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Abstract The penalty formulations that describe the contact forces between different bod-
ies of a mechanical system use the penetration as a representation of the local deformation.
The dynamic analysis of the system is conducted assuming explicit or implicit relations be-
tween contact force and penetration, dependent on the geometries and material properties of
the contacting points. Most of the cylindrical contact force models are based on the Hertz
pressure distribution, exhibiting the same restrictions of the Hertz elastic contact theory,
which prevent them from being used with conformal contact conditions often observed for
low clearances. Furthermore, the existing cylindrical contact models represent the contact
force as an implicit function of the penetration with logarithmic expressions, which pose
some limitations in their use. We propose an alternative analytical cylindrical contact force
model that describes the contact force as an explicit function of the penetration. The new
enhanced cylindrical contact force model is based on the Johnson contact model and com-
plementary finite element analysis valid for internal and external cylindrical contact. We
show that, within the domain of validity of the Johnson contact force model, the forces
predicted with the proposed model are well correlated with reference models, actually ex-
panding their application range. The performance of the proposed model is demonstrated
with the analysis of a multibody slider-crank mechanism in which one of the joints exhibits
mechanical clearances.
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1 Introduction

Whenever a component in a multibody system experiences impact, forces of a complex na-
ture take place being the corresponding impulse transmitted throughout the chain of bodies
of the system, which in turn has a noticeable influence on the dynamic response of mechan-
ical systems. The use of continuous contact force models, as opposite to the discontinuous
formulations, has been shown to be suitable and accurate for the treatment contact problems
[1–5], in particular, in the presence of multiple impacts, when long contact periods are in-
volved or when frequent intermittent contacts are observed as in many applications of multi-
body systems [6, 7]. The evolution of the normal contact forces also provides the basis of
many friction models required for the dynamic impact analysis of multibody systems [1, 8].
In the process, the information on the contact forces, contact deformation, contact duration,
reaction forces, energy dissipation, velocity, and acceleration is continuously available at
every time step of the dynamic simulation for all multibody system components fulfilling
the input requirements of most engineering design or analysis processes [7, 9–11].

In the continuous contact force method, the occurrence of penetration is used as the ba-
sis to evaluate the local deformation of the contacting bodies [1, 3, 12–14]. The dynamic
analysis is conducted continuously by explicitly or implicitly assuming a relation between
the contact force and penetration, which depends on different types of contacting geome-
tries [1, 14]. For spherical impact geometries, where the contact areas assume a circular
or ellipsoidal shape, the contact parameters used to define the continuous contact force are
estimated by applying the Hertz elastic contact theory [15, 16]. Unfortunately, for line con-
tact, characterized by rectangular contact areas depicted in Fig. 1 and observed for contact
involving cylindrical shape bodies with parallel axis, the physical meaning of contact param-
eters is not straightforward, and their values are not easily obtained [17]. Current cylindrical
contact force models are not only nonlinear, but they represent the contact force as implicit
functions of the penetration [18–21]. As a result, when used in the framework of forward
dynamic analysis, a numerical iterative technique is required to evaluate the contact force
at each integration time step. This is not only computationally costly but also represents a
numerical difficulty for the performance of a computational program, especially if a greater
number of contacting bodies are involved. Furthermore, due to their mathematical formula-
tions, the range of forces and deformation in which they can be applied are limited [22, 23].
None of the models used for cylindrical contact considers energy dissipation as part of the
normal contact force evaluation, which is an important source of damping in practical appli-
cations.

Based on the earlier work of Hunt and Crossley [24], Lankarani and Nikravesh [3] pro-
pose a contact model where the Hertz contact model [15, 16] is modified by adding a term
that accounts for the energy dissipation that occurs during the impact process [3, 24]. Al-
though developed in the framework of point contact, this model has been widely used by
many researchers for modeling contact forces in multibody systems for spherical and even
for cylindrical contacting geometries [1, 7, 11, 25]. The use of the Lankarani and Nikravesh
model indiscriminately for spherical and cylindrical contact, disregarding the different for-
mulation of the proportionality coefficient can only be understood by the fact that in planar
multibody systems the formulations of the revolute and spherical joints are the same. How-
ever, this confusion is inconsistent with the physical contact phenomena and erroneous.
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Fig. 1 Dimensional characteristics and definitions for cylindrical contact: (a) internal contact; (b) external
contact; (c) shape of contact area

When compared with other analytical cylindrical contact force models, for example, the
Johnson model, the Lankarani and Nikravesh contact model [3] is simply a rough approxi-
mation to estimate the contact forces between two cylindrical bodies [23].

