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Abstract This paper deals with one-point collision with friction in three-dimensional, sim-
ple non-holonomic multibody systems. With Keller’s idea regarding the normal impulse
as an independent variable during collision, and with Coulomb’s friction law, the system
equations of motion reduce to five, coupled, nonlinear, first order differential equations.
These equations have a singular point if sticking is reached, and their solution is ‘navigated’
through this singularity in a way leading to either sticking or sliding renewal in a uniquely
defined direction. Here, two solutions are presented in connection with Newton’s, Poisson’s
and Stronge’s classical collision hypotheses. One is based on numerical integration of the
five equations. The other, significantly faster, replaces the integration by a recursive sum-
mation. In connection with a two-sled collision problem, close agreement between the two
solutions is obtained with a few summation steps.

Keywords Collision with friction - Coulomb’s friction hypothesis - Newton’s collision
hypothesis - Poisson’s collision hypothesis - Stronge’s collision hypothesis - Hodograph

1 Introduction

This paper deals with one-point, ‘hard’ collision with friction in three-dimensional (3D),
simple non-holonomic multibody systems, using classical collision theories (alternate ap-
proaches involving restoring and dissipative forces, also called ‘soft’ approach, and finite-
element-based approach, also called full-deformation approach, described, e.g., by Chatter-
jee and Ruina in [1] and by Najafabadi et al. in [2], will not be discussed here). Djerassi has
shown in [3] that, as far as two-dimensional (2D) systems are concerned, an algebraic, closed
form, Poisson’s and Stronge’s hypotheses-related solutions always exist, and are unique, co-
herent, and energy-consistent.

Unfortunately, this is not the case with collision in 3D systems. If Keller’s idea [4] and
Coulomb’s friction law are applied to the solution of collision problems, one obtains a set
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of five, coupled, nonlinear, first order differential equations, which has a singular point if
sticking is reached. Solutions with analytic integrals exist only in special cases (e.g., in the
absence of friction, as in [5] and [6], or if the ‘reduced’ 3 x 3 mass matrix is diagonal [7]).
Battle shows in [8] that for what he calls ‘balanced collision’, solutions can be obtained
with the integration of a single differential equation, that the remaining unknowns can be
evaluated algebraically; and that sliding renewal cannot occur. He shows that, for a given
system and collision points, the hodographs (describing the sliding relative velocity compo-
nents of the colliding points versus one another) spanned by the collision initial conditions
are continuous, unique and nonintersecting curves.

Thus, 3D collision problems require in general the solution of the five differential equa-
tions, investigated in depth by a small number of authors. Bhatt and Koechling [9] used
Keller’s idea ([4]) to formulate the differential equations governing 3D collision of a rigid
body hitting a plane, pointing out the singularity encountered if sticking occurs; and, showed
that, depending on the coefficient of friction, either sticking prevails, or sliding is resumed
in a constant, predictable direction. Battle [10] exploits the mathematical similarity between
the description of the hodograph and an autonomous nonlinear flow, and, without solving
the associated differential equations, draws a picture of the hodograph behavior during the
sliding phase of the collision, and its dependence on five system parameters and on the co-
efficient of friction. Stronge [11] formulated the differential equations governing collisions
between two bodies, and, introducing his coefficient of restitution, solved a number of ex-
amples (e.g., ball, rod, triangle and spherical pendulum hitting a plane). Zhen and Liu [12]
formulated differential equations for 3D collision of holonomic systems using Keller’s idea,
replacing the numerical integration with a difference method. They used a search algorithm
to find the sliding direction if sliding resumption occurs.

It may be concluded that these authors provided the building blocks required to produce
comprehensive solutions to the 3D, one point collision with friction problem for simple
non-holonomic systems, a task undertaken in the present work. Two complete solutions are
discussed, the first is based on the numerical integration of the indicated five differential
equations, dealing with sliding, sticking and sliding renewal phases; and the second com-
prises a recursive summation associated with the first.

In both solutions, use is made of the classic collision hypotheses (by Newton [13], Pois-
son [14] and Stronge/Boulanger [11, 15], introducing, respectively, ‘kinematic’, ‘kinetic’
and ‘energetic’ coefficients of restitutions), a choice requiring elaborations in view of two
observations related to these hypotheses. First, these hypotheses capture local effects, i.e.,
elastic and plastic deformations in the neighborhood of the colliding points. When applied to
one point collision problems in multibody systems, they disregard’ the effect of the collision
on the entire system (namely, on the rise of structural vibrations, friction in joints, restitu-
tion in the tangential direction, etc., as noted, e.g., in [16] and [1]), hence are not accurate.
Second, Newton’s collision hypothesis can lead to an increase of the system mechanical
energy (illustrated by Kane and Levinson in [17]). These observations gave rise to a num-
ber of newly defined hypotheses. For example, Chatterjee and Ruina augment in [1] New-
ton’s hypothesis with a tangential coefficient of restitution, which, among other features,
improves the predictions of certain experimental results. Najafabadi et al. propose in [16]
a new energy-related coefficient of restitution, which equals the square root of the ratio of
the kinetic energy associated with the ‘constrained’ motion before and after the collision,
better accommodating multibody systems. Rubin [18] discusses physical restrictions on the
coefficient of restitution, concluding that it equals the ratio between the components of the
velocity of separation and the velocity of approach in the impulse direction. Ivanov [19]
arrives at a similar definition from an energy-related view-point.
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Three-dimensional, one-point collision with friction 175

In spite of their shortcomings, the classical hypotheses are widely used by numerous
authors to conduct their studies. For example, Whittaker [5], Brach [20] and Smith [7] use
Newton’s hypothesis, Routh [21], Keller [4] and Zen and Liu [12] use Poisson’s hypothe-
sis, and Stronge [11], Hurmuzlu [22] and Djerassi [3] use Stronge/Boulanger’s hypothesis.
Marghitu and Hurmuzlu [23], Smith and Liu [24], Ivanov [19] and others discuss all three
hypotheses, showing that they lead to different results. It is understood, therefore, that a
real-world problem requires calibration of the coefficient of restitution, validating its value
for a limited parameter range (including, as shown by Stoianovici and Hurmuzlu in [25],
geometrical ones). Incidentally, parameters associated with ‘soft’ approaches also require
calibration (as e.g., in [26] and [27]). Accordingly, the analysis described here rests on the
classical hypotheses. The paper starts with preliminaries (Sect. 2), followed by a presen-
tation of the five differential equations and their solution in the events of sliding, sticking
and sliding renewal (Sect. 3) in conjunction with the three classical hypotheses (Sect. 4).
A 3D two-sled collision example is solved by integration in Sect. 5, and then by a recursive
summation in Sect. 6. A short discussion in Sect. 7 concludes this work.

