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Abstract
In this work we present a multibody dynamics system composed of geometrically exact non-
linear beams with inelastic behavior, representing flexible system components. The main
focus of the work is to introduce advanced energy dissipation models using hardening and
softening plasticity into such beam models and to show how they can also recover a vibra-
tion amplitude decay typical of viscous damping. The damping model is represented by the
constitutive behavior of the flexible beam element chosen as an elasto-viscoplastic response
with linear isotropic hardening and subsequent softening plasticity. The formulation is cast
within the mixed variational framework, where the strong embedded discontinuity is intro-
duced into displacement/rotation fields in the softening phase leading to localized plastic
deformation. We also aim to ensure model capabilities to deliver results for long-term load-
ing simulations, which is of interest for quantifying the risk of fatigue failure for such flex-
ible system component. The corresponding numerical implementation combines the space
discretization based on the finite element method with the time discretization based upon
energy-conserving or energy-decaying integration schemes. The results of several numerical
simulations are presented in the dynamics of flexible-rigid multi-body systems to illustrate
a very satisfying performance of the proposed model.
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1 Introduction

In this paper we propose the model that can be used for studying the integrity and dura-
bility of flexible multibody dynamics systems exposed to long-term loads including ex-
treme events that can also lead to very large motion. To develop a predictive model for
large motion, we use an extension of the geometrically exact beam (e.g., [5, 6, 13, 22]).
The main novelty introduced here concerns the development of a damping model that is
based on viscoplastic constitutive behavior that can also recover typical vibration ampli-
tude decay by including the system material heterogeneities [20, 21]). We also aim at us-
ing the proposed model in durability studies by time-integration schemes. Thus, to ensure
the stability of long-term computation needed to provide the fatigue failure estimates, we
also revisit the time-integration schemes for energy-conserving and energy decaying (e.g.,
[3, 4, 9, 15, 16, 19, 26, 27]) to carry out the novel developments pertinent to viscoplastic-
ity with both hardening and softening behavior. We note that the choice of viscoplasticity
plays a crucial role in enforcing this extension that guarantees the computation stability for
second-order schemes, with no operator split as in the previous works (e.g., [1, 14]).

The first main novelty concerns the inelastic constitutive material response of the com-
bined hardening and softening plasticity developed for multibody system with flexible beam
components in the dynamics framework. This development is more demanding from the pre-
vious version available for small strain case [14] for it has to handle the nonlinear kinematics
setting of geometrically exact beam. We note that the softening response produces localized
plastic behavior similar to those of plastic beam hinges, which can be used to replace revo-
lute joints. The classical manner of introducing kinematic constraints corresponding to dif-
ferent kinds of joints in a multibody system (e.g., see [18]) employs the Lagrange multiplier
method. In comparison with the perfect kinematic joints [18], we utilize nonlinear material
formulation to develop a plastic hinge that gradually turns into a perfect joint (with no re-
sistance), seeking to represent an emergency stop. The corresponding formulation is based
upon the incompatible modes approach, where we choose to enrich the rotation field of the
two-node beam element. Such an approach offers the possibility to include different types
of nonlinear material behavior inside the hinge. The chosen fracture energy for the beam
hinge will determine its particular response, whether as the plastic hinge with resistance or
as a kinematic revolute joint without any resistance with respect to rotation.

The second main novelty pertains to enforcing the computations stability over a long time
period where an inelastic response of the flexible multibody system can occur. The classical
Newmark time integration scheme and other related schemes do not remain stable for long–
time computations since they do not provide a suitable choice when dealing with stiff prob-
lems (with a large difference in tangent stiffness components), which can be introduced by
the difference between plastic loading and elastic unloading. A partially successful solution
is provided by the energy-conserving time integration scheme, which was discussed in sev-
eral previous works on 3D beams in elastodynamics (e.g., see [3, 9, 17, 19]). Such a scheme
is using a mid-point algorithm to time-integrate equations of motion while enforcing the en-
ergy conservation in the discrete approximation setting, which ensures that the computations
can be carried out over a long period of time. The occurrence of high-frequency modes in
the calculation of stiff problems can reduce the robustness of the energy-conserving scheme,
especially if the stress computations are of interest, which is the case in plasticity. The pol-
lution of output results by high-frequency oscillation was shown in [19] for elastodynamics,
where an energy-decaying algorithm was proposed. This development serves as the starting
point of the development presented herein, where we adapt the energy decaying scheme to
inelasticity.
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The crucial choice for the time-integration accuracy pertains to choosing the rate-
dependent viscoplastic behavior in dynamics, characterizing the constitutive model of the
flexible beam. By choosing the viscoplastic behavior, we can integrate simultaneously the
global motion equations and local viscoplastic evolution equations to ensure the second-
order accuracy. The computations in viscoplasticity are based upon Duvaut–Lions approach
[8, 14], which is more robust (for a large value of viscosity) than an alternative Perzyna vis-
coplasticity model [14, 28]. The plastic dissipation in inelastic response can be considered
as a physically-based damping model, which can recover the exponential decay when we
account for heterogeneities (e.g., see [20, 21]).

The paper outline is as follows. The variational formulation of the geometrically exact
beam in the dynamics framework is constructed by employing mixed Hu–Washitzu func-
tional presented in Sect. 2. The highly nonlinear problem in the sense of kinematics and
material behavior is restricted to finite strain theory. The numerical implementation and cor-
responding solution schemes, which ensure long-term computation in dynamics, are given
in Sect. 3. Several numerical examples that pertain to static and dynamic responses, which
verify beam behavior, are illustrated in Sect. 4. In Sect. 5 we offer a discussion of the ob-
tained results and draw conclusions.

2 Variational formulation of geometrically exact beam

In this section we briefly present governing equations of the geometrically exact beam fit-
ting within the large gradient displacement framework by extending previous works on
Reissner’s beam development by Ibrahimbegovic and co-workers [17]. Here we propose
the mixed variational formulation to provide a mere sound formulation to embedded discon-
tinuity approach that allowed the development of elastoplastic hinge in statics. We present
an extension of the elastoplastic Reissner’s beam to dynamics. This requires the novel de-
velopment of nonlinear material behavior where a viscoplastic model is used to be able to
provide the second-order scheme suitable for long-term simulations. The viscoplasticity is
also related to the development of a new damping model based on inelastic material behavior
in hardening and softening.

2.1 Beam kinematics

The initial beam configuration of the length L is described by the neutral axis position s and
the corresponding cross-section A. The beam volume is generated by sweeping the cross-
section A along beam neutral axis domain s ∈ [0,L], see Fig. 1. Let the beam domain �

be an open bounded set with a piece-wise smooth boundary such that ∂� = ∂�u ∪ ∂�σ

and ∅ = ∂�u ∩ ∂�σ . The intrinsic parametrization of the shear-flexible beam is done with a
set of generalized coordinates u(x), v(x), and ψ(x), which describe the beam cross-section
position and its orientation. The beam initial configuration is specified by position vector x,
which describes a point on the neutral axis and orthonormal basis in the initial configuration
with unit vectors ei . We choose unit vector e1 is orthogonal to the beam cross-section in the
initial configuration of the beam. The neutral axis tangent then can be written as

e1 = x′; eT
2 · e1 = 0, (1)

where notation (•)′ = ∂(•)/∂s indicates derivative with respect to s ≡ x. The deformed
configuration produced by the planar motion of the beam to a new position is described by
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Fig. 1 Beam kinematics: Initial
and deformed configuration

position vector φ defined as

φ= ϕ+ x2t2; ϕ = (x + u)e1 + (y + v)e2, (2)

where ϕ : � → R
2, t2 and x2 ∈ A are, respectively, a position vector of the neutral axis

in the deformed configuration, a unit vector placed in the cross-sectional plane, and the
corresponding cross-sectional parameter. By taking into account the shear flexibility of the
beam, we note that Eq. (1) no longer holds in the deformed configuration since the neutral
axis tangent ϕ′ and the unit normal vector t2 placed in the cross-section are no longer
orthogonal

tT2 ·ϕ′ 	= 0; ϕ′ =
(

1 + ∂u

∂x

)
e1 + ∂v

∂x
e2 (3)

The orthogonal transformation SO(2) that brings basis ei to ti resolved can be represented
by rotation tensor �(ψ) : ei → ti with the components that are given as follows:

� = ti ⊗ ei ⇒ ti = �ei; � =
[

cosψ − sinψ

sinψ cosψ

]
. (4)

