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Abstract This paper deals with continuous contact force models applied to the human-in-
the-loop simulation of multibody systems, while the results are valid in general to all the
real-time applications with contacts. The contact model proposed in this work is suited to
collisions between massive solids for which the assumption of quasi-static contact holds,
and it can be supposed that the deformation is limited to a small region of the colliding
bodies while the remainder of them are assumed to be rigid. The model consists of two
components: normal compliance with nonlinear viscoelastic model based on the Hertz law,
and tangential friction force based on Coulomb’s law including sticktion and a viscous fric-
tion component. Furthermore, the model takes into account the geometry and the material
of the colliding bodies. The tangential model is a novel contribution while the normal model
is completely taken from previous works. For this work, the formulation of the equations
of motion is an augmented Lagrangian with projections of velocities and accelerations onto
their constraints manifolds and implicit integrator. The whole solution proposed is tested in
three applications: the first one is the simulation of a spring–mass system with Coulomb’s
friction, which is an academic problem with known analytical solution; the second one is
the Bowden and Leben stick–slip experiment; the third one is a simulator of a hydraulic ex-
cavator Liebherr A924, which is a realistic application that gives an idea of the capabilities
of the method proposed.
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1 Introduction

The treatment of contact forces is a key issue in many applications involving multibody
systems with eventual impacts or permanent contacts between bodies. If the application to
address includes also human-in-the-loop, this treatment has to be even more careful be-
cause the real-time requirements impose firm constraints on the integration time-step and,
additionally, on the number of iterations if implicit integration is used. In addition to the ef-
ficiency considerations, the simulation has to be stable and robust enough along all the range
of possible operations of the system, as well as reproduce the behavior of the real system
with an acceptable precision.

To solve the impact problem in multibody systems composed of rigid bodies, the meth-
ods can be divided into two families [1–3]: the discontinuous and the continuous approaches.
The rigid body assumption made here means that the bodies are supposed to be hard and
only very small local deformations are required to generate very large contact pressures [4].
The discontinuous approaches assume that the impact occurs instantaneously and changes
the momenta balances of the system instantaneously, see e.g. [5, 6]. In [7] the impact is con-
sidered also discontinuous, but a fast time scale, which considers the duration of the contact
and the flexibility of the colliding bodies, is used to compute the coefficient of restitution
to feed back the multibody system equations. On the other hand, the continuous approaches
are based on regularized-force models that relate the force and deformation of the bodies
in collision [1, 8], or based on unilateral constraints techniques that avoid the penetration
between bodies [9–12]. In applications in which permanent contacts or at least contacts of
a significant duration are expected to occur, continuous methods are needed. The continu-
ous methods based on regularized forces include a number of viscoelastic and viscoplastic
models (see e.g. [3, 13, 14, 25]).

Between the large number of existent formulations of the equations of motion (see
e.g. [15]), the penalty and augmented Lagrangian formulations [17, 18] are characterized
by transforming the constraints into forces proportional to the constraints violation. This
technique, used along this work, is similar and compatible to that of the continuous-force
models for normal contact, which relate the force and deformation of the bodies in contact
to avoid the penetration between them.

It is worth to mention that, up to these days, no universally accepted model has been de-
veloped for the friction force between bodies under dry conditions. The Coulomb’s friction
law is the most simple model but has the problem that, when used along with continuous
normal force models, the gradient of the force at null tangential velocity is infinite. This
fact is unacceptable from the numerical point of view, since the motion has to be solved in
discrete time-steps and it is not possible to deal with an infinite gradient at null velocity in
these conditions (see e.g. [19]). The solution is to avoid the discontinuity of the Coulomb’s
model while maintaining the physical characteristics of the friction phenomenon important
for the considered application [3]. For this paper a tangential friction model was developed
to deal with the applications tackled; the model includes Coulomb’s friction, sticktion at low
velocities and a viscous friction term. Including the sticktion is indispensable for applica-
tions like the excavator simulator presented in this paper, since the excavator works on its
legs and blade, for example, on slopes.

