Neural Process Lett (2014) 39:247-268
DOI 10.1007/s11063-013-9302-0

Existence and Global Exponential Stability of Almost
Periodic Solution for High-Order BAM Neural Networks
with Delays on Time Scales

Yongkun Li - Chao Wang - Xia Li

Published online: 17 May 2013
© Springer Science+Business Media New York 2013

Abstract In this paper, by using a fixed point theorem and by constructing a suitable Lya-
punov functional, we study the existence and global exponential stability of almost periodic
solution for high-order bidirectional associative memory neural networks with delays on time
scales. An examples shows the feasibility of our main results.
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1 Introduction

It is well known that high-order neural networks have been extensively applied in psy-
chophysics, speech, perception, robotics, adaptive pattern recognition, vision, and image
processing. This is due to the fact that high-order neural networks have stronger approxi-
mation property, faster convergence rate, greater storage capacity, and higher fault tolerance
than lower-order neural networks. Many interesting results on the existence and stability of
periodic and almost periodic solutions of high-order neural networks have been achieved in
recent years. For details, we refer to [1-11] and references therein.

As we know, both continuous and discrete systems are very important in implementation
and applications. But it is troublesome to study the existence and stability of almost periodic
solutions for continuous and discrete systems, respectively. Therefore, it is meaningful to
study that on time scales which can unify the continuous and discrete situations. Recently,
several types of neural networks on time scales have been presented and studied, see, for
e.g. [7,12-16], which can unify the continuous and discrete situations. To the best of our
knowledge, there is no work on the existence and exponential stability of the almost periodic
solutions of high-order bidirectional associative memory (BAM) neutral networks on time
scales. Moreover, it is known that the existence and stability of the almost periodic solution
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248 Y. Liet al.

play a key role in characterizing the behavior of dynamical system (see [17-19]). Thus, it is
worth while to continue to investigate the existence and stability of almost periodic solution
to high-order BAM neutral networks on time scales.

Motivated by the above, in this paper, we consider the following high-order BAM neutral
networks with time-varying delays on time scales:

A([) = —a;()x;(t) + z blj(t)g] (y] ([ - T]([)))

j=1

Z eiji@pj (v (1 —7j®)) qr (n (¢ — 1 (@) + L @),

||M5

. (1.1)
YR = —dj(t)yj )+ X cji® i (i ¢ = 0i(0))

+ 21 IZI s v (x (1 — w; (1)) wy (g (¢ — (1)) + J; (1),

wherei =1,2,...,n, j =1,2,...,m,t > 0, x;(¢) and y;(¢) denote the potential (or
voltage) of the cell i and j at time #, a;(t) and d;(t) denote the rate with which the cell i
and j reset their potential to the resting state when isolate from the other cells and inputs,
time delay t(#) and w(t) are non-negative, they correspond to finite speed of axonal signal
transmission, b;j, cj;, e;j; and s;; are the first- and second-order connection weights of the
neural network, respectively, I; and J; denote the ith and the jth component of an external
input source that introduce from outside the network to the cell i and j, respectively.
The system (1.1) is supplemented with initial values given by

xi() = di(s), yj() =¥;(s), 6 =max{r/, '},

where¢; € C([—o', Ol1, R), ¥; € C([—7', Olr, R), i, j=1,2,...,m, U'=maxi<j<m
SuptET{Tj(t)}a (‘l)/ = maleifm SupZET{wi(t)}s anddenOte(p(t) = (¢1 (t)! ] ¢m(l), wl (Z)’
e U (), s € [0, O]r.

For the sake of convenience, we introduce the following notations:

Izl = max |x;| + max lyjl for z=(x1, x2,...,Xm, Y1, yz,...,ym)T € R2m,
1<i<n <j<

a; = supla;j(1)|, dj =supld;j(1)|, I =sup|li(0)], J;j=sup|J;()l,
teT teT teT teT

bij = sup |b;j ()], CTji =suplcji(t)l, eiji = supleii(t)l,
teT teT teT

sjit = suplsji (D], a;i =inf|a;(t)], dj =inf|d;()], i, j,I=1,2,....m
teT teT — teT

and make the following assumptions:

H1) a;, dj, bij, cji. eiji, sji, Ii, Jj, t — 1j(0), t — w;i(t) € AP(T), —a;, —dj € RT
andg; >0, d; >0, fori, j,l=1,2,...,m

(H2) Thereexistpositive constants G ;, Pj, Q;, F;, Vi, Wi, suchthat|g;(x)| <G, |p;(x)]
< Pi, g = Qn Ifi)] = Fi, v < Vi, lwx)| < Wi, i, j, 1 =
1,2,...,m, x e R.

(H3) FUHCtiOHS giw), pjw), qi(u), fi(w), vi(u), wym) (@, j, I =1, 2,...,m) satisfy
the Lipschitz condition, that is, there exist constants G’j, Pj’. , Q) FL, VI, W >
0@, j,l =1, 2,...,m) such that
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Existence and Global Exponential Stability 249

lgj (u1) —gj (u2)| < G/j'ul —uzl, Ipju)—pjw)| =< P,'-Iul — us|,

lgi (1) — qi (u2) | < Qpluy —ual, | fi (1) — fi 2) | < Fluy — uzl,
lvi (u1) — viW2)| < Viluy —ual, |wy (ur) —wy (u2) | < W/lug — us|.

The organization of this paper is as follows. In Sect. 2, necessary preliminaries are pre-
sented. In Sect. 3, a set of sufficient conditions are derived for the existence of almost periodic
solutions. In Sect. 4, by constructing a suitable Lyapunov function, some sufficient condi-
tions are obtained for the global exponential stability of system (1.1). We give an example
in Sect. 5.

