (1.1) with the initial value z∗(s) = (x∗
1 (s), . . . , x∗

m(s), y∗
1 (s), . . . , y∗

m(s))
T , s ∈

[−θ, 0]T. In this section, we will construct some Lyapunov functionals to study the global
exponential stability of the almost periodic solution. Denote T

+
0 := [0, +∞)T.

Theorem 4.1 Suppose that the system (1.1) satisfies (H1)–(H3), 0 ∈ T and τ j (t) ≡
τ j , ωi (t) ≡ ωi are constants for i, j = 1, 2, . . . ,m, if there exist constants λi , ξ j and
p > 0 such that

Ti (λi , p) = λi

[

p +
(

ai
2μ(t)− 2ai + (1 + aiμ(t))

( m∑

j=1

bi j G ′
j +

m∑

j=1

m∑

l=1

ei jl Ql P ′
j

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

))

(1 + pμ(t))

]

+
m∑

j=1

ξ j

[
(
1 + d jμ (t + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (t + ωi )
(
m2 + m

)
(

c ji
2 (

F ′
i

)2 +
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 +
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

× (1 + pμ (t + ωi )) ep (t + ωi , t)<0, (4.1)

for all i j = 1, 2, . . . ,m, t ∈ T
+
0 ;

Hj
(
ξ j , p

)= ξ j

[

p+
(

d j
2
μ(t)−2d j + (

1 + d jμ(t)
)
( m∑

i=1

c ji F ′
i +

m∑

i=1

m∑

l=1

s jil Wl V
′
i

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

))

(1 + pμ(t))

]

+
m∑

i=1

λi

[
(
1 + aiμ

(
t + τ j

))
(

bi j G ′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
t +τ j

) (
m2+m

)
(

bi j
2
(

G ′
j

)2+
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]

× (
1+ pμ

(
t +τ j

))
ep

(
t +τ j , t

)
<0, (4.2)

for all i, j = 1, 2, . . . ,m, t ∈ T
+
0 , then the almost periodic solution of system (1.1) is

globally exponentially stable.
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Proof According to Theorem 3.1, we know that (1.1) has an almost periodic solution

x∗(t) = (
x∗

1 (t), x∗
2 (t), . . . , x∗

m(t), y∗
1 (t), y∗

2 (t), . . . , y∗
m(t)

)T
.

Suppose that

x(t) = (
x1(t), x2(t), . . . , xm(t), y1(t), y2(t), . . . , ym(t)

)T

is an arbitrary solution of (1.1). Then it follows from system (1.1) that

k�i (s)+ai (s)ki (s)=
m∑

j=1

bi j (t)
[
g j

(
z j

(
t−τ j

)+y∗
j

(
t−τ j

))−g j

(
y∗

j

(
t−τ j

)) ]

+
m∑

j=1

m∑

l=1

ei jl(t)
[ [

p j

(
z j

(
t−τ j

)+y∗
j

(
t−τ j

))− p j

(
y∗

j

(
t−τ j

))]

× ql
(
zl (t−τl)+y∗

l (t−τl)
) ]

+
m∑

j=1

m∑

l=1

ei jl(t)
[ [

ql
(
zl (t−τl)+y∗

l (t−τl)
) − ql

(
y∗

l (t−τl)
)]

×p j

(
y∗

j

(
t−τ j

)) ]
, (4.3)

where xi (t)− x∗
i (t) = ki (t), i = 1, 2, . . . ,m, the initial condition of (4.3) is

αi (s) = φi (s)− x∗
i (s), s ∈ [−ω′, 0]T, i = 1, 2, . . . ,m.

