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Abstract In order to avoid the global dynamics equations and increase the computational
efficiency for multibody system dynamics (MSD), the transfer matrix method of multibody
system (MSTMM) has been developed and applied very widely in research and engineer-
ing in recent 20 years. It differs from ordinary methods in multibody system dynamics with
respect to the feature that there is no need for a global dynamics equation, and it uses low-
order matrices for high computational efficiency. For linear systems, MSTMM is exact even
if continuous elements like beams are involved. The discrete time MSTMM, however, has
to use local linearization. In order to release the method from such approximations, a new
version of MSTMM is presented in this paper where translational and angular accelerations,
on the one hand, and internal forces and moments, on the other hand, are used as state vari-
ables. Already linear relationships among these quantities are utilized, which results in new
element transfer matrices and algorithms making the study of multibody systems as simple
as the study of single bodies. The proposed approach also allows combining MSTMM with
any general numerical integration procedure. Some numerical examples of MSD are given
to demonstrate the proposed method.
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138 X. Rui et al.

1 Introduction

Multibody system dynamics methods (MSDM) have developed rapidly in the last 50 years
[1-3] and provide powerful tools for studying dynamics of various mechanical systems. Al-
though the various ordinary MSDMs have different styles, at the same time almost all of
them share the following characteristics: firstly, it is necessary to develop the global dynam-
ics equations of the system, and they have to be deduced again if the system’s topological
structure is changed; secondly, the order of the global dynamics equations is not less than
the number of degrees of freedom of the system, which may become very high for complex
systems resulting in rather long computational time.

The approach proposed in the paper is different from this and has a different origin.
In 1986, Kumar and Sankar developed a discrete time transfer matrix method (DTTMM)
for structural dynamics of time-variant systems by combining the transfer matrix method
with a numerical integration procedure [4]. In 1989, Rui and others extended the transfer
matrix method to multibody systems (MSTMM) for vibration analysis of linear multi-rigid-
flexible-body systems by developing new transfer matrices [5], where eigenvalues of linear
multi-rigid-flexible-body systems can be computed easily and with high precision [6]. For
general nonlinear multi-rigid-body and multi-rigid-flexible-body systems, the discrete time
transfer matrix method of multibody systems (MSDTTMM) was developed by combining
MSTMM with a numerical integration procedure [7—10]. In this case, however, linearization
is mandatory to deduce the transfer equation of elements, which essentially describes the
governing equation of motion represented by a linear relationship between the state vectors
of inboard and outboard ends of an element. In [7], the Newmark-Beta numerical integration
procedure is introduced, leading to only second-order computational precision. Although a
higher order numerical integration procedure could be adopted, the deduction process is
rather tedious.

This can be avoided with a new version of MSTMM presented in this paper. Translational
and angular accelerations, together with internal forces and moments, are taken as new state
variables instead of position coordinates as in the original MSDTTMM. This results in to-
tally different transfer matrices of elements and algorithms compared with the original ones
described in [7-10]. The proposed method expands the advantages of MSTMM by allowing
more sophisticated numerical integration procedures such as any Runge—Kutta method to be
used. Global dynamics equations of the system are still avoided. Instead, involved matrices
have low order and the setup of the global transfer equation is highly programmable. The
proposed method is simple, straightforward, efficient, practical, and provides a powerful tool
for MSD. Numerical examples in Sect. 4 will show good agreement with simulation results
obtained by an ordinary dynamics method.

2 General theorems and steps of the new version of MSTMM

Any complex multibody system may be divided into various elements including bodies
(rigid bodies, elastic bodies, lumped masses, etc.) and hinges (joints, ball-and-socket, pins,
linear and rotary springs, linear and rotary dampers, etc.), which are connected at interme-
diate points. The general idea of MSTMM is to use kinematic and kinetic quantities at these
connection points as state variables which are related by the characteristics of the element in
between. The characteristics are described by linear transfer equations from one connection
point to the other, which are called input and output points / and O of the element, see,
e.g., Fig. 1. For a specific multibody system, the element transfer equations are combined
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by simple matrix operations to an overall transfer equation which may be solved for given
boundary states at the endpoints of the system. These steps will be explained in more detail
in the following.

2.1 Coordinate systems and sign convention

In order to describe the position and orientation of connecting points, we assign a right-
handed Cartesian reference frame K to each of them, see, e.g., input point / in Fig. 1. Its
spatial position in the inertial Cartesian frame {oxyz} is then given by coordinates x,y,
and z, and its orientation by three space-angles 6, 8,, 65 [10, 12] which describe successive
rotations about the inertial x-, y-, and z-axes. The latter define the direction cosine matrix A
for coordinate transformations from K to {oxyz}, which can be built from the elementary
rotation matrices A, g,, Ay ,, A0, aS

CrC3 85185203 — C183  C18203 + 51853
A=A pA, pAp = | 253 S152853+cCic3 15283 — 51C3 ()]
—8 S1C2 C1Cy

where s; =sin6;, ¢c; =cos6;,i =1,2,3.