2 Preliminaries

Let
F,+F'=0 (r=1,....p) €8
be Kane’s equations of motion for S, a simple, non-holonomic system of v particles P; (i =
I,...,v) of mass m;, possessing p independent generalized speeds u,...,u, and n (n >
p) generalized coordinates ¢, . .., g,, where F, and F)' are, respectively, the r th generalized
active force and the rth generalized inertia force for S (Kane and Levinson [17]). v, the
velocity of P; in N, a Newtonian reference frame, can be expressed in terms of uy, ..., up,
qi,-..,q, and time ¢ as
P
V=Y Vi 4y =1, )
r=1

where v;', called the rth partial velocity of P;, and V,P ', called the remainder partial velocity
of P;, are vector functions of ¢q,...,¢q, and . Let B and B’ be bodies of S, and let P
be a point of B coming into contact with point P’ of B’ during the collision of B with
B’ occurring between two instants #; and #, (Fig. 1). Under these circumstances, collision

Fig. 1 3D Collision; side (left) and top views on S
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hypotheses [11, 13, 14] can be used to bring the effect of this collision into (1). To this end,
let v be the relative velocity of points P and P’, defined as

vREvP — v, 3)
and note that v¥ can be written similarly to v/ in (2), hence

=vP v r=1,...,p), (4a)

vR=vF —vy", (4b)

where vF is the coefficient of u, in v¥. Suppose that, during collision, P’ exerts on P a
force R, so that P exerts on P’ a force —R. Then (1) give way to equations that bring into
evidence the contributions of R, i.e.,

F,+F*+R-vVV —R-v"'=0 (r=1,....,p: 1<t <n) )

or, in view of (4a),
FE+FE+R-vf=0 (r=1,....p). (6)

During the collision, P is assumed to maintain contact with P’, i.e., to coincide with P’;
and a plane S exists which passes through P’ (= P) and is tangent to B and B’ at P’ if both
are locally smooth, or to B” at P’ if only B’ is locally smooth. Name B and B’ such that n,
a unit vector perpendicular to S, makes v¥(z;) - n a non-positive quantity.

Align t, a unit vector lying in S, with the projection of vR(#,) on S, making vE(¢,) - t a
non-negative quantity (see Fig. 1) and vR(¢,) - s, where s=n x t, vanish. Then

vE(@t) =vR(t) -nn + VR (1) - tt + vE (1) - ss, (7a)
vR(t) -n <0, (7b)
vR(t)-t>0, (7c)
vE(#)-s=0. (7d)

vR(#)) and vR(s;) (at times denoted v# and v [17]) are called velocity of approach and
velocity of separation, respectively. Equation (6) can thus be replaced with

F+F+R-nv® n+R-tvf - t+R-svf.s=0 (r=1,....,p; i <t<t). (8

If it is assumed that #, — ¢, is ‘small’ compared to time constants associated with the motion
of S, and that, consequently, ¢, ..., g, and ¢ remain constants between #; and f,, then both
sides of (8) can be integrated from ¢, to ¢ < t,, yielding

V4
D mpAug+ Ly LvEt+ v s=0 (r=1,....p). )

s=1

Here, I,, I, and I; are the normal and tangential impulses at time #, defined as

I,,£</ Rdt) -, (10a)
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Three-dimensional, one-point collision with friction 177

1;(/ Ra’t) -t (10b)
1@(/ Rdt) s, (10c)

VREVR(t) (W <t <t,r=1,..., p) (see (4a)), Au, (s=1,..., p) are defined as

Aug=u;(t) —us(ty) (s=1,...,p), an

and m, is the entry in raw r, column s of the mass matrix —M associated with (1) (see (63),
Appendix A). Note that n, t and s, defined only for #{ <t < t,, remain fixed in N during
the collision. Also note that R-n(#; <t <t,) > 0 (P’ cannot ‘pull’ P), hence I, > 0. The

matrix form of (9), solved for Au, (s =1, ..., p) reads
[Auy - Aupl==V,M'I, = V,M~'I, - V,M [ (12a)
V,E[vEn--vy |, (12b)
VEV -t vR g, (12¢)
VEVf s vy sl (12d)
Now, vR () — vR(z)) can be written
V() — VR (@) = |Auy - Ay | [vE-- R (vR@) —v,’*(rl)(i)o) (13)

when use is made of (2), (4a) and (4b). If both sides of (13) are dot-multiplied by n, t and s,
one at a time, and if |Au; --- Aup| is eliminated with the aid of (12a), one has, defining
V=V, V. V" (= VI = |VIV]V])),

vE@) -n—vE(@#) -n I,
vR@) -t —vR(@) -t | = —VM VT |1 |. (14)
vR@) s —vR(1) s I

The coefficients of I,, I; and I; in (14) are functions of ¢, ..., g, and ¢, hence remain

constants between #; and t,. Defining m,,,,, m,;, my;, mys, m;s and mg as

M= —V,M7 VT >0, m,=—V,M'VI | m,=—V,M VT >0,

] A A (15)
Wlns:—VnMilV:a mfsz—V,MfleT: mss:_VsMilVZ >0,

Uy, Vg, Vg, Upls Ur1, Usls Un2, Upp and vy, the n, t and s components of v® at times ¢, #; and 1,,
and I,», I» and I,, the n, t and s impulse components at time 7,, as

v =V n, v VROt v 2VR@) s, (16)
(7a) (7a) (7a)
v =VR(H) n(<0),  vi=VR) t(=0), vuEvi(n) - s(=0), (17
(7b) () 7d)
Un=VR () n, vaEvR(h) -t vEvR(n) s, (18)

@ Springer



178 S. Djerassi

In=1(t), In=L(), =), (19)

(Iy=L,(t) =0, In=1L(t) =0, I;1=1,(t;) = 0) one can rewrite (14) fort; <t <t,

Up — Ut = My Dy + My dy + myg I, (20)
v — U1 = My Dy + my 0y + myg I, (21
Vg — U1 = Mg Dy +myg Iy + m I (22)

(Equations (20)—(22) reduce to (22)—(23) in [28] for 2D systems; then m,, = m,, =
mgs = 0.) These so-called ‘reduced equations of motion’ possess a coefficient matrix 91
shown in Appendix A to be positive definite; and six unknowns 1, I;, I, v,, v; and v;.
Knowledge of 1,5, I;» and I, enables the evaluation of Au;(t,) ... Au,(t,) with (12a), with
which simulations (i.e., numerical integrations of (1)) can be kept running. Accordingly, 7,5,
I;; and I, are generated in the following sections first by integration and then by recursive
summation, with the aid of friction- and collision-related hypotheses.