Based on Winkler elastic foundation, Liu and coworkers [26] proposed a simple and
straightforward cylindrical conformal contact model where the contact force is directly cal-
culated from a given penetration. The relations between the contact force and the penetration
are obtained by using the Johnson model, the Persson theory, and finite element analysis of
cylindrical contact with several clearance values. It is concluded that the Johnson model is
effective only when the clearance is large enough and the contact force is small or medium,
which implies that it should not be used in conditions of cylindrical conformal contact. In
what the Persson theory is concerned, it can be applied only in the case of small clearances
and large enough semiangle of contact. However, the validation of the model proposed by
Liu and co-workers and of other models is done by using a detailed finite element analysis
but for a range of contact conditions, dimensions of contacting cylinders, clearances, pen-
etrations and elastic material properties, specific for the applications is foreseen in each of
them [26, 27].

Due to its mathematical formulation and experimental basis, the Johnson model has a
specific validity domain, which depends on the clearance value and material properties [23].
The range of contact conditions used by Liu and coworkers is also limited to the specific
conditions considered in its formulation, in particular what concerns to penetration values
and dimensions of contacting bodies [22]. Many other cylindrical contact models discussed
by Pereira et al. [22, 23] have limitations that impair their use in ranges of parameter values
required by practical applications. In addition, none of these models accounts for the energy
dissipation process that characterizes and conditions many impact phenomena [13, 27, 28].

To overcome the limitations of the current cylindrical models, an analytical model free of
mathematical and physical limitations and defining the contact force as an explicit function
is a desirable alternative for implementation in a computational code for the dynamic anal-
ysis of multibody systems that experience impacts and contacts between cylindrical bodies.
With this purpose, we present here a new enhanced cylindrical contact force model that
includes a penalty term, or pseudo-stiffness, not dependent on the contact force and that ac-
counts for energy dissipation during the impact process. The validation of the model in the
framework of existing models and finite element contact analysis is carried in the process.
A slider-crank mechanism with a revolute clearance joint is used to establish a compara-
tive analysis between the dynamic responses of mechanism using different contact force
models. In the process, the numerical efficiency associated with different contact modeling
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approaches is discussed. In order to represent a more realistic description of contact phe-
nomena, the tangential friction forces are included in the slider-crank multibody model. The
importance of different terms associated with the energy dissipation is also observed in a
smoother dynamic response of the system characterized by the selection of larger time steps
in the numerical integration process.

2 Cylindrical contact models

In a recent study concerning models to represent the contact between cylindrical shaped bod-
ies, it has been concluded that both Johnson and Radzimovski contact force models are able
to handle a wide range of relative dimensions and material properties, although they present
some mathematical limitations in their application [23]. All other models available in the
literature present shortcomings that restrict their range of application, in particular relative
to the Johnson model. Not only because the Johnson model is more used than the Radzi-
movski model and the comparison between them is presented in references [22, 23] without
showing any relative superiority between them, but also because the Johnson model is val-
idated experimentally in its original development, the Johnson cylindrical contact model is
selected here as the starting point for the development of a new enhanced cylindrical contact
model.

The Johnson cylindrical contact model relates the normal contact force with the pene-
tration between two cylinders of radii Ri and Rj with axial length L, with parallel axis,
by

fn = πLE∗
[

ln

(
4πLE∗�R

fn

)
− 1

]−1

δ, (1)

where δ is the penetration, accounting for the contribution of both cylinders, which is as-
sumed to be measured at a point distant enough from the contact point, E∗ = E/2(1 − ν2)

is the composite modulus, assuming materials with similar elastic modulus E and Poisson
coefficients ν, and �R = Ri −Rj , is the radial clearance between the two contacting bodies.

Due to the logarithmic form of the Johnson cylindrical contact model, its range of ap-
plication is limited to a maximum load, dependent on the size of the clearance and on the
material properties, above which the contact force decreases with the increase of penetra-
tion [22, 23]. In multibody applications, the Johnson contact model is in the category of
penalty contact formulations in which the penetration, calculated directly using the system
state variables, is known and used to evaluate the contact force. The solution of the nonlin-
ear Eq. (1) requires a numerical iterative technique such as the Newton–Raphson method
that may become computationally expensive. Furthermore, this contact model does not in-
clude any energy dissipation, preventing it from being used in applications for which there
is impact or large variations on the contact load, as considered in Eq. (1).

The contact model proposed by Lankarani and Nikravesh [3] relates the contact force
with penetration and includes energy dissipation as

fn = 4E∗

3

(
RiRi

�R

)1/2

δn

[
1 + 3(1 − c2

e )

4

δ̇

δ̇
(−)

]
, (2)

where ce is the restitution coefficient, δ̇
(−)

is the relative impact velocity, δ̇ is the actual
penetration velocity, and the exponent n is generally 1.5 for metallic materials. This model
includes a representation of the energy dissipation very similar to that proposed by Hunt and
Crossley [24] and has no mathematical limitations, besides the fact that for low restitution
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coefficients, it leads to unrealistic contact forces [2]. Furthermore, it provides the contact
force directly from the knowledge of the system variables, that is, it does not require the
use of any iterative procedure. The most serious problem with the Lankarani and Nikravesh
contact model is that it is not a good representation of cylindrical contact leading to contact
forces much lower than those predicted by the Johnson model [23], which is experimentally
validated.

