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Abstract  This paper addresses the problems of delay-range-dependent stability and robust
stability for uncertain two-dimensional (2-D) state-delayed systems in the Fornasini-Mache-
sini second model, with the uncertainty assumed to be of norm bounded form. A generalized
Lyapunov function candidate is introduced to prove the stability condition and some free-
weighting matrices are used for less conservative conditions. The resulting stability and
robust stability conditions in terms of linear matrix inequalities are delay-range-dependent.
Some numerical examples are given to illustrate the method.

Keywords 2-D state-delayed systems - Robust stability - Linear matrix inequality -
Delay-range-dependent

1 Introduction

As delay is encountered in many dynamic systems and is often a source of instability, much
attention has been focused on the problem of stability analysis and controller design for one-
dimensional (1-D) time-delay systems in the last decades, see e.g. (Zhu and Yang 2008; He
et al. 2007; Zhang et al. 2007; Xu and Lam 2005; Xie et al. 2004). Two-dimensional (2-D)
state-delayed systems have also been a topic of study for many years. The current available
stability results for 2-D state-delayed systems fall into two groups: delay-independent stabil-
ity conditions (Xu et al. 2007, 2008; Wu et al. 2007; Paszke et al. 2004) and delay-dependent
ones (Paszke et al. 2006a,b; Xu and Yu 2009a; Peng and Guan 2009a,b; Xu and Yu 2009b;
Chen and Fong 2007; Feng et al. 2010; Chen and Fong 2006). The former refers to the stability
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conditions which do not depend on delay; the latter contains information on the size of delay.
Generally speaking, the delay-dependent stability condition is less conservative especially
when the sizes of the delays are small.

Here are some existing delay-dependent results for 2-D state-delayed systems: Paszke et al.
(2006a,b) considered the problems of delay-dependent robust stability of 2-D state-delayed
linear systems in Roesser model; Chen and Fong (2006, 2007) discussed the delay-dependent
H, and robust H, filtering for uncertain 2-D state-delayed systems in the FM second model;
Peng and Guan (2009a,b) dealt with the delay-independent and delay-dependent output feed-
back Hy, control and Hy filtering of 2-D discrete state-delayed systems in the FM second
model; Xu and Yu (2009a,b) investigated the delay-dependent Hy, control and guaranteed
cost control for 2-D discrete state-delayed systems in the FM second model; Feng et al.
(2010) discussed delay-dependent robust stability and stabilization of uncertain 2-D discrete
systems with varying delays in the FM second model.

The existing delay-dependent conditions for 2-D systems in Paszke et al. (2006a,b); Xu
and Yu (2009a); Peng and Guan (2009a,b); Xu and Yu (2009b); Chen and Fong (2007); Feng
et al. (2010); Chen and Fong (2006) only dependent on the upper bound, that is, the range of
delay considered in Paszke et al. (2006a,b); Xu and Yu (2009a); Peng and Guan (2009a,b);
Xu and Yu (2009b); Chen and Fong (2007); Feng et al. (2010); Chen and Fong (2006) is
from O to an upper bound. But actually the lower bound of delay in systems may not equal
to 0. In this case, the existing delay-dependent stability conditions may be conservative. To
improve this drawback, the delay-range-dependent stability and robust stability conditions
are provided in this paper for 2-D discrete systems in the FM second model with delays.

By choosing a generalized Lyapunov function, this paper first presents a delay-range-
dependent stability criterion for a nominal 2-D discrete state-delayed system described by
the FM second model. The free-weighting matrix approach is adopted to lower the conserva-
tiveness of the delay-range-dependent stability condition, and an optimization procedure is
used for computing the range of delays for which the system remains asymptotically stable.
Then, the result is extended to the uncertain 2-D state-delayed systems with an unknown
but norm-bounded parameter uncertainty. All the delay-range-dependent stability conditions
are given in LMI. Two numerical examples are given to illustrate the effectiveness of the
proposed method.

Throughout this paper, the zero matrix and the identity matrix with appropriate dimensions
are denoted by 0 and 7, respectively. The notation X > 0 (X > 0) represents that the matrix
X is positive definite (semi-positive definite) for any real symmetric matrices X. Similarly,
X < 0(X < 0) denotes a real symmetric negative definite (semi-negative definite) matrix.
And * denotes the symmetric terms in symmetric matrix.