Similarly, we also have

z�j (s)+d j (s)z j (s)=
n∑

i=1

c ji (t)
[

fi
(
ki (t−ωi )+x∗

i (t−ωi )
)− fi

(
x∗

i (t−ωi )
) ]

+
n∑

i=1

n∑

l=1

s jil(t)
[ [
vi

(
ki (t−ωi )+x∗

i (t−ωi )
)−vi

(
x∗

i (t−ωi )
)]

×wl
(
kl (t−ωl)+x∗

l (t−ωl)
) ]

+
n∑

i=1

n∑

l=1

s jil(t)
[ [
wl

(
kl (t−ωl)+x∗

l (t−ωl)
)−wl

(
x∗

l (t−ωl)
)]

× vi
(
x∗

i (t−ωi )
) ]
, (4.4)

where y j (t)− y∗
j (t) = z j (t), j = 1, 2, . . . ,m, the initial condition of (4.4) is

β j (s) = ψ j (s)− y∗
j (s), s ∈ [−τ ′, 0]T, j = 1, 2, . . . ,m.

Now, we construct the Lyapunov functional F(t) as follows:

F(t)= F1(t)+F2(t)+F3(t)+F4(t),

F1(t) =
m∑

i=1

λi k
2
i (t)ep(t, 0),

F2(t) =
m∑

i=1

ξ j z
2
j (t)ep(t, 0),
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F3(t) =
m∑

i=1

m∑

j=1

λi

t∫

t−τ j

[
(
1+aiμ

(
s+τ j

))
(

bi j G
′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
s+τ j

) (
m2+m

)
(

bi j
2
(

G ′
j

)2+
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]

× (
1+ pμ

(
s+τ j

))
z2

j (s)ep
(
s+τ j , 0

)
�s,

F4(t) =
m∑

j=1

m∑

i=1

ξ j

t∫

t−ωi

[
(
1+d jμ (s+ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (s+ωi )
(
m2+m

)
(

c ji
2 (

F ′
i

)2+
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2+
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

× (1+ pμ (s+ωi )) k2
i (s)ep (s+ωi , 0)�s.

Calculating �-derivative F�(t) of F(t) along the solution of (4.3), (4.4), we have

F�1 (t) =
m∑

i=1

λi

[(
k2

i (t)
)�

ep(σ (t), 0)+ k2
i (t)e

�
p (t, 0)

]

=
m∑

i=1

λi
[
(ki (t)+ ki (σ (t))) k�i (t)ep(σ (t), 0)+ k2

i (t)pep(t, 0)
]

=
m∑

i=1

λi
[(

ki (t)+ μ(t)k�i (t)+ ki (t)
)

k�i (t)ep(σ (t), 0)+ k2
i (t)pep(t, 0)

]

=
m∑

i=1

λi

[(
2ki (t)k

�
i (t)+ μ(t)

(
k�i (t)

)2
)

ep(σ (t), 0)+ k2
i (t)pep(t, 0)

]

=
m∑

i=1

λi

[(

2ki (t)

(

− ai (t)ki (t)+
m∑

j=1

bi j (t)
(
g j

(
z j

(
t − τ j

) + y∗
j

(
t − τ j

))

−g j

(
y∗

j

(
t − τ j

)) ) +
m∑

j=1

m∑

l=1

ei jl(t)
([p j (z j (t − τ j )+ y∗

j (t − τ j ))

−p j (y
∗
j (t − τ j ))] × ql(zl(t − τl)+ y∗

l (t − τl))
)

+
m∑

j=1

m∑

l=1

ei jl(t)
( [

ql
(
zl (t − τl)+ y∗

l (t − τl)
) − ql

(
y∗

l (t − τl)
)]

×p j

(
y∗

j

(
t − τ j

)) )
)

+μ(t)
(

−ai (t)ki (t)+
m∑

j=1

bi j (t)
(
g j

(
z j

(
t − τ j

)+y∗
j

(
t−τ j

))−g j

(
y∗

j

(
t−τ j

)) )

+
m∑

j=1

m∑

l=1

ei jl(t)
( [

p j

(
z j

(
t − τ j

) + y∗
j

(
t − τ j

)) − p j

(
y∗

j

(
t − τ j

))]
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× ql
(
zl (t − τl)+ y∗

l (t − τl)
) ) +

m∑

j=1

m∑

l=1

ei jl(t)
([ql

(
zl (t − τl)+ y∗

l (t − τl)
)