Regarding AE,, the change in the system mechanical energy following a collision, a
straightforward extension of the proof given in [28] for the planar case shows that

AE; =1/210(Wn2 + vp1) + 1/212(via + v;1) + 172152 (vs2 + v51) (23)

(=1/2uy(—M)u} — 1/2u;(—M)u], where u=|u; - - - u,|) for the 3D case, provided
—LovEon— IovE t— IovE s+ Zmivtp" V) — VP ()] ;0, (24)
i=1

a condition ‘neutralizing’ specified motions implied by v¥ and V,Pi i=1,...,v).

3 Solution by integration

One can start with the differential form of (20)—(22) given by

dv, = my,dl, +m,dl; + my.dl;, (25)
dv, = my,dl, +mqdl; +mydl, (26)
dv.v = mnxdln + mlxdll + m.r.vd[v~ (27)

Let the slip speed s of P relative to P’ and the orientation angle ¢ be defined so that

v, =sco, (28a)
dv, = cpds — ss¢pde, (28b)
vy =S89, (28¢c)
dvy = s¢pds + scpdg, (28d)
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Three-dimensional, one-point collision with friction 179

where s¢ = sin¢g and c¢ = cos¢ (Fig. 1); and note that as long as there is slip R -t =
—uR -ncp, R-s=—uR-ns¢ ((R-t)? + (R-s)2]"2 = u|R - n|), in accordance with
Coulomb’s friction law, or, in view of (10a)—(10c),

dl, = —pdlcp, dl; =—pdl,so, (29)
where p is Coulomb’s coefficient of friction. With f, g and & defined as

f=dv,/dl,, g=dv,/dl,c¢ + dv,/dl,s¢,

- (30)
h= —dv,/dl,s¢ + dv;/dl,,c¢
one can show, dividing (25)—(27) throughout by dI,, and using (29), that
f =Mpp — /'LmntC(p - ,Lme-S¢, (31)
8= mntc¢ + m,,ss¢ - Mmttcz‘p - /,mesz(f) - 2Mmtss¢c¢a (32)
h= =1y s¢ + muscd — pmy (Pdp — 57) + wlmy — my;)sped, (33)
and that dv, and dv, can be eliminated from (25), (28b) and (28d), which reduce to
d¢/dl, =h/s, (34a)
ds/dl, =g, (34b)
dvn /dln = fa (34C)
dr,/dI, = —pco, (34d)
dI,/dl, = —usé. (34e)

Equations (34a)—(34¢) comprise five ordinary, coupled, first order differential equations with
five dependent variables ¢, s, v,, I, and I; and one, monotonously increasing, independent
variable I, governing the sliding portion of the collision. The right-hand sides of (34a)—(34e)
and their partial derivatives with respect to ¢, s, v,, I, and I, are continuous functions of
¢, s, vy, I, and I in the region s > 0. Therefore, a solution of (34a)—(34e) in conjunction
with the following initial conditions (when I, = 0): ¢ (0) = 0, s(0) = v;; (then, by (28a)—
(28d) v,(0) = 5(0) = vy, v5(0) = 0), v,(0) = v,1, 1,(0) =0 and I;(0) = 0, always exists

and is unique (see, e.g., [29], p. 267). Moreover, dAE =R - vR () o im)(R -nn+R-tt 4
a),

R-ss) - (v,n+ v, t+ v,s) (v, — us)dl,. With dA E,=v,dI,, (34a)—(34¢) can be

(10),(282,¢),(29)
augmented with the differential equations

dAE/dl, = v, — us, (35a)
dAE,/dI, = v,, (35b)

enabling the evaluation of the ‘total’ and the ‘normal’ energy losses during collision.
It is worth noting that (23) is valid for t, <t <t, if AE,, I, v, etc. are replaced with
AE, I,, v, etc.; then the [, derivative of both sides of (23) can be used to prove the validity
of (35a) with the aid of (29), (34b)—(34e) and (20)—(22) in yet a different way. Moreover,

d[1/21,(v, 4+ v,1)]/dl, # v,, hence AE, # 1/21,(v, + v,1). It can be shown this is also the
case with 2D systems, except in sliding.
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180 S. Djerassi

In general (34a)—(34e) cannot be integrated analytically (see, e.g., [9] and [11]). Further-
more, the ‘trivial’ solution ¢ = 0, valid for 2D problems, does not apply: ¢ = 0 implies
d¢/dl, = 0; however, during sliding s > 0, hence h(u, ¢) =0 (see (34a)). This equation
has at least two nonzero solutions for ¢ (Appendix B), in contrast with the trivial solution.

Collisions comprise at least the first of the following events.

3.1 Sliding

Suppose that [,>, the normal impulse at #, is known, and that the sliding speed s remains
positive throughout the integration of (34a)—(34e) from 7, = 0 to I, = I,;». Then integration
underlies the solution for sliding, yielding ¢ (#,), s(t;) (> 0) (hence, by (28a) and (28¢) v,
and vyy), Vp2, I» and I,

3.2 Sticking

It may occur that s becomes zero, say, at t = tg < t, i.e., before I, = I,5. In that event
h(p,$) — 0 as s — 0, provided g(u, ¢) < 0; and vice versa. To show this, note that

dv,/dlI, s cpds/dl, — sspdg/dl, arh) gep —hso, (36a)
dv,/dl, (z?d)sqbds/dl,, + scopde/dl, o gs5¢ +heo, (36b)
hence
dvy/dv; = (dvs/dl,)/(dv,/d1,) = (gsp + hed) /(gcp — hs). (37
Moreover, limy_, o(dv,/dv,) (zs:b,d) lim;_,o[s(¢)/c(¢)], so that, with (37),

lim[s¢/c6 — (g5 + heg)/(gep — hsg)]

=lim{h/[cp(gco —hs®)]} =0 = h(u @)l =0

provided at least one solution ¢ of h(u,$) = 0 satisfies g(u, ¢)c2p # 0. In fact, when
s(> 0) — O then necessarily ds/dI, < 0, hence, by (34b), lim,_,;_4_ 5 8(1,¢) <0, in
agreement with Appendix B, showing that at least one such solution exists. Conversely,
(34a) and (34b) can be condensed into

ds/s = g/hdg, (38)

an equation which, when integrated from s = s(0) and ¢ =0 to s and ¢ yields s =
s(0) exp fod) g(u, m)/h(w, n)dn, showing thatif limy_, 5 2 (i, ¢) — 0 (and, since dn/h (5)0)
a,

and limy_, 5 g(u, ¢) <0, then s(> 0) — 0 and sticking is approached.
During sticking, (25)—(27) remain valid with

v,=0, v,=0 = dvy,=0, dv;=0, (39)
yielding, when solved for d/,,, d/, and d/,

dl, = c,dv,, (40a)