2 Preliminaries

Consider a 2-D discrete state-delayed system with uncertain parameters described by the
following FM second model:

x@+1,j+1)=(A1+AADx@ + 1, j) + (A2 + AA)x(E, j+ 1)
+(Ag + AA )X+ 1, j —dy)
+(A2g + AAo)x(i —da, j+ 1), (D

where x (i, j) € #" is the state vector, the matrices A, Az, A4 and Ay are known constant
matrices; AAj, AAy, AAjy and AAjy, are unknown matrices representing the parameter
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uncertainty in the system matrices and are assumed to be of the form
[AAI AAy AAjg AAsq]l = DF(, j)[E1 Ez E1g Enql, (@)

where D, E1, E», E14 and E»,4 are known real constant matrices and F (i, j) is an unknown
matrix satisfying

FI(, hFG, j) < 1. 3

The non-negative integers d; and d> are unknown but constant delays along the vertical
direction and the horizontal direction, respectively, satisfying

hit <dy < hip <005 hyy <dy < hp < 00, 4)

where hy; and hy are non-negative integers with 0 < hy; < hya(k = 1, 2) and hj; may not
equal to 0. The boundary conditions for system (1) are specified as

x(@i, j) = xij» YO<i=<p; j=—hp,—hp+1,---1
x(i, j) =¢ij, YO=<j<pp i=—hpn,—hp+1,---1
X00 = $00, Q)
x(,j)=0, Vi>uwpuy; j=—hpn,—hp+1,---1,0,
x(,j)=0, Vj>pury i=—hyp,—hpn+1,---1,0.

where 1¢1 and 7 are given positive integers. To simplify the notation in the state-space model
(1), define the following vector

Xgp =x(0 +a, j+ B).
Then, system (1) can be rewritten as

x1,1 = (A1+AA DX 0+ (A2+AAL)x0, 1 +H(A1g+AA 1) X1 —ay +(A2a+AA2g) X 1
(6)
The following well-known results are used in the sequel.

Definition 1 (Paszke etal. 2004) Denote X, = sup{||x(i, j)|| :i+j =r, i, j € Z}.The2-D
discrete state-delayed systems (1) with any bounded boundary condition (5) is asymptotically
stable if

lim, X, =0.

Lemma 1 (Mahmoud 2000) (Schur complements) For matrices X1, X and ¥3 where
Y1 > 0and X5 = E3T then

s+l <o,
if and only if

23 227" -3 X
|:22 _21}<0 or |:22T s < 0.

Lemma 2 (Petersen and Hollot 1986) For given matrices Q = QT , H and E with appro-
priate dimensions

OQ+HFE+ETFTHT <0
holds for all F satisfying FTF < I, if and only if there exists ¢ > 0 such that
Q+¢ 'HHT +¢ETE <0.
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3 Main results
3.1 Stability analysis

When the uncertainty does not appear (i.e., the matrices AA, AAz, AA1gz and AAy, are
zeroes), model (6) becomes

x1,1 = A1x1,0 + Axxo 1 + Arax1,—q, + Azax—ay,1. @)

In this part, we discuss the delay-range-dependent stability condition for nominal system (7).

Theorem 1 The 2-D linear state-delayed system (7) with delays satisfying (4) and boundary
conditions (5) is asymptotically stable if there exist matrices P; > 0, R = diag{R1, Rz} >
0, = dlag{Sl,Sg} > 0,N = dlag{Nl Nz} > 0,M; = dzag{Mll,le} > 0, N,
dlag{Nll,Nz,} M = dlag{Ml,, le} and S = dlag{Sh, Szl}(l =1, 2), such that the
following LMI is feasible

(o1 g2 My —51 Hﬁl AS, AM, ATU AT(P + Py) ]
% ¢n My =S HN, HS,  HM, ATU A" (P + Py)
* x —M; O 0 0 0 0 0
* ok *x —Mr, O 0 0 0 0
o=1 % % x x* —HS 0 0 0 0 <0, ®
* ok % * * —H(ES+N) 0 0 0
* k% * * * —HN 0 0
* % % * * * * -U 0
] * * * * * —(P1 + P) |
where P;, R;, Si, Ni, Mij, Nij, Mij, Sij € #"™" (i =1,2, j=1,2),
P =diag{Pi, P}, o11 = —F+R+M1—I—Mz+1\Af1+1\A/1T7 Y12 = —N1+1§’2T+§1—M1,