The spatial strain measure for shear flexible beams with curvature represents the difference
between beam neutral axis tangent ϕ′ and cross-section unit normal t1 (see Fig. 1), which is
defined as

ε=
{

ε

κ

}
=

{
ϕ′ − t1

ψ ′e3

}
, (5)

where ε and κ represent axial, shear, and curvature strain components in the deformed con-
figuration, respectively. The material form of the strain measure can be obtained through a
pull-back operation [25] applied to the spatial strain measure given in Eq. (5)

E = �T ε;
K = κ;

⇒ E =
{

E1

E2

}
=

{(
1 + ∂u

∂x

)
cosψ + ∂v

∂x
sinψ − 1

−(1 + ∂u
∂x

) sinψ + ∂v
∂x

cosψ

}
. (6)

2.2 Constitutive equations

By employing the simplest constitutive law of linear elasticity, one can state stress resultant
forces N and moment M in the material description

N = CnE; Cn = diag(EA,GA)

M = CmK; Cm = EI,
(7)
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where the strains E and M are given in (6). The spatial forces n and moment m representa-
tion can be expressed by pushing forward material stress resultants in (7)

n = �N;
m = Me3;

ε = �E;
κ = Ke3;

(8)

where the work conjugate strain measures in spatial description are ε and κ . The internal
strain energy of the geometrically exact beam can be stated by using the result in Eq. (6)

�int = 1

2

∫
L

(
εT · n + κT · m

)
ds

= 1

2

∫
L

(
ET · N + KM

)
ds

= 1

2

∫
L

(E1N1 + E2N2 + KM)ds.

(9)

The internal virtual work can be recast in an alternative form of material strain measure
proposed by Reissner [29] � = (�,	,K)T . To obtain the Biot strain measure, we begin
with the spatial strain measure ε as shown in Eq. (5):

E = �T ε

K = κ
⇒ H =

[
� − x2K 0

	 0

]
. (10)

Applying a pull-back transformation to the first Piola–Kirchhoff stress P, we can obtain
work conjugate Biot stress T to the Biot strain measure H:

Te1 = �T Pe1 ⇒
{

T 11

T 21

}
= �T

{
P 11

P 21

}
. (11)

The corresponding form of internal virtual work is given as follows:

Gint :=
∫

L

∫
A

δF : PdAds =
∫

L

∫
A

δH : TdAds

=
∫

L

(δ�N + δ	V + δKM)ds,

(12)

where δF and δH are virtual deformation gradient and Biot strain tensor, respectively. The
internal vector of forces and moment r = (N,V,M)T in Eq. (12) is defined as follows:

N =
∫

A

T 11dA; V =
∫

A

T 21dA; M = −
∫

A

x2T
11dA. (13)

2.3 Extension to the dynamics

Here we present an extension of Reissner’s beam model to fit within the dynamics frame-
work. The inertial velocity vector of the material point can be found by taking the time
derivative of the position vector in Eq. (2)

φ̇= ϕ̇+ x2 ṫ2, (14)



136 S. Ljukovac et al.

where the notation ˙(•) = ∂(•) ∂t indicates derivative with respect to time. The time deriva-
tive of position vector ϕ represents the material velocity of points located on the neutral
axis, for which one can write

ϕ̇= u̇e1 + v̇e2, (15)

while direction change of unit base vectors ti in time represents material velocity of rotating
frame. It can be shown that the time derivative of the orthogonal matrix � is given by the
skew-symmetric matrix W

�̇ = ψ̇
∂�

∂ψ
= ψ̇W�; W =

[
0 −1
1 0

]
. (16)

The result in Eq. (16) leads to a time derivative of unit vectors ti , which can be stated

ṫi = ψ̇
∂�

∂t
ei = ψ̇W�ei = ψ̇Wti ⇒

{
ṫ1

ṫ2

}
= ψ̇

{
t2

−t1

}
. (17)

With the help of the result in Eq. (15) and (17), the kinetic energy of the beam can be written
as a quadratic form

K = 1

2

∫
L

∫
A

ρφ̇
T · φ̇dAds = 1

2

∫
L

(
Aρϕ̇

T · ϕ̇+ Jρψ̇
2
)
ds, (18)

where Aρ = ∫
A

ρdA and Jρ = ∫
A

x2
2ρdA are the mass of the beam and the cross-section

moment of inertia, respectively. The total system energy is constructed as a Hamiltonian
functional or a sum of kinetic and potential energy as a function of the generalized coordi-
nates and their time derivatives:

H(ϕ,ψ; ϕ̇, ψ̇) = K(ϕ̇, ψ̇) + �(φ,ψ). (19)

Dynamic equilibrium can be obtained by finding a variation of the energy functional in
Eq. (19), and by applying Hamilton’s principle, we can state the weak form of equilibrium
equations in spatial description

G(ϕ,ψ; δϕ, δψ) :=
∫

L

(
δϕT · Aρϕ̈+ δψ · Jρψ̈

)
ds

+
∫

L

(
Lδ(ε)

T · n +Lδ(κ)T · m
)
ds − Gext = 0,

(20)

where the virtual part of spatial strains Lδ(ε) and Lδ(ε) is obtained by push-forward (e.g.,
see [12]) variation of material strains defined in Eq. (6)

Lδ(ε) = �
d

dt

[
�T

t (ϕ− t1,t )
] |t=0 = δϕ′ − δψWϕ′

Lδ(ε) = I
d

dt
[Iψ] |t=0 = δψ ′e3.

(21)

The time derivative of the material strains in Eq. (6) can be computed as follows:

Ė = �T (v′ − Wϕ′ω); K̇ = ω′, (22)
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Fig. 2 Embedded discontinuity
introduced into rotation field

where v = ϕ̇ and ω = ψ̇ are linear and angular velocities, respectively. By using the result
in Eq. (22), we can rewrite the weak equilibrium in Eq. (20)

0 =
∫

L

(
vT · Aρ v̇ + ω · Jρω̇

)
ds +

∫
L

(
Ė

T · N + K̇ · M
)
ds, (23)

which further yields the important property of conservation of total energy in Eq. (19):

∂

∂t
H(ϕ,ψ; φ̇, ψ̇) = G(ϕ,ψ; φ̇, ψ̇) = 0 ⇒ H(ϕ,ψ; φ̇, ψ̇) = cst. (24)

2.4 Mixed variational functional of multibody with elastoplastic joints

We first recall that the standard multibody system, e.g., the system with revolute joint, can
be introduced by the Lagrange multiplier method as an additional kinematic constraint, e.g.,
we refer to the previous works of Ibrahimbegovic and co-workers (see [18, 23]). Here we
are seeking to accommodate the supplement of a perfect plastic hinge. To achieve this, we
propose an elastoplastic hinge with a softening behavior, which is used to control dissipation
and damping to reduce vibrations. We present the implementation of such a hinge with an
embedded discontinuity approach in the finite strain setting by enriching the polynomial ba-
sis of the beam element. Assuming that the displacement gradient ∇u is given as a separate
dependent variable D

D = ∇u ⇒ ∇φ= I + D, (25)

with a convenient choice of enhancement of strain field, we can exploit a feature of increased
order of interpolation without increasing the number of nodes, see (Fig. 2). This will provide
more robustness of the element with respect to the distortion. The mixed form of variational
(Hu–Washitzu) functional defined with three independent fields can be written as follows:

�(φ,D,P) =
∫

L

∫
A

W (I + D)dAds

+
∫

L

∫
A

P : (∇φ− (I + D))dAds − �ext (φ)

(26)

where ∇φ ∈ F , D ∈ D, and P ∈ P are respectively trial deformation gradient, enhanced dis-
placement gradient, and internal stress resultant field. The variational functional in Eq. (26)
is less demanding with respect to the regularity of the internal stress field P and displacement
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gradient D, which needed not be continuous, but only square integrable over the domain �,
which is denoted as L2(�)

D = {D|D ∈ L2(�)} ; P = {P|P ∈ L2(�)} . (27)

However, the displacement field φ must belong to the H 1
0 (�) with square-integrable deriva-

tives

F = {
φ|φ ∈ H 1

0 (�)
}
. (28)

The corresponding Euler–Lagrange equations can be obtained by taking variations with
respect to the displacement φ, displacement gradient D, and stress field P

Gφ(φ,D,P; δφ) :=
∫

L

∫
A

P : δ∇φdAds − Gext (δφ)