2 Preliminaries

In this section, we shall first recall some basic definitions and results about almost periodic
dynamic equations on time scales. Throughout this paper, E” denotes R or C™.

Let T be a non-empty closed subset (time scale) of R. The forward and backward jump
operators o, p : T — T and the graininess ;t : T — R™ are defined, respectively, by

ot)=inf{seT:s>1t}, pt)=sup{seT:s<t}, pult)=o()—t.

A point z € T is called left-dense if > inf T and p(¢) = ¢, left-scattered if p(¢) < f,
right-dense if 1 < sup T and o (¢) = ¢, and right-scattered if o (#) > ¢. If T has a left-scattered
maximum 7, then T = T \ {m}; otherwise TK = T.If T has a right-scattered minimum m,
then Ty = T \ {m}, otherwise Ty = T.

A function f : T — R is right-dense continuous provided it is continuous at right-dense
point in T and its left-side limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be a continuous function on T.

Fory: T — Randt € T*, we define the delta derivative of y(t), yA(t), to be the
number (if it exists) with the property that for a given ¢ > 0, there exists a neighborhood U
of ¢ such that

[y @) =y = y*Olo @) — 51| < elo@) — ],
foralls € U.
Let y be right-dense continuous, if Y2 () = y(z), then we define the delta integral by
1
/y(s)As =Y(s) — Y(a).
a
A function p : T — Ris called regressive provided 1 4+ u(#) p(t) # O forall ¢ € Tk. The
set of all regressive and rd-continuous functions p : T — R will be denoted by R = R(T) =
R(T, R). We define the set RT = RT(T, R) ={peR: 1+ u(@)p(t) >0, Vt € T}.
If r is a regressive function, then the generalized exponential function e, is defined by

t
er(t, s) =exp /S/L(r)("(f))AT s

for all s, ¢t € T, with the cylinder transformation

Log(h1+hz)7 ifh#0,

Sh(Z):[z, ifh =0
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250 Y. Lietal.

Definition 2.1 ([20,21]) Let p, ¢ : T — R be two regressive functions, define

pP®q=p+qg+upg, Sp=-— POq=pd(©q).

1+pup’
Lemma 2.1 ([20,21]) Assume that p, q : T — R are two regressive functions, then
(i) eo(t, s) =1, andep(t, t) = 1;
(i) ep(o(®), s) = (L +u@)p(t)ey(t, s);
(iif) ep(t, $) = ;75 = eep(s. 1);
(iv) ep(t, s)ep(s, r) =ep(t, 1);
(V) (eep(t, )™ = (©p)(Heap(t, $);
(vi) Ifa, b, c € T, then fab pt)ep(c, o)At =ep(c, a) —ep(c, b).
Definition 2.2 ([22]) A time scale T is called an almost periodic time scale if
MN:={treR:t4+7€T, Vt €T} #{0}.

Definition 2.3 ([22]) Let T be an almost periodic time scale. A function f € C(T, E™) is
called almost periodic if the e-translation set of f

Ele, fl={rtell: |f(t+71)— f(t)| <e, forallt € T},

is relatively dense in T for all ¢ > 0; that is, for any given ¢ > 0, there exists an constant
I(¢) > Osuch that each interval of length contains at leastone T = t(¢) € E{e, f}satisfying

|f(t+1)— f(t) <&, forallteT.

7 is called e-translation number of f, and /(¢) is called contain interval length of E{e, f}.

Lemma 2.2 ([22]) Let f € C(T, E™) be an almost periodic function, then f(t) is bounded
onT.

Theorem 2.1 ([22)) If f, g € C(T, E™) are almost periodic, then f + g, fg are almost
periodic.

Theorem 2.2 ([22]) If f(t) € C(T, E™) is almost periodic, F(t, x) is almost periodic if and
only if F(t) is bounded on T, where F(t) = f(; f(s)A(s).

Theorem 2.3 ([22]) If f(t) is almost periodic, F(-) is uniformly continuous on the value
field of f(t), then F o f is almost periodic.

Definition 2.4 ([22]) Let z € E™, and A(¢) be an m x m rd-continuous matrix on T, the
linear system

20 = ANz(r), teT, 2.1)

is said to admit an exponential dichotomy on T if there exist positive constant k, «, projection
P, and the fundamental solution matrix Z(#) of (2.1), satisfying

|Z(OPZ 7 (0(s))] < keea(t, o (5)), s,t €T, t>a(s),
|Z ()] — P)Z_l(a(s))| <keogu(o(s), t), s, teT, t<ol(s),

where | - | is a matrix norm on T (say, e.g., if B = (bjj)mxm, then we can take |B| =

0 > b))
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Existence and Global Exponential Stability 251

Consider the following almost periodic system
B =AWz + f(1), tEeT, (2.2)
where A(¢) is an almost periodic matrix function, f(¢) is an almost periodic vector function.
Lemma 2.3 ([22]) Let A(t) be an almost periodic matrix function and f(t) be an almost

periodic vector function. If (2.1) admits exponential dichotomy, then system (2.2) has a unique
almost periodic solution z(t) as follows:

1 +00

(1) = / Z(OPZ (0 () f()A(s) — / Z(tI — PYZ7 (0 () f(5)A(s),

oo t

where Z(t) is the fundamental solution matrix of (2.1).