From the computational point of view, an efficient contact model is represented by the
template provided by the Lankarani and Nikravesh contact model, including energy dissipa-
tion, and by the accuracy of the Johnson contact model, that is, the model template has the
mathematical form of

fn = Kδn

[
1 + 3(1 − c2

e )

4

δ̇

δ̇
(−)

]
, (3)

where the proportionality factor K and the exponent n must be evaluated according to the
geometry and materials of the contacting surfaces. Note that the form fn = Kδn is similar
to the Hertz elastic contact law, which is valid for a wide range of clearances and material
properties and serves as the basis for the derivation of the Johnson model. With this purpose,
an alternative analytical model for the contact between cylindrical bodies, without the do-
main validity limitations of the Johnson model, which defines the contact force as an explicit
function of penetration, is presented and applied in this work.

3 Enhanced cylindrical contact force model

3.1 Enhanced cylindrical contact force model development

Due to its accurate representation of the cylindrical contact force, the Johnson contact model
is used here as the reference to derive the enhanced cylindrical contact model, in the form
described by Eq. (3). The values of the constants K and n are obtained by the best fit approx-
imation of a relation of the type fn = Kδn for a wide range of the cylinder radii Ri and Rj

and material properties E and ν. For instance, assuming a clearance value of �R = 50 µm
and elastic material properties of E = 207 GPa and ν = 0.3, the best fit for internal cylin-
drical contact is K = 312148 and n = 1.2370, whereas for external cylindrical contact,
K = 44935 and n = 1.0935, for a correlation R2 > 0.998 between the Johnson model and
the exponential fit. Figure 2 shows the relation between contact force and penetration for the
exponential fit and Johnson contact model for the values referred.

The results provided in Fig. 2 show that contact force relations with very good correla-
tions with the Johnson contact force models can be obtained by identifying the proportion-
ality and exponent parameters of Eq. (3) using exponential fit functions. The question now
is to know the relations between the values for K and n and the geometrical and material
properties of the cylindrical bodies. For this purpose, consider a range of variation for the
clearance of 50 µm < �R < 10 mm for internal contact and 5 mm < �R < 500 mm for
external contact, which spans clearances in typical mechanical systems to values associated
with other types of cylindrical contact. Furthermore, let the material properties have ranges
of variations of 0.1 ≤ ν ≤ 0.5 and 20.7 GPa < E < 10000 GPa, which spans the proper-
ties of most of the materials used in mechanical engineering applications from plastics to
ceramics.

The correlation between the Johnson and the exponential fitted contact models with dif-
ferent exponent values of n as a function of the cylinder radius and material parameters
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Fig. 2 Best fit of the normal force as a function of the penetration with respect to the Johnson contact
model for (a) internal contact with �R = 50 µm and (b) external contact with �R = 140 mm, assuming
E = 207 GPa and ν = 0.3 in both cases

Fig. 3 Variation of the exponent of the exponential for (a) internal and (b) external cylindrical contact as a
function of the variation of the geometry and material

is analyzed. The results shown in Fig. 2 for internal and external cylindrical contacts are
obtained for a limited number of values inside the limits of the properties considered.

Figure 3 shows that for internal contacting geometries, the value of the exponent n is
quite sensitive to �R, whereas it has a much lower sensitivity to the variation of the elastic
properties of material. For external contact, the exponent value variation seems to be equally
dependent on both �R and the elastic modulus. Thus, for internal contact, it is not possible
to consider a single value for the exponent n of the contact force model implied in Eq. (3).
For external contact, an exponent n = 1.094 provides approximations with acceptable cor-
relations for most of the values of the geometric and material properties of the cylinders.
Exceptions are observed for the lowest values of �R and for the minimum and maximum
values of the Young modulus. Therefore, different values of the exponent must be consid-
ered in order to guarantee accuracy in the application of the enhanced model in situations
with very low clearances.

Although not shown in Fig. 3, the proportionality factor K used in Eq. (3) is also sensitive
to the geometric and material properties. An overview of different cylindrical contact force
models in general, provided in reference [23], or of the models depicted by Eqs. (1) and (2)
suggest some level of proportionality between the contact force and the material constant
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E∗ and the inverse of the geometric constant 1\�R. In order to better isolate the effect
of the material and geometric constants on the contact force model, we assume that the
proportionality factor K in Eq. (3) is given as

K = K∗ LE∗

�R
. (4)

Therefore, the constant K∗ needs to be identified using the exponential fit function together
with the exponential factor n. Furthermore, we assume that K∗ and �R are linearly related.