− ql
(
y∗

l (t − τl)
)] × p j

(
y∗

j

(
t − τ j

)) )
)2)

ep(σ (t), 0)+ k2
i (t)pep(t, 0)

]

≤
m∑

i=1

[

λi ep(σ (t), 0)

(

− 2ai k
2
i (t)+ 2

m∑

j=1

bi j G
′
j |z j

(
t − τ j

) ||ki (t)|

+2
m∑

j=1

m∑

l=1

ei jl P ′
j Ql |z j

(
t − τ j

) ||ki (t)| + 2
m∑

j=1

m∑

l=1

ei jl Q′
l Pj |zl (t − τl) ||ki (t)|

+μ(t)
(

ai
2k2

i (t)+2ai |ki (t)|
( m∑

j=1

bi j G
′
j |z j

(
t−τ j

)|+
m∑

j=1

m∑

l=1

ei jl Ql P ′
j |z j

(
t−τ j

)|

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l |zl (t−τl) |

)

+ (
m2+m

)
( m∑

j=1

bi j
2
(

G ′
j

)2 |z j
(
t−τ j

) |2

+
m∑

j=1

m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 |z j
(
t−τ j

) |2+
m∑

j=1

m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2 |zl (t−τl) |2
)))

+ λi k
2
i (t)pep(t, 0)

]

≤
m∑

i=1

[

λi k
2
i (t)pep(t, 0)+ λi ep(σ (t), 0)

(
(
ai

2μ(t)− 2ai
)

k2
i (t)

+ (1 + aiμ(t))

( m∑

j=1

bi j G
′
j

(
z2

j

(
t − τ j

) + k2
i (t)

)

+
m∑

j=1

m∑

l=1

ei jl Ql P ′
j

(
z2

j

(
t − τ j

) + k2
i (t)

)

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

(
z2

l (t − τl)+ k2
i (t)

)
)

+μ(t) (m2 + m
)
( m∑

j=1

bi j
2
(

G ′
j

)2 |z j
(
t − τ j

) |2

+
m∑

j=1

m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 |z j
(
t−τ j

) |2+
m∑

j=1

m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2 |zl (t−τl) |2
))]

=
m∑

i=1

λi

[

p +
(

ai
2μ(t)− 2ai + (1 + aiμ(t))

( m∑

j=1

bi j G
′
j +

m∑

j=1

m∑

l=1

ei jl Ql P ′
j

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

))

(1 + pμ(t))

]

ep(t, 0)k2
i (t)
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+
m∑

i=1

m∑

j=1

λi

[

(1 + aiμ(t))

(

bi j G
′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ(t) (m2 + m
)
(

bi j
2
(

G ′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]

× (1 + pμ(t))z2
j (t − τ j )ep(t, 0).

F�2 (t) =
m∑

j=1

ξ j

[(
z2

j (t)
)�

ep(σ (t), 0)+ z2
j (t)e

�
p (t, 0)

]

=
m∑

j=1

ξ j

[(
z j (t)+ z j (σ (t))

)
z�j (t)ep(σ (t), 0)+ z2

j (t)pep(t, 0)
]

=
m∑

j=1

ξ j

[(
z j (t)+ μ(t)z�j (t)+ z j (t)

)
z�j (t)ep(σ (t), 0)+ z2

j (t)pep(t, 0)
]

=
m∑

j=1

ξ j

[(

2z j (t)z
�
j (t)+ μ(t)

(
z�j (t)

)2
)

ep(σ (t), 0)+ z2
j (t)pep(t, 0)

]

=
m∑

j=1

ξ j

[(

2z j (t)

(

−d j (t)z j (t)+
m∑

i=1

c ji (t)
(

fi (ki (t − ωi )+ x∗
i (t − ωi ))