By differentiating A with respect to time, we may deduce the skew-symmetric matrix of
the angular velocity vector £ = [£2,, £2,, £2.]7 of frame K about the inertial frame oxyz as
2 = AAT, which can be rearranged as 2 = AH 0. By further differentiation we find [12]

6=H'A"Q —H'Ho

where
1 0 -5 0 0 —c26
H=|0 (&) s |, H=1|0 —5'191 CIC291 - S1S292 .
0 —81 C1C 0 —C191 —S16‘291 - C1S292

and 0 = [6;, 6,, 65]". It should be pointed out that any kind of Euler/B'ryan angle for{nulation
has its inherent singularity, which is why the angular acceleration 2 rather than 6 is used
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140 X. Rui et al.

in the state vector hereinafter. Once approaching a singular configuration, one can resort
to another kind of Euler/Bryan angle to avoid the singularity problem. Alternatively, many
other methods, such as Rodriguez parameters, Euler parameters, etc., can be also adopted
to describe the orientation and avoid singular orientation. If not mentioned explicitly, all
vectors are described w.r.t. the inertial frame.

In contrast to the sign conventions of the original MSDTTMM [10], the following defini-
tion is used: positive translational and angular accelerations coincide with positive directions
of the coordinate system; positive directions of inboard forces and outboard torques acting
on the element coincide with positive directions, whereas positive outboard forces and in-
board torques coincide with negative directions of the coordinate system.

2.2 New state vectors, transfer equations and transfer matrices of elements

In the original MSDTTMM [10], the position and orientation coordinates of the connection
points have been used as state variables. For example, for spatial motion the state vector was
summarized from coordinates of the connecting point, rotation angles, internal torques and
forces, and an artificial one as

T
z=[x y z 6 6 6. my my m. g gy, q. 1] . )

However, since kinematics typically is nonlinear, linearization had to be involved in the
derivation of the transfer equations and also an integration scheme had to be part of the final
transfer relations.

In order to avoid all these drawbacks, the proposed approach combines kinematics and
kinetics equations on the acceleration level. Therefore, the new state vectors summarize
acceleration variables of connection points and forces and moments between any two multi-
body system elements moving in space:

7= [x V I 2. $£2y £, my my m; q. q, q l] , 3)
or
. T T
e=[#" 2" wm' g7 1], @)
where
X -Qx my qx
F=1|y |, =8|, m=|m, |, =149 |. %)
.Z. Qz mz qZ

Here # and §2 are accelerations and angular accelerations being correlated to internal forces
q and torques m, respectively, where all quantities are described in the inertial frame. The
“1” at the end of the state vector (3) is used to account for external forces, as well as cen-
trifugal and Coriolis forces, as will become clear in the following.

For a system moving in the x, y-plane, the state vectors reduce to

e T
Z= [-x y £, m; g qy 1 ] ’ (6)
and for a one-dimensional motion the reduced state vector reads as

z=[% ¢ 1]". )
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A new version of transfer matrix method for multibody systems 141

As mentioned above, relations between translational and angular accelerations, on the one
hand, and resulting forces and torques, on the other hand, are always related linearly by
Newton’s second law and Euler’s theorem. Also relations between accelerations of different
points resulting from rigid body kinematics are linear. Therefore, both types of relations
qualify for expressing interrelations between state vectors z;; and z; o of the input end /
and output end O of an element j by linear algebraic equations in matrix form

zjo=U;zj; ®)

where the element transfer matrix U ; has to summarize all physically relevant characteris-
tics of the considered element. For spatial motion the transfer matrix is typically a 13 x 13
matrix according to the state vectors (3), whereas for planar and one-dimensional problems
the size reduces to 7 x 7 and 3 x 3, respectively, according to (6) and(7).

2.3 Transfer equation and transfer matrix of overall system

A multibody system is built up from elements by connecting output O of an element j
with input / of another element k. According to kinematics and Newton’s third law, and the
specific sign conventions in Sect. 2.1, the state vectors of these coinciding output and input
ends are equal. This allows substituting input states z; ; by output states z; o and the associ-
ated transfer equation (8), i.e., zx, 0 = Urzk,; = Urzj,0 = U, U jz;;, which finally leads to
products of element transfer matrices. Thus, element transfer matrices may be considered as
building blocks which are assembled together according to the topology of the considered
system by simple matrix multiplication. The transfer equations (8) exist or may be derived
for rigid bodies, flexible bodies, gas, fluid, and all kind of joints and hinges. Some of them
will be derived in Sect. 3.