The deformations δ are obtained with the Johnson cylindrical contact model for a wide
number of combinations of loads, in the range of 10 N/mm < fn < 1000 N/mm, with
material properties in the range of 0.1 ≤ ν ≤ 0.5 and 20.7 GPa < E < 10000 GPa and
geometric properties in the range of 50 µm < �R < 10 mm for internal contact and
5 mm < �R < 500 mm for external contact. The combination of different parameter values
leads to a collection of deformation-force pairs. With such a collection of results, an optimal
problem is defined as the minimization of the deviation between them and those obtained
by using the new cylindrical contact model. The parameters of the deformation-force equa-
tion of the model are used as design variables, and the optimal problem is solved by using
a genetic optimization algorithm [29]. Several runs of the genetic algorithm with different
populations and crossovers are attempted in order to obtain better solutions, out of which
the best is assumed to be the global minimum, thus providing the best correlation for the
enhanced cylindrical contact model.

The best correlation between the Johnson contact model and the new enhanced model is
obtained in the form

fn = (a�R + b)LE∗

�R
δn

[
1 + 3(1 − c2

e )

4

δ̇

δ̇
(−)

]
, (5)

where

a =
{

0.965 for internal contact,
0.39 for external contact,

(6a)

b =
{

0.0965 for internal contact,
0.85 for external contact,

(6b)

n =
{

Y�R−0.005 for internal contact,
1.094 for external contact.

(6c)

In Eq. (6c) the constant Y reflects the fact that for internal contact it is not possible to find
a single expression to obtain a good fit, that is, for which a good correlation between the
Johnson and exponential fit function for the complete range of clearances �R is obtained.
The best fit is achieved with the constant Y given by

Y =
{

1.51[ln(1000�R)]−0.151 if �R ∈ [0.005,0.34954[ mm,

0.0151�R + 1.151 if �R ∈ [0.34954,10.0[ mm.
(6d)

Note that �R = Ri − Rj for internal contact and �R = Ri + Rj for internal contact. The
remaining quantities in Eq. (5) have the same meaning as in Eq. (1).

3.2 Verification of the enhanced and Johnson models relative to finite element
cylindrical contact analysis

In different geometries considered for the finite element analysis of the cylindrical contact,
the clearance is defined by changing the radius of the internal cylinder Ri and maintaining
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Fig. 4 Deformable/Deformable cylinders’ mesh in a contact scenario using MARC®

constant the external cylinder radius Rj = 2.245 mm. The cylindrical internal contact is
modeled as a deformable/deformable contact, assuming that the internal and external cylin-
ders have equal elastic properties with E = 2.07×1011 Pa and ν = 0.3. The mesh geometry,
obtained using MARC® nonlinear finite element code, for a clearance value of 0.1 mm, is
shown in Fig. 4. The contact definition is introduced in the CONTACT TABLE option de-
scribed in [28]. The four-node plane stress isoparametric elements used to model the cylin-
ders have sizes between 6.63 and 1.31 µm. The choice of this mesh results from a sensitivity
analysis of the contact forces in function of the element sizes that indicates that further mesh
refinements do not alter the results obtained [28].

The load is applied in the center nodes of the axis of the internal cylinder. The boundary
conditions correspond to fixing upper half of the outside boundary of the external cylinder.
The distributions of the contact stress, obtained for clearance values of 1 and 0.01 mm, are
shown in Fig. 5. The parabolic shape symmetry of the contact stresses confirms that for this
level of clearances, the Hertz elastic contact theory can still be applied.

The penetration values, measured at the internal cylinder center, obtained with the finite
element model and those resulting from the application of both analytical contact models,
for loads of 20, 40, and 100 N/mm, are evaluated. Figure 6 shows the relation between
penetration and clearance for a load of 20 N/mm and clearances values in the range of 5 µm
to 1.5 mm. Although not showed here, it must be referred that the same trend observed in
Fig. 6 for a load of 40 N/mm is observed for the other loads. The results obtained with
the finite element, Johnson, and enhanced contact models differ from each other by less
than 10 % in the complete domain of the analysis. For clearances larger than 0.445 mm, the
differences are lower than 3 %. The same trend is observed for other levels of loading. Based
on these results, we conclude that, even for low clearance values, the Johnson and enhanced
cylindrical contact force models provide results with good quality when compared with
detailed finite element analysis.

The finite element, Johnson, and enhanced contact models are further verified by a com-
plementary experimental testing campaign reported by Pereira et al. [30]. Such experimental
results, although obtained for a limited range of material and geometric conditions, show
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Fig. 5 Contact stress distributions on the cylinders for clearance values of (a) 1 mm and (b) 0.01 mm

Fig. 6 Comparison of
penetration depths obtained with
the finite element, Johnson, and
the new enhanced contact models

that any of the computational or analytical models considered here provides an accurate
description for the cylindrical contact problem.