¥n = —R—ﬁz—l\A/2T+§2+§2T—1‘;12—MZ, A =[A1 Ay], Ay =[A1q Aodl,

i _ i _ i Tar it 1 _[ar 4]

Al =[A1 =T A2], Ay =[A1 Ay = 1], A= |A] Ay | ,Au=|A Ay

H =diag{hi2 1y, hnoly), H =diag{(hia — hi1)I,, (haa — o)1), U = HS + HN.
Proof Introducing a generalized Lyapunov function V;, g to express the energy stored in the
point x(i +«, j + B):

Vap=V@i+a, j+p)=Vig+Vi, )

with

-1 -1 -1

Vvﬂ —xaﬁPlxaﬁ—i- Z Xo,ﬁ_HRlxa g+ + Z Z}’aﬁ.g.lsl)’a B+l
l=—d, O0=—h1p =60
—h—1 —1
+ z Zya ,g+1N1ya B+t Z Z Xy ﬂJrlMlmxol B+1»
O=—hyp 1=6 m=11=—hy,
—1 —1 —1

h T T T
Va,ﬁ = Xo.B Prxq.p + Z xa+l,ﬂR2xa+l,ﬂ + z Zzaﬂ,ﬁszza—}—l,ﬁ
l=—d» O=—hoy =6
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—hy1—1 —1
+ D Dt pNotarip + Z Z xg 11, Momat1.p,
O=—hy [=0 m=11=—hyp
Ya,f+l = Xa,f+i+1 — Xa,p+1: Zatl,p = Xati+1,8 — Xatl,p, A, B € Z, (10)

where P, > 0, R; >0, §; >0, N; >0, M;; >0(@G =1,2,j = 1,2). Calculate the
increments AVI}f1 and AV}, respectively:

v v v
AVl,l - Vl,l - Vl,O
-1 -1 -1
T T T
xp g Prxg + Z XigprRixi + Z zy1,1+151y1,1+1

I=—d, 9=—h1y 1=6
—hy—1 —1
+ Z Zyl 11N+ Z Z X1, ,+1M1mx1 I+1
O=—h1 1=0 m=11=—hy,
—1 —1
T T T
—x{ogPixio— > xRixii— D0 >yl Sy
I=—d, o=—h1y I=0
—hij—1 -1 2 —1
T T
DD Ny =D D x Miwx
O=—hp =0 m=1Il=—=hyy

T T T T T
= xi Prx11 —xq gPix1,0 + xq gRix1,0 — X _g Rix1,—a, + h12y1 90S131.0

—1 —hy—1
z Y Sy + (hiz — byl gNivio — Z YNy
I=—hy2 I=—h2

2
T T
—+ Z (xl,OMlmxl;O — xl,—hlm Mlmx],—h”)v

m=1

AV =V =V

—1 -1
T T T
xi Paxia + z Xppp g Rexiprn + E E 2y41,1522041,1

l=—d» O=—ho =60
—hy—1 —1
+ Z ZZH_] 1N2zpgr1 + Z Z XH_] 1 Mamxi411
O=—hy, 1= m=1l=—hop,
—1 —1 -1
T T T
—xo.1 P2xo,1 — Z X Roxy 1 — Z ZZ“SZZZ,I
I=—d> O=—h2 =0
—hy1—1 —1
- > ZZIIN2Z11_Z Z x|y Mo 1
O=—hoy =60 m=11=—hoy,

T T T T T
= xj 1 Pax11 — X Paxo,1 + X 1 Raxo,1 — xZy, | RoX—gy,1 + h222 152201
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—1 —ha1—1