Lemma 2.4 ([16]) Let c; (t) be an almost periodic function on T, where c; (t) > 0, —c;i(t) €
RT,Vt e Tand

min [infc,'(t)} =m >0,
1<i<n |teT

then the linear system

220 = diag (—c1(1), —c2(1), ..., —cn (D) 2(0),
admits an exponential dichotomy on T.
Definition 2.5 The almost periodic solution x* = (x{, x5, ..., X, ¥]» Y3, . .-, y;';,)T of
system (1.1) is said to be globally exponentially stable, if there exist constants > and M =
M(3) > 1, for any solution x(t) = (x1(2), X2(1), ..., X (1), y1(£), y2(1), ..., ym ()" of
system (1.1) with the initial value ¢ (1) = (1 (£), $2(1),. . ., G (1), Y1 (1), Y2 (0),.. ., Y ()T,

where (¢1(1), p2(1),..., (1)) € C([—', Olr, R™) and (p1(1), ¢2(2), ..., ¢m (1)) €
C([—7/, OlT, R™), such that

m

D O=xF O+ D i =yi O MMWear(t, 0) | D lIxi—x* 14+ llyi—y*Il | .

i=1 j=1 i=1 j=1

where

n
I —x* =D max |¢i(s) —x/ ()|, s€[-e, Olr,
ol se[—o’,0]T

m
=y = max () — yis)|, sel[-T7, 0]r.
ly; = ¥*I ;SE[%,’OMW,() O [ It

3 Existence of Almost Periodic Solutions

Set 2" = {zlz = (@1, ¢, - Gm> V1. V2, Y)Y € AP(T), 0, j=1,2,
...,m}. For any z € S$?", we define induced module [z = sup,cplz(t)]| =
SUP,; e MaX | <j<m |@; ()| + Sup,cr maxi<j<py |¥;(t)], then $2™ is an Banach space.

Theorem 3.1 Assume that (H1)—(H3) hold, and suppose that
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(H4)
0 2 max Z?:l EG; + Z_r;;l D ei(PiQ) + QZP;)
I<i<m a
+ ra 2 GiF + 20 Zd:jnzl Sj(ViW/ + wiv!) .

Then (1.1) has a unique almost periodic solution.
., wm)T € §?" we consider the

= (¢17 ¢2’-~-7¢m’ 1/,17 1/[27--

Proof For any given z =
following almost periodic system:

xP (1) = —a; (D)xi (1) + Zl bij(g; (¥ (1 —7;(1)))
j=

. 1121 eiji®)pj (Vi (t — ;) it (b (¢ — 1 (®))) + L (1),
j =
YO = —d;j(0)y;(0) + ;Cji(t)fi (¢i (t — wi(1)))

+ 22 2 sji(Ovi (di (1 — i (1)) wy (1 (¢ — wi (1)) + T (1),

Mz

+

i=11=1
since min|<;<p{inf,er a; (1)} > 0, min|<j<p{inf,erd; ()} > 0,4, j =1,2,...,m, t €
T, it follows from Lemma 2.4 that the linear system
WA = —aiOxi@),  i=1,2....m,
YR ==y, j=1,2,....m,

admits an exponential dichotomy on T. Thus, by Lemmas 2.3 and 2.4, we obtain that system

(1.1) has a bounded solution:

! m

xyi ()= / e_a;(t, 0 (s)) X (Zbi,-(t)gj () (t—7;@))
0 j=1

i=1,2,...,m,

+ 2 Xemp; (v (r=1;®)) ar G <t—n(z)))+1i(z>)As, i
i=11=1
l{ m
Vi ()= / e_g;(t, 0(s)) x (zcji(f)fi (¢i (t—w; (1))

o i=1
m m
+ 2 2 s (¢ (t—wi (1)) wy (¢ (l—wz(l)))+Jj(t))Ass i=12,... m,

i=1l=1
and it follows from Theorems 2.1-2.3 and e_, (¢, 0 (s)), e—q;(t, o(s)) being almost periodic

that (xy, yg) is also almost periodic.

Denote
[ > bi G+ Y YL @i PO ] [1]
max + max | —
1<i<m & 1<i<m &
+ max s Gk + 200 2L S Vi 4 max Jj 5
1<j<m dj 1<j<m dj

@ Springer



Existence and Global Exponential Stability 253

Now we define a mapping 7 : S¥" — S Tz = T(p, ¥)' (1) = (xyi(0),
ylzﬁj(t)),‘]jj:l’z ’’’’’ m Vz e §2m  Set

= {z|z = (D1, 2s e s V1o Y2, o, )T €SP 2]l < L}.

Next, letuscheck that Tz € B*.Forany givenz € B*, itsuffices toprovethat ||T(z)|| < L.
Noting that

IT (@)l = sup max H/e ai (1, G(S))(sz](t)gj (v (r —7;m))

teT 1<i=m

|

+ D enp; (W) (t = 7j0)) @ Wi (¢ — @) + I (t)) As
=1

j=11=

! m
=+ sup max [ / e—q; (1, U(S))(chi(l)fi (@i (t — w;i(1)))
reT 1=j=m I o
+ Zzsjil(f)vi (i (t — i (1)) wy (1 (t — i (1)) + Jj(f))AS ]
i=1[=1

< sup max ”/e_a,(t a(s))(Zb,,g, Vi (t—1;0))

teT 1<i<m
Ii
+ [max -~
<i<n | 4;

+ZZ ajip; (W5 (1 = 1,0)) @t (W (t—fz(t))))
j=1

¢ m
+ Suqlfr>1f<n]a<x [ / e—q;(1, U(S))(qui (@i (1 — wi(1)))
te m e - im1
m m T
+ ZZ Sjitvi (i (t = w; (1) wi (¢ (¢ = wz(l))))AS ] + max [d—’]
i=1 I=1 =/=mdy
> + 2 2P _
j=1 j=1i=1 [ I; ]
< max + max | —
I<i<m ai I<i=m ( aj

i=1

+ max
1<j<m

m o m m o
2 CiFi+ 2 2 s Viw —
i=11=1 J;
+ max {—t =1L,
d [d/]