3.3 Application domain for cylindrical contact models

The practical applications with cylindrical contact are bounded by the limit on the Hertz
contact stress that the bodies in contact can exhibit, that is, it cannot exceed the yield stress
of the material. For different materials and various clearances, the maximum Hertz stress
equals the material yield stress for precise combinations of loads and clearances. The maxi-
mum Hertz stress is calculated as [17]

σH =
√

fnE∗

LπR
, (7)

where E∗, fn, and L are the same as defined in Eq. (1), and R = RiRj/�R. For each
material, Fig. 7 shows the maximum contact load that is reached by the material yield stress
for different loads, joint clearances, and dimensions of contact bodies. Table 1 summarizes
the materials considered and their corresponding elastics properties. Plastic materials are
neglected due to their low yield stresses. The range of clearance values from 0.001 mm to
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Fig. 7 Combinations between clearance and load leading to a maximum Hertz stress equal to the material
yield stress for (a) Ri = 100 mm, (b) Ri = 10 mm, and (c) Ri = 5 mm

Table 1 Types of materials considered and corresponding elastics properties

Type of material Elastic material properties

Young modulus [MPa] Yield stress [MPa] Poisson ratio

Ceramic
(Tungsten Carbide)

600000 450a 0.24

High Strength Steel
(DIN 34CrNiMo6)

210000 700 0.30

Low carbon Steel
(DIN 1.0402)

200000 300 0.30

Titanium Alloy
(DIN Ti6Al4V)

120000 850 0.34

Aluminum Alloy
(DIN AlMgSi0.5)

69000 240 0.33

aTensile Strength

2 mm are considered based on the work previously done by the authors, in which the typical
ranges of the sets of clearances and loads of the most common applications in mechanical
engineering are discussed [22].

It is observed in Fig. 7 that, for a particular material and contact bodies dimension, the
range of practical applications involves combinations of clearances and loads that fall be-
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Fig. 8 Combination between
clearances that lead to the
maximum allowable load in the
Johnson contact model for
different materials

low the curve in which maximum Hertz stress equals the material yield stress. It must be
noted that the variations on the Poisson ratio and Young modulus, associated with different
materials, also limit the range of applications for particular values of clearance and loading.
Furthermore, the dimension of contact bodies has a greater influence on the limit contact
load value that can be applied without reaching plastic deformation. The decrease of the
contact area leads to the decrease of the allowable contact load. In what follows, the range
of application is defined as the region of a specific graphic for which the maximum Hertz
stress is below the material yield stress.

In order to establish a comparative assessment between the enhanced cylindrical model,
presented in Sect. 3.1, in relation to the Johnson cylindrical contact force model, the validity
domain of the Johnson model must be identified. Thus, to ensure the mathematical and
physical meaning of Eq. (1), its logarithmic function must be equal to or greater than 2 [23].
This leads, regardless of contact bodies dimensions, to a load limit value for each clearance
value and for each type of material considered given by

ln

(
4πE∗�RL

fn

)
≥ 2 −→ fn lim ≤ 4πE∗�RL

e2
, (8)

where all the symbols have the same meaning as in Eq. (1). The maximum allowable load,
which defines the validity domain of the Johnson cylindrical contact force model, is defined
by the lines represented in Fig. 8 for the range of clearances and materials under analysis.
If the maximum Hertz stresses are evaluated based on the load limits, then the results are,
for the different combinations of elastic material properties, clearances, loads, and dimen-
sions of contact bodies, shown by the lines of Fig. 9. The possibility of plastic deformation
occurrence increases with the decreasing of contact area dimension and with yield stress
value.

3.4 Comparative study of the enhanced and Johnson cylindrical contact models

A comparative assessment of the enhanced and the Johnson cylindrical contact force mod-
els is now presented in terms of the differences exhibited by their results and their range
of applications. The ranges for this comparative study are 10 N/mm ≤ fn ≤ 1000 N/mm
for the contact force, 0.0075 mm ≤ �R ≤ 2 mm for the radial clearance, 0.24 ≤ ν ≤ 0.34
for the Poisson coefficient, and 69 GPa ≤ E ≤ 600 GPa for the Young modulus. The limit
load of 1000 N/mm corresponds to the maximum load per unit of cylinder length, for which
the Johnson cylindrical contact model is still valid for the lowest clearance under analysis
and for the majority of material types under analysis with the exception of the aluminum
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Fig. 9 Combinations between clearance and load leading to the maximum Hertz stress for the maximum
allowable Johnson load: (a) Ri = 100 mm, (b) Ri = 10 mm, and (c) Ri = 5 mm

and titanium alloys. For aluminum alloy and clearances of 7.5 and 10 µm, the maximum al-
lowable loads are 494 and 658 N/mm, respectively, beyond which the penetration decreases
with increasing load, which is physically inconsistent [23]. For titanium alloy and a clear-
ance of 7.5 µm, the maximum allowable Johnson load is of 865 N/mm. In what follows, the
difference between two models is given by

Diff EM/JM = δEM − δJM

δJM
100 %, (9)

where δEM and δJM are penetrations obtained with the enhanced and Johnson cylindrical
models, respectively, for combinations of contact load, radial clearance, and material prop-
erties.

