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Abstract
Brushing represents a specific procedure that aims to remove biofilms from the vertical and
occlusal surfaces of the teeth, as well as from interdental spaces to the greatest extent pos-
sible. When developing toothbrushes, a common concern is determining the contact force
required to assess cleaning performance, comfort and safety. This evaluation relies on the
bristles, which serve as the contact elements of the toothbrush. Due to the significant de-
flection of the bristles, linear models or two-dimensional approaches may be inadequate for
studying their deformation. On the other hand, nonlinear beam models are computationally
intensive due to the lack of exact closed-form expressions for large complex deformations.
Flexible multibody methodology emerges as a suitable approach to analyse this problem,
offering insights into contact forces, sliding forces and bristle deformation. It proves to be a
valuable tool for enhancing bristle design. The paper explores two multibody modelling
approaches capable of accommodating large deflections. The first is a simplified model
based on Howell’s PRB 3D model, employing a beam split into two segments connected
by a spherical joint and three lumped spring elements. The second is the discrete flexible
approach, utilising a larger number of rigid bodies connected with six-degrees-of-freedom
elastic matrix elements. Both methods are compared with quantitative experimental results
replicating toothbrush cleaning on reference surfaces along different directions.

Keywords Flexible multibody · Bristle · Contact mechanics · Pseudo-rigid body ·
Toothbrush

1 Introduction

A relevant topic in dentistry concerns the determination of the forces required for the effec-
tive removal of biofilm and plaque from teeth while avoiding damage to soft tissues. The
shift from tufts to bristles in the development of toothbrushes has prompted a more in-depth
examination within the scientific community regarding the interaction forces between the
toothbrush and the teeth. Specifically, the research has focused on assessing the forces ap-
plied by the bristles when in contact with a surface. Brushing has been the subject of a thor-
ough examination in the field of periodontology and dental hygiene since the 1960s [1]. The
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effectiveness of brushing is based on empirical data derived from clinical investigations, the
standardisation of patients and practices, and the periodic evaluation of toothbrushes [2, 3].
There is a direct correlation between the force applied and the effectiveness of brushing, up
to a certain threshold value. Beyond this threshold, the correlation decreases [4]. Mathemat-
ical models and in-vitro studies have been employed to characterise the brushing process.
Optimal bristle designs have been crafted using mathematical data to ensure maximum ther-
apeutic effectiveness with minimal impact on soft and hard tissues [5–7]. To investigate the
performance of tooth brushing, several mathematical models have been studied to evaluate
the stiffness of the toothbrush. These models take into account various design variables such
as bristle modulus, diameter, length, cross-sectional shape and material [8–10]. Analytical
methods, finite-element analysis and flexible multibody techniques have all been applied to
examine bristle models for brushing on flat and curved surfaces [11–15]. The pseudo-rigid-
body approach was implemented to represent the compliance of the toothbrush tufts, and a
thorough comparison of analytical and experimental results has been carried out [16, 17].

These investigations have offered valuable insights into the dynamics of bristle move-
ment, the interactions involving the brush and oral biofilm, enamel, and soft tissue, as well
as the effectiveness of different brush configurations in a large variety of other applications
such as road sweeping and satellite detumbling [18, 19]. When brushing the teeth, the bris-
tles undergo significant three-dimensional deflection, impacts, jamming, buckling, and other
non-linear phenomena owing to the intricate geometry of the teeth, characterised by asper-
ities, tight gaps, and peaks. Due to the elasto-kinematic behaviour of the bristles, which
leads to large displacements, and due to the large number of contacts, their non-linear na-
ture and their potential different mechanics [20, 21], studying the deformation of the bristles
is not feasible using linear models or two-dimensional approaches. It requires the simula-
tion of complex numerical models, as exact closed-form expressions are not available to
address extensive complex deformations [22]. Consequently, a reliable and more compre-
hensive numerical technique is imperative for calculating quantitative performance metrics
and comparing various design solutions or operational scenarios [23–25].