T T T
- Z 71182211 + (hoa — h21)zg, 1 N220,1 — Z 211 N2z1 1
I=—h2 I=—h2

2
I'm —xI M
+ X0, 1 MomXo,1 — XZp, 1 MomX—hy,.1 ),

m=1
Denote AV 1 = AV, + AV/',, then

T T T
AVi1 = xi1(P1+ Pa)xi1 — xq g Pixi,0 — xg,1 P2xo,1

T T T T
+x10R1x1,0 + X0 1 Raxo, 1 — Xy _y RiX1,—ay — Xy, 1 RoX—d 1

2
T T
+ z (Xl,()Mlmxl,O - x1,_hlmM1mx1,fh1m)

m=1

2
'm r M
+ X0,1 Mamxo,1 — X_p, 1 MomX—py,,1

m=1
hiayl oS hpzl s hia—h1)yl N hos—ha1)zd | N:
+hi2y 051310 + h22z9 152201 + (hiz—h11)y1 oN1y1,0 + (haa—h21)zg 1 N220,1
-1 —1 —hi1—1 —ha1—1
T T T T
- z Vi Siynn — z 27192211 — Z YigNiyig — Z 25,1 N221,1
I=—h1» I=—hy I=—h1» I=—hp

= (Ax + Agxg)T (P14 P2)(Ax + Agxg) — xT Px + xT Rx — xT Rx4
+xT (M + Ma)x — x;,Tl Myxp, — XZZszM + h12)’1T,051y1,0 + h22z5152z0,1
+(h12 — hll)le,olel,o + (hap — hZI)Z({lNZZO,l

—1 —di—1
Ts T (S1+N
- YiSiyn — Y1081+ Ny
I=—d I=h1»
—hi—1 ~1
T T
- Z YNy — Z 2182211
I=—d; l=—d,
—dy—1 —ha1—1
T (S + N - 'N
- 7,182 + N2z 7.1 N2z1 1,
I=—hy I=—d,

where

T T T
_[.r T _[|.r T _[.T T
X = [xl,O xO,l] » Xd = [xl,—dl x—dz,l] » Xhy = [Xl,—h“ x—h21,l] )
T
_[.r T
Xhy = [xl,*hlz x*hn»l] :

~

Recalling the relation (10), the following equations hold for any matrices 1\7,-‘,-, Sij, ]\;I,-‘,-, i=
1,2, j =1, 2 with appropriate dimensions

~1
0= 2[x1T,01\711 +X1T,—d11\712] X1,0 — X1,—d; — Z il (11)
I=—d;
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0=2 [x({lﬁzl +xzd2,11\722] X0,1 — X—dy,1 — Z 1| (12)
I=—d»
B —d—1
0=2 [x{osll +x{_d1 512] —dy — X1,—h;py — z yii | s (13)
L I=—hy>
B —dy—1 7]
0=2 [x({lSzl +szd2’1s22i| X—dy,1 — X—hp,1 — Z 21| (14)
I=—hy»n
B —hy—1
0= Z[XEOM]] +x] g, M]Z] Xlhy = Xl—dy — D YLl 15)
1=—d,
B —hy1—1 7]
0=2 [xOT’le +xfd2’1M22] X_pyy,l — X—dy,l — z z1 | - 16)
l=—d»

Adding the right hand sides of Eqs. (11)—(16) to AVj 1 allows us to rewrite AV] 1 as

AT AT
T A; Ag - -
AVip=¢ 1T+ | (P + P)[A Ay 00] + ) (HS+HN)[AA,00]t ¢
0 0
—d;—1 —h1—1
- Z YOSy — D0 v+ Ny — D0y Ny
I=—d, I=—hy, I=—d,
—1 —dy—1 —hy1—1
= > diSui— D S+ NDua— DL 2 M
l=—d, l=—hp l=—d>
~1 —1
- Z (CTleLl +y1T,1N1T§) - Z (STszl,l +ZIT,1N2TE)
I=—d, I=—d;
—d|—1 —dy—1
- Z (fTSlyl,ldFle,[S]T{)— Z <§TS221,1+Z[T,132T§>
l==h1> l=—h2
—hi1—1 —hy1—1
-y (ngyl,; +y{,M1T;) -y (gTMzzl’l +z}flM2Tg)
I=—d, I=—d;

T{r+[AAdOO]T(P1+P2)[AAd00]+[AAdoo]T(HS+FIN)