− fi
(
x∗

i (t − ωi )
) ) +

m∑

i=1

m∑

l=1

s jil(t)
( [
vi

(
ki (t − ωi )+ x∗

i (t − ωi )
)

−vi
(
x∗

i (t − ωi )
)] × wl

(
xl (t − ωl)+ x∗

l (t − ωl)
) )

+
m∑

i=1

m∑

l=1

s jil(t)
( [
wl

(
kl (t − ωl)+ x∗

l (t − ωl)
) − wl

(
x∗

l (t − ωl)
)]

×vi
(
x∗

i (t − ωi )
) )

)

+μ(t)
(

−d j (t)z j (t)+
m∑

i=1

c ji (t)
(

fi
(
ki (t−ωi )+x∗

i (t−ωi )
)− fi

(
x∗

i (t − ωi )
) )

+
m∑

i=1

m∑

l=1

s jil(t)
( [
vi

(
ki (t − ωi )+ x∗

i (t − ωi )
) − vi

(
x∗

i (t − ωi )
)]

×wl
(
kl (t − ωl)+ x∗

l (t − ωl)
) )

+
m∑

i=1

m∑

l=1

s jil(t)
( [
wl

(
kl (t − ωl)+ x∗

l (t − ωl)
) − wl

(
x∗

l (t − ωl)
)]

×vi
(
x∗

i (t − ωi )
) )

)2)

ep(σ (t), 0)+ z2
j (t)pep(t, 0)

]

≤
m∑

j=1

[

ξ j ep(σ (t), 0)

(

−2dj z
2
j (t)+ 2

m∑

i=1

c ji F ′
i |ki (t − ωi ) ||z j (t)|
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+ 2
m∑

i=1

m∑

l=1

s jil V
′
i Wl |ki (t − ωi ) ||z j (t)| + 2

m∑

i=1

m∑

l=1

s jil W
′
l Vi |kl (t − ωl) ||z j (t)|

+μ(t)
(

d j
2
z2

j (t)+2d j |z j (t)|
( m∑

i=1

c ji F ′
i |ki (t−ωi ) |+

m∑

i=1

m∑

l=1

s jil Wl V
′
i |ki (t−ωi )|

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l |kl (t − ωl) |

)

+ (
m2 + m

)
( m∑

i=1

c ji
2 (

F ′
i

)2 |ki (t − ωi ) |2

+
m∑

i=1

m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 |ki (t−ωi ) |2 +
m∑

i=1

m∑

l=1

s jil
2V 2

i

(
W ′

l

)2 |kl (t−ωl) |2
)))

+ ξ j z
2
j (t)pep(t, 0)

]

≤
m∑

j=1

[

ξ j z
2
j (t)pep(t, 0)+ ξ j ep(σ (t), 0)

((
d j

2
μ(t)− 2dj

)
z2

j (t)

+ (
1 + d jμ(t)

)
( m∑

i=1

c ji F ′
i

(
k2

i (t − ωi )+ z2
j (t)

)

+
m∑

i=1

m∑

l=1

s jil Wl V
′
i

(
k2

i (t − ωi )+ z2
j (t)

)

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

(
k2

l (t − ωl)+ z2
j (t)

))

+μ(t) (m2 + m
)
( m∑

i=1

c ji
2 (

F ′
i

)2 |ki (t − ωi ) |2

+
m∑

i=1

m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 |ki (t−ωi ) |2+
m∑

i=1

m∑

l=1

s jil
2V 2

i

(
W ′

l

)2 |kl (t − ωl) |2
))]

=
m∑

j=1

ξ j

[

p +
(

d j
2
μ(t)− 2dj + (

1 + d jμ(t)
)
( m∑

i=1

c ji F ′
i +

m∑

i=1

m∑

l=1

s jil Wl V
′
i

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

))

(1 + pμ(t))

]

ep(t, 0)z2
j (t)

+
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ(t)

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ(t) (m2 + m
)
(

c ji
2 (

F ′
i

)2 +
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 +
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

×(1 + pμ(t))k2
i (t − ωi ) ep(t, 0).