@ Springer



Three-dimensional, one-point collision with friction 181

dl; = ¢, dv,, (40b)
dl, = c,dv,, (40¢)
where c,, ¢; and ¢ are functions of m,,, my,, ..., mg given by
¢, = (mymg; — mtzs)/detfm >0, (41a)
¢ = (Mpsmyg — Mymyg) / det 901, (41b)
¢y = (mymyg — mygmy,)/ det M, (41c)
= Mlcacics|" =1100]". (41d)

Equations (40a)—(40c) govern sticking just as (34c)—(34e) govern sliding. Seeking limit-
values of ¢ and u satisfying both (34c, 34d, 34e) and (40a)—(40c) one finds

ang = c¢;/c, 42)

dI,/dl, = t
(34d,e) (40)

= — -1 = — = — -1 = —
M(STd) dl,/dl,c ¢(40a,b) ¢/ (cncd), M(34e) di;/dl,s ¢’(40a’c) cs/(CaS).

Here ¢, > 0 (see (41a)) and u > 0, conditions that, given ¢; and c,, determine  and (the
signs of s¢ and c¢, hence) ¢ uniquely, namely,

e = Ct2 +C32/Cna oy =atan2(—cy, —c;). (43)
Moreover, dv,/dl, =0 and dv;/dI, =0 ((39)), so that, in view of (36a) and (36b)

g, ¢)=0, h(u,¢)=0. (44)

e and ¢, in (43) satisfy (44), and conversely, if g(u, ¢) and h(u, ¢) ((32) and (33)) are
substituted explicitly in (36a) and (36b), then, in view of (39) and (44), m,; — umsp —
umgscp =0 and m,, — umyced — ums¢ = 0, equations having (i, ¢.) as a unique so-
Iution. p. is interpreted as the minimal coefficient of friction for which sticking remains

once it has occurred. (In ‘balanced collision’ m,; = m,; =0 (?1) c;=c; =0 (?3) e =0, as

indicated by Battle in [8].) That is, if s(r =t5) =0 and u > u. then s(ts <t <t,) =0; and,
for ts <t <t,, (34a)—(34e) can be replaced with

de¢/dI, =0, (45a)

ds/dI, =0, (45b)

dv,/dl, = 1/ca, (45¢)

dr,/dl, = c/ca, (45d)
(40a,b)

dl,/dI, iy © /Ca. (45¢)

3.3 Sliding renewal

If w < e, and s(t = tg) = 0 before I, is reached, sliding is resumed; however, 1,5, ;2
and I, cannot be obtained by the integration of (34a)—(34e), which become singular (s(t =

@ Springer



182 S. Djerassi

ts) = 0= h(u, ¢) =0). One way to navigate the solution through this singularity (see [9])
for t > tg is to let ¢ swztch values from ¢ = ¢ to ¢ = 43 the only solution of h(u, ¢) =
satisfying ds/dI, = g(u, ¢) > 0 (see Appendix B). If, in addition, d¢/df, =0 is 1mposed
then ¢ remains constant (= ¢) ds/dl, = const = g(u, ¢) > 0 (see (34a) and (34b)), and,
for tg <t <t, (34a)—(34e) can be replaced with

de¢/dI, =0, (462)
ds/dI, = g (. p). (46b)
dv,/dl, = f (11, ), (46¢)
dl,/dl, = —pcd, (46d)
dl,/dl, = —pusé. (46e)

In conclusion, solutions to the 3D collision problem can be obtained by the integration
of (34a)—(34e). If s(r = t5) = 0, then (34a)—(34e) are replaced by either (45a)—(45e) or
(46a)—(46e), according to weather p > . (sticking) or p < p. (sliding renewal).

It may occur that n = Msémns/mts; then lnltlally h(M, 0) =Mpys — UM, = 0. In that
event ¢ = 0, and the hodograph remains on the v, axis unless sticking occurs with u; < (.}
then sliding is renewed in the qAS direction. If g > p., sticking prevails.

Next, the assumption that I, is known is abandoned in favor of collision hypothe-
ses which govern the integration limits. Accordingly, Newton’s [13], Poisson’s [14] and
Stronge’s [11] collision hypotheses will be introduced, along with the following assumption,
namely, that the collision time comprises a compression phase, starting at #; and terminating
at t¢, the instant of maximum compression, when the normal relative velocity vanishes, i.e.,

U2V (te) m=0 (1 <tc <h); 47

and a restitution phase, starting at #c and terminating at #,, when R(#,) = 0 (see (5)).

4 Newton’s, Poisson’s and Stronge’s hypotheses

4.1 Newton’s hypothesis

In accordance with Newton’s hypothesis, the coefficient of restitution is defined
e=—v,/v,y (0<e<l). (48)

Here, the integration proceeds until v, = v,,.

4.2 Poisson’s hypothesis

Let I,c and I, be parts of I,, associated with the compression and with the restitution
phases, respectively; then (see (10a))

tc o)
InZ = InC + InRa InCé(/ Rdt) ‘n, InRé</ Rdt) - (49)
f fc

According to Poisson’s hypothesis, the coefficient of restitution is defined

e=lir/lic (0=<e=l), (50)
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Three-dimensional, one-point collision with friction 183

so that, in light of (49) and (50)
Lp=({0+e)lc. (51)

Here I,¢ is recorded for which v, vanishes. I, is then evaluated with (51), and the integra-
tion proceeds until [, = ;5.

4.3 Stronge’s hypothesis

Let AE,c(< 0) and AE,g(> 0) be parts of the ‘normal’ energy loss AE,, (see (35b))
associated with the compression and the restitution phases, respectively; then

Inc Ina
AE,, = AE,c + AE,g, AEncéf Und[nv AE‘nRé/ Und1n~ (52)
0

Inc

According to Stronge’s hypothesis, the coefficient of restitution is defined
&2 — AE,g/AE,c (0<e<l), (53)
so that, in light of (52) and (53)
AE = (1—€e)AE,c. (54)

Here AE, is recorded for which v, vanishes (see (35b)). AE, is then evaluated with (54),
and the integration proceeds until AE, = AE,,.
The steps underlying the solution by integration can be summarized as follows:

1. Find n, t and s satisfying relations (7b)—(7d), and identify V,,, V, and V; ((12a)-(12d)),
the members of M ((9)) and 991 ((18)), ¢,, ¢, and ¢, (41a)—(41c), and ., ¢. ((43)); and
$ satisfying h (i, ) = 0 with g(u, ¢) > 0.