For chain systems consisting of n elements, the overall transfer equation can be obtained
until the final substitution of transfer equations relates the output state z, o of the nth ele-
ment to the input state z; ; of the first element by

Zno=Uinz11 ()]
where the overall transfer matrix is given by the product
Ui,=U,---UU, (10)

of element transfer matrices.

By applying the boundary conditions, to eliminate the known boundary variables of state
vectors from z; ; and z, ¢, summarizing the remaining unknown boundary states and con-
stant scalar “1” in a vector z, and re-ordering the equations, (9) can be re-written as

Uz=0 (11)

in order to compute the unknown boundary states. As a result, the boundary state vectors
are known completely and allow computing the remaining state vectors in between by suc-
cessively applying the element transfer equations (8).

2.4 Simulation of system motion
It is maybe worthwhile mentioning that in general the transfer matrices depend on position

(especially orientation) and/or velocity coordinates. Thus, the procedure in Sect. 2.3 has to
be performed at any time instant #; as follows:
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(i) For a time instant #;, position and velocity coordinates are given (especially from initial
conditions in the beginning).
(i1) With this information, transfer matrices in (8) can be computed for all elements of the
system.
(iii)) The overall transfer matrix may be build up from element matrices according to the
system topology; for chain systems by simple multiplication (10).
(iv) Reduction and solution of (11) yields unknown boundary states.
(v) Successive application of (8) yields all accelerations as part of state vectors (3).
(vi) Any integration scheme may proceed to next time instant.

This solution procedure of the new version of MSTMM is somehow similar to the recur-
sive solution schemes of multibody systems. However, the recursive method has two sweeps
through the system, a backward sweep from terminal bodies to the root body to eliminate
the bodies and constraints one by one, and a forward sweep from the root body to the ter-
minal bodies to compute the unknown quantities (including the accelerations of bodies, the
generalized acceleration of joints and the constraint forces) successively; whereas only the
forward sweep is necessary in the proposed method. The backward sweep in the recursive
method herein is replaced by the overall transfer equation (9), in which the overall transfer
matrix (10) could be computed by a parallel algorithm, not necessarily by serial processing.
If using the proposed approach, any chain system of any length with any boundary condi-
tions reduces to small scale equations (9), (10); closed-loop systems can be handled like
chain systems as is done in [11], and the difficulty and computational scale will not increase
distinctly compared with the corresponding chain system; the state vector of any point in a
system may be directly “transferred” from state vector of any boundary point or any point
inside the system.

3 Transfer matrices of some typical elements

In the following, transfer matrices of some body and hinge elements will be developed with
respect to the inertial reference frame respectively for the new version of MSTMM.

3.1 Transfer matrix of a rigid body moving in space

The transfer equation of a rigid body can be deduced directly from its kinematics and dy-
namics equations. It is taken as an example to sketch the idea of the proposed method for
bodies. Transfer equations of flexible bodies can be deduced in a similar way. A rigid body
moving in space with single input end / and single output end O is shown in Fig. 1, where
C denotes the mass center; the subscript / denotes the body-fixed coordinate system with
origin /, while {oxyz} is the inertial coordinate system.

The inertial position coordinates of output point O are given by

ro=r;+rio=rr+Ailo (12)

where r; is the position of the input point w.r.t. the inertial frame and I/, describes vector
Fro in the body-fixed coordinate system. This formula also applies to point C, where A;
is the direction cosine matrix (1) of the body-fixed frame. By differentiation w.r.t. time, we
find

fo=f1+A1110="'1+A1ATA1110="‘1+5~21"10
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A new version of transfer matrix method for multibody systems 143

and by further differentiation
Fo=F—FroR,+2,2r0. (13)

Using Newton’s law and Euler’s theorem and considering the sign convention in
Sect. 2.1, the dynamics equations of the rigid body can be gained as

mic=q;—qo+ fc, (14)

Gl=—;10¢Io+m0—m1+mc—m7‘1c71+71cfc (15)

where m is the body mass, ¢; and q, are the forces acting on [ and O, f. and m¢ de-
note external force and torque acting on the mass center of the rigid body, m; and m, are
torques acting on the points / and O, r;o and r ;¢ are position vectors from / to O and C,
respectively, and #; is the absolute acceleration of point 7. All quantities are described in
the inertial frame. The acceleration of the mass center - can be substituted analogously
to (13), where O — C. The moment of momentum is givenas G; = A, J IA?.Q 1 wWhere the
inertia tensor w.r.t. / is described in the body-fixed frame. Later on, also the angular velocity
w; = A}SZ ; in the body-fixed frame will be used, see (20).