F�3 (t) =
m∑

i=1

m∑

j=1

λi

[
(
1 + aiμ

(
t + τ j

))
(

bi j G
′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)
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+μ (
t+τ j

) (
m2+m

)
(

bi j
2
(

G ′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]

× (
1 + pμ

(
t + τ j

))
z2

j (t)ep
(
t + τ j , 0

)

−
m∑

i=1

m∑

j=1

λi

[

(1 + aiμ(t))

(

bi j G
′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+ μ(t)
(
m2 + m

)
(

bi j
2
(

G ′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]

× (1 + pμ(t))z2
j

(
t − τ j

)
ep(t, 0)�s.

F�4 (t) =
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ (t + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (t+ωi )
(
m2+m

)
(

c ji
2 (

F ′
i

)2+
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2+
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

× (1 + pμ (t + ωi )) k2
i (t)ep (t + ωi , 0)

−
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ(t)

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ(t) (m2 + m
)
(

c ji
2 (

F ′
i

)2 +
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 +
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

×(1 + pμ(t))k2
i (t − ωi ) ep(t, 0).

Hence,

F�(t) = F�1 (t)+ F�2 (t)+ F�3 (t)+ F�4 (t)

≤
m∑

i=1

λi

[

p +
(

ai
2μ(t)− 2ai + (1 + aiμ(t))

( m∑

j=1

bi j G′
j +

m∑

j=1

m∑

l=1

ei jl Ql P ′
j

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

))

(1 + pμ(t))

]

ep(t, 0)k2
i (t)

+
m∑

i=1

m∑

j=1

λi

[

(1 + aiμ(t))

(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ(t)
(

m2 + m
)(

bi j
2
(

G′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

×(1 + pμ(t))z2
j
(
t − τ j

)
ep(t, 0)

+
m∑

j=1

ξ j

[

p +
(

d j
2
μ(t)− 2d j + (

1 + d jμ(t)
)
( m∑

i=1

c ji F ′
i +

m∑

i=1

m∑

l=1

s jil Wl V ′
i

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

))

(1 + pμ(t))

]

ep(t, 0)z2
j (t)
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+
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ(t)

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ(t)
(

m2 + m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2 +

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

×(1 + pμ(t))k2
i (t − ωi ) ep(t, 0)

+
m∑

i=1

m∑

j=1

λi

[
(
1 + aiμ

(
t + τ j

))
(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
t + τ j

) (
m2+m

)(

bi j
2
(

G′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

× (
1 + pμ

(
t + τ j

))
z2

j (t)ep
(
t + τ j , 0

)

−
m∑

i=1

m∑

j=1

λi

[

(1 + aiμ(t))

(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ(t)
(

m2 + m
)(

bi j
2
(

G′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

×(1 + pμ(t))z2
j
(
t − τ j

)
ep(t, 0)

+
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ (t + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (t + ωi )
(

m2+m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2+

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

× (1 + pμ (t + ωi )) k2
i (t)ep (t + ωi , 0)

−
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ(t)

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ(t)
(

m2 + m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2 +

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

×(1 + pμ(t))k2
i (t − ωi ) ep(t, 0)

=
m∑

i=1

λi

[

p +
(

ai
2μ(t)− 2ai + (1 + aiμ(t))

( m∑

j=1

bi j G′
j +

m∑

j=1

m∑

l=1

ei jl Ql P ′
j

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

))

(1 + pμ(t))

]

ep(t, 0)k2
i (t)

+
m∑

j=1

ξ j

[

p +
(

d j
2
μ(t)− 2d j + (

1 + d jμ(t)
)
( m∑

i=1

c ji F ′
i +

m∑

i=1

m∑

l=1

s jil Wl V ′
i

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

))