2. Introduce A, a parameter, and integrate both sides of the expressions

[Eqs.(34i)1(1 — |A]) + [Egs.(45)]A(% — 1)/2 + [Egs.(46) A (A + 1)/2  (55)

with i playing the roles of a, b, ¢, d and e, one at a time, and with A(0) =0, ¢(0) =0,
s(0) = vy, v,(0) = v,1, 1,(0) =0 and I;(0) = O as initial conditions, switching, if s <
&5, from the initial sliding (A = 0) to sticking (u > @, A = —1) or to sliding renewal
(m < pe, A =1). It can be shown that, if &, is sufficiently small, it has no effect on the
integration results.

3. Identify v,,, I, or AE,, and stop the integration according to the chosen collision
hypothesis; find 1,2, I;> and I, and then Auy, ..., Au, with (12a).

4. Evaluate the mechanical energy loss with both (23) (two versions) and (35a). Identical
results validate of the entire procedure.

These steps need modifications, discussed in Appendix C, when used to solve the 2D prob-
lem. With these modifications, all the results reported in Table 3 of [3] for the planar version
of the two-sled problem are reproduced with a three-digit precision.

5 The two-sled example ([30], p. 9)

Figure 2 shows two identical sleds A and B comprising rods of length 2/ and mass m,
supported by massless knife-edges with steering angles y and §, touching planes A and
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Fig. 2 A two-sled collision

B fixed in N at points A and By, a distance k from their mass centers A* and B*; and
supported by two back sliders moving in A and B, respectively. A and B are rotated with
respect to one another about their intersection line L forming an angle 8 < 7 /2 with a;, a
unit vector fixed in A, such that lines a and b lying in A and B normal to L form an angle
n <m/2; and f)l ly=o =4a;. Letuy, ..., ug be generalized speeds, and let the velocities of A*
and B*, and the angular velocities of A and B in N, expressed as

VA* =u1a; + ujzay, C()A = uszas, VB* = Lt4b1 + Lt5b2, a)B = Lt6b3,

be subject to the constraints v4s - a} = 0 and v - b}, = 0 imposed by the knife-edges. Here
a;, b;, al and b; (i =1,2,3) are sets of three dextral, mutually perpendicular unit vectors
fixed in A and B, with a3 and a3, and b3 and b} normal to A and B, respectively, as shown in
Fig. 2. The indicated constraint equations, when written explicitly and solved for u, and us,
read

Uy =tyuy —kus, us==rtéuys— kus,

where 7(.) = tan(.), and lead, with u;, us, us, and ue regarded as independent generalized
speeds, to the following equations, governing motions of A and B:

—ity /Py +ktyis —kui =0, ktyiy — (1*/3 4+ kPiz + kuyuy =0,
—iig/*8 + ktSiig — kul =0,  ktSing — (I*/3 + k)irg + kugug =0,

where s(.) = sin(.) and c(.) = cos(.). Defining generalized coordinates qi,...,qs as
@1=p”* - a;, 2=p** - a3, G3=u3 and q4=p®* - by, gs=p®* - by, ge=us, one can replace
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the constraint equations with

=s(y + q3)q1 + c(¥ +g3)g2 + kcy g3 =0,
—5(8 + q6)ga + (8 + g6)gs + kcdge =0,

non-integrable differential equations, which make the system non-holonomic. Next, suppose
that at time #; the endpoint B, of B collides with point A. of A located a distance p from
A*; and that it is required to evaluate the associated changes in the generalized speeds and
in the system kinetic energy. To this end, the velocities of A, and B, are expressed as

VA =wa; + (uy + puz)ay, VP =ugby + (us + lue)by,
and the relative velocity v8 = vB — v4c of the colliding points is written, with z; = (k —
phuz — tyuy, 22 = (I — k)ug + t8us, 73 = cn 4+ c*0(1 — cn), za = cn + s*0(1 — cn), 25 =
s0cO(1 —cm), z6 = 25596 +23¢q6, 27 = 25Cq6 — 23546, 28 = 25Cq6 + 2456, and Z9 = Z55qs —
24Cqs, s

VR = [(sqszs + cqsze)ua — ur + (5q320 — cq3z7)z2lar + [21 — (5327

+ ¢q329)22 — (59326 — cq3z8)uslay + [c(0 — ge)z2 — (0 — qs)uslsnas.

With n, t and s identified as n = a,, t = cpa; + spas and s = —spa; + cpasz, ¢ can be
found that satisfies vR - t = v;; > 0 and v® - s = v;; = 0, enabling the evaluation of V,,, V,
and V; ((12a)—(12d)) and of the members of 91 ((15)). With m =3 kg, I =1, k = 0.75,
p=—-05m,y=6=02,0=mr/3, n=2r/9 rad, q3(t;) = w/4, and g¢(t;) = T /4 rad
one can show, by substitutions, that ¢ = 3.81, m,,, = 0.225, m,, = 0.236, m,, = 0.270,
my,, = —0.109, m,;; = —0.116, m,; = —0.126 ((18)), ¢, = 42.6, ¢; =37.3, ¢, =35.8 ((41a)—
(41¢c)), p. =121, ¢. = 3.76 ((43)) and <]3 =3.91 (Sect. 3.3). For u(t;) = u4(t;) = 1 m/sec,
us(t)) = ue(ty) = 0.1 rad/sec (v,; = —0.9, v;; = 1.06, vs; = 0m/ sec), one obtains, integrat-
ing (34a)—(34e), (45a)—(45¢e) and (46a)—(46e) with &, = 0.1 = 0.01, results recorded in Ta-
ble 1 and Fig. 3 for © = 0.6, 1.1, 1.6 and e = 0.8, where ‘O’, ‘+’ and ‘[J’ designate collision
termination points according Newton’s, Poisson’s and Stronge’s hypotheses, respectively.
One can thus follow the hodographs as u increases. For u < py=m,g;/m;; = 1.086 (e.g.,
u = 0.6) there is sliding, with a local maximum approaching the origin. If u = pu;, = h =0
(see end of Sect. 3.3) then ¢ = 0 throughout sliding ((34a)). The sliding part runs along the
v, axis, and is followed by a sliding renewal part. The latter becomes ‘shorter’ as u increases
toward (., vanishing for u = .. For > . sliding is followed by sticking for all collision
hypotheses; then the three hodograph end-points overlap at the origin. The similarity be-
tween the hodographs for the sliding and the sliding renewal cases corroborates the ‘switch’
between ¢ and qS when sliding renewal occurs (Appendix B). Regarding energy gains asso-
ciated with Newton’s hypothesis, it turns out to be significantly larger than that recorded for
2D systems, e.g. in [17] and [28].