GD(φ,D,P; δD) :=
∫

L

∫
A

(
∂W (I + D)

∂D
− P

)
: δDdAds

GP (φ,D,P; δP) :=
∫

L

∫
A

δP : (∇φ− (I + D))dAds,

(29)

where δφ, δD, and δP are, respectively, virtual displacement, virtual displacement gradient,
and virtual stress. We chose here virtual displacement gradient as the sum of the compatible
and incompatible part

D = ∇φ̄+ ¯̄D. (30)

After inserting Eq. (30) into Eq. (26), a new variational formulation is obtained, in which
displacement and internal stress resultant serve as independent state variables, which can be
written as follows:

�(φ̄, ¯̄D,P) :=
∫

L

∫
A

W
(

I + ∇φ̄+ ¯̄D
)
dAds −

∫
L

∫
A

P : ¯̄DdAds − �ext (φ). (31)

To be consistent with notation, we denote by (•̄) and ( ¯̄•) compatible and incompatible parts,
respectively. The corresponding weak form of the equilibrium equations can be obtained
from the modified Hu–Washitzu functional in Eq. (31)

Gφ̄(φ̄, ¯̄D,P; δφ̄) :=
∫

L

∫
A

∂W
(

I + ∇φ̄+ ¯̄D
)

∂∇φ̄
: δ∇φ̄dAds − Gext (δφ̄)

G ¯̄D(φ̄, ¯̄D,P; δ ¯̄D) :=
∫

L

∫
A

⎛
⎝∂W

(
I + ∇φ̄+ ¯̄D

)

∂ ¯̄D
− P

⎞
⎠ : δ ¯̄DdAds

GP (φ̄, ¯̄D,P; δP) :=
∫

L

∫
A

δP : ¯̄DdAds.

(32)

We enforce orthogonality between the enhanced strain and the internal force in Eq. (31)
to make sure no work is produced when coupling these two fields. The minimum require-
ment is to enforce this condition P = cst ., which ensures the patch test (see more in [31])



MBS with energy dissipation 139

enforcement∫
L

∫
A

δP︸︷︷︸
=cst.

: ¯̄DdAds = 0

∫
L

∫
A

δ ¯̄D : P︸︷︷︸
=cst.

dAds = 0

⇒
∫

L

∫
A

¯̄DdAds =
∫

L

∫
A

δ ¯̄DdAds = 0. (33)

Finally, having the result from Eq. (32), we are able to restate weak equilibrium as presented
in Eq. (30):

Gφ̄(φ̄, ¯̄D; δφ̄) :=
∫

L

∫
A

∂W
(

I + ∇φ̄+ ¯̄D
)

∂∇φ
: ∇δφ̄dAds − Gext (δφ̄)

G ¯̄D(φ̄, ¯̄D; δ ¯̄D) :=
∫

L

∫
A

∂W
(

I + ∇φ̄+ ¯̄D
)

∂ ¯̄D
: δ ¯̄DdAds.

(34)

2.5 Beam elasto-viscoplastic constitutive behavior

We present here a strain rate dependent material model where constitutive elasto-viscoplastic
behavior of flexible beam exhibits a linear isotropic hardening model (for rate independent
version see [10, 11]). By using the strain measure result in Eq. (10) together with work
conjugate stress resultants in Eq. (11), written in vector form � = (�,	,K)T and r =
(N,V,M)T , one can state Helmholtz free energy potential:

(�,�vp, ζ ) := 1

2
(� − �vp)T ·C(� − �vp) + 1

2
ζ T ·Kζ , (35)

where �vp , ζ , and K represent the viscoplastic component of generalized strains, an internal
variable that governs hardening, and the corresponding hardening modulus, respectively.
The local dissipation produced by inelastic behavior can be stated according to the second
thermodynamic principle

Dvp

loc :=
(

r − ∂

∂�

)T

· ∂�

∂t
−

(
∂

∂�vp

)T

· ∂�vp

∂t
−

(
∂

∂ζ

)T

· ∂ζ

∂t
(36)

such that the viscoplastic part of the dissipation must remain positive

0 ≤ Dvp := rT · ∂�vp

∂t
+ qT · ∂ζ

∂t
. (37)

We can recast the yield function in terms of dual variables

φ(r,q) := |r| − (
ry − q

) ; q = −Kζ , (38)

where r and ry are internal force and yield force. Note that during the elastic step, no mod-
ification of internal variables will occur when φ(r,q) ≤ 0. The rheological model of vis-
coplastic behavior describes rate-sensitive deformation by viscous dash-pot, which leads to
the increase of resistance in the plastic phase. Thus one can define excessive stress taken by
dash-pot

φ :=< φ >= η
∂�vp

∂t
⇒ < φ >:= φ + |φ|

2
, (39)
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where η is the viscosity coefficient. In general, all stress values that maximize the viscoplas-
tic dissipation are admissible, but those outside the elastic domain are penalized by addi-
tional term P(·) directly proportional to the penalty factor 1

η
. The viscoplasticity computa-

tion can be formulated as a penalty version of the constrained minimization problem, where
the plastic admissibility constraint is relaxed and handled by the penalty method. By em-
ploying the Lagrange multiplier method, the constrained minimization can be re-defined as
the corresponding unconstrained minimization problem:

max ∂γ
∂t

min∀r,qLvp

(
r,q,

∂γ

∂t

)
= −Dvp(r,q) + η−1P(φ(r,q)). (40)

We use here the simplest choice of the penalty term as a quadratic functional placing a higher
penalty on the stress outside of the elastic domain

P(φ) =
{

1
2 φ2, if φ ≥ 0

0, if φ < 0
⇒ dP

dφ
=< φ >:=

{
φ, if φ ≥ 0

0, if φ < 0
, (41)

where < · > is the Macaulay bracket. The Kuhn–Tucker optimality conditions for the prob-
lem in Eq. (40) will provide evolution equations of plastic strain and hardening variables as
a rate form for both loading/unloading conditions:

∂Lvp

∂r
= −∂�vp

∂t
+ η−1 ∂P

∂φ

∂φ

∂r
= 0 ⇒ ∂�vp

∂t
= η−1 < φ >

r
|r|

∂Lvp

∂q
= −∂ζ

∂t
+ η−1 ∂P

∂φ

∂φ

∂q
= 0 ⇒ ∂ζ

∂t
= η−1 < φ >

∂γ

∂t
= η−1 ∂P

∂φ
= η−1 < φ >≥ 0; φ ≤ 0; ∂γ

∂t
φ = 0.

(42)

We note that the operator split solution procedure for viscoplasticity remains the same as
in the standard plasticity model with isotropic hardening except computation of the plastic
multiplier. The appropriate value of the plastic multiplier in the local phase can be computed
directly from the trial stress:

∂φ

∂t
:= ∂φ

∂r
C

∂�

∂t
− ∂γ

∂t

(
∂φ

∂r
C

∂φ

∂t
+ ∂φ

∂q
K

∂φ

∂t

)
. (43)

By introducing result in Eq. (43) into Eq. (42c), we can express the value of plastic multiplier

∂γ

∂t
=

∂φ
∂r C

∂�
∂t

η

�t
+ ∂φ

∂r C
∂φ
∂t

+ ∂φ
∂qK

∂φ
∂t

. (44)

The proposed model of viscoplasticity is a suitable choice for a very small value of viscos-
ity parameter, and thus it will recover a similar response as the standard plasticity model.
Hence, we choose here an alternative approach (see [8]) that can handle limit values of the
viscosity parameter in a more robust manner. This computation model is considered to be
an appropriate modification of the result calculated by standard plasticity due to stress re-
laxation. Based on that, one can recast the evolution equation for viscoplastic deformation
in terms of stress:

∂r
∂t

= C

(
∂�
∂t

− ∂�vp

∂t

)
∂�vp

∂t
= τ−1

C
−1 (r − r∞)

⇒ ∂r
∂t

+ τ−1r = C
∂�

∂t
− τ−1r∞; (45)
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where r∞ and τ are stress produced by the standard plasticity model with isotropic harden-
ing and its relaxation period defined as

τ := η

(
∂φ

∂r
C

∂φ

∂t
+ ∂φ

∂q
K

∂φ

∂t

)−1

. (46)

We can express stress rate equation for viscoplasticity with linear isotropic hardening as a
linear combination of trial stress and computed stress of the standard plasticity model