(1 + pμ(t))

]

ep(t, 0)z2
j (t)
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+
m∑

i=1

m∑

j=1

λi

[
(
1 + aiμ

(
t + τ j

))
(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
t+τ j

)(
m2+m

)(

bi j
2
(
G′

j

)2+
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

× (
1 + pμ

(
t + τ j

))
z2

j (t)ep
(
t + τ j , 0

)

+
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d jμ (t + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (t+ωi )
(

m2+m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2+

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

× (1 + pμ (t + ωi )) k2
i (t)ep (t + ωi , 0)

=
m∑

i=1

ep(t, 0)

{

λi

[

p+
(

ai
2μ(t)−2ai +(1+aiμ(t))

( m∑

j=1

bi j G′
j +

m∑

j=1

m∑

l=1

ei jl Ql P ′
j

+
m∑

j=1

m∑

l=1

ei jl Pj Q′
l

))

(1 + pμ(t))

]

+
m∑

j=1

ξ j

[
(
1 + d jμ (t + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (t+ωi )
(

m2+m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2+

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

× (1 + pμ (t + ωi )) ep (t + ωi , t)

}

k2
i (t)

+
m∑

j=1

ep(t, 0)

{

ξ j

[

p+
(

d j
2
μ(t)−2d j +

(
1+d jμ(t)

)
( m∑

i=1

c ji F ′
i +

m∑

i=1

m∑

l=1

s jil Wl V ′
i

+
m∑

i=1

m∑

l=1

s jil Vi W ′
l

))

(1 + pμ(t))

]

+
m∑

i=1

λi

[
(
1 + aiμ

(
t + τ j

))
(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
t + τ j

) (
m2+m

)(

bi j
2
(

G′
j

)2+
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2+
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

× (
1 + pμ

(
t + τ j

))
ep

(
t + τ j , t

)
}

z2
j (t).

By using (4.1), (4.2), we can conclude that F�(t) ≤ 0, for t ∈ T
+
0 , which implies that F(t) ≤

F(0), for t ∈ T
+
0 .

F(0) = F1(0)+ F2(0)+ F3(0)+ F4(0)

=
m∑

i=1

λi k2
i (0)ep(0, 0)+

m∑

i=1

ξ j z2
j (0)ep(0, 0)
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+
m∑

i=1

m∑

j=1

λi

0∫

−τ j

[
(
1 + aiμ

(
s + τ j

))
(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+μ (
s + τ j

) (
m2 + m

)(

bi j
2
(

G′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

× (
1 + pμ

(
s + τ j

))
z2

j (s)ep
(
s + τ j , 0

)
�s

+
m∑

j=1

m∑

i=1

ξ j

0∫

−ωi

[
(
1 + d jμ (s + ωi )

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+μ (s + ωi )
(

m2 + m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2 +

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

× (1 + pμ (s + ωi )) k2
i (s)ep (s + ωi , 0)�s

≤
m∑

i=1

{

λi +
m∑

j=1

m∑

i=1

ξ j

0∫

−ωi

[
(
1 + d j μ̄

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V ′
i +

m∑

l=1

s jil Vi W ′
l

)

+ μ̄
(

m2 + m
)(

c ji
2 (

F ′
i
)2 +

m∑

l=1

s jil
2W 2

l
(
V ′

i
)2 +

m∑

l=1

s jil
2V 2

i
(
W ′

l
)2

)]

×(1 + pμ̄)ep (s + ωi , 0)�s

}

sup
−ω′≤s≤0

k2
i (s)

+
m∑

j=1

{

ξ j +
m∑

i=1

m∑

j=1

λi

0∫

−τ j

[

(1 + ai μ̄)

(

bi j G′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+ μ̄
(

m2 + m
)(

bi j
2
(

G′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j
(
Q′

l
)2

)]

×(1 + pμ̄)ep
(
s + τ j , 0

)
�s

}

sup
−τ ′≤s≤0

z2
j (s)