Since the angular velocities and thus accelerations of body-fixed reference frames located
at any point of the same rigid body are equal, we find

R,=92,. (16)

Equations (13)-(15) can be rewritten as

fozi:[-i-ElQI-i-Ez, (17
4o =4, + Es¥; + E42; + Es, (18)
mo=m;+ Esqo+ E7i; + EsR; + Ey (19)
where
E\=—Fo, Ey,=R2,2r0, E; =—ml;,
E¢="F0, E; =mrc, Ey=A;J A7,
o (20)
E,=mrc, Es=fc—m%2,82rc,
Ey=—mc—Ficfc+ A0 0;.

With state vector (4), (16)—(19) can be combined in a transfer equation (8) with the 13 x 13-
transfer matrix of a rigid body

I; E, 033 033 E,
03,3 I3 03,3 03,3 03,
Uj: E¢E;+E; EqE,+ Eg 13 Eg¢ E¢E;+ Eg . 21
E; E, O3 I E;
0.3 013 0.3 0 1
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144 X. Rui et al.

3.2 Transfer equation of a smooth ball-and-socket hinge

For a smooth ball-and-socket hinge j, its mass and size are neglected. Therefore, the position
coordinates, as well as the corresponding time derivatives, and internal forces and torques
are equal. This results in the following equations:

Fio=Fjp, (22)
9j0=494;r (23)
mjy() :mj,l. (24)

If its outboard body’s outboard hinge is also a smooth ball-and-socket hinge j + 2, the
internal torques of j 4 2 vanish since the friction is neglected. This results in

mji10=0 (25)

where j + 1 is the corresponding outboard body of the smooth ball-and-socket hinge j.
The transfer equation for the outboard rigid body of the acceleration hinge j is

Zjir1,0 =Uj12j41,1 (26)
where the transfer matrix (21) may be partitioned as

u U us U4 Uls

us i u»n us U4 Us
Ujpi=| usg u3p w3z  uzs Uszs . 27

Uyg Us2 Uygs Ussg  Uss
01><3 01><3 01><3 01><3 1

J+l1

Then the third row yields a relation of the input and output state variables of this rigid body
as

mjg0=u31¥Fj+ u3,29j+1,1 FUuzzmj g+ U34q T USS. (28)

Solving the above equation for £2 j+1,7 with relation (25) yields
Qj+1,1 = _u3_éu3,1;:j+1,1 — u;§u3,3m1+1.1 - u3_éu3.4qj+l,1 —u3uss. (29)

With z;41,; = zj,0 and (22)—(24), (29) may be reformulated as
S'Zj,o = —u;éumi"j,[ — u;§u3,3mj,1 — u;éumqj’, — u;éu”. (30)

By combining (22)—(24) and (30), the transfer matrix of smooth ball-and-socket hinge j can
be obtained as

I; 03,3 03,3 03,3 03,
—u;lz"m 03,3 —uilzum —u;'zu3,4 —u;"2u3’5
Uj= 0353 033 I 0353 0351 : 3D
03,3 03,3 03,3 I; 03,
0.3 01,3 01,3 0.3 1
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A new version of transfer matrix method for multibody systems 145

Fig. 2 Smooth pin hinge moving
in space

3.3 Transfer equation of smooth pin hinge moving in space

A smooth pin hinge j with inboard rigid body j — 1 and outboard rigid body j + 1 is shown
in Fig. 2. The position coordinates coincide as well as the corresponding time derivatives,
and internal forces and torques are equal:

Fio=Fji, (32)
9;0=494;1> (33)
mjo=mjj. (34)

In the direction of the rotation axis {; ¢, the torque vanishes. By transforming m  ; to the
outboard frame with AJT,O and projecting it with H, =[0 0 1] onto the ¢-axis, this may be
expressed by

H,Al ,m;; =0. (35)

From kinematics we find for the angular velocities ;0 = £, + Aj ow, where w, =
[00 ©;]". By differentiation we get

ijo:S.ij‘l—éj,oAjiyo(z)y‘FAj,gd)r. (36)

The last term of the above equation can be eliminated by premultiplication with H 1AJT,0
which is firstly a coordinate transformation to the outboard reference frame and then a pro-
jection onto directions perpendicular to the rotation axis. By this we finally get