1<j<m

which shows that Tz € B*. So T is a self-mapping from B* to B*. Next, we shall prove
that 7 is a contraction of B*. For any z; = (&1, &, ..., &m, N1, 02, s i)', 22 =

(@1, 2y -y s Y1y V2o .. Ym) T, and 21, 22 € B,

@ Springer



254 Y. Liet al.

IT (z1) =T (z22) | = Sujl; IT (z1) (1) = T (z2) Ol
t

t
/e—a,(f G(S))(Zbu(l) g it —7i0)) =g (¥ (t —7;)))

= sup max [
_ j=1

teT 1<i<m

+ D eiin@) (pj (nj (1 = j0)) @i (i (¢ = (1))
j=l1=1
As ]

—pj (¥ (t—7j(0)) @ (Y (t = fl(l)))))
f m
/ e—da;(t, U(S))(chi(t) (fi (& (t — wi(1)))
i=1

+sup max [

teT 1=j=m
—fi (i (t — 0 (1))
+ D> sju) i E (= i) wy & (¢ — or(1)))

i=1 =1

=i (¢i (t — wi (1)) wi (P (t — wi(1)))) )As
t m
/ ea, (1, g(s»(zb,,. @) (g (nj (1=7;0)) = gj (¥ (1=, ®)))

%0 j=1

< sup max
teT 1<i<m

+ D e (pj () (=7 ®)) lar (o ¢ =1 —aq1 (Y (1= (1)) |
=1

+aq (Y ¢ —u@)) Ipj (nj (1 — ;) — pj (¥; (1—7; 1)) I)AS

f m
+su¥lr<nja<x [ / e—q; (1, G(S))(chi(t) (fi (& t—wi ()= fi (§i (t — wi(1))))
€ SR i=1
+Zzsjil(t) (i i (1 — wi (1)) lwy (& (1 — (1)) — wi (¢ (¢ — w1 (1)) |
i=1 I=1

+wi (P (t — (1)) |vi (i (1 — @i (1)) — vi ($i (1 — i (1)) |)AS

|

t
/e it a(v))(Zb,,G llz1 — zz||+22e,,z(P Qjllz1 — 22

< sup max
teT 1si=m

—00 j=11=1
! m
’ ol _
+01 P21 Zzll))AS]+§211;r>lr<Ilja<>(m[ / ed,.(z,a<s)>(2c,lﬂ||z1 2|
1=

]

m m
+ D SViw] iz — zall + WiV iz — Zzll))AS
i=11=1
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S by G+ X S @ (P 0) + Qi)
= max

I<i<m a;

4 max DG F A+ 2 X s (VW + wY)
1<j<m dj

] X |lz1 = z2ll = pllz1 — z2ll

Because p < 1, so T is a contraction of B*. By the fixed point theorem of Banach space,
T has a unique fixed point z € B* such that Tz = z. Therefore, system (1.1) has a unique
almost periodic solution z € B*. The proof is complete. O

4 Global Exponential Stability of the Almost Periodic Solution

Suppose that z*(¢) = (x] (@), ..., x5 @), Y @), ...,y (1)T is an almost periodic solution
of system (1.1) with the initial value z*(s) = (x{(s), ..., x5 (s), y{(s), ..., yienT, s e
[—6, O]r. In this section, we will construct some Lyapunov functionals to study the global
exponential stability of the almost periodic solution. Denote '11‘+ [0, +o00)T.

Theorem 4.1 Suppose that the system (1.1) satisfies (H1)-(H3), 0 € T and t;(t) =
Tj, wi(t) = w; are constants for i, j = 1, 2,...,m, if there exist constants X;, &; and
p > 0 such that

T; Gy p) = Ai [p + (a, p(t) = 2a; + (1 + G (o) (Zb,,c’ + > > E@i0iP]
j=1 j=11=1
+ZZE1P_,~Q§>)(1 +pu(t))]
j=11=1

m m m
+Zs,-[ (1+djp (@t + ) (ﬁF{ + SV + D s Vi W/)

j=1 =1 =1

m
et o +m) (o (1 +Zw WE )+ Sy ) )|

X (I+pu(t+wi))ep (t+w;,t)<0, 4.1)

S +.
forallij=1,2,....,m,teTy;

H; (g, p)=gj[p+( i @ =2d; + (1 +dju ) (Zc,,FUrzzs,,,W,
i=1I=1
D> savi W/))(l + pu(l))]

i=11=1

+ZK [ +aipn (t + 1)) (EG’, +ZWQ1P;+z?jlij;)
= =1
+ 1 (t47)) (m2+m) (T, (¢ ) +zel,l o7 ( j)2+2?ﬂ23%(Q§)2)]
=1

X (l—l—pp, (t—i—rj)) ep (t—l—rj, )<0, “4.2)

foralli, j =1,2,...,m,t € T(J)r, then the almost periodic solution of system (1.1) is
globally exponentially stable.
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256 Y. Lietal.

Proof According to Theorem 3.1, we know that (1.1) has an almost periodic solution

x50 = (xf @), x50, xh (1), Y7, Y30, ..., y,;‘;(t))T.

Suppose that

x(0) = (x100), X2(0), -, X (), Y1), y2(0),s -, ym (@)

is an arbitrary solution of (1.1). Then it follows from system (1.1) that

KA +a ki) =D b8 (2 (=) +37 (1=77) ) =85 (37 (1=7,)) ]
j=1

+ 2> el [ (21 (=) 157 (=) = p; (35 (1=7)) ]

i=11=1
xqi (zi (=) +y; (t—)) |

m m

+Zzeiﬂ(t)[ (a1 (z G—)+y =) —ar (v ¢ —))]
j=11=1
xp; (v (1=7))) . 4.3)

where x; (1) — x/(t) = k;(t), i =1, 2, ..., m, the initial condition of (4.3) is
ai(s) = ¢i(s) —x/(s), se[-, 07, i=12,...,m.