The maximum differences obtained when the enhanced model is compared with the John-
son model, for the range of �R values and loads under analysis, are presented in Figs. 10,
11, 12, 13 and 14 for ceramics, high strength steel, low carbon steel, titanium alloys, and alu-
minum alloys, respectively. The areas in grey correspond to the combinations of clearance
and load for which the difference between the two models is too high due to the impossibil-
ity of using the Johnson contact model in such regions. For plastic materials, the comparison
between models does not make sense due to the restricted validity domain presented by the
Johnson model. From Figs. 10–14 we can conclude that the enhanced model presents a good
agreement in relation to the Johnson model with differences lower than 8 % for the range
of conditions with practical applications. These differences are, regardless of material prop-
erties, lower than 4 % for moderate loads. For clearances around of 25 µm and moderate
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Fig. 10 Differences between the
enhanced and Johnson contact
models as a function on the
variation of the geometry and
loading for ceramic
(E = 600 GPa; ν = 0.24)

Fig. 11 Differences between the
enhanced and Johnson contact
models as a function on the
variation of the geometry and
loading for a high-strength steel
(E = 210 GPa; ν = 0.3)

loads, a slight increase in the difference is observed, with a maximum value of about 8 %.
Nevertheless, in order to cover a wide application domain with a single expression, these
differences are acceptable in the limits of the application range.

For the low set of clearances under analysis, an undesirable increase on the difference
between models is verified corresponding to high loads. This difference increases with the
decreasing of material stiffness. The exception to this behavior is observed for ceramic ma-
terials. Combinations of (i) very low clearances and low loads or (ii) high clearances and
high loads are contact conditions with no practical applications. The same lack of physical
meaning exists in the combinations of (iii) very hard materials with extremely small loads
or (iv) low-strength materials and extremely high loads, for example, some aluminum al-
loys. In these conditions and for current engineering materials, the elastic domain limit of
material is quickly reached. The smaller the clearance, the greater the allowable load value
that can be applied without reaching plastic deformation, whereas for high clearances, the
plastic deformation is quickly reached with increasing loading, as shown in Sect. 3.3. The
maximum allowable load increases with the yield strength and the composite modulus of
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Fig. 12 Differences between the
enhanced and Johnson contact
models as a function on the
variation of the geometry and
loading for low-carbon steel
(E = 200 GPa; ν = 0.3)

Fig. 13 Differences between the
enhanced and Johnson contact
models as a function on the
variation of the geometry and
loading for titanium alloys
(E = 120 GPa; ν = 0.34)

Fig. 14 Differences between the
enhanced and Johnson contact
models as a function on the
variation of the geometry and
loading for aluminum alloys
(E = 69 GPa; ν = 0.33)
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Fig. 15 Generic revolute joint
with clearance in a multibody
mechanical system [1]

material. For clearance values lower than 0.25 mm and for very high loads, the difference
achieved increases, being this increase higher as the material elastic modulus decreases.
The limit load that can be applied without reaching plastic deformation decreases with the
clearance increase and with the Young modulus decrease.

A similar study can be performed for any other material in which cylindrical contact
modeling can be required. The general conclusions on the accuracy of the enhanced model
for the materials presented here are also valid for other materials with practical applications;
here we do not present such results for the sake of conciseness.

4 Demonstrative application with a slider-crank mechanism

4.1 Multibody systems with clearance joints

To demonstrate the application of the proposed new enhanced cylindrical contact force
model, let the equations of motion of a multibody system be formulated using Cartesian
coordinates. Let the position and orientation of a generic rigid body i of a multibody
system be represented by qi = [rT θ ]Tι , and the position and orientation of all bodies by
q = [qT

1 ,qT
2 . . .qT

nb]T . The equations of motion of a planar multibody system, subjected to
holonomic constraints, are [31] [

M ΦT
q

Φq 0

]{
q̈
λ

}
=

{
g
γ

}
, (10)

where M is the system mass matrix, Φq is the Jacobian matrix associated to the kinematic
constraints, q̈ is the vector that contains the generalized state accelerations, λ is a vector
of Lagrange multipliers associated to the kinematic constraints, γ is a vector with velocity-
dependent terms of the kinematic acceleration constraints, and g is a vector with the forces
applied to the rigid body of the system.