Related to the contact models, there are two difficult problems to address in real-time
applications, especially when using constant integration time-step, which is the case here.
The first one is the fact that the contact takes place in a limited, and sometimes very re-
duced, number of time steps, so that the algorithm has to be robust enough to overcome hard
impacts; the second one was mentioned before and is related to the stability of the friction
forces at low velocities and the transition between slipping and sticking.
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This work explains the treatment chosen by the authors to address the contact between
bodies in an excavator simulator for training personnel, which is an application subject to all
the restrictions mentioned in the last paragraphs. The solution fulfills all the requirements
proposed in terms of efficiency, robustness, and precision in the physical behavior.

2 Description of the multibody formalism

The multibody formulation chosen for this work is an index-3 augmented Lagrangian with
projections of velocities and accelerations onto the constraints manifolds. The multibody
modeling of the systems is done in natural coordinates [15, 16]. The formalism was exten-
sively described in [20, 21]; for this reason, only a brief summary is given here.

The equations of motion are given by the following expressions:

Mq̈ + �T
qλ∗ + �T

qα� = Q(q, q̇), (1)

λ∗
i+1 = λ∗

i + α�i+1, i = 0,1,2, . . . , (2)

where M and Q are the mass matrix and generalized forces vector, q is the vector of natural
coordinates of the system, � and �q are the constraints vector and its Jacobian matrix
respectively and λ is the Lagrange multipliers vector. The scalar α is the penalty factor
while the index i stands for the iteration number.

To integrate the equations of motion (1), the single-step trapezoidal rule is to be used.
Since the mentioned integrator is implicit, establishing the dynamic equilibrium at time
step t + h (t being the simulation time and h the time step) leads to a nonlinear system
of equations in the coordinates q for the time step. In order to obtain the solution of this
nonlinear system, the Newton–Raphson method may be applied:

[
∂f(q)

∂q

]i

t+h

�qi+1
t+h = −[

f(q)
]i

t+h
, (3)

qi+1
t+h = qi

t+h + �qi+1
t+h, (4)

where f(q) and [ ∂f(q)

∂q ] stand for the residual and tangent matrix of the nonlinear problem and
have the following expressions:

f(q) = h2

4

(
Mq̈ + �T

qλ∗ + �T
qα� − Q

)
, (5)

[
∂f(q)

∂q

]
∼= M + h

2
C + h2

4

(
�T

qα�q + K
)
. (6)

In (6) the matrices K and C collect the contributions of the generalized forces vector deriv-
atives to the tangent matrix, and can be considered as stiffness and damping matrices of the
system:

K = −∂Q
∂q

, (7)

C = −∂Q
∂q̇

. (8)
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Once the convergence is achieved by (3) and (4), the velocities and accelerations obtained
from the Newton–Raphson iteration, which will be called here q̇∗

t+h and q̈∗
t+h, are projected

onto the constraints manifolds to obtain their cleaned counterparts, q̇t+h and q̈t+h, by means
of the following expressions:

[
∂f(q)

∂q

]
q̇ =

(
M + h

2
C + h2

4
K

)
q̇∗ − h2

4
�T

qα�t , (9)

[
∂f(q)

∂q

]
q̈ =

(
M + h

2
C + h2

4
K

)
q̈∗ − h2

4
�T

qα
(
�̇qq̇ + �̇t

)
, (10)

�t being the partial derivatives of the constraints vector with respect to time.

3 Description of the contact model

The contact-forces approach proposed for this work comprises two different models: the
normal-force model and the tangential-force model. The two models are presented sepa-
rately in subsequent sections. The tangential model is an original contribution of this work
while the normal model is completely taken from previous works.

As will be described later, in the human-in-the-loop application tackled in this paper
the multibody model studied is divided into primitive objects (in the majority of the cases,
spheres) for contact detection purposes, which interact with CAD environments composed
of triangular meshes. Under these circumstances, all the contacts can be approximated as
contacts between primitives and plane surface bodies. For simplicity, the case of spheres
against plane surface bodies is the only case that will be explained here, but the generaliza-
tion is straightforward.