This paper aims to evaluate two pseudo-rigid multibody models [26], one based on How-
ell’s 2D Pseudo-Rigid Body (PRB) concept [20, 21] and the other based on the Discrete
Flexible Multibody formulation (DFM) [27–29]. In particular, these modelling techniques
are applied to the modern toothbrush made of silicone, as shown in Fig. 1. To effectively
compare the two approaches, depicted in Fig. 2, the study focuses on the evaluation of the
tangential and normal contact forces that occur when the toothbrush’s bristles interact with
a flat surface. Furthermore, to estimate the actual bristle deformation and contact forces, an
experimental setup is built, and the results are compared with those of the multibody models.
The paper is structured as follows: the initial section outlines the problem definition, empha-
sising the hypotheses and boundary conditions that form the basis for the development of
different models. Subsequently, the multibody models are detailed, along with their appli-
cation to the toothbrush. The next section describes the experimental assembly, highlighting
the accuracy of data acquisition. In the concluding part, the outcomes related to bristle de-
formation and contact forces from multibody models are presented and then compared with
the results obtained from the experimental setup.

2 Multibody models and methodologies

The initial phase of this study consists of explaining the multibody models employed for
evaluating the deformation and the contact forces acting on the bristles. The first multibody
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Fig. 1 The modern toothbrush of the current investigation: on the left, a perspective view showing the com-
plex geometry of the bristles; on the right, the top view

Fig. 2 Comparison of the prospective views of the toothbrush. a) actual toothbrush; b) DFM model; c) Howell
PRB model

model is based on an extension of the Howell bidimensional pseudo-rigid-beam approach
to the 3D space [20, 21, 30]. Following the Howell approach, each bristle was split into
two segments connected by a spherical joint and a lumped torsional spring element. The
second one is the discrete flexible multibody (DFM) technique [27–29], which is based on a
regular but more detailed discretisation with rigid bodies connected by elastic six-degrees-
of-freedom lumped elements (stiffness matrices) [31, 32].

2.1 Multibody model based on Howell’s PRBM

In the 2D Howell approach, the bristle is conceptualised as a flexible cantilever beam with
a constant cross section and linear material properties, subjected to an end-tip load. When
the deflection increases, the linearised beam deflection theory loses validity. The pseudo-
rigid-body model of the flexible beam provides a simple but sufficiently accurate approach
to analysing deflections. For a flexible cantilever beam with a force applied at the free end,
elliptic-integral equations for large deflections reveal that the free end traces an approxi-
mately circular path. Using this insight, Howell devises a pseudo-rigid model where this
circular path can be precisely represented by two rigid links connected at a pivot along the
beam (Figure 3a). A torsional spring at the pivot models and collects the beam’s resistance
to deflection. The position of this characteristic pivot in the pseudo-rigid body is expressed
as a fraction of the length of the beam, denoted by γ l with γ representing the characteristic
radius factor [20]. The coefficient γ can be deduced from the ratio:

n = Fn

Ft

. (1)



A. Cellupica et al.

Fig. 3 a) Cantilever beam with forces at the free end and its pseudo-rigid-body model according to Howell.
b) Application of the PRB model to the toothbrush contacting a flat surface. c) The generalised Howell’s 3D
PRB model

Considering the contact of the beam end with a flat surface (Figure 3b), Fn and Ft may
be reviewed as the normal and tangential contact forces, respectively. Therefore, assuming
a Coulomb friction model [33], the term n is the reciprocal of the friction coefficient μ for
the specific contact configuration:

n = 1

μ
. (2)

Once n is known, it is possible to use Table 1, derived by Howell [20], to compute γ and,
consequently, the coefficient K�, which is the characteristic stiffness parameter of the PRB
model.

From these coefficients, it is possible to compute the revolute joint position γ l and the
torsional spring stiffness k as follows:

k = γK�

EI

l
. (3)
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Table 1 Numerical data for n, γ ,
K� [20] n γ K�

0.0 0.8517 2.67617

0.5 0.8430 2.63744

1.0 0.8360 2.61259

1.5 0.8311 2.59289

2.0 0.8276 2.59707

3.0 0.8232 2.56737

4.0 0.8207 2.56506

5.0 0.8192 2.56251

7.5 0.8168 2.55984

10.0 0.8156 2.56597

The parameter E is the Young’s modulus of the bristle, I is the inertia modulus of the
cross section of the bristle with respect to the direction of the inflection plane, and l is the
bristle length.