For multibody systems in which the kinematic joints exhibit some clearance or flexibility,
their contribution to the equations of motion is included in the force vector g, as contact
pairs, rather than in the Jacobian matrix Φq or in the acceleration constraint equations.
The clearance revolute joint, illustrated in Fig. 15, is used in the slider-crank mechanism to
represent the connection of the slider to the connecting rod. The new enhanced contact force
model proposed here is applied in the formulation of this contact pair.
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Fig. 16 Slider-crank mechanism
with a revolute clearance joint
between the connecting rod and
the slider

Let body i denote the rigid body that includes the bearing, and body j the one that has
the journal of the clearance revolute joint. Let the eccentricity vector e be defined as

e = rP
i − rP

j . (11)

Contact in the bearing–journal pair will take place if the distance between their centers, eval-
uated as ‖e‖ = √

eT e, exceeds the allowable clearance, denoted as c. The contact condition
is written as

δ = ‖e‖ − c ≥ 0. (12)

When Eq. (12) is fulfilled, the contact forces f(c)i and f(c)j are applied to the bearing and
journal bodies, respectively, at the points of contact. The contact forces are

f(c)i = −fnn + ft t, (13a)

f(c)j = −f(c)i , (13b)

where n = [nx ny]T = e/‖e‖ is the normal vector to the contact surfaces, and t = [ny −nx]T
is the tangential vector.

The normal force fn is obtained using the enhanced cylindrical contact force model de-
scribed by Eq. (5). The friction force is described by the Amontons–Coulomb friction force
model with the modification proposed in reference [1]

ft =
{−cf cdfn

vt

vt
if vt 	= 0,

0 if vt = 0,
(14)

where cf is the friction coefficient, vt the relative tangential velocity between the contact
surfaces and vt its magnitude. The dynamic correction coefficient cd is

cd =
⎧⎨
⎩

0 if vt ≤ v0,
vt −v0
v1−v0

if v0 ≤ vt ≤ v1,

1 if vt ≥ v1,

(15)

where v0 and v1 are given preset tolerances for the tangential velocity [1]. For a more de-
tailed description of the formulation of the revolute clearance joint and its computational
implementation, the interested reader is referred to [1, 32, 33].

4.2 Slider-crank multibody model

The slider-crank mechanism, illustrated in Fig. 16, is used here to demonstrate the perfor-
mance of the new enhanced cylindrical contact force model proposed. It has perfect or ideal
kinematic joints between all bodies, except for the connection of the slider to the connecting
rod that exhibits a clearance.

The geometric and inertia characteristics of the slider-crank mechanism are described
in Table 2. In what follows, the crank has an angular velocity of 5000 rpm clockwise, the
radius of the bearing of the clearance revolute joint is 10 mm, the journal and bearing axial
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Table 2 Geometric and inertia
properties of the slider-crank
mechanism

Body Length
[m]

Mass
[kg]

Moment of Inertia
[kg m2]

2 0.05 0.30 0.00001

3 0.12 0.21 0.00025

4 – 0.14 –

Fig. 17 Contact force vs. penetration depth with a restitution coefficient ce = 0.9 and a clearance of:
(a) 0.5 mm; (b) 0.02 mm

length is 10 mm, and the material properties of the contacting bodies are E = 207 GPa and
ν = 0.3.

In order to stabilize and keep under control the numerical constraint violations observed
during the numerical integration of the equations of motion, the Baumgarte stabilization
method [34] is used with α = β = 0.5. Furthermore, to prevent excessive initial contact
penetrations in the contact pairs, the dynamic analysis is carried using a predictor–corrector
algorithm, both of variable step size and order [35, 36], for which not only the maximum
time step allowed is 10−4 s, but also a physical time-step size control, based on the allowable
initial penetration during contact, is implemented [37].

4.3 Dynamics of the slider-crank multibody system

In order to understand the consequences of different contact models in the dynamic response
of the slider-crank mechanism, the contact between the journal and the bearing is first mod-
eled as being dry and frictionless. Two clearance values of 0.5 mm, typically associated with
worn equipment, and 0.02 mm, corresponding to clearance sizes of typical journal–bearing
pairs with the dimensions used in this application, are considered here [38]. Figure 17 shows
the relation between the contact force and the penetration exhibited by the revolute joint for
the Johnson, Lankarani, and Nikravesh and new enhanced contact force models with resti-
tution coefficient ce = 0.9.

In the comparative studies with different contact force models, the contact force model
proposed by Lankarani and Nikravesh always leads to softer contact. This is expected be-
cause this contact model is based on spherical contact, whereas other models use the cylin-
drical geometry of the contact pair to define their stiffness. The new enhanced contact force
and Johnson models exhibit comparable stiffness in the range of the applications considered.
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For larger clearance values, the Johnson contact force model is slightly stiffer than the new
enhanced model, the situation being reversed for small clearance values.