≤ max
1≤i≤m

{

λi +
m∑

j=1

m∑

i=1

ξ j

[
(
1 + d j μ̄

)
(

c ji F ′
i +

m∑

l=1

s jil Wl V
′
i +

m∑

l=1

s jil Vi W ′
l

)

+ μ̄ (
m2 + m

)
(

c ji
2 (

F ′
i

)2 +
m∑

l=1

s jil
2W 2

l

(
V ′

i

)2 +
m∑

l=1

s jil
2V 2

i

(
W ′

l

)2
)]

×(1 + pμ̄)ω′ep(ω
′, 0)

} m∑

i=1

sup
−ω′≤s≤0

k2
i (s)

+ max
1≤ j≤m

{

ξ j +
m∑

i=1

m∑

j=1

λi

[

(1 + ai μ̄)

(

bi j G
′
j +

m∑

l=1

ei jl Ql P ′
j +

m∑

l=1

ei jl Pj Q′
l

)

+ μ̄ (
m2 + m

)
(

bi j
2
(

G ′
j

)2 +
m∑

l=1

ei jl
2 Q2

l

(
P ′

j

)2 +
m∑

l=1

ei jl
2 P2

j

(
Q′

l

)2
)]
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×(1 + pμ̄)τ ′ep(τ
′, 0)

} m∑

j=1

sup
−τ ′≤s≤0

z2
j (s), (4.5)

where μ(t) ≤ μ̄ := supt∈T
μ(t). Observe that

F(t) ≥ min
1≤i≤m

m∑

i=1

ki (t)ep(t, 0)+ min
1≤ j≤m

ξ j

m∑

j=1

z2
j (t)ep(t, 0). (4.6)

Then it follows from (4.5) and (4.6) that

m∑

i=1

k2
i (t)+

m∑

j=1

z2
j (t) ≤ M

ep(t, 0)

[ m∑

i=1

sup
−ω′≤s≤0

k2
i (s)+

m∑

j=1

sup
−τ ′≤s≤0

z2
j (s)

]

for t ∈ T
+
0 , where M ≥ 1 is a constant. The proof is complete. ��

5 Numerical Example and Simulations

Consider the following BAM neural network on an almost periodic time scale T :
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x�i (t) = −ai (t)xi (t)+
2∑

j=1
bi j (t)g j

(
y j

(
t − τ j (t)

))

+
2∑

j=1

2∑

l=1
ei jl(t)p j

(
y j

(
t−τ j (t)

))
ql (yl (t−τl(t)))+ Ii (t), i, j, l = 1, 2, t>0,

y�j (t) = −d j (t)y j (t)+
2∑

i=1
c ji (t) fi (xi (t − ωi (t)))

+
2∑

i=1

2∑

l=1
s jil(t)vi (xi (t−ωi (t))) wl (xl (t−ωl(t)))+ J j (t), i, j, l =1, 2, t>0,

(5.1)

where

g1 (y1) = p1 (y1) = q1 (y1) = sin

√
2

2
y1, g2 (y2) = p2 (y2) = q2 (y2) = cos

√
2

2
y2,

f1 (x1) = v1 (x1) = w1 (x1) = 1

4
sin

1

3
x1, f2 (x2) = v2 (x2) = w2 (x2) = 1

3
cos

2

3
x2,

obviously, gi (yi ), pi (yi ), qi (yi ), fi (xi ), vi (xi ), wi (xi )(i = 1, 2) satisfy (H2) and (H3),
and

Gi = Pi = Qi = Fi = Vi = Wi = G ′
i = P ′

i = Q′
i = F ′

i = V ′
i = W ′

i = 1, i = 1, 2.