In order to extend this bidimensional formulation to the 3D case (Figure 3c), the Howell
2D PRB model approach is applied to the two main deflection planes of the bristles. In a
previous study [30], it has been shown that the 3D beam end’s pathway will slightly deform
into an ellipsoidal shape for large displacements. However, the extended PRB model used in
this work assumes that the mixed inflection contributions are negligible, due to the similar
cross-sectional dimensions. For this reason, the expected path of the beam end is assumed
to lie on a spherical surface. Two torsion springs acting on the two main bending directions
y and z are included. Their stiffness is computed as:

ky = γK�
EIy

l

kz = γK�
EIz
l

, (4)

where E is the Young’s modulus and Iy and Iz are the moments of inertia with respect to
the two bending directions, respectively.

Another torsion spring is added to take into account the torsion stiffness:

kx = GJx

γ l
, (5)

where G is the shear modulus and Jx is the polar moment of inertia with respect to the
torsion axis x. Inspired by the Howell formulation, this multibody model is generated by
splitting the bristle according to the parameters reported in Table 1 and applying a spherical
joint as a connection. On this joint, a lumped three-dimensional stiffness-damping element
is applied. The stiffness matrix is computed by combining equations (4) and (5) as follows:

K =
⎡
⎢⎣

GJx
γ l

0 0

0 γK�
EIy

l
0

0 0 γK�
EIz
l

⎤
⎥⎦ . (6)

The damping matrix is introduced in the following form:

C =
⎡
⎣

c1 0 0
0 c2 0
0 0 c3

⎤
⎦ . (7)
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Fig. 4 The discrete rigid-body model of a bristle

Finally, the force vector F and the displacement vector � are connected by the following
formula:

F = K� + C�̇. (8)

2.2 Discrete Flexible Multibody model (DFM)

Although the fundamental concept of the DFM model shares similarities with the PRB
model, the DFM should offer a more detailed description of structural deflection and con-
tact mechanics due to its specific implementation. In the DFM methodology, the bristle
is discretised into multiple nodes, as illustrated in Fig. 4, with each node possessing six
degrees-of-freedom, mass and inertia (referred to as rigid-body nodes).

The interaction between adjacent nodes is preserved through stiffness matrices, generat-
ing reaction forces and moments based on the relative displacement between the coordinate
reference systems of adjacent nodes. Conceptually, these stiffness matrices produce a 6 ×
6 force field, activating upon any relative displacement. The Timoshenko beam theory is
applied to deduce the general stiffness matrix acting between two nodes [28]:

Ki,i+1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

EA
L

0 0 0 0 0
0 12EIzz

L3(1+Py)
0 0 0 −6EIxx

L2(1+Py)

0 0 12EIyy

L3(1+Pz)
0 6EIyy

L2(1+Pz)
0

0 0 0 GIxx

L
0 0

0 0 6EIyy

L2(1+Pz)
0 (4+Pz)EIyy

L(1+Pz)
0

0 −6EIxx

L2(1+Py)
0 0 0 (4+Py)EIzz

L(1+Py)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

where

Py = 12EIzzAsy

GAL2
(10)
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Fig. 5 Contact between a bristle and the flat surface for a) Howell PRB model and b) DFM model

Pz = 12EIyyAsz

GAL2
, (11)

where As is the shear area ratio, E is the Young’s Modulus, G is the shear modulus, A is
the section area, L is the distance between adjacent nodes and Ijj is the moment of inertia
of the cross section about the j -axis.

Moreover, each damping matrix can be defined as follows:

Ci,i+1 =
⎡
⎢⎣

c11 · · · c16

. . .
...

Sym c66

⎤
⎥⎦ . (12)

As a result, the forces and moments exchanged by adjacent nodes can be expressed as:

Fi,i+1 = Ki,i+1�i,i+1 + Ci,i+1�̇i,i+1, (13)

where �i+1,i and �̇i+1,i are the vector of relative displacements (translational and rotational)
and relative velocity between the nodes’ generalised coordinates, respectively.