Similarly, we also have

zf(s)+dj(s)zj(s):zcj,-(t)[ﬁ (ki (t—w)+x] (t—w))— f; (x] (t—w))) ]
i=1
+ > s [vi (ki (t—w)+x] (t—wp) —vi (x] t—w0)]
i=11=1

x wy (ki (t—wp)+x; (1—ap)) |

+ > sjuO[ [wi (ki (=) +x} (=) —wy (xf (t—w)]

i=1 1=l
x v (xf (t—wi)) ], 4.4

where y; (1) — y;f(t) =z;(), j=1,2,...,m, the initial condition of (4.4) is
Bi() =v(s) —yi(s), sel-7, 0, j=1,2,...,m
Now, we construct the Lyapunov functional F (¢) as follows:

F(t)=F1(t)+ @)+ F3(t)+ Fa(1),

Fi(t) = D xiki (Dep 1, 0),

i=1

Fa(t) = D" £j25(0ep(t, 0),

i=1
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m m t m m
R0 =33 [ | (ran o) (5:6,+ 2 anor+ Y air0)
=1 =1

i=1j=1 %,
2 2 /szzz N2 m722/2
+ (s+7;) (m*+m) (bij (6)) +> @i 0f (F) + > e P} (2) )}
=1 =1

X (l—l—pu (s—i—rj)) z?(s)ep (s—l—rj, O) As,

m m 4
Fut) =D / [(1+d7u(s+wi)) (c,,F +zs,,,W,V +Zs,,,VW,)

J=li=l 2, I=1

+u (s+w;i) (m2+m (C]z +z vszl i/)z"‘zsjﬁzviz (Wl/)z)]
I=1

X (14+pu (s+w;)) kiz(s)ep (s+w;, 0) As.

Calculating A-derivative F2(¢) of F(t) along the solution of (4.3), (4.4), we have

FA () = Zx [k 0)" e (), 0) +K2(ed 0)]

i [(i () + ki (0 (D) K (Dep (0 (1), 0) + k7 (1) pe, (1, 0)]

I

Il
-

A [(ki (1) + ROKA () + ki (1) kP (e, (0 (1), 0) + k(1) pe, (2, 0]

I

Il
-

I

Il
-

1 [ (2K OKA @ + 1) (K 0)”) €@ ), 0) + 20 pe,(t, 0)]

Ki[(Zki(t)( — ai(Oki () + D bij(1)(g; (Zj (r =) +yj (= T/))

1 j=1

i (5 (=) + 2 D e 1psai = o) + ¥t = 7))
j=11=1

—pj Vit — o X @zt — w) + y/ (1 = w)))

I

1

+ D> e ([ (¢ =)+ y7 (¢ =) — a1 (v ¢ — )]

j=li=1

xpj (v (=) ))

+u<r>(—ai(z)ki<r>+z b (g (2 (0 = )45} (=) = (v} (1=7)))

j=l1

+ i iei/’l(f)( [pi (2 (e =)+ 57 (=) = s (3] (1 = 7)) ]

j=11=1
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m m

xqi (=) +y ¢ —w))+ ZZEijl(t)([qz (2 =) +y t—w)

j=11=1

2
—a 7 = )1y (57 = )))) ept@®, 0) + Bpeyr, 0

m m
<> [xie;,(a(t), 0)( = 2a;k7 (1) + 2 bij G lzj (t = 17) [1ki (1)]
i=1 =1
m m ! m m
42> @i Pi Oilzy (1 — 1) ki (0] +2 D> @i Q) Pjlzi (¢ — 1) [1ki (1))
j=11=1 j=lIl=1
m m
+,u(t)(a,2k2(t)+2a,|k (t)|(ZbUG’ l2j (t=T) 1+ D D @i Qi Pjlz; (t—1;)|
j=1 j=11=1

+ZZ?;1P,'Q§|ZZ(I—T1)I) m*+m (Z ( ) |zj (t— TJ)|2

j=11=1

+ ZZ eijl Q,( ) |zj (r=7)) | +Zzeul P Qz) |21 (t—=11) |2)))
j=11=1 j=11=1
+aikE () pe,(t, 0)}

m

> [mk?(r)pe,,(t, 0) + Aiep (o (1), 0)( (@’ @) —2a;) k; ()

i=1

IA

+(1+azu(t))(2b,jG ( (t—T])+k2(t))

j=1
+ 2> e 0P (2 (=) +K2)
j=11=1
+ D> @iP0) (27 (t — 1) +k?(r)))
j=11=1

+M(l‘) m? —I—m (Zbl} (G//) Izj t—f/)|2
02 () 12 -o) P+ 3 S a2} (0 1 - P) )|

M=
M=

+
j=11=1 j=11=1
m m m m
=> L [p + (a, () = 2a; + (1 + @ (o)) (Zb,jc ZZ @01 P;
i=1 j=1 j=1i=1

+ Z?ﬂPJ» Q;))(l + pu(t))]ep(t, 0k ()
=1 =1

~.
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FP () =

+ZZ>~ [(1 +aip() (bl,G + ZezlelP + Ze,,lP, Q,)

i=1 j=I

e o ) (57 (@) z ) +§W23%<Q;>2)]

x (1+ pu()z;(t — t))e,y(t, 0).

iéﬁ [(z?(r))A ep(o (1), 0) + 25 (Dey 0)]

p

Zs, [0 + 2, @) 28 0ep (@ (1), 0+ ZW)pe, ¢, 0)]