It may occur that the number of collisions become large, as when numerous particles
or bodies collide with one another. In that case the use of elaborate numerical integrators
to solve (55) can produce prohibitively long simulations, unless exact integrals exist, e.g.,
when = 0 ([5] and [6]) or when m,, = m,; = m,; = 0. This state of affairs can be al-
leviated with recursive summation-based solutions, which, taking advantage of the limited
integration range of (55), provide a reasonable compromise between accuracy and speed.
Such a solution is discussed next.
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Vs[m/s]

l l
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Vn[m/s]

Fig. 3 wvs vs. v; (hodograph) and v, and s vs. I for 4 = 0.6, 1.1, 1.6, yielding sliding, sliding renewal
(¢ =0.432) and sticking (¢ = 0.598), respectively

6 Solution by recursive summation
6.1 Recursive summation

Referring to Euler’s explicit, first order accurate method, described, e.g., in [31], Para. 3,
Sect. 9, let I,(1) =0, [,()) = (i — 1)/k, D@)=1,() — I,( — 1)(i =2,3,...), where k, an
integer, is a refinement factor, and replace (55) with

0 {6G =D +[nG — D /s — D]DO}(1 = [A) + Ak + 1)/2,  (56a)

(34a), (45a), (46a)

f(l) (z) Myp — anrc¢ @) — ,u,m,”sqb(i), (56b)

g(i) (g)mnzctb (i) + mussp (i) — wmy P (i) — wimyss>¢ (i) — 2pmyssp (e (i), (56¢)

h(i) & M5 G (i) € (i) — pum [P (i) = s> P )]+ (my —m)sp (e (i), (56d)

s(i) [sG=D+gl —DDO][1—Ir+Ar(+1)/2], (56e)

(34b), (45b), (46b)

vy (i) = [ = D)+ fFGHDG]A = 1)

(34c¢),(45¢),(46¢)
+ (i = D) F[A0-+ 1)/2]
+v,(i — DD@@)/ca[ A —1)/2], (56f)
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L) o i ac0 [1:G = 1) — peg ) D@] (1 — [A])

+[LG = 1) — pedDH][1(r + 1)/2]

+[LG =D +e /e, DO][A0G.— 1/2]. (56g)
15 (i) ey (a0 (460 [7:G = 1) — us¢ D] — |x])

+[LG = 1) = us¢ DD ][2 (A + 1) /2]

+ LG =) +cs/en DO ][AA = 1)/2], (56h)
v (i) = s(@Ded @), (56i)
vi) = s()sl), (56))
AE@) = AEG — 1)+ [v,() — us()] D), (56k)
(35a)
AE, (i) = AE,( —1)+v,()D(@), (561)
(35b)

where 2 =0, ¢(1) =0, s(1) = vy, v, (1) = v, L,(1) = (1) = AE(l) = AE,(1) =0,
and f(l) = Mpp — UMy, g(l) = My — Wiy, h(l) = Myps — UNlgg. Now, by [31] Eu-
ler’s method is stable if each of the eigenvectors A;(j = 1,...,5) of the coefficient ma-
trix of the linearized right-hand-sides of (34a)—(34e) about a point ¢y, So, vno, I;o and Iy
‘close’ to the integration range satisfies the inequalities [1 — A;D| <1, D = D(i)/k be-
ing the summation step. There are two nonzero eigenvector associated with (34a)—(34e),

namely A2 = 1/so(hy £/ hi — 4hogy), hy=dh/dp| sy, 84=dg/dP|y—s,. drifting apart as
so — 0, thus leading to a stiffer system. At the limit so = 0, hence (Sect. 3.2) hy = h(®)=0
(¢o = ¢). Only one nonzero, infinitely large eigenvector remains, which decrees 0 <
hy/soD < 1, and, with a finite summation step, leads to instability accompanied by relatively
poor results. One obtains for D(i) =1, k =1 (i.e., 5-8 summation steps) a ~96% agreement
with the results of Sect. 5 for u = 0.6, and (only) ~70% agreement for . = 1.1, 1.6, where
5o = 0 (sticking) is reached. Increasing & to 5, one has ~98% and ~90% agreement, respec-

tively. Further investigation of this procedure is left for future work.
6.2 Partial integration/recursive summation (i/rs)

Equations (45a)—(45e) and (46a)—(46e) can be integrated analytically. Thus, a one-step eval-
uation can replace integration or recursive summation for the sticking or the sliding renewal
parts of the collision, saving computation time. To show this, suppose again that the normal
impulse 1, is known. If, in the i/rs process, I, is reached with s > 0, then sliding prevails.
If, however, s vanishes before I,, is reached, then the associated values of v,, I,, I, and
I;, denoted v,g, I,s, I,s and I, obtained with (34a)—(34e) or (56a)—(561) (for A = 0) are
recorded, and used to identify v,, 2, 112, I;» and AE,,, as follows. If u > u., then sticking
prevails, and 1,5, I;» and I, can be obtained by the analytic integration of (45a)—(45¢) from
ts to tc and from f¢ to 1, if tc > tg (sticking in compression), yielding

Lic = Lis+ Cn(O - UnS)v (573)
(45¢)
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In2 = InC + Cn(an - 0), (57b)
(45¢)

Lic = Lis+ci(0—ugs), (57¢)
(45¢,d)

Iy = Iic+ci(v2 —0), (574d)
(45¢c,d)

Lic = Iis+ci(0—v,s), (57¢)
(45¢c,e)

132 = IsC + cs(vn2 - O)» (57f)
(45c,e)

where (47) was used; or from fg to 1, if #c < tg (sticking in restitution), yielding

In2 = InS + Cn(UnZ - UnS)7 (583)
(45¢)

Lo = Lis+ Ct(an - UnS)7 (58b)
(45¢,d)

I, = Is+ Cs(an - UVlS)v (58C)
(45c.e)

relations valid also for sticking in compression. If, on the other hand, © < 1., then sliding
renewal prevails, and 1,5, I;; and I, can be obtained by the analytic integration of (46a)—
(46e) from tg to t¢ and from z¢ to t, if tc > ts (sliding renewal in compression), yielding