The number of discretised elements may be chosen depending on the complexity of the
deformation and the required accuracy.

2.3 Contact model

The contact between each bristle and the flat surface is detected between a sphere fixed to
the end of the beam and a flat plane (Fig. 5).

The introduction of these auxiliary bodies simplifies the contact computation and in-
creases the robustness of detection thanks to the use of the analytical equation for sphere-
to-plane contact. Given the large number of points in contact, the use of the sphere-to-plane
contact is necessary to reduce the computational burden [34]. To efficiently identify contact
points, a systematic detection method is necessary. The search algorithm is structured around
a preliminary search for contact zones followed by a refined search for the contact-region
penetration depth. The force generated at each contact point is computed with a penalty for-
mulation (Eq. (14)), based on the Hertz theory [35, 36], and extended by Flores [37]. The
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contact formulation [34, 38] allows calculation of the normal force through the relation:

Fn = kδm1 + c
δ̇∣∣δ̇∣∣

∣∣δ̇∣∣m2
δm3 , (14)

where:

• δ, δ̇ are the penetration and its speed;
• m1, m2 and m3 are the exponents of stiffness, damping and indentation factor, respec-

tively;
• k and c are the stiffness and damping coefficients.

To compute the tangential contact force a velocity-based friction model is adopted [39–
42]. It is computed by multiplying the normal component by the friction coefficient (that
depends on the sliding velocity) and applied along the direction opposite to that of the sliding
velocity at the contact point:

Ft = −|μ(vt )|Fn

vt

‖vt‖ , (15)

where vt is the relative sliding velocity at the contact point (perpendicular to the normal
vector). The friction coefficient μ(vt ) depends on the static friction coefficient (μs ), the
dynamic friction coefficient (μd ), the dynamic velocity tolerance (vd ) and the static velocity
tolerance (vs ). Although this model is not able to take into account stiction, it is capable of
implementing a smooth transition between static friction and dynamic friction.

Internal contact between bristles is intentionally neglected to reduce computational com-
plexity. However, recognising the significance of this contribution is crucial to a comprehen-
sive understanding of the problem. Specifically, in scenarios where the direction of motion
varies, the interaction among bristles may become important. This interaction may result in
a decrease in normal forces as the bristles establish internal contact, thus exerting a dimin-
ished pressure on the flat surface. However, the validity of this assumption is then verified
against experiment, as discussed in the next sections of the paper.

2.4 Equations of motion

The equations of motion of the generic rigid-body node for both methods can be written as
follows:

Mi q̈i + Ki,i−1�i,i−1 − Ki,i+1�i,i+1 + Ci,i−1�̇i,i−1 − Ci,i+1�̇i,i+1 = Fn,i + Ft,i , (16)

where:

Mi is the mass matrix, i.e. Mi = ρπφ2L

4

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

0 0 0 φ2

8 0 0

0 0 0 0 φ2

16 + L2

12 0

0 0 0 0 0 φ2

16 + L2

12

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

q̈i is the vector of the generalised acceleration
(

q̈i = d2qi

dt2

)
;
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Fig. 6 Initial conditions of the simulated scenario with the highlight on the interaction distance between the
toothbrush handle and the flat surface

Ki,i−1 and Ki,i+1 are the stiffness matrices of the elastic compliance between node i and
nodes i − 1 and i + 1, respectively;

Ci,i−1 and Ci,i+1 are the damping matrices between node i and nodes i − 1 and i + 1,
respectively;

�i,i−1 = qi−1 − qi and �i,i+1 = qi+1 − qi are the relative displacement between nodes i

and nodes i − 1 and i + 1 generalised coordinates, respectively.
Fn,i and Ft,i are the contact loads at each adjacent nodes’ connections.