The trajectories of the bearing with respect to the journal are depicted in Figs. 18 and 19
for different contact force models and for the clearance values of 0.5 and 0.02 mm, re-
spectively. The relative penetration depth between the journal and bearing is visible by the
points of the journal center trajectory that are plotted outside the clearance circle, which is
represented by the smooth curves. When no energy dissipation is considered in the normal
contact, that is, when ce = 1, all contact models predict shorter contact periods and longer
free flight trajectories for larger clearance values. The same behavior has been observed by
Pereira et al. when using other contact models such as Dubowsky and Fraudenstein, Gold-
smith, or the ESDU-78055 [20, 21]. As a result of short periods of time in which the journal
seats in the bearing combined with the higher values of contact forces associated, in particu-
lar for cylindrical contact models, a much faster dynamic response can be expected, leading
to higher computational costs on its evaluation due to the smaller time steps required to
integrate the equations of motion. Otherwise, even when a low energy dissipation is consid-
ered in the normal contact, in this case ce = 0.9, most of the trajectories present the pairs in
continuous contact. Similar behaviors are reported by other authors [1, 39].

When the friction force is added, in this case with a coefficient of μ = 0.1, the trajectories
of the journal with respect to the bearings become mostly in the contact mode. This behavior
is more evident for the Lankarani and Nikravesh spherical contact model since the larger
penetrations obtained during contact are consistent with its lower stiffness. For cylindrical
contact models, some free-flight modes are observed, although with a reduced frequency
than that observed when the friction is neglected. This is due to the fact that the cylindrical
models lead to a lower penetration depth leading and, in turn, to higher contact forces. Even
with the reduction on the global contact force values, due to the friction effect, higher contact
forces are achieved when the cylindrical contact models are used. It must also be noticed that
when the friction force is accounted for the frequency contents of the dynamic response of
the system decrease, the time steps selected by the variable time-step numerical integrator
also increase.

Figure 19 demonstrates that when the clearance size decreases, the dynamic behavior
tends to be smoother, which is represented by a smaller number of impacts observed and by
the long periods of contact, in which the journal follows the bearing wall, that is, that the
journal is in permanent contact with the bearing. Nevertheless, the differences between the
spherical and cylindrical models are also observed here, with the Lankarani and Nikravesh
model leading to higher penetrations in comparison to those reached with cylindrical mod-
els.

A common trend among all cases with different clearance and energy dissipation terms
and restitution and friction coefficients is that the integration time step selected by the
predictor–corrector integration scheme increases with the energy dissipation modeled and
with the decrease of the clearance size. No other particular difference in the dynamic behav-
ior of the slider-crank mechanism is observed when using the Johnson or the proposed new
enhanced contact force models, as is evidenced particularly by Fig. 18.

5 Conclusions

To overcome the drawbacks presented by the analytical models available in the literature to
describe the contact between cylindrical geometries, we have proposed a new enhanced ana-
lytical model and discussed its validation. A verification procedure involving finite elements
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Fig. 18 Journal center trajectory with respect to the bearing using the Johnson, new enhanced, and Lankarani
and Nikravesh contact force models with a clearance value of 0.5 mm considering the existence of normal
contact energy dissipation and friction

and different cylindrical contact force models was pursued. The results revealed that, for the
range of practical applications, in mechanical engineering, in which all model parameter are
varied under moderate load values, maximum differences lower than 10 % separate these
analytical models. The new enhanced contact model not only has a range of applications
that exceeds that of the Johnson contact model but also has a simple and straightforward
computer implementation that allows calculating the normal contact force by knowing the
penetration that is penalized without using any iterative procedure.

The ability of the new approach to modeling internal cylindrical contact in comparison to
other models is demonstrated through the dynamic analysis of a revolute joint with clearance
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Fig. 19 Journal center trajectory with respect to the bearing using the Johnson, new enhanced, and Lankarani
and Nikravesh contact force models with a clearance value of 0.02 mm considering the existence of normal
contact energy dissipation and friction

of a slider-crank mechanism. Several simulations demonstrate how different contact force
models may influence the dynamic behavior and what the consequences are in terms of
contact forces, penetration depths, and journal trajectories. We have demonstrated that the
use of spherical models to describe the contact between cylindrical geometries leads to a
rough approximation since contact forces are underestimated as a consequence of the softer
force-penetration relation that characterizes these models, which do not account for the axial
length of the contacting cylinders. It is also demonstrated that when the system components
flexibility is not account for and the models are applied as purely elastic models neglecting
the system energy dissipation, large contact forces are obtained. As a result, the trajectories
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of the journal inside the bearing are characterized by a prevalence of the free-flight modes,
instead of contact modes, which does not help the smoothness of the dynamic response of
the system, leading to much higher computational costs on its evaluation due to the smaller
time steps required to integrate the equations of motion. However, when the friction forces
are included, the trajectories of the journal with respect to the bearing become mostly in the
contact mode. This implies the decrease of the frequency contents of the dynamic response
of the system allowing for the increase of the time steps required by the numerical integrator.
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