[AA,00]+ NHSTNT + 8A (S + N8+ MANT'MT | ¢

- Z I:f Nl+y1151]s [N1§+S1y1 1]
I=—d,
- i [5TN2+ZZT,1S2]52_1 [NzTS +SZZI,1]

l=—d,
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—d1—1

= > [eTSe s D] s N7 [T+ (814 N
I=—h12
—dy—1
= > [ES+ e S+ ]S+ N [STE+ (S2 Mz |
l=—h2
—hi1—1
= > [eTan T VT [T+ N ]
I=—d,
—ha1—1
S [t [ v . )
I=—dy
where
[ x X1.0 X0,1 o1 My =5,
c= Xd L= X1,—d, &= X—dy,1 = * @ My —$ ’
Xhy X1,—h1y X—hy1,1 * * —Ml 0
| Xhy X1,—hy X—hy,1 * * x  —M>
_]Yil */S?il 1‘:411 Zill Sl
Y Nio | 5 Si2 | a7 My | . S Na| ¢ S
No=| N2l g =% = M2 =12 N = 5= ,
Tlo "o o | 0 0
L0 0 0 0 0
i
i = | Mo
0
L0

Since S; > 0, N; >0, i = 1,2, from (17) we obtain that
N {r+[A As 0 0" (P+P)[A Ag O O1+[A A4 0 0] (HS+HN)
[A A 0 0]+ NHST'RT + SAS+ N8 + AN} <.
Now we prove that if condition (8) holds, then AV} ;1 < 0, By Lemma 1 (Schur complement),
condition (8) is equivalent to
T+[A Ag 0 0T (Pi+P)[A Ag 0 O]+[A Ag 0 0]" (HS+HN)
x[A A; 0 0]+ NHST'NT +8HS+N)'ST + MANT'M" <0, (18)

which guarantees

AV <0, (19)
where the equality holds only when
x=0, x4 =0, xp, =0, x5, =0,
yvii=0,1=—hyp,—hpp+1,...,-1; 211 =0,1=—hyp,—hpn+1,...,—1, (20)

that is,
x10=0,1l=—hpp,—hi2+1,...,0; x,1=0,1=—hyp,—hp+1,...,0. (21)
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In this case system (7) is certainly stable. When AV; 1 < 0, that is,
Vi + VI < Vi VL (22)

For any integer k > max{u1, u2}, V*(k,0) = V0, k) = V'(k,0) = V?(0, k) = 0, from
(22) and the boundary conditions (5) it follows that

> VG = D VUG )+ VG I
i+j=k+1 i+j=k+1
=V'k, D+ VI, D+ V k-1, +Vik—-1,2)+ -

+VU(L k) + V(1L k)
Vi, O)+ Vik—1, )4+ V'k—1,1)+V'k —2,2)

+ VYA k= 1)+ V0, k)
=V'k,0)+ V0,0 +V k-1, )+ Vik—1,1)

4+ VL k=D 4+ VA k= 1)+ VY0, k) + VK, 0)
DV D+ VG DI= D] VG ), (23)

i+j=k i+j=k

A

Let Dy = {(i, j) : i + j = k} Paszke et al. (2006b), h = max{hi2, h2;}. Inequality (23)
implies that the energy stored at all points along the Dy to Dx_j41 (i.e. all points in
Di+1 U -+ U Di—n+1) is less than the energy stored at the points along the Dy to Dy_, (i.e.
all points in Dy |J - - - U Dx—p). From Hinamoto (1989), we obtain

lim_ V(. j) =0. 24)
i+j—00
This implies that lim | xp0 || = lim | x(, j) || = 0. Thatis,
i+j—00 i+j—00
lim, 00 X, = 0. (25)
By Definition 1, system (7) is asymptotically stable. This completes the proof. O