3 Case study

The described modelling approaches are tested on a simulation of a toothbrush head bushing
on a flat surface along the two main directions and then compared against experimental tests.
The mathematical models are based on several assumptions. Actually, in both the developed
models, a considerable number of variables are involved. For this reason, the following
simplifying hypotheses are introduced to reduce the computational complexity:

- the cross section of the toothbrush bristles is assumed to be rectangular and constant
along the midline of the bristle;

- the deformation of the flat surface is neglected, assuming it to be infinitely rigid;
- the toothbrush support (i.e., handle) in the experimental setup is treated as unde-

formable;
- the multibody models neglect the influence of mutual interaction among the bristles, as

discussed in the previous section.
The toothbrush is made of silicone with a Young’s modulus (E) of 7.5 MPa, the interact-

ing surface is made of acrylic and the friction coefficient is assumed to be μd = 0.76, after
some preliminary tests. Each bristle terminates with a sphere of 0.4 mm of radius that may
interact with the flat plane. The reference interaction distance d between the toothbrush and
the plane (see Fig. 6) is set at 4.2 mm.

Referring to the handle of the toothbrush, the interaction forces were examined in two
different scenarios: brushing in the orthogonal direction (see Figure 7a) and brushing in the
parallel direction (see Figure 7c). In both cases, the toothbrush is firmly mounted on a slider,
driven by a motorised screw that imposes a sinusoidal motion, as shown in Figure 7b and
Figure 7d, respectively. For the orthogonal motion, the amplitude is set to 15 mm, whereas
for the parallel one, it is 30 mm. Concerning frequency, the first case adopts π /6 rad/s, while
the second case uses π /12 rad/s.

Considering the PRB model, the computation of the Howell factors from Table 1, consid-
ering a linear interpolation, yields γ = 0.8329 and K� = 2.6001. In the DFM model, each
bristle is discretised with six rigid bodies. The parameters used in the contact formulation
(Eq. (14)) are summarised in the Table 2.
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Fig. 7 Periodic motion applied to the toothbrush: a) motion along the orthogonal brushing direction; b) time
history of the motion law for the orthogonal brushing; c) motion along the parallel brushing direction; d) time
history of the motion law for the parallel brushing

Table 2 Parameters adopted for the computation of normal and tangential forces

Parameters for normal force Parameters for tangential force

Coefficient Value UoM Coefficient Value UoM

k 100 N/mm μs 0.8

m1 1.3 μd 0.76

c 0.2 N s/mm vs 1.2 mm/s

m2 1 vd 1.5 mm/s

m3 2

4 Experimental setup

The purpose of the experimental setup (Figure 8a) is to acquire the forces acting on the
toothbrush along the normal and tangential directions for a quantitative comparison. More-
over, the assessment of the deformation is accomplished by a simplified visual inspection
using a camera.

The toothbrush is securely connected to a support that can slide attached to a ball screw
driven by a motor. For visualising the physical deformation of the bristles, a fixed Nulaxy
Webcam Full HD 1080p is mounted on the frame. The experimental setup is built using a
12 V, 10 A power supply, a NEMA23 ST57H703 stepper motor, a TB6600 Stepper Motor
Driver, two Arduino Mega 2560 boards, two extensimetric load cells with weight range
between 0–1 kg and two HX711 A/D Modules. A flat transparent acrylic surface is mounted
on an adjustable frame above the slider. One Arduino board manages the movement of the
two-phase bipolar stepper motor, and the other simultaneously acquires the data from the
load cells. The two load cells are mounted between the slider and the toothbrush, assessing
forces along two orthogonal directions. Figure 8b and Figure 8c show the interconnection
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Fig. 8 a) Complete experimental bench. b) Orthogonal and c) parallel brushing toothbrush grabbing and
movement setup

system among the toothbrush, load cells and slider for orthogonal and parallel brushing,
respectively.

5 Results and discussion

The comparative analysis between the two models and the experimental investigation is
conducted through a dual approach: first, by a qualitative visual inspection of the bristle
deformation, and secondly, by the quantitative comparison of the normal and tangential
reaction forces, examined at the base of the toothbrush.