∂r
∂t

=
⎧⎨
⎩
C

∂�
∂t

; if ∂γ
∂t

= 0
1

1+ �t
τ

∂φ
∂r C

∂�
∂t

+ �t
τ

1+ �t
τ

∂φ
∂r CK

∂φ
∂r

∂φ
∂r C

∂φ
∂r + ∂φ

∂q K
∂φ
∂q

∂�
∂t

; if ∂γ
∂t

> 0
, (47)

where the corresponding weighting factors are functions of relaxation period. The viscoplas-
tic tangent modulus can also be given as a linear combination in Eq. (46)

∂r
∂�

=
⎧⎨
⎩
C; if ∂γ

∂t
= 0

1
1+ �t

τ

∂φ
∂r C+ �t

τ

1+ �t
τ

∂φ
∂r CK

∂φ
∂r

∂φ
∂r C

∂φ
∂r + ∂φ

∂q K
∂φ
∂q

; if ∂γ
∂t

> 0
. (48)

2.6 Beam hinge softening behavior

To represent softening constitutive behavior at the discontinuity, we assume that the
Helmholtz free energy potential is equal to the following strain energy function:

(�̄, �̄
vp

, ζ̄ , ¯̄ζ ) = ̄(�̄, �̄
vp

, ζ̄ ) + δx̄
¯̄( ¯̄ζ ); ¯̄( ¯̄ζ ) = 1

2
¯̄ζ T ·Ks ¯̄ζ , (49)

where K
s < 0 and ¯̄ζ ≥ 0 represent the softening modulus and the plastic variable related to

softening, respectively. The plastic part of the dissipation at the discontinuity can be obtained

from softening potential ¯̄( ¯̄ζ ), where we write

0 ≤ ¯̄Dp := tT · ∂ ¯̄φ
∂t

+ ¯̄qT · ∂ ¯̄ζ
∂t

; ¯̄q = ¯̄ζKs , (50)

where t and ¯̄φ are traction at the discontinuity and incompatible mode variable, respectively.
The corresponding yield function that controls plasticity process activation during inelastic
time step is given as follows:

0 ≥ φs(t, ¯̄ζ ) := |t| − (
tu − ¯̄q) , (51)

where t and tu are traction force and ultimate yield force or moment at discontinuity, respec-
tively. The softening law in this development is adopted as a nonlinear function

¯̄q( ¯̄ζ ) = −tu

(
1 − exp

(
− tu

Gf

¯̄ζ
))

, (52)

which introduces fracture energy Gf . Finding the first variation of Eq. (52) with respect to

plastic variable ¯̄ζ , one can obtain softening modulus

d ¯̄q
d ¯̄ζ

=K
s ⇒ K

s = − t2
u

Gf

exp

(
− tu

Gf

¯̄ζ
)

≤ 0. (53)
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The algorithm during softening time step will pick only admissible candidates (t, ¯̄ζ ) that

maximize plastic dissipation or, in other words, satisfy the following criteria ¯̄φ(t, ¯̄ζ ) ≤ 0:

max ∂ ¯̄γ
∂t

min∀t, ¯̄qLs

(
t, ¯̄q,

∂ ¯̄γ
∂t

)
= −Ds(t, ¯̄q) + ∂ ¯̄γ

∂t
φ(t, ¯̄q), (54)

where ∂ ¯̄γ
∂t

≥ 0 is the plastic multiplier. This can be solved as an unconstrained minimization
problem from where one can cast the following evolution equations:

∂Ls

∂t
= −∂ ¯̄φ

∂t
+ ∂ ¯̄γ

∂t

∂φs

∂t
= 0 ⇒ ∂ ¯̄φ

∂t
= t

|t|
∂ ¯̄γ
∂t

∂Ls

∂ ¯̄q = −∂ ¯̄ζ
∂t

+ ∂ ¯̄γ
∂t

∂φs

∂ ¯̄q = 0 ⇒ ∂ ¯̄ζ
∂t

= ∂ ¯̄γ
∂t

∂ ¯̄γ
∂t

≥ 0; φs ≤ 0; ∂ ¯̄γ
∂t

φs = 0.

(55)

The corresponding plastic multiplier can be expressed from the plastic consistency condition
for inelastic time step

∂φs

∂t
:= 0 ⇒ ∂ ¯̄γ

∂t
=

∂φs

∂t C
∂�
∂t

1
Le

∂φs

∂t C
∂φs

∂t
+ ∂φs

∂ ¯̄q Ks ∂φs

∂t

. (56)

2.7 Damping model based on nonlinear material response

Here we propose an innovative damping model based on energy dissipation by plastic pro-
cesses. Namely, during inelastic response system changes its momentum, where total energy
given as Hamiltonian in Eq. (19) is decreasing. Such a change that corresponds to plastic
dissipation is handled via already introduced expressions for hardening and softening, re-
spectively, Eq. (36) and Eq. (50). In this manner, we propose to employ a plastic hinge
formulation as a damping device. We note that for a linear elastic response, the system re-
calls the basic damping model. Thus, we can rewrite in a simple manner the MDOF equation
of motion in Eq. (20) with dissipative viscous damping term

Mφ̈(t) + Cφ̇(t) + Kφ(t) = f(t). (57)

Equation (57) can further be modified by multiplying with orthonormal eigenvectors Vm

obtained with the fixed mass matrix M and reference stiffness value, which allows us to
obtain the following set of equations of motion:

Ia + �Cv + �Kφ= 0, (58)

where �C = diag(2ζnωn) and �K = diag(ω2
n) are diagonalized damping and stiffness ma-

trix, respectively. By knowing the damping ratio ζn and the natural frequency ωn, we can
compute system response. The total damped energy for any arbitrary time period [0, t̄] can
be calculated as follows:

Q(ϕ̇, ψ̇) =
∫ t̄

0

{
ϕ̇

ψ̇

}T

· C
{
ϕ̇

ψ̇

}
dt. (59)
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With the previous, we can perform computations for linear elastic behavior. Instead of
putting an effort into defining an approximative damping model that can reliably repre-
sent decay in inelasticity, we switch here to a known formulation of nonlinear behavior
which introduces energy dissipation through a stiffness matrix. Such a model can verify

different outputs in dependence of hinge material parameters K(�̄, �̄vp, ζ̄ , ¯̄ζ s ,K,Ks ,Gf ).
The amount of damped energy in Eq. (59) can be modified by taking into account plastic
dissipation where we can state the following equality:

Q(ϕ̇, ψ̇) = Dvp +Dp
s . (60)

Since we seek to quantify the relationship between damping ratio ζ and the parameters
of the proposed damping model, we choose to apply a mathematical method of logarith-
mic decrement δ and analyze output results. We mention that it is quite a laborious task
to find analytic relationships due to many nonlinearities and approximations. The logarith-
mic decrement takes into account the ratio of output amplitudes for arbitrary two successive
peaks in the time domain, and thus one can write

δ = 1

n
ln

φ(t)

φ(t + nT )
. (61)

This measure becomes a reliable tool in the computation of the damping ratio for under-
damped systems with ζ < 0.5, while for greater values of coefficient, it becomes less pre-
cise. The damping ratio can be expressed by using the result in Eq. (61)

ζ = 1√
1 + (

2π
δ

)2
. (62)

3 Numerical implementation

In this chapter we present a numerical implementation of the previously presented theoret-
ical formulation, which consists of corresponding linearization of the nonlinear problem,
space discretization, and static condensation of the 1D beam finite element. We also present
energy-conserving and decaying time-integration solution schemes for this transient prob-
lem to provide a more robust model and deal with high-frequency modes.