I = Ins + 1/ )0 = vns), (592)
Io = hc + (1/ ) = 0), (59b)
Le =, lis = e/ O = vus), (59)
In = lic = e/ Hwn = 0), (59d)
Lie = 1ss = (1sd/ O = vis), (5%)
Ly = I = (us@/ ) (v = 0), (596)
ve = (§ed/ O = vus), (%)
ve = vie + (§ed/ (v = 0), (59h)
v = (@5@/ )0 vs), (59%)
v = vic + 80/ (v = 0), (59)

where (47) was used with f(i) F(u, $) and § (%) g(u, ¢); or from fs to 1, if t¢ < tg (sliding

renewal in restitution), yielding

Lo = Lis+ (1/ )W — vys), (60a)
(46¢)

I;

2 (46=c,d) Iis — (/’Lcé/f)(an — Ups), (60b)
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Ly = Iss = (5@/ ) (02 = vns), (60c)
ve = (@d/ ) = vis), (60d)
v = (@50/f) (2 = vns), (60e)

relations valid also for sliding renewal in compression.

The use of (57a)—(57f) and (60a)—(60e) can limit the integration or the recursive sum-
mation to the sliding part of the collision with the aid of the following collision hypothesis-
dependent procedures, all starting with the evaluation of s, v,, I,, I, and I; by i/rs.

6.3 Collision hypotheses
6.3.1 Newton’s hypothesis

If, during i/rs, v, is reached with s(v,3) > 0, then I,,, = I, (v, = v,2), I;» = I; (v, = v,») and
I, = I, (v, = v,») are identified. If s(v, < v,») =0, then v,s, 1,5, I;s and Ig are recorded,
and used to evaluated I,,», I;» and I, either with (58a)—(58c) or with (60a)—(60c), depending
on whether p > . (sticking) or p < . (sliding renewal), respectively.

6.3.2 Poisson’s hypothesis

If, during i/rs, v, = 0 occurs before s vanishes (#c < ts), then I,¢ is recorded, and I,
calculated ((51)). The i/rs proceeds until s =0 or I, = I,,. If I, = I,, occurs first, then
sliding prevails, and 1,5, I, = I,(I, = I,;5) and I, = I;(I, = I,,») are identified during the
i/rs. If s = 0 occurs first, then v,s, I,s, I;s and Is are recorded. If © > ., then sticking
prevails in restitution, and v,,, and then [;; and I, are evaluated with (58a), and then (58b)
and (58c), respectively. If u < p., then sliding renewal prevails in restitution, and v,;;, and
then I, and I, are evaluated with (60a), and then (60b) and (60c), respectively. Next, if
s = 0 occurs before v, = 0(t¢ > ts), then vy, I,5, I;s and I g are recorded. If u > ., then
sticking prevails in compression. /¢ and I, are obtained form (57a) and (51); and v,», and
then I, and I, are evaluated with (58a), and then (58b) and (58c¢), respectively. Finally, if
U < U, then sliding renewal prevails in compression. I,,c and I, are obtained form (59a)
and (51); and v,,», and then I, and I, are evaluated with (60a), and then (60b) and (60c),
respectively.

6.3.3 Stronge’s hypothesis

Here AE, is obtained by i/rs (see (35b)/(561)) as well. If v, = 0 occurs before s van-
ishes (¢ < tg, I,c < I,5), then AE,c is recorded, and AE,, is evaluated ((54)). The
i/rs proceeds until s = 0 or AE,, is reached. If AE,, is reached first, then sliding pre-
vails, and I,, = I,(AE, = AE,,), I, = ,(AE, = AE,,) and I, = I,(AE, = AE,,)
are identified during the i/rs. If s = 0 occurs first, then v,s, I,s, I;s, I;s and AE,g
are recorded. Now, if u > u., then sticking prevails in restitution, and one can write

I, vy . .
AE,, — AE,g =t fInSZ v, dl, ekl fvn; v, dv, = ¢, (v2, — vZ)/2, which yields

vir = [v2s +2/cu[(1 = ) AE,c — AE,s]}", 61)
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in accordance with (54). The positive root was chosen to ensure v,; > 0 and dv,,/de > 0;

and 1,5, I, and I, are evaluated with (58a)—(580). If © < ., then sliding reneAwal prevails

in restitution, v, is evaluated by (61) with 1/ f replacing ¢, (dv,/dl, (E)f[éf(ﬂ’ d)1
C

replaces dv, /dI, (E) 1/c,); and 1,5, 1,5 and I, are evaluated with (60a)—(60c). Next, if s =0

occurs while v, < 0 (t¢c > ts, I,c > I,5), then v,s, I,s, 1,5, I;s and AE,g are recorded.

.. . . I,
If © > ., then sticking prevails in compression, and AE,c — AE,s =) SC v, dI, =
5 n S¢

UnC _ 2
Cn fvnS v, dv,, b cav2g/2, or

AE,c = AE,5 — c,v%/2. (62)

One can then obtain v,; by substitution form (62) in (61), and then evaluate I,, I, and I,
with (58a)—(58c¢). Finally, if i < ., then sliding renewal prevails in compression. AE,,¢ is
identified with the aid of (62) with 1/ f replacing ¢,. Then (61) is used to evaluate v,; (again
with 1/ f replacing c,), which is then used to uncover 1, I;; and I;; with (60a)—(60c).

For the last two cases of Table 1 one obtains, integrating (34a)—(34e) in conjunction
with (58a)—(58c), (60a)—(60c¢), (61) and (62),

u=1.1 = AE,=-1295, AE,s=—1291,
£ =0.0425, v,s =0.0533 = Un = 0.203,

nw=16 = AE,c=-1.085 AE,s=-1.083,

cy =42.59, v, =0.0402 (6:1>) v = 0.267,

the exact results (within four digits) obtained by the integration of (55).

7 Conclusions

Three sets of five differential equations governing 3D one-point collision with friction prob-
lems associated with simple, non-holonomic systems were discussed, and shown to possess
unique solutions. Ways to speed up the integration were presented, whereby the integration
of equations governing the sliding part of the collision was replaced with recursive summa-
tion, and the integration of equations governing the sticking and sliding renewal parts were
replaced with a one-step evaluation of the impulse components. It was also demonstrated
that Newton’s hypothesis can lead to energy discrepancy significantly exceeding the val-
ues recorded to-date for planar systems. Finally, it is noted that there is no clear cut proof
that Poisson’s hypothesis always lead to energy-consistent solutions in 3D systems, leaving
Stronge’s hypothesis the most suitable for the type of solution under consideration.