Visual inspection Figure 9 and Fig. 10 show the deformation of the bristles, during brushing
in the orthogonal and parallel directions, respectively, for a quick visual comparison of the
results. Concerning orthogonal brushing, Figures 9a, 9b, 9g, 9h, 9o and 9p illustrate the
motion frames from top to bottom, where the deflection of the bristles follows the direction
of brushing motion. Figures 9e, 9f, 9m, 9n, 9s and 9t show the deformation of the bristles
when the driving motion changes direction, the inversion of motion occurs, and a snap-
through buckling happens. This phenomenon occurs because during the inversion of motion,
the friction force inverts its sign and assumes an unstable configuration that tends to stabilise
later, changing the curvature of the neutral axis of the bristle. Figures 9c, 9d, 9i, 9l, 9q and
9r present the return from bottom to top. Similarly, for parallel brushing, Figures 10a, 10b,
10g, 10h, 10o and 10p capture the toothbrush’s directional motion from right to left. Figures
10e, 10f, 10m, 10n, 10s and 10t show the buckling of the bristles in response to directional
motion changes, while Figures 10c, 10d, 10i, 10l, 10q and 10r illustrate the toothbrush’s
return from left to right. Additionally, Figures 10f, 10n and 10t show bristle jamming and the
double-curvature deformation at the beginning of the inversion phase for parallel brushing.
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Fig. 9 Visualisation of the frames for the actual toothbrush (first column), DFM (second column) and PRB
model (third column) during the orthogonal motion brushing

As is evident, the DFM model exhibits a potential capability to depict the deformations
of the physical bristles, with the limitation that the absence of contact between the bristles
introduces a minor discrepancy in the physical results. On the contrary, the PRBM does
not closely align with the physical model in terms of bristle deformation for evident rea-
sons. In terms of deformation, the pseudo-rigid-body link in the PRBM lacks the degrees
of freedom for deformation, as defined by the discrete multibody model. Consequently, the
PRBM cannot adequately represent and address buckling phenomena, primarily because its
discretisation is based on two rigid bodies instead of multiple ones; some loss of contact be-
tween the bristles and the interaction surface may occur during the incipient buckling phases
due to excessive penetration. An example of this contact loss is discernible for some bristles
in Figure 9r, which represents brushing after the reversal of motion. However, it is crucial to
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Fig. 10 Visualisation of the frames for the actual toothbrush (first column), DFM (second column) and PRB
model (third column) during the parallel motion brushing

note that the primary focus in toothbrushing lies in evaluating the forces applied by the user
to the teeth rather than the deformation of the bristles themselves.

Load comparison Figure 11 and Fig. 12 compare the results obtained from DFM, PRBM
and the experiments, respectively, in terms of normal force and tangential force for orthog-
onal brushing.

In general, the figures exhibit two discernible zones: a peak region and an almost flat
region. The peaks correspond to the inversion of motion and thus the incipient buckling
condition, while the flat region aligns with effective brushing. By analysing Figure 11a, the
first two peaks (around 15 mm and 45 mm are amplified with respect to the other. This
phenomenon occurs because the bristles had not already reached the stable configuration
with a lower energy state in the first two inversions of motions. The configuration of lower
energy occurs when the bristles undergo out-of-plane deformation, as illustrated in Figures
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Fig. 11 a) Comparison of the results obtained for the normal force in the orthogonal brushing; b) comparison
zooming along the y-axis; c) comparison on a single motion period
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Fig. 12 a) Comparison of the results obtained for the tangential force in the orthogonal brushing; b) compar-
ison zooming along the y-axis; c) comparison on a single motion period
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9g and 9i. While the PRBM needs two inversions of motion to reach the configuration with
a lower energy state because of its difficulty to resolve the buckling of the bristles, the DFM
needs only one. In Figure 11b, it is possible to observe that the first peak of the DFM is larger
than the first peak of PRBM due to the greater number of rigid bodies. Indeed, in the DFM
model, a discontinuity of the derivative of both forces is observed near 27 mm of travelled
distance, marking the transition between these two configurations. The experimental result
does not exhibit this behaviour because the mutual contact among the bristles brings the
system in the minimum-energy configuration in a shorter travelling space.