3.1 Consistent linearization of the weak formulation

To find the solution to a highly nonlinear dynamic problem, we employ Newton’s method,
which will ensure a quadratic convergence rate. Taking into account that equilibrium is
attained for the previous time step, we can obtain by linearizing the internal work of weak
equilibrium equations defined in Eq. (12) the following form:

Lin[G�] = G� +
∫

L

{
δϕ′
δψ

}T

·
[

0 Wn
(Wn)T −nT ·ϕ′

]{
�ϕ′
�ψ

}
ds

+
∫

L

{
δϕ′ − Wϕ′δψ

δψ ′e3

}T

·
[
�Cn�

T 0
0 Cm

]{
�ϕ′ − Wϕ′�ψ

�ψ ′e3

}
ds,

(63)
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where �ϕ and �ψ are incremental displacements and rotation, respectively. It can be no-
ticed that in Eq. (63) we get material Km and geometric part Kg of tangent stiffness as
a product of consistent linearization, such that K = Km + Kg . To obtain the corresponding
linearization of dynamic equilibrium, we need to linearize the inertia term in Eq. (18), which
yields

Lin[GK ] = GK +
∫

L

{
δϕ

δψ

}T

·
[
AρI 0

0 Jρ

]{
�ϕ̈

�ψ̈

}
ds. (64)

By using results in Eq. (63) and (64), we can state linearized dynamic equilibrium equa-
tions in Eq. (12) with introduced strong discontinuity, where one can write the following
expression according to Eq. (34a):

Lin[Gφ̄] = Gφ̄ +
∫

L

{
δϕ̄

δψ̄

}T

· M
{

�ϕ̈

�ψ̈

}
ds

+
∫

L

{
δϕ̄′ − Wϕ̄′δψ̄

δψ̄ ′e3

}T

· Km

{
�ϕ̃

′ − Wϕ̄′�ψ̄

�ψ̃ ′e3

}
ds

+
∫

L

{
δϕ̄

δψ̄

}T

· Kg

{
�ϕ̃

′

�ψ̃

}
ds −

∫
L

δφ̄
T · �fds −

[
δφ̄

T · �t
]

x=L
= 0,

(65)

while linearization of the additional equilibrium equation in Eq. (34b) gives

Lin[G ¯̄D] = G ¯̄D +
∫

L

{
δ ¯̄ϕ′ − Wϕ̄′δ ¯̄ψ

δ ¯̄ψ ′e3

}T

· Km

{
�ϕ̃

′ − Wϕ̄′�ψ̄

�ψ̃ ′e3

}
ds

+
∫

L

{
δ ¯̄ϕ
δ ¯̄ψ

}T

· Kg

{
�ϕ̃

′

�ψ̃

}
ds + ∂t

∂ ¯̄ϕ︸︷︷︸
Ks t

|t|

� ¯̄ϕ= 0,

(66)

where M, Km, and Kg are, respectively, mass matrix, material part of stiffness matrix, and
geometrical part of stiffness matrix, with the following matrix form:

M =
[
AρI 0

0 Jρ

]
; Km =

[
�Cn�

T 0
0 Cm

]
; Kg =

[
0 Wn

(Wn)T −nT · ϕ̄′

]
. (67)

3.2 Space discretization

We can adopt any order of shape functions for the displacement field discretization. How-
ever, for the sake of simplicity, we use the lowest order polynomial approximation. Let us
consider a domain � ∈R that is represented by a standard discrete linear mesh as a set I of
nonzero length linear elements �e such that � = ∪�e∈I�e . The isoparametric shape func-
tions are used to construct real and virtual displacement field, and for a given element �e ,
one can write

Ne
a (ξ) = 1

2
(1 + ξaξ), ξa =

{
−1, a = 1

1, a = 2
, ξ ∈ [−1,1];

Me(ξ) =
{

− 1
2 (1 + ξ), if ξ ∈ [−1,0]

1
2 (1 − ξ), if ξ ∈ [0,1],

(68)
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where Ne
a (ξ) and Me(ξ) represent linear piece-wise and incompatible mode shape func-

tions, respectively. Among many possibilities, we choose to introduce Heaviside (step) H(ξ)

function in the middle of element length ξ = 0 to represent incompatible mode compliance.
Since we are only interested in rotational beam hinge behavior, we introduce embedded
discontinuity only in the rotation field

uh(ξ, t) =
2∑

a=1

Ne
a (ξ)ūe

a(t);

vh(ξ, t) =
2∑

a=1

Ne
a (ξ)v̄e

a(t);

ψh(ξ, t) =
2∑

a=1

Ne
a (ξ)ψ̄e

a (t) + Ne
2 (ξ) ¯̄ψe

a(t)

︸ ︷︷ ︸
ψ̃e(t)

+ (
He(ξ) − Ne

2 (ξ)
)

︸ ︷︷ ︸
Me(ξ)

¯̄ψe(t)

= ψ̃e(t) + Me(ξ) ¯̄ψe(t),

(69)

while the corresponding strain fields as a necessary part of beam formulation can be calcu-
lated as follows:

duh(ξ, t)

dx
=

2∑
a=1

Be
a(ξ)ūe

a(t);

dvh(ξ, t)

dx
=

2∑
a=1

Be
a(ξ)v̄e

a(t);

dψh(ξ, t)

dx
=

2∑
a=1

Be
a(ξ)ψ̄e

a (t) + Ge(ξ) ¯̄ψe(t)

︸ ︷︷ ︸
∂ψ̃e

∂x

+δx̄
¯̄ψe(t) = ∂ψ̃e(ξ, t)

∂x
+ δx̄

¯̄ψe(t).

(70)

The shape function derivatives are given as follows:

Ba(ξ) = dNe
a (ξ)

dξ
= (−1)a

le
; Ge(ξ) =

{
− 1

le
, if ξ ∈ [−1,0) ∪ (0,1]

1
le

+ δ0, if ξ = 0
, (71)

where δ0 is Dirac (jump) delta function positioned in the center of an element. We mention
that the standard two-point linear shape functions are employed for discretization of velocity
and acceleration fields.

3.3 Static condensation

The linearized governing equations in Eq. (65) and (66) can be rewritten now in matrix
notation as discrete element contribution with unknown vectors of incremental displacement
and rotation �φ= (�ϕ,�ψ)T , velocity �v = �φ̇= (�ϕ̇,�ψ̇)T , and acceleration �a =
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�φ̈= (�ϕ̈,�ψ̈)T , we obtain

A
nel
e=1

[−Me
ab 0

0 0

][
� ¨̄φ
�

¨̄̄
φ

]
+A

nel
e=1

[
Ke

ab Fe
ab

T

Fe
ab He

ab

][
�φ̄

e

� ¯̄φe

]
= A

nel
e=1

[
feb
0

]
, (72)

where matrices Ke
ab , Fe

ab , He
ab , Me

ab , and feb are

Ke
ab =

∫
Le

BeT

a DBe
bds; Fe

ab =
∫

Le

GeT

a DBe
bds;

He
ab =

∫
Le

GeT

a DGe
bds; Me

ab =
∫

Le

NeT

a ρNe
bds;

feb =
∫

Le

Ne
abds + [

Ne
at
]
∂�e .

(73)

To eliminate incompatible mode parameters � ¯̄φe , we need to carry out static condensa-
tion, which can be done on element level before approaching to the final stiffness matrix
assembly. By using the result in Eq. (72b), we can obtain

� ¯̄φe = −He
ab

−1Fe
ab�φ̄

e ⇒
(

Ke
ab − Fe

ab
T He

ab
−1Fe

ab

)
�φ̄

e = feb, (74)

thus condensed stiffness matrix has the following form:

K̃
e

ab = Ke
ab − Fe

ab
T He

ab
−1Fe

ab ⇒ K̃
e

ab�φ̄
e = feb, (75)

where finally we can rewrite the result in Eq. (72)

A
nel
e=1

[
−Me

ab�
¨̄φ+ K̄

e

ab�φ̄
e
]

= A
nel
e=1

[
feb
]
. (76)

3.4 Energy-conserving solution scheme

For the purpose of ensuring computation stability over a long time period, we present
here the development of an energy-conserving (EC) scheme for the present nonlinear dy-
namic problem. Integration of nodal quantities is done by the mid-point scheme to maintain
second-order solution O(�t3) accurate. The nodal displacement, velocity, and acceleration
approximation at the time step tn+1/2 can be written as follows:

ϕn+1/2 = 1

2
(ϕn+1 +ϕn) ; ψn+1/2 = 1

2
(ψn+1 + ψn)

vn+1/2 = 1

�t
(ϕn+1 −ϕn) ; ωn+1/2 = 1

�t
(ψn+1 − ψn)

an+1/2 = 1

�t
(vn+1 − vn) ; αn+1/2 = 1

�t
(ωn+1 − ωn) .

(77)

Having the result Eq. (77), we can state mid-point approximation of weak form of equilib-
rium equations in Eq. (20)

G(ϕn+1,ψn+1, δϕ, δψ) :=
∫

L

(
δϕT · Aρan+1/2 + δψ · Jραn+1/2

)
ds

+
∫

L

(
(δϕ′ − δψWϕ′

n+1/2)
T · nn+1/2 + δψ ′eT

3 · mn+1/2
)
ds − Gext

n+1/2.