Appendix A

The kinetic energy of a system S of v particles described in Sect. 2 is given by E =
1230 mi(vhi )2, a positive quantity which can be cast into the form

P P
E=-1/2)" "muyuu,=1/20(-Mu’ >0;  uuy.....u,l (63)

r=1 s=1
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where m,s=—3Y""_, m,-vfi v if vfi =0,i=1,...,v (see (2)), rendering the mass matrix
—M symmetric and positive definite. Now, the coefficient matrix 9t of (23)—(25) is also
positive definite. To show this, note that 90T can be written

M=V(-M" )V’ (64)

where V is 3 x p matrix appearing in (14). Because —M hence —M ™' are positive definite
matrices, one can write ([32], p. 109)

—M~' = AAT = ATA. (65)

Thus,
M =VAATVT =BB?; B=VA (66)
and, since det(BB”) = det BdetB” = (detB)? > 0, then det 0t = det(BB”) > 0, where

2 2 2
det M = mymggmy — (Mpgmy, +mymy + mggm,,) -+ 2m,mugmeg > 0. (67)

By the same token, the removal of the first, second or third row of V reduces V(MHvT
to 2 x 2 diagonal submatrices of 91, obtained by the removal of the first, second or third
row-and-column of 9, respectively. As with the 3 x 3 case, these submatrices have positive
determinants, namely

2 2 2
MypMy — mm > 07 MypMss — mns > 07 mymgs — m;S > 0. (68)

The removal of any two of the rows of V reduces V(—M~") V7T to one of the diagonal ele-
ments of 91, positive numbers defined in the first, third and last of (15). Thus, the principal
submatrices of 21 are all positive, hence 9 is positive definite ([32], p. 250).

Appendix B

If g(p, ) =0 and h(u, ) = 0 (see (44)), then also png(p, ¢) =0 and wh(u, ) = 0; and
these equations become, if the substitutions u = pc¢ and v = us¢ are used,

"e = —myu* — 2muv — mgv* + myu 4 m, v =0, (69)

Mh (i) = mtsu2 - 2[(mtt - mss)/z]’/“} - mtsvz — Myt +myv =0, (70)
even and odd functions, respectively of v, m,, and m, (ug,mys, m;) = ug(—v,
—Mys, —my) = 0 and ph(v, mys, my) = —ph(—v, —mys, —m,;) = 0). The coordinate
transformation |u'v’| = |uv|T, where the columns of T are the eigenvectors of the coeffi-
cient matrix g = |m,,m,,; m,my,|, brings (69) into the form A u’? 4 A0 + Ou’ + (OHv' =0,
where A; and A, are the eigenvalues of g ([32], p. 255) given by

o = {my 4+ my) £ [y 4+ my)? — 4mymg, —m2)]"?} /2. (1)

Here A; > 0 and A, > O (the expression under the root is always positive and smaller than
my; + myy), therefore (69) represents an ellipse passing through the origin, as illustrated in
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Fig. 4 The ellipse and the

hyperbola for the example of L5
Sect. 5, with circular segments
designating u = 0.6, 1.1, 1.6 and

e =121

Fig. 4 for the example of Sect. 5. Similarly for (70), the eigenvalues of the coefficient matrix
h = |m;; — (my —my) /25 —(my — mg) /2 — myg| are

ha = E{m2 + [y —my) 2]} (72)

and, since A; > 0 and X, = —A;, (70) represents a hyperbola with orthogonal asymptotes
parallel to the lines u’ = £v’. Its branches are called ‘remote’ and ‘near’, the latter passing
through the origin (Fig. 4). The normalized (unit) eigenvectors of g and h are Sines and
Cosines of ¢, and ¢, uniquely determined angles describing the orientation of the major
axes of the ellipse and the hyperbola with respect to the u — v axes. ¢, and ¢, satisfy the
relations

1Q2de) =2mys [ (my —mys),  1Q2py) = —1/2(my — mgg)/mys, (73)

so that the angle between the major axes of the ellipse and the hyperbola is 77 /4 (see Fig 4).
Moreover, the ellipse and the hyperbola intersect at the origin u = v(= ) = 0, where they
are perpendicular, i.e.,

g(ﬂs ¢)|,u:0:0 = t¢:_mnt/mns;h(/¢’«v ¢)|/4=O:O = t¢:mn.s/mnt; (74)

and at point (., ¢.) described by (43) as a unique solution of (44) (or (69) and (70)), hence
lie on the near branch of the hyperbola (so that the remote branch does not intersect the
ellipse). Note that point (0, 0) is not a solution of (44), for g(0,0) = m,, # h(0,0) = m,;
(see (32) and (33)). Now g(u, ¢) can be written

g, @) =myce +myssp + M[_|C¢’S¢”m1tmm§ MM ||C¢’5¢|T] (75)

The expression multiplying p comprises a negative number (Appendix A, (68)). Conse-
quently, if / is a line passing through the origin and point (u., ¢.) on the ellipse (g (i., ¢.) =
0), then the (cylindrical) coordinates p and ¢, of points of / satisfy either g(u, ¢.) > 0
or g(u, ¢.) <0, depending on whether the indicated point is inside (u < ) or outside
(1 > p.) the ellipse. If a circle of radius p is drawn with its center at the origin, then the
orientation angles of lines passing through the origin and each of the intersection points of
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the circle with the hyperbola (two or four), are solutions of A (u, ¢) = 0. If outside the el-
lipse, these points satisfy g(u, ¢) < 0 (e.g., Points A and B in Fig. 4). However, if u < .,
then one, and only one of these pomts namely (u, ¢) lies within the ellipse (e.g., Points
C in Fig. 4); and, because g(u, ¢) > 0, it accommodates sliding renewal in direction ¢
(Sect. 3.3). Points B accommodate angle ¢ (Sect. 3.2) and Point D accommodates i, and

P ((43)).

Appendix C

In 2D systems

1. m,y =m,; = my =0, hence ¢, = ¢, = ¢, = 0 (see (41a)—(41¢)); and . and ¢, (43)
become undefined. With ¢ =0 and d¢/d I, = 0 (34a)—(34e) remain intact.

2. Equations (25)— (27) reduce to dv, = A/mdl,, dI, = —m,,/A, dI; = 0 where
AEmy,my — m, hence (45a)-(45e) become d¢/dl, = 0, ds/dl, = 0, dv,/dI, =
A/my, dl /AL, = —my, /my,, dI;/dI, = 0.

3. The solution of A (i, ¢) =0, g(u, p) > 0is 43 =1, leaving (46a)—(46e) intact.

The procedure of Sect. 4 can be applied to 2D systems if modified accordingly.
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