About the PRBM results, a force peak at 45 mm occurs due to reaching the maximum
penetration limit for a group of bristles. It is evident in Figure 9q that for a group of bristles,
the inability to cope with elastic buckling leads to jamming and to the loss of contact detec-
tion. In the subsequent inversions of motion, the peaks of the normal force remain greater
for the PRBM than for the experimental case and the DFM, due to the higher stiffness of
the rigid-body link: the normal force peaks are twice that of the DFM and four times that of
the experimental results. Observing Figure 11b during the brushing phase, the normal forces
exhibit small differences in the experimental acquisitions, depending on the direction of mo-
tion. These differences may be due to the lack of perfect symmetry of the arrangement. The
differences in normal force observed in the effective brushing zone (far from the inversions)
between the experimental and PRBM reaches a maximum of approximately 18%. Similarly,
when comparing the experimental and the DFM results, the maximum difference in the nor-
mal force is 16%. Tangential forces show similar differences since they are linked to the
normal ones (see Eq. (15)). It should be noted that, as seen in Fig. 12, during the inversion
of motion preceding the effective brushing phase (characterised by approximately constant
force), all the models show oscillation in tangential forces due to the dynamic stabilisation
of the deformation.

The results obtained from the DFM, PRBM and the experiments, in terms of normal force
and tangential force for parallel brushing are reported in Fig. 13 and Fig. 14, respectively.

Examining parallel brushing, in all models, it is evident that the bristles are inherently
positioned in a state of minimal-energy configuration. Indeed, there are no noticeable force
peaks during the initial motion inversion. This phenomenon arises because of the tendency
of the bristle to bend in the direction of the minimal stiffness. In this scenario, the contact de-
tection of the PRBM is always correctly computed also due to the reduced bending stiffness
of the bristles about the orthogonal axis of movement and the reduced jamming tendency.
The difference between the normal forces during the brushing between the experimental
tests and PRBM models is approximately 16%. The difference between the experimental
and DFM models is consistently below 8%.

Similarly to orthogonal brushing, parallel brushing also shows an oscillating trend of the
tangential force near the motion inversion due to the dynamic stabilisation of the deforma-
tion. The experimental differences on the brushing forces depending on motion direction
highlighted for the orthogonal scenario are reduced in this case. As highlighted for the or-
thogonal brushing, even in this scenario the toothbrush shows a smoother transition during
motion inversion, as testified by shorter and smaller force peaks during inversions.

As a general comment for both orthogonal and parallel brushing scenarios, the experi-
mental tests show reduced amplitude and duration peaks during the inversion of the motion.
This difference is localised and limited to a very small distance range. On the other hand,
the assessment of both normal and tangential forces during the stable brushing phases can
be considered accurate enough for engineering purposes.

Specifically, the phases of inversion of motion can be reviewed, focusing on the dif-
ferences between experiments and models, which need to be deepened with a greater un-
derstanding of the phenomena of instability and buckling of the bristles. When a bristle in
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Fig. 13 a) Comparison of the results obtained for the normal force about parallel brushing; b) comparison
enlargement along the y-axis; c) comparison about a single period
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Fig. 14 a) Comparison of the results obtained for the tangential force about parallel brushing; b) comparison
enlargement along the y-axis; c) comparison about a single period
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Fig. 15 Comparison of the results obtained for the friction coefficient about orthogonal brushing

contact with a surface is dragged, it assumes a curved-line configuration with a constant sign
curvature due to the moment generated by the contact force. At the point of motion inversion,
the direction of the tangential contact force is reversed, and this change generates more con-
figurations of equilibrium, depending on the contact-force amplitude. The deformed shape
at the beginning of the inversion becomes unstable and tends to become stable, looking for
a snap-through configuration. In the experiments, a more stable configuration is reached be-
cause of small misalignments outside the plane and unevenness of the contact forces. Both
simulation models, due to the ideal geometries and boundary conditions, have difficulty in
capturing this phenomenon and tend to overestimate the contact forces at the point of in-
version because the bristles jam and delay the transition from an unstable configuration to
a stable configuration. Additionally, due to jamming, this transition takes place through an
intermediate configuration in which the neutral axis of the bristles has an inflexion and two
opposite curvatures, which, as illustrated in the images in Fig. 10, may occur in the experi-
ments but with fewer occurrences.