HlA},ij,o=H1A;Oflj,1+H1A;0fljyoAj,0w, 37

100
Hl:[o 1 o]'

Similar to Sect. 3.2 we now have to take into account outboard body j + 1. We assume
that its outboard element is also a pin hinge, where we have according to (35)

where

HyAj,, omji1.0=0. (38)
By substituting (28) into (38), we obtain
HzA}H,oum'fjJru + HzAJT-H,Ou&zQHl,/ + HzA}+1,0u3,3mj+1,1

+ HyAT | gusag i+ HaAT ouss =0. (39)
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With z;41,; =z 0 and (32)—(34), this may be reformulated as

T : _ T - T
_HZAj+14,0”3,2-Qj,0 = HZAj+1,0"3<1r.f,1 + H2Aj+1,0"3,3mj,1

+ HyAT, ousaq; + HyAT L puss. (40)
In combination with (37), we get
Eog_;‘,o =E\F;;+ EZQ_/’,I +Esm;;+ Euq;; + Es, (41)
or
R20=E;'E\F;;+Ey Ex@,;, + Ey'Exm;; + Ey Eaq;, + Ej'Es,  (42)
where
Ey = |: HI?IO :| E,= |: 22X3 :| E2=|:H1A}.O]’
—H>Aj,, ousp H>A | ous, 013
05, 0, H AT 2. 0A; oo,
E;= |:H2A?j1,30u3¢3:| ’ Ei= [H2A}jl,:z)u3,4} ’ Es= |: lsz‘ZLJl’q(;u;: :| .

Combining (32), (33), (34), and (42) and arranging them according to the configuration
of state vector (4) yields the transfer matrix of a smooth pin hinge j:

13 03><3 03><3 03><3 03><1
E,'E, E,'E, E,'E; E,'E, E,'E;
Uj=| 055 03 I3 033 O3 | - 43)
033 O35 O3y I; 035
01><3 01><3 Ol><3 01><3 1 j
It should be noted the second time derivative of joint coordinate (;)'j can be obtained if the
state vectors of the pin hinge’s input and output point are already known. This is achieved
by premultiplying (36) with H 2A},0, resulting in

O;=HA] ;R0 — HyA] 2,1 — HrA} 42,0400, (44)

4 Numerical examples

In order to verify the proposed approach, the dynamics of several spatial pendulum systems
and chain systems are simulated numerically by both the proposed method and the classi-
cal Newton—Euler method, respectively, where the latter sometimes is also called Lagrange
method. For convenience only chain systems are considered in the following. However, the
method is also applicable to closed-loop systems, tree systems, network systems, etc., anal-
ogously to the original MSDTTMM [10].
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A new version of transfer matrix method for multibody systems 147

4.1 Dynamics of a spatial multibody system with ball-and-socket hinges

Let us firstly consider a pendulum system with three rigid bodies moving in space and con-
nected by three smooth ball-and-socket hinges under the effect of gravity as shown in Fig. 3.
The body and hinge elements are numbered successively, where 1, 3, 5 denote joints, 2, 4, 6
denote bodies, and 0 denotes the boundary ends of the system. The parameters of the three
rigid bodies are identical, where the coordinates of the mass center and the output point and
the moment of inertia relative to the input-end in the body-fixed frame are as follows:

155
ric=[05 0 0]"m, rio=[1 0 0]"m, J,:diag(E,E,E>kgm2.

The space-angles given in Sect. 2.1 of bodies 2, 4, 6 are collected as the generalized coordi-
nates of this system and the initial conditions of the system are

0246=0, 6,4 =0, 6s=1[0 0.1 0]" rad/s.
The overall transfer equation of the system is
260 =Ur6221 where Us s =UsUsU,U3U,. (45)

The transfer matrices U,, U4, U referring to bodies correspond to (21), whereas Us, Us
result from (31). The ball-socket-hinge left to body 2 determines the boundary state

2a=[0 0 0 2 @ £ 000 g q ¢ 1],

whereas the output state of body 6 is free with zero forces and zero torques, but unknown
accelerations:

Zoo=[%¥ ¥ % £ £, 20000 0 0 1],
Thus, the reduced vector of unknown boundaries in (11) reads as

2=[2:21 2521 220 @21 Gy2i1 gia

X60 Y60 260 $2x60 Qy.(),O £2;6.0 1]-

The time histories of the rotation angles of rigid body 2 obtained by the proposed method
and by Newton—Euler method are shown in Fig. 4 represented by ‘line’ and ‘x’, respectively.
It can be seen clearly that the computational results of the two methods have good agree-
ment, validating the correctness of the new formulation of the transfer matrix method for
multibody systems.