(78)
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For the mid-point algorithm of weak equilibrium equations, we enforce the energy conser-
vation feature by introducing an approximation of the displacement and rotation increment,
which are given as follows:

�ϕ= 1

2
�t(vn+1 − vn) ⇒ vn+1 = −vn + 2

�t
(ϕn+1 −ϕn) ,

�ψ = 1

2
�t(ωn+1 − ωn) ⇒ ωn+1 = −ωn + 2

�t
(ψn+1 − ψn) .

(79)

By choosing a test displacement vector δϕ and rotation δψ as �ϕ and �ψ , respectively,
a work done by both internal and external forces can be elaborated from the weak balance
equation in Eq. (78):

0 := −Gext
n+1/2 +

∫
L

(
�ϕT · Aρan+1/2 + �ψ · Jραn+1/2

)
ds

+
∫

L

(
(�ϕ′ − �ψWϕ′

n+1/2)
T · nn+1/2 + �ψ ′eT

3 · mn+1/2

)
ds.

(80)

The first term in Eq. (80) represents the kinetic energy term, which can be simplified in the
following manner by employing results in Eq. (79) and (77):

�K =
∫

L

(
�ϕT · Aρan+1/2 + �ψ · Jραn+1/2

)
ds

= 1

2

∫
L

(
vn+1

T · Aρvn+1 + ωn+1 · Jρωn+1

)
ds − 1

2

∫
L

(
vT

n · Aρvn + ωn · Jρωn

)
ds

= Kn+1 − Kn.

(81)

To calculate the second term in Eq. (80), which pertains to potential energy conservation,
we need to obtain spatial strain

�T
n+1/2

(
�ϕ′ − �ψWϕ′

n+1/2

) = �T
n+1ϕ

′
n+1 − �T

nϕ
′
n

= En+1 − En,
(82)

while internal force at time tn+1/2 can be stated accordingly to the nonlinear dynamics algo-
rithmic form calculated from the mid-point configuration

Nn+1/2 = 1

2
Cn (En+1 + En)

Mn+1/2 = 1

2
Cm (Kn+1 + Kn) .

(83)

The work done by potential forces

�� =
∫

L

(
(�ϕ′ − �ψWϕ′

n+1/2)
T · nn+1/2 + �ψ ′eT

3 · mn+1/2

)
ds

= 1

2

∫
L

(
ET

n+1 ·CnEn+1 + Kn+1 ·CmKn+1

)
ds − 1

2

∫
L

(
ET

n ·CnEn + Kn ·CmKn

)
ds

= �n+1 − �n.

(84)
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As a final step in the proof, the tangent may be written in a general form:

(Kn+1 + �n+1) − (Kn + �n) = (φn+1 −φn)
T · fext

⇒ En+1 − En = �W.
(85)

We thus conclude that the result in Eq. (84) is implying on the conservation property of the
system total energy for any external loading obtained from potential. This property leads to
an unconditionally stable algorithm.

3.5 Energy-decaying solution scheme

In this section we construct a modification of algorithmic constitutive equations of a mid-
point scheme that is capable to dissipate the energy of high-frequency modes. Such a scheme
has a strong practical interest in stress computation accuracy. By adding the dissipative term
in result Eq. (77), the increment of displacement can be computed:

�ϕ= ϕcons
n+1/2 + β�t(vn+1 − vn)

�ψ = ψcons
n+1/2 + β�t(ωn+1 − ωn),

(86)

and thus one can express velocities at the end of time interval n + 1

vn+1 = �ϕ
1

�t
(

1
2 + β

) − vn

(
1
2 − β

)
(

1
2 + β

)

ωn+1 = �ψ
1

�t
(

1
2 + β

) − ωn

(
1
2 − β

)
(

1
2 + β

) ,
(87)

where β ∈ [0, 1
2 ] is the kinetic energy dissipation coefficient. The work done by inertia force

can be simplified

�K =
∫

L

(
�ϕT · Aρan+1/2 + �ψ · Jραn+1/2

)
ds

= 1

2

∫
L

(
vn+1

T · Aρvn+1 + ωn+1 · Jρωn+1

)
ds − 1

2

∫
L

(
vT

n · Aρvn + ωn · Jρωn

)
ds

+ β

∫
L

(
(vn+1 − vn)

T · Aρ (vn+1 − vn) + Jρ (ωn+1 − ωn)
2
)
ds

= Kn+1 − Kn + DK.

(88)

Similarly, we modify internal force algorithmic equations in Eq. (79):

Nn+1/2 = Ncons
n+1/2 + αCn (En+1 − En)

Mn+1/2 = Mcons
n+1/2 + αCm (Kn+1 − Kn) ,

(89)
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where α ∈ [0, 1
2 ] is the internal energy dissipation coefficient. The work done by potential

forces can be rewritten as follows:

�� =
∫

L

(
(En+1 − En)

T · 1

2
Cn (En+1 + En) + 1

2
Cm

(
K2

n+1 − K2
n

)

+α(En+1 − En)
T ·Cn (En+1 − En) + αCm (Kn+1 − Kn)

2
)
ds

= 1

2

∫
L

(
ET

n+1 ·CnEn+1 +CmK2
n+1

)
ds − 1

2

∫
L

(
ET

n ·CnEn +CmK2
n

)
ds

+ α

∫
L

(
(En+1 − En)

T ·Cn (En+1 − En) +Cm (Kn+1 − Kn)
2
)
ds

= �n+1 − �n + D�,

(90)

where D� ≥ 0 is a positive definite quadratic form of internal force dissipation term if α

coefficient is taken positively.

(Kn+1 + �n+1) − (Kn + �n) + DK + D� = (φn+1 −φn)
T · fext

⇒ En+1 − En + DK + D� = �W.
(91)

The result in Eq. (91) confirms that for any positive value of coefficients β and α, the system
energy will be dissipated. A closer inspection of the algorithmic constitutive equation in
(89) above reveals that the energy dissipation will most likely affect high-frequency modes
for which a more significant change from energy-conserving equation will occur with a
reasonable choice of time step granting computational accuracy.

4 Numerical examples

In this section we present numerical examples, which are firstly related to element verifi-
cation and comparison with already known examples, while the second group of examples
present new development. The element development and computation are done inside FEAP
software [30].

4.1 Straight cantilever under imposed end rotation

In this example, we present different types of a response for a cantilever beam with imposed
rotation ψ = π at the right free-end, see Fig. 3a. The example consists of a separate analysis
of linear elastic, elasto-viscoplastic with hardening, and elasto-viscoplastic with softening
response. We chose to verify the model by considering that initially straight cantilever is
constructed of several beam elements, 2, 4, and 8. The rest of chosen mechanical and geom-
etry properties of the cantilever are set as follows: cross-section area A = 2 cm2, moment
of inertia I = 0.1667 cm4, Young’s modulus E = 73 GPa, hardening modulus K = 2 GPa,
yielding bending moment My = 5 kNcm, ultimate bending moment Mu = 8 kNcm, unit
softening fracture energy Gf = 10 · 103 kJ, and viscoplastic coefficients η1 = 1 · 106 Pas
and η2 = 2 · 107 Pas. The output results of computations are given in Table 1, and the last
can be verified analytically according to the bending moment formula for linear elastic-
ity Me = π · EI/L, elastoplasticity Mvp = (π − ψy) · EK/((E + K)L) + ψy · EI/L and
elasto-viscoplasticity Mevp = Mep +η · ε̇yI . Elasto-viscoplastic computations are performed
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Fig. 3 Straight cantilever under imposed end rotation: (a) Input geometry; (b) Input loading program; Output
configurations: (c) Viscoplasticity, (d) Softening behavior

Table 1 Straight cantilever under imposed end rotation: Comparison between analytical and computed values
of bending moment

No. of
elements

Linear
elasticity,
kNcm

Elasto-
plasticity,
kNcm

Elasto-viscoplasticity, kNcm

Viscoplastic coefficient η, Pas

0 1 ∗ 106 2 ∗ 107

Strain rate ε̇, s−1

0 π 10π 100π π 10π 100π

2 38.230 5.8861 5.8866 5.8911 5.9357 5.8941 5.9662 6.6864

4 38.230 5.8861 5.8866 5.8911 5.9358 5.8941 5.9662 6.6864

8 38.230 5.8861 5.8866 5.8911 5.9358 5.8941 5.9662 6.6864

Exact 38.2304 5.88614 5.88667 5.89138 5.93851 5.89633a 5.98777a 6.87447a

aThe results are obtained via Duvaut and Lions model in combination with analytic results of standard vis-
coplasticity.

for different finite strain rates, see Fig. 3b, where we applied smaller η1 and larger η2 vis-
coplastic parameter.