Remark 1 Theorem 1 provides a sufficient condition for the delay-range-dependent stability
for 2-D state-delayed system where the upper bound /1>, /2> and the lower bound %1y, &y
are all given. If only one bound is not known, we can utilize the following optimization
procedure to compute the size of delay range for stability condition. For example, when
bounds %11, ha1 and Ay, are fixed, the maximization of the bound /3, satisfying stability
condition can be cast into an optimization problem. We can maximize #y = 1/8 by solving
a generalized eigenvalue problem (GEVP) given by:

min 8 s.t.(8).
P;>0,P,>0,R>0,5>0,N>0,M;>0,M>>0

Similarly, if the bounds %13, h21 and hj» are fixed, we can also get the optimal bound /1 for
stability condition by solving the following convex optimization problem:

min hip s.t.(8).
P1>0,P,>0,R>0,5>0,N>0,M|>0,M>>0

Remark 2 The delay-independent stability criterion given by Theorem 3 of Paszke et al.
(2004) is a special case of Theorem 1. Actually, if weset S =0, N =0, M1 =0, M, =0
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in the function V (i, j) and do not introduce any free-weighting matrices, we can see that the
LMI (8) reduces to

—P1 + Ry 0 0 0 AT(Pi+ Py

—Py+ Ry 0 0 AJ(Pi+ Py)
* R 0 AlL,(Pi+Py)| <0, (26)
* * Ry AL, (Pi+ Py)
* * % —(P1+4+ Pp)

* ¥ X ¥

Let P, =P —Q—Ry, P, =0+ Ry, R = Q1, Ry = O, LMI (26) is rewritten as
0+Q01+02—P 0 0 0 A[(Pi+P)

* -0 0 0 AP+ Py
* * Q1 0 Al,(Pi+Py) | <0, (27
* * x Q3 A, (P + P2)
* ¥ x % —(P14+ P)

By Schur complement, LMI (27) is equivalent to LMI (6) in Theorem 3 of Paszke et al.
(2004).

If the lower bounds A =0 (k =1, 2), i.e.
O<dk =hp<oo (k=1,2), (28)
we can obtain a corollary from Theorem 1.

Corollary 1 The 2-D linear state-delayed system (7) with delays satisfying (28) and bound-
ary conditions (5) is asymptotically stable if there existmatrices P; > 0,R= dlag{Rl, Rz} >
0,8 = dlag{Sl,Sz} > 0, My = diag{Miy, M2} > 0, N, = dlag{Nl,,Nzl} and S =
dlag{Sl,, Sz, }, (i = 1, 2), such that the following LMI is feasible

_\IJH 2P —3'1 Hﬁl Hgl ATHS AT(P1+P2)_
x Wy —$ HNy HS» ATHS AT (Pi+ Po)
* % —My O 0 0 0
V=| %« % % —HS 0 0 0 <0, (29)
* ok * * —HS 0 0
* % * * * —HS 0
BERE * * * * —(P1+ P) |

where Pi, Ri, Si, Ni, Mia, Nij, Sij € 7" (i =1,2, j=1,2),
Uy =—P+R+M+ N +NI, Wp=—-Ny +NJ +5,
Wy =—R—No—NJ + 5 +87,

P, A, Ag, Al, Az, A, Ad and H are defined in Theorem 1.

3.2 Robust stability

When we consider 2-D discrete state-delayed system (6) with uncertain parameters, the robust
stability condition can be deduced from Theorem 1.

Theorem 2 The 2-D linear state-delayed system (6) with parameter uncertainties (2)—
(3), delays (4), and boundary conditions (5) is robust stable if there exist matrices P; >
0,R = diag{R1, Ry} > 0,S = diag{S1, $2} > 0,N = diag{Ni, N2} > 0, M; =
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diag{(My;, Mo} > 0, N; = diag{Ny;, Noi}, M; = diag{My;, Ma;}, $; = diag{S;, S},
and scalars €; > 0(i = 1, 2), such that the following LMI is feasible

@11 @12 Ml —Sl H]\71 17_131 ng ATU AT(Pl + P) 0 0
* 020 Mz —3'2 HNQ F_IS'Q HMZ AgU Ag(Pl + P) 0 0
* x —M; O 0 0 0 0 0 0 0
x % x —Mp O 0 0 0 0 0 0
* % ok * —HS 0 0 0 0 0 0
*« % *x % *x —HES+N) 0 0 0 0 0
* ok ok * * * —HN 0 0 0 0
* ok ok * * * *  =U 0 0 UD
x k% % * * * * —(P1+P) (PL+P)D 0
* ok ok * * * * * * —e&1l 0
L % % % * * * * * * * —&21 |
<0, (30)

where P;, R;, Si, Ni, Mj;, Nij, Mij, S,‘j edZ""i=12,j=12),
E =[E| E], Eg=[Eiq Exl., D=diag{D, D},
@11 = i1 + (61 +26)ETE, §12 =91+ (e1 + 22)ET Ey,
@2 = g0 + (81 + 262)E] Eq,

P, A, Ag, A, As, A, Ag, H, H, U, @11, @12 and ¢y are defined in Theorem 1.