4.2 Dynamics of a spatial multibody system with pin hinges

In the second example, the ball-and-socked hinges in Fig. 3 are substituted by three smooth
pin hinges, leading to the spatial arm system in Fig. 5. The overall transfer equation is
identical to (45), except that Uz, Us now have to be taken from (43) and the boundary

conditions of the system are

. T
221=[0 0 0 0 0 2. my my 0 g« qy ¢ 1]”,
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148 X. Rui et al.

Fig. 3 Spatial pendulum system y
2 4 6
25, %60
-—>
b
1 3 5 0
z
Fig. 4 Time history of the 1 ; . . .
rotation angles of body element 2 Proposed approach 2]
05[] = Newton-Euler method T

Space Three Angles(rad)

Fig. 5 Spatial 3-DOF arm by

— é o

T

Zeo=[% § I 2 2, £2 00000 0 1],.

The joint coordinates (44) of pin hinges 1, 3, 5 are collected as the generalized coordi-
nates of this system. Time histories of the relative rotation angles of these pin hinges with
initial conditions

) = @3 = Os =0 rad, 6, = @5 =0rad/s, 63 = 1 rad/s
again coincide for the proposed and Newton—Euler method as shown in Fig. 6.

4.3 Dynamics of a planer pendulum system

The dynamics of a single pendulum moving in plane is considered to illustrate the increased
computational precision of the proposed approach compared to the original MSDTTMM.
In Fig. 7, the 6 reference trajectory is computed by solving the dynamics equation J6 +

@ Springer



A new version of transfer matrix method for multibody systems 149

Fig. 6 Time history of the ' '
relative rotation angles of the 2t Proposed approach o ]
three pin hinges * Newton-Euler method / 5

Rotation Angles (rad)

0 2 4 6 8 10
£(s)
Fig. 7 Comparison on 2 .
computational precision of the —+ - MSDTTMM
new version of MSTMM and 2.5} —+— Proposed approach R
MSDTTMM — Reference trajectory ,

dg/dt (rad/s)

mglcosf/2 =0 with a 4th order Runge—Kutta (R-K) method with a constant step size of
h = 1.0E-3 s for initial conditions 6(0) = —mr/2 rad and 6(0) = —5.4 rad/s. Dynamics
parameters are given as J =ml*>/3, m =1kg, [=1m.

In comparison, the simulation results of the proposed approach combined with 4th order
R-K integration method and the original MSDTTMM with constant step size 7 = 1.0E-1 s
are drawn. Obviously, the error of the proposed method is smaller than that of the MS-
DTTMM even in the first three integration time steps, where computational errors at each
time instant ¢ are shown in Table 1. This demonstrates the higher precision of the proposed
approach using exact acceleration computation over the original approach using local lin-
earization.

For computational speed assessment, we consider a planar pendulum system formed by
homogeneous rods with length 1 m and mass 1 kg, which are connected by smooth hinges.
The CPU used is an i7-3610QM processor with max frequency of 3.3 GHz. Firstly, both
the proposed approach and Lagrange equations are computed by using a single thread. The
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150 X. Rui et al.

Table 1 Computational error e(¢) at each time instant

h(s) e(0.1) rad/s e(0.2) rad/s e(0.3) rad/s
Reference trajectory 1.0E-3 - - -
Proposed approach 1.0E-1 —1.21E-4 —1.84E-4 —1.95E-4
MSDTTMM 1.0E-1 —1.05E-2 —2.44E-2 —3.59E-2

global dynamics equation established by Lagrange method can be obtained as

b 67 gl (mi/2+my + -+ +m,)cos b
02 63 gh(my/2+m3+---+m,)cosb,

Al . |=—-B| . | — . (46)
6, 62 gl.(m,/2)cos0,

where A = [q;;], B = [b;;] with

(m7j+mj+1+-~'+mn)l?+fcj fori =j,

ajj = m; . .
! Ll (5 +mj+---+my)cos(®; —0;) fori#j,
0 fori =j,

bij = Lli(5 +mjp +--+my)sin@; —6;) fori <,
—bj; fori > j,

and [j, m;, 0;, JC]. are the length, mass, rotation angle and moment of inertial w.r.t. its mass
center of rod j, respectively.

As shown in Fig. 8(a), the time consumption of the proposed approach is much less than
that of a classical Lagrange method, which demonstrates the high computational speed of
the new version of MSTMM. Under the same computational condition, Fig. 8(b) shows a
comparison with the order (n) recursive method [13] which has a similar speed.