The output configurations are given in Fig. 3c. The bending moment-strain relationship
with respect to the different number of elements as well as for different strain rates is shown
in Fig. 4. The other part of the example presents an analysis of elasto-viscoplastic response
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Fig. 4 Straight cantilever under imposed end rotation: Output bending moment-strain relationship: (a) Linear
elasticity, (b) Isotropic hardening, (c) Standard viscoplastic model, (d) Duvaut et Lions viscoplastic model

Fig. 5 Straight cantilever under imposed end rotation: Elasto-viscoplasticity with softening behavior for: a)
η = 0 b) η = 2 · 107 Pas

with softening phase, where the localized failure is placed in the middle of the cantilever.
We consider one element of length L = 20 cm to be the place of failure localization when it
reaches the ultimate bending moment Mu. The output response, which includes softening, is
depicted in Fig. 5a, where it can be seen that response is indifferent with respect to a number
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Fig. 6 Rigid flexible manipulator: (a) Input geometry; (b) Output configurations

Fig. 7 Rigid flexible manipulator: (a) Material profile of the hinge; (b) Plastic dissipation of the system

of elements. By varying the strain rate with an enforced constant value of unit fracture energy
in softening, we show different results due to viscoplastic behavior in hardening, Fig. 5b.

4.2 Rigid flexible manipulator

This example was proposed in the previous works of Ibrahimbegovic [18], and it is selected
to demonstrate the versatility of the presented development. The multibody system consists
of rigid and flexible elements, which are connected by a revolute joint, see Fig. 6. We show
here hinge with a nonlinear material profile that made the transition from plastic to perfect
hinge can yield identical output results in comparison with the kinematic revolute joint [20].
The input data of flexible components are set EA = GA = 106, EI = GJ = 105, and A = 1,
while geometry is given in Fig. 6a. The rigid components are introduced as flexible ones,
but with significantly increased parameters related to axial and bending stiffness (roughly
EArigid/EAf lexible > 103 and EIrigid/EIf lexible > 103).

The weight of the components is considered very small, and thus we neglect the inertial
effect. The planar mechanism is set in motion by applying the constant angular velocity
ω = 10 rad/s to the rigid component, where the system undergoes vibrations. We note that
computations are performed with small time steps �t = 0.001 s to capture the development
of internal plasticity variables. Several discretizations are employed in computations for
one, two, four, and eight beam elements. We employed two-phase computation to simulate
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Fig. 8 Rigid flexible manipulator: Output results in case of 1,2,4, and 8 elements: (a) Horizontal, (b) Vertical
displacement. Comparison of output results of kinematic joint and present formulation: (c) Horizontal, (d)
Vertical displacement

a perfect hinge response. The first phase pertains to plastic hinge transition to perfect hinge
t ∈ [0,1] s (see Fig. 8), while in the second we compute system response for applied loading
programme t ∈ [1,3] s. The successive deformed configurations are taken at every time
instant �t = 2π/10 s for one period, which is illustrated in Fig. 6b.

By comparing output displacements with respect to a different number of elements in
Fig. 8, it can be seen that results are almost imperceptible. The plastic dissipation of the
system in the second phase of the planar movement shows that there are no plastic processes,
see Fig. 7, and indicates that a plastic hinge can behave like a true revolute joint.

4.3 Four-beam swing

To illustrate the performance of the proposed time-conserving scheme, we present here an
example already discussed in [17, 19]. The problem pertains to the nonlinear dynamics of
the planar mechanism, which consists of rigid and flexible elements depicted in Fig. 9a. The
initially horizontal flexible beam is constructed of four finite elements with lumped mass m

placed in the half length of the flexible beam. The rigid components are modeled as a flexible
finite element but with increased axial and bending stiffness EArigid/EAf lexible > 102 and
EIrigid/EIf lexible > 102, respectively.

The rest of the input data are set E = 73 GN/m2, A = 5x1 mm2, and ρ = 2700 kg/m3,
while geometry is given in Fig. 9a. The connection between rigid and flexible elements is



154 S. Ljukovac et al.

Fig. 9 Four-beam swing: (a) Input geometry; (b) Input loading program; (c) Output configurations

considered a revolute joint when the beam hinge passes through the plastic process. There-
fore, the hinge with nonlinear softening law has the following mechanical properties: yield-
ing moment My = 100 MPa, ultimate moment Mu = 150 MPa, and unit fracture energy
Gf = 1.2 · 106 kNm. The system is set into motion by applying triangular load impulse
p on lumped mass m = 0.5 kg in horizontal direction Fig. 9b. The four-beam mechanism
undergoes vibrations where the response is captured in time interval t ∈ [0,2.5] s for both
time integration schemes. The plastic dissipation of beam hinges is modeled to have small
fracture energy to not significantly affect total energy during vibrations, see Fig. 11d.

The output displacement of point B (see Fig. 9a) is shown in Fig. 10a,b, where it can
be noticed that system activates high-frequency modes at the time 0.64 s. Such frequencies
pollute output results of axial and shear forces, see Fig. 10c,d. These vibrations remain pre-
served due to energy conservation property until the end of the computation, see Fig. 11a.
The energy dissipation of high frequencies introduced via coefficients α = β = 0.01 reduces
the noise of such modes at expense of the system energy (see Fig. 11b,c). This modifica-
tion of the computation algorithm tends to stabilize output results, see Fig. 10d. In other
words, the decaying scheme penalizes high frequencies by taking their energy until they
are within an acceptable tolerance. The computation by energy decaying algorithm returns
energy conservation property when the energy of high oscillations is dissipated, Fig. 10c.

Another important finding can be deduced from Fig. 10a,b, which pertains to the adop-
tion of parameters α and β . Namely, by finding suitable parameters, we can obtain optimal
performance of the energy decaying algorithm, where the high frequencies are damped out,
but without significant deterioration of the output results, see Fig. 10a,b.
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Fig. 10 Four-beam swing: Output results at point B: (a) Horizontal displacement; (b) Vertical displacement;
(c) Axial reaction; (d) Shear reaction

4.4 Vibrating frame

We propose this example to present the damping effect generated by the inelastic material
response. The frame consists of three linear elastic beams, where the top-right connection
of beams is modeled as a plastic hinge, see Fig. 12a. Here we choose the material profile of
the plastic hinge that corresponds to linear elasticity with softening response. By selecting
different amounts of unit fracture energy Gf , we can obtain different responses from the
system. The chosen properties of the joint connection between beams: cross-section area
A = 10 cm2, moment of inertia I = 1 cm4, Young’s modulus E = 1 GPa, hardening modulus
K = 500 MPa, yielding bending moment My = 300 kNcm, ultimate bending moment Mu =
315 kNcm, and fracture energy Gf = 600 kNcm.

The impulse p is applied in a horizontal direction on the top-left corner of the frame
for all computations. We use energy-conserving scheme to compute the response for time
period t ∈ [0,15] s with chosen time step �t = 0.001 s. The output configurations are shown
in Fig. 12b, and they are captured for each time instant 0.1 s until the computation reaches
2 s. The horizontal and vertical displacements of the frame top-right corner are given in
Fig. 13a,b with respect to the amount of fracture energy Gf . It can be easily noticed decay
in displacement Fig. 13a,b and total energy Fig. 14a,b,c by decreasing the amount of fracture
energy. The corresponding relationship between fracture energy Gf and damping ratio ζ for
horizontal and vertical displacement is given in Table 2
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Fig. 11 Four-beam swing: The system energy: (a) Energy-conserving scheme, (b) Energy decaying scheme;
(c) Comparison of the total system energy; (d) Plastic dissipation

In other words, by increasing fracture energy, see Fig. 14a, the damped energy is reduced
since the total energy is not dissipated on plastic processes, and thus the frame remains
vibrating in elasticity. This can be justified by considering the nonlinear softening law where
it can be seen that fracture energy directly contributes to the value of the softening modulus,
plastic multiplier and stress resultant, which consequently determine plastic dissipation. The
critical amount of fracture energy needed to stop oscillations is related to the accumulated
energy of the vibrating frame, see Fig. 14b. By varying the fracture energy, we present a
family of curves where each of them describes total energy decay Fig. 14c, as well as plastic
dissipation in Fig. 14d.