Figure 15 and Fig. 16 compare the obtained results concerning the friction coefficient
in orthogonal and parallel brushing, respectively. The experimental tests exhibit a small
variability of the friction coefficient due to the actual roughness of the flat surface and the
compliance of the supports. Local increases of approximately 13% for orthogonal brush-
ing and 11% for parallel brushing in the friction coefficient are evident, compared to the
prescribed working conditions of the multibody models.

The obtained results seem to confirm the validity of both multibody models as effective
tools for qualitatively and quantitatively capturing the behaviour of toothbrush bristles in
contact with a flat surface during effective brushing, notwithstanding certain simplifying
assumptions. However, in the context of motion reversals, the quantitative limitation arises
from the assumption of neglecting mutual interaction effects among the bristles in the multi-
body models. Nevertheless, the trend of motion reversal and the deformation of the bristles
faithfully align the experimental case.

Simulations have been conducted on an Intel I9 12900KF Workstation with 128 GB Ram.
The comparisons between the computational time of both the PRBM and DFM approaches
are reported in Table 3. The PRBM requires less computational time than the DFM in both
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Fig. 16 Comparison of the results obtained for the friction coefficient about parallel brushing

Table 3 Computational time of
the two approaches for the two
scenarios

Model Orthogonal brushing Parallel brushing

PRBM 2474 s 4659 s

DFM 7354 s 7926 s

the scenarios. The PRBM can provide sufficient accuracy in terms of overall normal and
tangential forces as discussed in the previous section; however, it has some limitations:

- the possibility of problems in contact detection during the change in the direction of
motion;

- considering the visual comparison, the deformation of the bristles, especially during the
inversion phases cannot be assessed with sufficient accuracy.

In contrast, despite the greater computational burden, DFM exhibits a higher accuracy in
both visual-deformation and numerical-load comparisons, proving to be a more suitable and
reliable modelling approach for such a complex problem.

From the discussion of the results, the PRBM and the DFM models show very good
agreement with the experimental setup in the effective brushing zone. Although the DFM
shows a smaller error compared to PRBM, even the error percentage of PRBM is negligi-
ble for engineering purposes. Additionally, looking at the computational time, the PRBM
is faster than DFM. In both cases, the adoption of a three-dimensional model favours the
estimation of the passages through snap-through configurations that occurs mainly with an
out-of-plane deformation.

However, because of its simple discretisation, PRBM cannot describe the accurate de-
formation of the bristle during the inversion of motion. Consequently, in this phase, a lower
accuracy in load prediction is observed.
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6 Conclusions

This paper presents the development and comparative analysis of two multibody modelling
approaches, namely the pseudo-rigid-body model and the discrete flexible model, aimed at
assessing the contact forces exerted by toothbrush bristles on a flat surface during orthog-
onal and parallel brushing. Solutions are compared with an experimental setup to compare
the accuracy of bristle deflection, evaluated through visual inspection, and that of the con-
tact forces, evaluated numerically. The results reveal that both multibody models may assess
contact-force values consistent with those derived from the experimental model during ef-
fective brushing. The three-dimensional modelling of bristles makes it possible to capture
more accurately the snap-through phenomena of the deformed bristles in the phases of mo-
tion inversion. The PRB model, featuring a reduced computational burden due to a smaller
number of rigid-body and mass–spring–damper components, exhibits affordable calculation
times. The DFM model accurately captures the actual deformation of the bristles, while the
PRB model roughly approximates the deformation observed in the experimental tests. In
terms of contact force, the DFM model shows more accuracy compared to the PRB model.
Neglecting the mutual interaction between the bristles did not affect the accuracy of the
brushing results in terms of forces, but the inclusion of mutual interaction among bristles
seems necessary to achieve a higher accuracy in the results in the motion-inversion phases
when the bristles are mixed together. Generally, both models can be used to investigate case
studies in which the brushing generates an out-of-plane motion of the bristles and in studies
in which the shape, size or materials of the bristles are different, thus extending the proposed
modelling approach also in situations of more complex dynamics.
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