4.4 Dynamics of a planar multibody system with spring and damping hinges
modeled by acceleration hinges

Figure 9 shows a chain multibody system composed of masses moving along the x-axis. The
interactions among the body elements are due to spring and damper elements. The system
parameters are

m; =0.1kg (i=2,4,6,8,10), k; = 1000 N/m,
¢;=0N/(ms™") (j=1,3,57,9).

The displacements x; ; (i =2,4, ..., 10) of all the bodies are collected as generalized coor-
dinates of the system and the initial conditions are

x; 1(0) = ’5 01lm,  %,0)=0 (i=24,...10).

The external forces are

f>=100N, fi=0N (k=4,6,8,10).
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Fig. 8 Time cost of the new x10*
version of MSTMM compared to T T
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The overall transfer equation reads as
2100 = Uz—10221  where Uy_19 = U gUgUsU7UcUsU4U3U,

with U; (i =2,4,6,8,10) denoting the transfer matrix of body elements and U; (j =
3,5,7,9) denoting the transfer matrix of hinge elements. The state vector z in this example
may be reduced according to (7). The transfer matrix of body elements U; (i =2, 4,6, 8, 10)
can be obtained by reducing transfer matrix (21) of a spatial rigid body to a one dimensional

@ Springer



152 X. Rui et al.

Fig. 10 Times histories of 1 . .
bodies 2 and 10 in chain system —— Proposed approach
+  Newton-Euler method rigid body 10
0.8
E06¢ 1
c
S 7
.c“Z)’
£ 04r 1
02 WWW
0 rigid body 2
0 0.2 0.4 0.6 0.8 1
t(s)
problem, namely
1 0 0
U=|-m 1 F (i=2,4,...,10) 47)
0 0 1

where F; is the summation of the external force and all the elastic and damping forces acting
on body i, i.e.,

Fi= fi+kioi(xi—o — xi) + cici (Xi—2 — X;)
F ki1 (X2 — X)) F i1 (X2 — X)) (=2,4,...,8), (48)
Fip = fio + ko(xg — x19) + co(xX3 — X19). (49)

The two adjacent rigid bodies of a hinge j (j = 3,5, 7, 9) in this example are relatively free,
and such joints are called accelerations hinges in this paper. For such a hinge j, we get

(X)j,0=X)jp1,1=Fijp1/mjyq, (50)
@x)j,0 =(qx)j1- (5D

Collecting these two equations according to the state vector (7) yields the transfer matrix

0 0 Fj+1/mj+1
Uj=|0 1 0 (j=3,5,7,9) (52)
0 0 1

of this hinge element. The formulas of a generalized spatial elastic hinge and acceleration
hinge are provided in the Appendix.
The boundary conditions of the system are

22,1 =[%,0, 1]{1, Z10,0 = [X, 0, l]foyo-
The time histories in Fig. 10 of the position coordinates of body element 2 and body el-

ement 10 again show good agreement between the proposed method and Newton—Euler
method.
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5 Conclusions

The new version of MSTMM presented in the paper improves the computational precision
of the transfer matrix method to the same level as ordinary multibody system approaches
based on global dynamics equations. This is achieved by formulating transfer equations
between accelerations and forces instead of position coordinates and forces as in the orig-
inal MSDTTMM. The new formulation avoids linearization and allows using any integra-
tion algorithm. Simultaneously it simplifies the transfer matrices compared to the original
MSDTTMM, while keeping the features of transfer matrix method of avoiding global dy-
namics equations of the multibody system. For long chains the computational speed is com-
parable to that of recursive schemes.
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Appendix: Elastic hinge and acceleration hinge
A.1 Elastic hinge

An elastic hinge [14] is sometimes also referred to as bushing element in ADAMS software,
coupling element in [15], or force element in [16], whose mass and size are neglected. It
models springs and dampers acting between two bodies so that force and torque magnitudes
can be expressed by six Cartesian components, which are linear functions of translational
and rotational displacements between two adjacent bodies. For an elastic hinge j shown in
Fig. 11, the inboard and outboard body elements are connected with this hinge. The action
and reaction between the two connected body elements j — 1 and j + 1 are represented by
the elastic forces due to relative deformations of the hinge. Generally speaking, these elastic
forces can be treated as part of the external forces acting on the connected body elements.
Thus, the first step is to find the elastic forces.

In Fig. 11, 1&n,¢; is the inboard coordinate system of hinge j, O&n,¢; is the outboard
frame, and /&313¢3 is an intermediate coordinate system used to formulate large relative
rotation. The origin point and ¢ -axis of /£;13¢3 coincide with those of 1£,1, ¢, respectively.
1&3m3¢3 can be obtained by rotating 7£;n,¢; about the ¢-axis by angle 6,, where the value
of 6, is achieved such that the relative rotation between O&,;n,¢, and 1£3713¢3 is minimized.
¢; is the axis of large relative rotation of hinge j.