Zs, [(z50) + 020 +2,0) 22 e p@ @), 0) + W) pey . 0)]
m J[(2z,(t)z )+ p@) (z (t)) )ep(a(z), 0) + 25 (1) pe, (t, 0)}
2]

(2z, (r)( dj(t)z;(t) + Zc,la) filki (t = ) + x7 (t — @)

i=1

—fi (5 (¢ — @) +22s,»,-1(r>([v,» (ki (t — i) + x]" (1 — 1))
i=11=1
—v; (%] (¢ — )] x wy (% (¢t — 1) + x (t — x)))

m m

+ZZSQ,¢1(¢)( [wi (ki (t — 1) + x] (t — 1)) — wy (] (1 — )]

i=1[=1

s (67 0 = o))

+M(t)(_dj(l)zj(t)+zCji(t)(fi (ki (1 —wi)+x] (t—wp))— fi (x7 (1 — 1))

i=1

+ ZZSji/(I)([Ui (ki (1 — i) + x5 (t — wi)) — vi (x] (1 — wp))]

i=11=1
X wy (k[ (t —wp) +X,* (R wl)))

+ > s ([wr (ki (¢ = o) + x7 (¢ = o) —wi (x] (¢ — )]

i=1 1=l

2
xv; (xf (1 —wi)))) )e,,(a(t), 0) + 25 (1) pe t, 0)}

<> [sje,xa(r), 0>( =25 (1) +2 D i Filki (t — i) |12 (1)]

j=1 i=1
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m m

+2>° D> 55V Wilki (t - w,>||z,<r>|+2ZZs,,1W,v,|kl(z o) Iz ()]

i=1[=1 i=1[=1

+M(t)(d (1) +2d; Iz,(t)l(ZC,zFlk (1— w1)|+22s,l,vvzv|k (t—w;)|

i=1[l=1
+ZZSWViW/Ikz(t—wz)I) m? +m (Zc,, e (6 — o)
i=1Il=1
+22s,,1 W2 (V) 1k (1~ ) 2 +ZZW V2 (W) Ik (1 =) | )))
i=11=1 i=1I=1

+E23(t) pep(t, m}

m

sz[s,z (1)pey(t. 0) +§jep(@ (o), 0)(( 7 ) = 24;) Z30)
=1

+(1+d,~u(r))(ic], (k (t — wi) + 2 (t))

+21§lelWl (k (1 — i) + 2 (t))

+jzlés,-ﬂv,~w/ (k%(r—w1)+z5<r>))

+u(t) (m* +m (Zcﬂ Ik (1 — o) 2

+iis,ﬂ W2 (V))? ki (z—w,)|2+21§sm V(W) Tk 0 = ) | ))]
:ig,[p+( i () = 2d; + (1 + djp() (ZCNF/‘I-il;SuIWl

i= ,

i 2 é,,v W/))(l + pmr))]ep(r, 02()

+iisj[(1+dju(t)) (CﬁFi’+lZml‘,szV/+i‘,wViW/)

i = -

o ) (052 (B + s We (V)7 + Ssve (W) )|
=1

=1
X (1 + pu()k? (t — w;) ep(t, 0).

m m
FA(t) = ZZA [ L +aip (1 + 1)) (E’G} +ZWQIP§+Z@P/QE)

i=1 j=1 =1 =1
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o (t+77) (m2+m) (T,Z( ;.) +ze,,, o7 ( ;)2+§eiﬂ21’f (Qf)z)]
x (1 +pu (e + 7)) 5 Wep 1+ 75, 0)

—ZZA [(Ham(r» (b,,G +Z€l/1Q1P +Ze,,zP Q,)

i=1 j=1

+ () (m2+m) (sz( /]) +z€ul Ql ( ;)24‘2?]‘121)]'2 (Q;)z)]
=1

x (14 pu)z; (1 — ) ep(t, 0)As.

m m

FA() = ZZ&,»[(HLT,»M(HM)) (c,lF +Zs,,,W,v +Zs,,mw,)
i=1i=1 I=1 =
+u (t+w;) (m2+m (C/l +Zs/11 W[ i/)2+ZS_T'12Vi2 (Wl,)z)i|
I=1

X (1+ pu(t +w) kX (ep (t + i, 0)

m m o m m
—ZZ&[(I +djp(n) (TF + D SaWiv; + Zsjﬁviwz’)

j=li=1 =1 =1
2 “ 2
+ 1 (r) (m® +m) (c,, +Zs,,l W2 (V)" + D st vi2 (W) )}
=1
x (14 pur(®)k? (t — w;) ep(t, 0).
Hence,

FA) = Fﬁ(z) + PR + FR () + FP ()

m

Z |:p+((11 ll«(t)_zaz“"(l"'azﬂ(t))(zbq j+zzezﬂQ1P

i=1 j=1 j=1l=1

m m

Z [(1 + () (?;;G’, + ZWQIP} + > b QE)

j=1 = =1

1 (m2+m)( 7o) Xare () + Zaret )]
=1

x (14 pp()z; (1 = 7)) ep(t, 0)

+zsj[p+( ;7@ = 2dj + (1 +djp) (Zc”F +ZZS,,1W1V
j=1

i=1l=1
+> D sV W/))(l + pu(t))]epa, 0)25(1)

i=11l=1
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m

m m
+ZZ§,~[ (1+dju@®) (c,,F + D 5wV} +Zs],lV Wl)
j=1li=1

=1 =1

m m
10 (m? +m) (GZ (F)? + X5 W (V) + X s v} (W/)z)]
=1

=1
x (14 pp)k? (t — w;) ep(t, 0)