Proof Note the differences between the coefficient matrices in systems (6) and (7). Replacing
Ay and Agg in (8) by Ay + DF Ey, and Arg + DF Eyg, respectively, yields

9+ AT FAy+ AJFTA + AJFA4+ AfFTA3 <0, (31)
where

F r oo’ r oot s

E:[E E ] ,Ed:[Ed Ed] , F =diag(F, F),

A1=[0 0000000 DT(P1+P2)],
[E E; 000000 0],
A3=[0000000[)TU 0],
As=[E E4 0000 0 0 0]

If condition (31) holds, system (6) is robust stable. By Lemma 2, (31) holds if and only if
there exist &; > 0 and &, > 0 such that

o+er'ATA +e AT Ay + 65 ' AT A+ e2al Ay < 0. (32)

Then by Lemma 1 (Schur complement), it is easy to see that (32) is equivalent to (30). The
equivalence of conditions (30) and (31) implies that if condition (30) holds, system (6) is
robust stable. The proof is completed.

When the lower bounds s = 0 (k = 1, 2), we obtain the following corollary from
Theorem 2. ]

Corollary 2 The 2-D linear state-delayed system (6) with parameter uncertainties (2)—
(3), delays (4), and boundary conditions (5) is robust stable, if there exist matrices P; >
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0,R = dlag{Rl,Rz} > 0,8 = diag{S1, $2} > 0, My = diag{Mi>, M2} > 0, N, =
dzag{Nll, N2,} S = dzag{Sll, Szl} and scalars g; > 0(i = 1, 2), such that the following
LMI is feasible

RIR2E —Sl HN1 H51 ATHS AT(P; + Py) 0 0

x Wy —8 HN, HS; ATHS AT (P + Py) 0 0

* % —Mp, O 0 0 0 0 0

ko ok *x —HS 0 0 0 0 0

* % % * —HS 0 0 0 0 <0,

* % * * * —HS 0 0 HSD

* ok * * * * —(P1+ Py)) (PL+P)D O

* ok * * * * * —e1l 0
S * * * * * * —erl |

where P,', R,‘, Sl', N,', M,'z, N,'j, S, j e Z"n (l —1 2 j =1 2)

Wy = Uy + (g1 +262)ETE, Wi = (e +2e2)ET Ey,
Wyp = Wy + (g1 +262) EJ Eq,

P, A, Ay, Al, A~2, A, Ay and H are defined in Theorem 1, W11, Vi3, V2, E and E4
are defined in Theorem 2.

4 Numerical examples

In this section, we illustrate the new results via two examples. Example 1 will show the
benefits of result in nominal systems, and Example 2 will demonstrate the effectiveness of
the proposed method in uncertain systems.

Example 1 1In the illustrative example of Xu and Yu (2009a), a thermal process expressed in
a partial differential equation with time delays is modeled into the 2-D state-delayed FM sec-
ond model (1). Here we consider the asymptotical stability of system (1) (without parameter
uncertainty) with the following coefficient matrices given in Xu and Yu (2009a)

0 0 01 0 0 00
Ar= [0.25 0.65]’ 42 = [o 0] A1a = [o —0.12]’ Aza = [o o]'

It was shown in Xu and Yu (2009a) that for any constant delay d; satisfying 0 < d; <5,
system (1) is asymptotically stable. However, by using Corollary 1 and Remark 1, we can
show that the system is asymptotically stable for 0 < d; < 13. This means that the upper
bound obtained in this paper is greater than that given in Xu and Yu (2009a).