There are various ways to choose an appropriate value of 6,, and the following is just a
suggestion. Firstly, one obtains the direction cosine matrices Ag; and Ao, of 1&71,¢; and
0&,n,¢, with respect to oxyz. The relative direction cosine matrix of 0O&;n,¢, with respect
to 1€n¢, is then given as

Ajx=Ag, Ao (53)

Assuming that A;, is obtained by three continuous rotations according to Sect. 2.1,
one can deduce three corresponding rotation angles 6y, 6,, 65. Then one can treat the third
rotation angle 65 as the unknown variable 6,. In a similar way, é,, the time derivative of 6,,
can be obtained. Then the orientation and angular velocity of 7&3713¢3 are totally obtained.
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Fig. 11 Spatial elastic hinge

e

In a similar way, the relative orientation cosine matrix of O&;1,¢, with respect to 1£313¢3
and its time derivative with respect to time can be obtained, denoted as Az, and A3,2, re-
spectively. Then one can obtain the three corresponding infinitesimal rotation angles and
their time derivatives with respect to time, which are denoted as 63, = [0 6, 6, 1T and
03, =16, 6, 6.1, respectively.

The elastic torques and forces of hinge j decomposed in /£3n3¢3 can be obtained as
follows:

m=[K.6,+c6. Ko, +c,, Ko +cb ], 5
f=[kAx+c, A% kAy+c,A) kAz+c,Az]"

where Ar = [Ax Ay Az]T is the position vector from the origin of O&;n,¢, to that of
I&3n383 decomposed in 1&3m383. ki, ky, k;, ¢, ¢, and c, are the stiffness and damping
coefficients. k., k/y, k., cl, c/y, and ¢! are the rotational stiffness and damping coefficients,
respectively.

The elastic forces (54) will be treated as part of the external forces in (14) and (15) acting
on the connected body elements and the elastic hinge may be treated as an acceleration hinge
whose transfer equation is deduced in the following section.

A.2 Transfer equations of acceleration hinges moving in space

The acceleration hinge may be considered as a dummy hinge, but without interaction be-
tween the two adjacent bodies. The translational and angular acceleration of the output end
of an acceleration hinge can be obtained from the transfer matrix of its outboard body.
The processes to deduce this transfer matrix are similar to those for smooth ball-and-socket
hinges and pin hinges in Sects. 3.2 and 3.3. The internal forces and torques of the elastic
hinge will be treated as external forces and torques acting on its inboard and outboard body,
respectively.

For a massless hinge j moving in space, the following force and moment equilibria can
be obtained:

qj,Oqu,l’ (55)

mjo=mj,. (56)
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If its outboard body’s outboard hinge is also an acceleration hinge j + 2, the internal forces
and torques of j + 2 vanish since they are treated as part of the external forces acting on its
two adjacent bodies. This results in

9dj+1,0= 0, (57)
mj0=0 (58)

where j + 1 is the corresponding outboard body of the acceleration hinge j.
The transfer equation for the outboard rigid body of the acceleration hinge j is

Zjir1,0 =Ujp1zj41,1 (59)

where the transfer matrix (21) may be partitioned as

u, us us U4 Us
us u» us U4 Us
Uj+l =\ Uzl usn uss Usg U3s . (60)

Uy /2%] /2% Usy Uss
O3 013 013 O3 1

J+l1

Then the third and fourth rows yield a relation of internal moments and forces between
input and output of this rigid body as

Mjp10=u31Fjp1 1+ U328 417t Ussmj g +usaq +uss, (61)
Gii10=Ua1Fj1 1+ U221+ UM 1+ UsAq g U S (62)

Substituting (57) and (58) into (61) and (62) yields

|:u3,1 u3,2} |: ;.:j+14,1 } + |:u3,3 u3,4} I:mj+l,1:| + |:u3,5] -0 (63)
Uy Uap || R4 sz Uaa || Gjii1 uys
With z;,1; =z 0 and (55)—(56), (63) may be reformulated as
Fio A—la | MM PPN
. =—u, u —u, u 64
[9/‘,0] ! 2[‘1/:1} P ©
where
it = us, usp , i, = uszs Uz ) ity = uss ) (65)
Ug1 Us2 Uss Uga Uys

By combining (55), (56) and (65), the transfer matrix of acceleration hinge j can be
obtained as

Oovs —it; ', —it it3
Uj = 06><6 16 06><1 . (66)
Oi1x6 Oixs 1

J
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