4.5 Damping model replacement of Rayleigh damping

The damping model of viscoplasticity can also be given a multi-scale interpretation, which
allows to illustrate how the fine-scale processes stochastically upscale to coarse scale in
dynamics. This is further illustrated with a simple example problem of a 1D beam multi-
scale model (see Fig. 15).

First option is to use a macro-scale 1D beam with homogenized elastic behavior,
where eventual energy dissipation can be represented by viscoelastic behavior and classical
Rayleigh damping. Such a damping effect is proportional to velocity with a damping matrix
C as a linear combination of structure mass M and stiffness matrices K [7]; see Fig. 92.
Next, to model simplicity with only one model parameter, the so-called damping ratio ξ , the



MBS with energy dissipation 157

Fig. 12 Vibrating frame: (a) Input geometry; (b) Input loading program; (c) Output total displacement field

Fig. 13 Vibrating frame: The output displacement of the point A: (a) Horizontal direction, (b) Vertical direc-
tion

main advantage of Rayleigh damping is in matching the experimentally observed exponen-
tial decay of the vibration amplitude that can be quantified by the logarithmic decrement δ,
which is proportional to the damping ratio, see Fig. (92). The main deficiency of Rayleigh
damping is that the damping ratio ξ is a structural property, which pertains only to a partic-
ular structure size, characterized by its stiffness and mass matrices (e.g., see [7]).

Mφ̈(t) + Cφ̇(t) + Kφ(t) = f(t) ; C = a0M + a1K,

ξ = a0/2ωn ; ξ = a1ωn/2 ; δ ≡ ln vn

vn+1
= 2πξ√

1−ξ2
.

(92)
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Fig. 14 Vibrating frame: Total system energy decay for: (a) Gf = 6000 kNcm, (b) Gf = 600 kNcm; (c)
Relationship between displacement decay and amount of fracture energy; (d) Plastic dissipation

Table 2 Vibrating frame: Corresponding relationship between damping ratios ζ and fracture energy Gf

computed via logarithmic decrement method

Fracture energy Gf = 600, kNcm

1x 1.2x 1.4x 1.6x 1.8x 2x 2.2x 10x

Horizontal displacement

Logarithmic decrement, δ 0.077 0.062 0.038 0.025 0.017 0.013 0.006 0.003

Damping ratio, ζ 0.012 0.010 0.006 0.004 0.003 0.002 0.001 0.001

Vertical displacement

Logarithmic decrement, δ 0.076 0.061 0.038 0.025 0.017 0.013 0.006 0.003

Damping ratio, ζ 0.012 0.010 0.006 0.004 0.003 0.002 0.001 0.000

An alternative option is to use the material model with fine-scale plasticity, where the damp-
ing ‘ratio’ can be used for a different structure size without the need for new experiments.
Namely, we use a multi-scale model of energy dissipation, which can deal with all pro-
gressive stages of dynamic fracture (with hardening and softening) and also capture the size
effect. In particular, we will use a cyclic-plasticity with combined hardening and softening at
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Fig. 15 Simple problem to illustrate stochastic upscaling in the dynamical system: (a) Multi-scale 1D beam
model; (b) Experimental stress-strain hysteresis loops; (c) Numerical model hysteresis loops

micro-scale beam model to reproduce the area of experimentally observed hysteresis loops,
see Fig. 15.

For computational efficiency, in each particular fiber we keep linear evolution equations
of corresponding internal variables (plastic strain εp hardening variables for plasticity ξ p,

and variables that handle softening phase, both for plasticity ¯̄φp, see Eq. (93). With this
simple choice, we cannot match experimental hysteresis loops in terms of their shape, but
rather in terms of the enclosed area representing the energy dissipated in each hysteresis
loop, see Fig. 15.

ε̇p = γ̇ p ∂φp

∂σ
; ξ̇ p = γ̇ p ∂φp

∂qp ; φp(σ, qp, κp) = |σ + κp| − (σy − qp)

˙̄̄
φp = γ̇

p
∂φ

p

∂t
p ; ξ̇

p

= γ̇
p

∂φ
p

∂q
p ; φ

p
(t, q

p
) = |t | − (σ c

u − q
p
).

(93)

The multi-scale approach combines these micro-scale evolution equations with a hybrid
displacement-stress formulation for macro-scale state variables, and with their independent
interpolation with an additive decomposition of internal variable contributions that simplify
tangent stiffness computations

∑
f Af

∫
L

(
w̃ρ

∂2φ̃

∂t2 + ∂w̃
∂x

σf

)
dx − Gext = 0∫

L
τf

(
∂φ̃

∂x
− εp −φ

p
dϕi

dx

)
dx = 0, ∀f

(94)

with

φ̃h(x, t)

∣∣∣
x∈�e

= N(x)φe(t)

σ f,h(x, t)
∣∣
x∈�e = S(x)βf (t).

The proposed approach results in a very efficient multi-scale computational model com-
bining global and local equations that is capable of capturing energy dissipation in each
particular stage of the beam ductile failure, with a cost that is comparable to the solution of
Eq. (92) with a standard time stepping scheme.

Mφ̈(t) +A
nf

f =1fint
f (t) = fext (t)

γ̇ p ≥ 0, φp ≤ 0, γ̇ pφp = 0,

γ̇
p ≥ 0, φ

p ≤ 0, γ̇
p
φ

p = 0.

(95)
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Fig. 16 Simple problem to illustrate stochastic upscaling in the dynamical system: (a) Gaussian probabil-
ity distribution of yield stress σy as a random variable with τ as a standard deviation; (b) Amplitude decay
computed with the proposed multi-scale model, indicating a transition from linear amplitude decay for ho-
mogeneous structure (bottom graph with τ = 0.01) towards exponential amplitude decay for heterogeneous
structure (top graph with τ = 1.06), adapting energy dissipation to structure size with more likely hetero-
geneities for larger structures

The final step is to consider the probability distribution of structure heterogeneities, as
illustrated in Fig. 16a for the case of a plastic component with simple Gaussian distribution
of the yield stress σy for each fiber. We note that such an assumption is equivalent to as-
suming a random field distribution of the beam structure macro-scale properties, given the
beam bending problem with linear stress distribution. A larger beam structure size (with a
more likely concentration of initial and induced defects) results in stronger heterogeneities
and thus a larger standard deviation τ . For such a large (heterogeneous) structure, we show
in Fig. 16b the multi-scale model ability to recover exponential amplitude decay, as opposed
to linear amplitude decay for a smaller (homogeneous) structure with almost constant yield
stress everywhere; (linear amplitude decay is characteristic of frictional energy dissipation
[24], which confirms the equivalence between plasticity and friction [14]). In conclusion,
the multi-scale model of damping can represent the size effect through the crucial role of
the probability distribution of structure-scale heterogeneities.

5 Conclusion

Some of the most salient features of the developments presented herein are as follows. We
employed mixed variational formulation of geometrically exact beams to introduce strong
discontinuity into the rotation field to model nonlinear material softening behavior. We ex-
tended formulation to dynamics where we used the second-order scheme, which demands
rate-dependent plasticity formulation that allows integrating the rate equations and equations
of motion simultaneously.

In particular, the viscoplastic material model is introduced for isotropic hardening. Since
the standard model for computation of viscoplasticity is not a suitable choice for vanishing
values of viscosity parameter, we chose Duvaut and Lions [8, 14] approach over Perzyna
model [14, 28] to compute the stresses in the local phase of computation. The proposed
formulation can also handle the softening behavior and thus handle all different stages of
response leading towards an emergency stop activation under extreme loads.
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The performance of the proposed finite element model is tested under both static and
transient loading for both linear and nonlinear response to illustrate the model robust perfor-
mance. Of particular interest for model robustness is the energy-conserving solution scheme
that offers the stability of numerical computation over a long time period. The stress compu-
tation accuracy can be achieved even with fairly coarse mesh by eliminating the contribution
of high-frequency modes by using the energy-decaying scheme.

In particular, we have demonstrated that, by including the heterogeneities in viscoplastic
behavior of the material, one can obtain the same exponential decay of vibration amplitude
in free vibration phase as for viscoelasticity model [2], which allows us to replace the simple
Rayleigh damping model not representative of real material behavior [14].

Finally, we note that the proposed methodology carries over to the 3D case, which re-
quires dealing with a more demanding consideration of nonvectorial character of 3D finite
rotations [12, 13]. The details of such developments are left for subsequent publication.
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