Note that 2-D state-delayed Roesser Model is a special case of 2-D state-delayed FM
second model, and the above system can actually be described by 2-D state-delayed Roesser
Model. Therefore, we can also use Theorem 1 in Paszke et al. (2006b), which presents a
constant delay-dependent stability condition for 2-D state-delayed Roesser Model, to study
the stability of the above system. Direct computation shows that this system is asymptotically
stable for any constant delay d satisfying 0 < d < 13. This means that Corollary 1 in this
paper is as good as Theorem 1 in Paszke et al. (2006b)for the above system described by
2-D state-delayed Roesser Model. The trajectories of the two state variables of the system
(1) with d; = 13 are shown in Fig. 1. It shows that system (1) is asymptotically stable with
dy =13.
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State of x1(i.j)

State of x2(i,j)

0 o

Fig. 1 State trajectories of system given in Example 1 with d| = 13

Example 2 Consider system (1) with coefficient matrices

4, _ [0.24500.0307] [ 0.2860 0.1800
1= 1-0.1444 0.0008 |* “% = | —0.1435 —0.2601 |’

A _ [0.1448 014807 [0.0881 0.1220
14=10.0808 0.0541 | 2 = 0.1872 0.0430 |

uncertainty matrices

D = [0.4768 0.0219]", E; = [0.0272 0.3127], E = [0.0129 0.3840],
E1g = [0.1366 0.0186], Ezq = [0.0071 0.1225],

and delay range 2 < d; < 10; 6 < d, < 8. In this case, we solve the LMI (30) using Matlab
LMI Toolbox, the solutions are as follows:
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25 -

20 -

15

State of x1(i,j)

State of x2(i,j)

0 o

Fig. 2 State trajectories of system given in Example 2

P = [21.0296 —1.0278] Py |:16.9526 3.9937]
| —1.0278 29.9637 |’ 3.9937 443551
[6.8560 5.3649 0 0 0.0040 —0.0057 0 0
R = 5.3649 8.3323 0 0 S— —0.0057 0.0229 0 0
0 0 7.8197 2.2945 |’ 0 0 0.0653 —0.0255 |’
0 0 2.2945 12.5821 0 0 —0.0255 0.0295
[ 0.0051 —0.0075 0 0 0.0916 —0.1194 0 0
N = —0.0075 0.0300 0 0 M= —0.1194 0.5275 0 0
0 0 0.4469 —0.1662 |’ 0 0 0.1412 —0.1354 |’
L O 0 —0.1662 0.1748 0 0 —0.1354 0.5379
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[ 0.0916 —0.1195 0 0 0.0008 —0.0029 0 0
| 01195 05275 0 0 & | —0.0008 0.0013 0 0
2= 0 0  0.1468 —0.1380 | "7 0 0  —0.0050 0.0019 |’
| 0 0  —0.1380 0.5405 0 0  —0.0071 0.0037
[0.0013 —0.0027 0 0 0.0004 —0.0015 0 0
K, _ | 0-0001 ~0.0004 0 0 17— | —0.0005 0.0007 0 0
2= 0 0  0.0039 —0.0002 | 1T 0 0 —0.0004 0.0155 |
L 0 0  0.0008 —0.0016 0 0 —0.0455 0.0416
M 0.0011 —0.0015 0 0 —0.0006 0.0028 0 0
i, — | ~0:0005 0.0014 0 0 G| 0.0004 —0.0014 0 0
2= 0 0  0.0622 —0.0187 |" °'7 0 0  0.0007 —0.0178 |’
| 0 0 0.0183 —0.0200 | 0 0 0.0495 —0.0465
[—0.0016 0.0028 0 0 ]
A 0.0009 —0.0025 0 0
S = 0 0 00671 0.0204 | €1 = 484912, 62 = 0.6214.
| 0 0 —0.0200 0.0221 |

The obtained solutions guarantee that system (1) with parameter uncertainties satisfying (2)—
(3) is asymptotically stable for d| = 3; dp = 6. Figure 2 shows that system (1) given in this
example is robust stable.

5 Conclusion

This paper has presented sufficient stability and robust stability conditions for 2-D state-
delayed systems described by the FM second model. These stability criteria are less conser-
vative for two reasons: one is that they are delay-range-dependent; another is the introduction
of some free-weighting matrices. Two numerical examples have been given to demonstrate
the effectiveness of the proposed methods. In the future we will study how to apply these
robust stability criteria to the robust control synthesis problems.
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