3.1 Normal-force model

In order to choose the normal-force model, some tests were done with several contin-
uous viscoelastic models, like the Hunt–Crossley model [8], the Lankarani–Nikravesh
model [22], and the Kelvin–Voight model [23]. The results shown by the Hunt–Crossley
and Lankarani–Nikravesh models where similar and very satisfactory while the Kelvin–
Voight model suffered from a lack of dissipation in hard impacts, which must be solved in
few time steps. Finally, the normal-force model chosen for this work was the Hunt–Crossley
model [8]. The model is suited to collisions between massive solids for which the assump-
tion of quasi-static contact holds and it can be supposed that the deformation is limited to
a small region of the colliding bodies while the remainder of them are assumed to be rigid.
The expression for the normal force, after some calculations, has the following form:

Fn = knδ
e

(
1 + 3(1 − ε)

2

δ̇

δ̇0

)
n, (11)

where kn is the equivalent stiffness of the contact which depends on the shape and material
properties of the colliding bodies, e is the Hertz’s exponent, δ = Rsph − |pcenter − pcontact|
is the indentation, δ̇ its temporal derivative, δ̇0 is the relative normal velocity between the
colliding bodies when the contact is detected, ε is the coefficient of restitution, and n is the
direction of the force (see Fig. 1). The subscript “n” comes from “normal.”
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Fig. 1 Normal contact between sphere and plane: isometric and front views

The value of kn can be calculated for general colliding paraboloids but, as was mentioned
before, in this explanation all the contacts will be considered as contacts between spheres
and plane surface bodies in which case the expression for the stiffness can be expressed by
(see for example [24]):

kn = 4

3(σsph + σpln)

√
Rsph, (12)

where Rsph is the radius of the sphere in contact with the plane, and the material parameters
of the sphere and plane, σsph and σpln, are given by

σsph = 1 − ν2
sph

Esph
, σpln = 1 − ν2

pln

Epln
, (13)

with ν and E standing for the Poisson’s ratio and the Young’s modulus of each one of the
two materials, represented by the sphere and plane.

It was explained in Sect. 2 that the formulation chosen for this work uses implicit inte-
gration and Newton–Raphson iteration and, therefore, the forces in the multibody system
contribute to the tangent matrix (6) by means of the stiffness and damping matrices (7)
and (8). For the Hunt–Crossley model presented here, the contribution to these matrices
includes the following derivatives:

Kn = − ∂Fn

∂pcenter
= −n

(
e knδ

e−1

(
1 + 3(1 − ε)

2

δ̇

δ̇0

))
nT , (14)

Cn = − ∂Fn

∂ṗcenter
= −n

(
knδ

e

(
3(1 − ε)

2δ̇0

))
nT . (15)

These expressions are not yet the contributions to the tangent matrix of (6), because
depending on the natural coordinates chosen in the construction of the multibody model,
it is usually necessary to perform additional substitutions and derivatives to convert these
expressions into derivatives of generalized forces with respect to generalized coordinates.

3.2 Tangential-force model

The tangential-force model developed for the friction force is based on Coulomb’s law in-
cluding sticktion. Moreover, a viscous term is added to the dry friction force. The general
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form of this force is the following:

Ft = κFstick + (1 − κ)Fslide − μviscvt . (16)

In (16), the first two terms constitute the dry friction, while the third term accounts for
the viscous friction. For the smooth transition between sticking and slipping, the dry friction
force is divided into two components coupled by a smooth function, following the ideas
proposed in [25]. The subscript “t” comes from “tangential.”

In (16), μvisc is the viscous damping coefficient, Fstick and Fslide are the components of
the sticktion and slipping forces, κ is a smooth function of the tangential velocity, and vt is
defined in terms of the central point of the contact region, pcontact, and the normal vector at
the contact, n, as follows:

vt = ṗcontact −
(
nTṗcontact

)
n. (17)

The mentioned function, κ , has to match the following conditions:

κ =
{

0; |vt | � vstick

1; |vt | = 0

}
, (18)

where vstick is a parameter of the model accounting for the velocity of the stick–slip tran-
sition. A good choice for the transition function κ was given in [25] and has the following
form:

κ = e−(vT
t vt )/v

2
stick . (19)