+ZZX|: 1+aipn t-l—‘Ej))( ij ]+28”1Q1P +ze”1P Ql)

i=1j=1
+u(t+15) (m2+m) (7]2( ’j) +Ze,,1 Ql( /,) —|—Z?J<12PJ2 (Q;)z)}
=1
1P+ 5) 0 (5. 0)

_Zz)\ |:(1+alﬂ(l))(b1]G +ZeulQlP +Zezﬂp Ql)

i=1j=1

+ (1) (m2+m)( (G/) +Zel]l Ql ( /') +Zﬁ2Pj2 (Q;)z)i|
=1
x (14 put)z; (t — ) ep(t, 0)

m m m m
+> Zsj[u F it + o)) (qF; + D SuWV 4 D sV W;)

j=li=lI I=1 =1

+M(l+wi)(m2+m) (C]l +Z‘111 Wl +Z‘m Vz (W) )]

=1
X (14 pp (1 + w) kX (Dep (t + w;, 0)

m m o m m
> 2]+ auo) (G + Sy, + S w)

j=li=1 =1 =1
m m

w0 (02 ) (52 (£ + L7 (V) + S v2 (07 )|
=1 =1

x(1+ pu()k? (1 — w;) ep(t, 0)

m m m m
D i [p + (?izu(t) —2a; + (1 + G (1)) (ZE,-G; + > > 0P
j=1

i=1 j=11=1

> @itk QE))(l + pu(t))]ep(t, 0k (1)
=1

,[p+( ;T = 2dj + (1 +djp) (Zc”F +ZZS,,1W1V

i=1l=1

Ms

+

Il
—-

J

+

[\wgs

~.
I
-

||M§

ZS/uViW/))(l + pu(t»]ep(t, 0)25 (1)
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m m m m
ZZ [ L+ap (t+1))) (b,, J+ZTJ~IQ1P}+ZWPJ'Q5)
i=1j=1 = =1
m
—}—;L(t—i—rj)(mz—i-m) (7,2( /]) -I-Zel/l Ql ( ]{)24-2?1'121)]'2 (Q;)z)]
=1

x(1+pu(r+ rj))zj(t)e,, (t+ ;. O)

m m m m
+> Zsj[(l +djp(t + o)) (@F; + D sawW v+ ZWV,'W/)

j=li=1 =1 =1
2 - 2 - 2
suteron) (n2m) (2 () 4 252 WE (P42 52V () )|
=1 =1
x (1+ pu (t + 0) ki (Dep (t + w;, 0)

= eplt, 0>{A,» [p+(a72u(z>—zﬂ+<1+m(r>)(ZH,-G’#ZZ ejiQIP;
i=1 j=1 j=li=1
+2. 2 @b Q,))(l + pu(t))]

=1

—

~.

m

m
+Zs,[ (1+djn i+ o)) (c,lF +Zs,,szv + D SV W,)

Jj= =1 =1

m m
o+ (m2+m) (qz (F)* + D 55 W (V1) > 552 VE (W) )]
=1

=1

X (I+pu(t+w))ep(t+w;, 1) }kiz(t)

+Ze,,(t o>{g][p+(, 1) =2d;+(1+d; () (Zc,,F —l—ZZs,,lWlV

j=1 i=11=1

m m
+> > sV W,’))(l + pu(t))]

i=11=1
+ZA[ L+ap (1 +75)) (@GG+Z@Q,P;+ZWPJQ§)
=1
—2 / / < - /
+u(t+1)) (m2+m)( ij ( j) +Zezﬂ Q;( ) +Zeij12P]2(Ql)2>]
=1
XU+WV+UD%O+UJHﬁm-

By using (4.1), (4.2), we can conclude that F2 (1) < 0, for t € T, which implies that F(r) <
F(0), fort € T{.
F(0) = F1(0) + F2(0) + F3(0) + F4(0)

= D 4k (0)ep(0. 0) + D £;23(0)ep(0, 0)
i=1 i=1
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m m 0 m m
s3> [[van o) (6 + Saner) + e o)
i=1j=1 7 =1 =1
72 o m L
i (s +7;5) (m2+m)( i ( j) +Ze,ﬂ 0? ( ;) —I—ZeiﬂzP} (Q;)z)]
=1
x (1+ pu (s + 1)) z?(s)ep (s + 7). 0) As

m m 0 m m
e 23 [ [0 @ueon) (G + Xsamy, + savv)

j=1li=1 —w; =1 =1

m m
+u (s + o) (m? +m) (# (F)? + X5 Wi (v))? + 5 V2 (Wz’)z)]
=1

=1
x (1+ pp(s +wi)>k?<s>ep (s + @i, 0) As

m m m L m m
> | PO / [0+@50) (577 + s + 35w

i=1 o I=1 I=1

m m
. 2 — 2 — 2
(E)+ SR () + sV () )]
=1

=1

IA

)

/N
[
=

x(I 4+ pep (s + w;, 0) As] sup k%(s)

—w'<s<0

m m m 0 . m o
#2 [+ 230 [ [asmi (56, + o) + 3ol
) =1 =1
A

—1 i=1j=1

~.

il ) (55 (@) St () + S )

x(1+pﬂ)ep(s+rj,O)As} sup z?(s)