Take T is an arbitrary time scale and satisfies −ai , −d j ∈ R+, then one can take

a1(t) = 0.5 + 0.3 sin 2t, a2(t) = 0.4 + 0.2 sin t, b11(t) = 0.004 + 0.004 cos t,

b12(t) = 0.003+0.003 cos 3t, b21(t)=0.006+0.006 cos 6t, b22(t)=0.001+0.001 cos
t

2
,

e111(t) = e222(t) = 0.002 + 0.002 sin 2t, e112(t) = e212(t) = 0.0025 + 0.0025 cos
t

4
,

e121(t) = e221(t)=0.0045 + 0.0045 cos
√

3t, e122(t)=e211(t)=0.0015+0.0015 sin
√

2t,

I1(t) = 0.0025 sin
3

4
t, I2(t)=0.001 cos

t

5
, d1(t)=0.5+0.2 cos

t

2
, d2(t)=0.4+0.1 sin

3

4
t,
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Fig. 1 Transient responses of states x1, x2, y1, y2 in example

c11(t) = 0.003+0.002 cos
t

2
, c12(t)=0.002+0.003 sin

t

5
, c21(t)=0.003+0.004 cos

√
2t,

c22(t) = 0.004 + 0.003 sin
√

3t, s111(t) = s222(t) = 0.001 + 0.002 sin
4

3
t,

s112(t) = s212(t) = 0.002 + 0.001 cos
2

5
t, s121(t) = s221(t) = 0.003 + 0.002 sin

3

5
t,

s122(t) = s211(t)=0.002 + 0.004 cos
4

5
t, J1(t)=0.001 cos

√
3t, J2(t) = 0.002 sin

√
5t.

We get that (H1) is satisfied, and

a1 =0.8, a1 =0.2, a2 = 0.6, a2 =0.2, b11 =0.008, b12 = 0.006, b21 = 0.012,

b22 = 0.002, e111 = e222 = 0.004, e112 = e212 = 0.005, e121 = e221 = 0.009,

e122 = e211 = 0.003, I1 = 0.0025, I2 = 0.001, J1 = 0.001, J2 = 0.002, d1 = 0.7,
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d1 =0.3, d2 =0.5, d2 =0.3, c11 =0.005, c12 =0.005, c21 = 0.007, c22 = 0.007,

τ1 = τ2 = ω1 = ω2 = 0.001, s111 = s222 = 0.003, s112 = s212 = 0.003,

s121 = s221 = 0.005, s122 = s211 = 0.006,

so, we have

ρ = max
1≤i≤2

∑2
j=1 bi j G ′

j + ∑2
j=1

∑2
l=1 ei jl(Pj Q′

l + Ql P ′
j )

ai

+ max
1≤ j≤2

∑2
i=1 c ji F ′

i + ∑2
i=1

∑2
l=1 s jil(Vi W ′

l + Wl V ′
i )

d j
= 0.44 < 1,

and taking λ1 = 1, λ2 = 1, ξ1 = 1, ξ2 = 1, p = 0.001, then T1(λ1, p) = T1(1, 0.001) ≈
−0.3010 < 0, T2(λ2, p) = T2(1, 0.01) ≈ −0.2930 < 0, H1(ξ1, p) = H1(1, 0.001) ≈
−0.5070 < 0, H2(ξ2, p) = H2(1, 0.001) ≈ −0.3010 < 0.Hence, conditions in Theorems
3.1 and 4.1 are all satisfied. Therefore, we know that system (5.1) has an almost periodic
solution, which is globally exponentially stable on this time scale (see Fig. 1).

6 Conclusion

On the existence and stability of almost periodic solutions for high-order discrete time BAM
neural networks with time-varying delays, to the best of our knowledge, the aspect results
have not yet appeared in the related literature. Since both continuous and discrete systems
are very important in implementations and applications, while it is troublesome to study
the existence and stability of almost periodic solutions for continuous system and discrete
systems, respectively, it is meaningful to study that on time scales which can unify the
continuous and discrete situations. In this paper, sufficient conditions are derived to guarantee
the global exponential stability and existence of almost periodic solutions for high-order BAM
neural networks with delays on time scales.
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