Equation (16) showed that the total force is composed of three contributions: the sliding
dry friction force at high velocities, the sticktion force at low velocities and the viscous fric-
tion force. The sticktion force will be considered by means of viscoelastic elements acting
between the colliding bodies, called bristles. The expressions of the sliding and sticktion
forces are given by (20) and (21) (see Fig. 2):

Fslide =
{

0; |vt | = 0

−μdin|Fn| vt

|vt | ; |vt | > 0

}
, (20)

Fig. 2 Tangential contact
between sphere and plane
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Fstick =
{

0; s = 0

f m
stick
s

(I3 − nnT)(pcontact − pstick); s > 0

}
, (21)

μdin being the friction coefficient under dynamic conditions, s = |pcontact − pstick| the defor-
mation of the bristles, with pstick the sticktion point, which was initially the central point of
the contact region in the instant at which the contact began; I3 is the identity matrix of size
3 × 3; f m

stick is the function that represents the behavior of the bristles,

f m
stick = −kstick s − cstick ṡ, (22)

kstick and cstick being the stiffness and damping coefficients of the sticktion model. Neverthe-
less, there is a limiting value for the sticktion force:

|Fstick| ≤ μst|Fn|. (23)

In (23), μst is the friction coefficient under static conditions which is, in general, higher
than the dynamic friction coefficient. In case this limit is exceeded, and (23) is not fulfilled,
there are two consequences: first, (22) is not valid anymore and (24) holds for the behavior
of the bristles; second, the sticktion point has to be updated using (25)

f m
stick = −μst|Fn|s

|(I3 − nnT)(pcontact − pstick)| , (24)

pstick = pcontact −
(

ηstickμst|Fn|
kstick

)
vt

|vt | . (25)

The coefficient ηstick controls the strain of the bristles when the maximum force is
reached. Physically the more reasonable value is ηstick = 1, but small variations with
ηstick < 1 can improve the numerical behavior of the model.

The contribution of the tangential force, Ft , to the tangent matrix (6) includes the follow-
ing derivatives.

1. Case |Fstick| ≤ μst|Fn|.

Kt = − ∂Ft

∂pcontact
= κ

(
I3 − nnT

)
Km

stick + (1 − κ)μdin
vt

|vt |
∂|Fn|

∂pcontact
, (26)

where

Km
stick = 1

s2

(
kstick + f m

stick

s

)
(pcontact − pstick)(pcontact − pstick)

T − f m
stick

s
I3. (27)

The damping contribution,

Ct = − ∂Ft

∂ṗcontact
= κ

(
I3 − nnT

)
Cm

stick

+ (1 − κ)

[
μdin

vt

|vt |
∂|Fn|

∂ṗcontact
+ μdin|Fn|

|vt |
(

I3 − vtvT
t

|vt |2
)

∂vt

∂ṗcontact

]

+ 2s

v2
stick

(Fstick − Fslide)vT
t

∂vt

∂ṗcontact
+ μvisc

∂vt

∂ṗcontact
, (28)
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being

Cm
stick = cstick

s2
(pcontact − pstick)(pcontact − pstick)

T , (29)

∂vt

∂ṗcontact
= I3 − nnT . (30)

2. Case |Fstick| > μst|Fn|.

Kt = 0, (31)

Ct = μvisc
∂vt

∂ṗcontact
. (32)

It is important to note again that these expressions for Kt and Ct are not yet the contribu-
tions to the tangent matrix (6), because depending on the natural coordinates chosen in the
construction of the multibody model, it is usually necessary to perform additional substitu-
tions and derivatives to convert these expressions into derivatives of generalized forces with
respect to generalized coordinates.

4 Contacts detection technique and computational aspects

The methods developed in this work are designed for applications in which contact plays an
important role and, moreover, the multibody model or models have to interact with complex
CAD environments. This is the case of simulators of certain kind of machinery and vehicles
when the contact detection and all the calculations needed by the contact-force models have
to be fast.