—1/<s<0

< max | +zzg,[ ) (e S samy +Zs,1,VW,)

j=li=l1 =1 =1

m
—|—;1(m2+m (cjl +2Sﬂl W[ i/)2+zmzviz (Wl/)z)]
=1
m

x(1+ p)w'ey (o, 0)] Z sup k2 (s)

i—1 —w/'<s<0

+1r§n]?1§xm[§/ +ZZM[(1+al,u)(qu +Zet/lQ1P +Zet/lp Ql)

i=1 j=1
—i—ﬂ(mz—l—m) (sz( /]) +z€ul Ql ( ]{)Z‘i‘zﬁﬂzpj‘z (Q;)z)]
=1
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x(1+ p)t'ep(t’, 0)] z sup Z](S) 4.5)

j=1 —1/'<s<0

where w(t) < i := sup;cp u(t). Observe that
m m
. . . ) 2
F() z min Z;k, (Dep(t, 0)+ min & Z%z‘/ (t)ep(t, 0). (4.6)
i= j=
Then it follows from (4.5) and (4.6) that

Zkz(t)—l—ZZ (1) < ert, 0)[2 sup k2(S)+Z sup Z(s)]

i—=1 —w'<s<0 = 1—t’<s<0

fort € ’]Tar , where M > 1 is a constant. The proof is complete. O

5 Numerical Example and Simulations

Consider the following BAM neural network on an almost periodic time scale T :

2
A(t) = —a;(t)x;(t) + Z bl](t)gj ()’] (t - T](t)))
j=1
2 2
; ; eijip; (vj (t=7; ) gt i (=u@ON+L@), i, j, 1=1,2, 1>0,

5.1
2
¥; Mty =—d;(t)y;t) + Ecji(t)ﬁ (x; (t — wi (1))

2 2
+ZIZ sjinOvi (x; (1 —w;i () wy (xp G—ay () +J;(@), i, j,I=1,2, >0,
i=1i=1

where

2 2
g1 (y1) = p1 (1) = q1 (y1) = sin gyl, 82 () = p2 (y2) = q2 (y2) = cos gyz,

1 1 2
f1(x1) =v1 (x) = wy (x1) = sm 3 S (x2) =v2(x2) =ws (x2) = 3 ©08 3%2,

obviously, g (vi), pi(yi), qi(yi), fi(xi), vi(x;), w; (x;)(i = 1, 2) satisfy (H2) and (H3),
and

Gi=P=Q0;i=F=V,=W,=G, =P/ =Q,=F=V/=W =1, i=1,2.
Take T is an arbitrary time scale and satisfies —a;, —d; € R, then one can take

ai(t) =0.5+0.3sin2t, ax(t) =04+ 0.2sint, by1(t) = 0.004 + 0.004 cos ¢,

b12(t) = 0.00340.003 cos 3¢, by1(¢) =0.00640.006 cos 6¢, by(t)=0.00140.001 cos %,

11 (1) = exn (1) = 0.002 + 0.002sin 24, e112(r) = ez12(1) = 0.0025 + 0.0025 cos %,

epn1(t) = e221(1)=0.0045—|—0.0045COS[Z 6122(1‘)—6211(1‘)—0 0015+40.0015 Sin«ft
3 3
1;(t) = 0.0025 sin Zt I (t)=0.001 cos 5 di(t)=0.5+0. 200s X dr(t)=0.4+0.1sin Z[
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Fig. 1 Transient responses of states x1, x2, y1, y2 in example

1t t
¢11(t) = 0.003+0.002 cos > ¢12(¢) =0.002+0.003 sin 5 (£)=0.003+0.004 cos v/21,
4

c2a(t) = 0.004 + 0.003 sin /3¢, s111(t) = s222(¢) = 0.001 + 0.002 sin 36

2 3
s112(t) = s212(¢) = 0.002 + 0.001 cos gt, s121(t) = 5221 (t) = 0.003 + 0.002 sin gt,

4 .
$122(¢) = 5211 (t) =0.002 + 0.004 cos 5 J1(t)=0.001 cos /3¢, Jo(t) = 0.002sin v/5¢.

We get that (H1) is satisfied, and

a1=0.8, a1=02, @ =06, a;=0.2, b;;=0.008, by, =0.006, by =0.012,
by =0.002, ey = e = 0.004, ez =ez2 = 0.005, epr = exnr = 0.009,
ein = e =0.003, 1} =0.0025, L, =0.001, J; =0.001, J,=0.002, dj=0.7,
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d1=0.3, d,=0.5, dy=0.3, ¢11=0.005, ©¢12=0.005, ¢c21=0.007, ¢22=0.007,
71 =17 =w] =wy =0.001, s =522 =0.003, 5712 =512 = 0.003,
si21 = 5221 = 0.005, 5122 = 85211 = 0.006,

so, we have
. Db G+ 30 X @i(Pi Q) + QiP))
p= 1<i<2 aj
R 2 2
4 max D1 CiiF 20 2 Sju(ViW] + W V) — 044 < 1,
1sj=<2 d;

and taking A; =1, Mo =1, & =1, & =1, p =0.001, then 71 (%, p) = T1(1, 0.001) ~
—0.3010 < 0, Ta(r2, p) = T»(1, 0.01) = —0.2930 < 0, H (&1, p) = Hi(1, 0.001) ~
—0.5070 < 0, Hy(&, p) = Hy(1, 0.001) ~ —0.3010 < 0. Hence, conditions in Theorems
3.1 and 4.1 are all satisfied. Therefore, we know that system (5.1) has an almost periodic
solution, which is globally exponentially stable on this time scale (see Fig. 1).

6 Conclusion

On the existence and stability of almost periodic solutions for high-order discrete time BAM
neural networks with time-varying delays, to the best of our knowledge, the aspect results
have not yet appeared in the related literature. Since both continuous and discrete systems
are very important in implementations and applications, while it is troublesome to study
the existence and stability of almost periodic solutions for continuous system and discrete
systems, respectively, it is meaningful to study that on time scales which can unify the
continuous and discrete situations. In this paper, sufficient conditions are derived to guarantee
the global exponential stability and existence of almost periodic solutions for high-order BAM
neural networks with delays on time scales.
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