There are general contact detection techniques for multibody models whose geometry
is given by complex CAD models [26], but sometimes the models are not fast enough to
achieve real-time performance if a large number of bodies are considered or the geometries
are too complex. For this reason, to deal with the kind of applications mentioned before,
the technique used here is to approximate the environments and the multibody models by
primitive objects: the complex CAD environments by meshes of triangular faces and the
geometry of the multibody systems by spheres of different sizes (in the majority of the
cases) and in some cases by boxes (when the geometry cannot be approximated by spheres
in a satisfactory way). Each face of a CAD environment has its own normal vector and its
own properties of stiffness and friction and each sphere is characterized also depending on
the material properties and curvature of the multibody model.

The first step prior to the evaluation of the forces is to detect which faces of the envi-
ronment collide with geometry of the multibody model. In Fig. 3 the different possibilities
considered for contacts between primitive spheres and triangular faces are represented. The
case of primitive boxes will not be considered here.

• The primitives are in contact when the distance, s, of the center of the sphere to the plane
of the face is smaller than the radius of the sphere, Rsph, and the projection of its center
on the plane lies inside the triangle (see Fig. 3(a)). In this case there is a contact between
sphere and plane and the normal vector of the contact n is the normal vector of the plane
of the face.
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Fig. 3 Collision detection between sphere and triangular face

• When the previous conditions are not fulfilled, the primitives can be also in contact when
the distance, s, of the center of the sphere to one of the edges of the face is smaller than
the radius of the sphere, Rsph, and the projection of the center on the edge lies inside
the edge (see Fig. 3(b)). In this case there is a contact between sphere and edge and the
normal vector of the contact n has the direction from the contact point to the center of the
sphere.

• If none of the previous situations happens, it is considered that the primitives are not in
contact (see Fig. 3(c) and (d)). It is important to notice that the collisions between sphere
and vertex are neglected here. This is an acceptable approximation which can lead to
problems in environments with a lot of sharp points and non-convex geometry.

At each time step, the contact conditions have to be detected in a fast way. This involves
checking all the spheres against all the faces and their edges, which means a lot of calcula-
tions per time step when the environments are realistic. In order to speed up this process, the
algorithm uses an octree-based hierarchical decomposition of the entire scene mesh [27].
The bounds of the polygon soup are calculated through an Axis Aligned Bounding Box
(AABB) to generate a tree-based hierarchical structure that is used to quickly reject the
polygons not involved in potential collisions, in order to reduce the number of polygons
tested against contact with the primitive objects that represent the geometry of the models.
The depth of the tree has to be empirically optimized for speed.

Also, in order to save computational time, all the calculations necessary for computing
the detections are reduced to the minimum. In this sense, many calculations would be pre-
computed like: all the equations of the planes of the meshes, certain constant expressions
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used to decide if a point belonging to a plane is as well contained in the triangle of the face,
the equations of the semi-infinite straight lines of the edges, and so on.

All the mentioned techniques not suffice for real-time purposes. As was described in
Sect. 2, an implicit integrator is used with the aim of improving the stability of the integration
and consequently the algorithm is iterative, which means that if all the calculations related
to the contact detection were carried out in each iteration, the cost of the detection would
rise in an uncontrollable manner as the number of iterations grow. The consequences of this
would be completely unacceptable: as the integration becomes more difficult, the number of
iterations grows and the computational cost of both the dynamics and the contact detection
would grow as well. To avoid the testing of the whole tree of faces in each iteration, the
faces susceptible to collision are selected after the prediction stage of the integrator and kept
during the whole time step, i.e. once per time step instead of once per iteration, which helps
to maintain the computational cost per time step more constant. Depending on the number of
primitives present in the multibody model, the parallelization of the contact detection must
be considered as well.

It is worth to mention that, in the strategy proposed in this work, the integration time-
step is kept constant. On the one hand, this avoids difficult and cumbersome detections of the
precise instant of contacts which makes the algorithm very simple, but, on the other hand,
the strategy is very demanding for the integration algorithm since it has to overcome all the
impacts and specially difficult situations present in the simulation without modifying the
time step. Other works propose strategies for detection of the precise instant of contact (see
[28]) and that would be the right approach to obtain accurate solutions when contacts occur
but difficult to combine with the real-time requirements when a large number of contacts
can take place at the same time.

5 Numerical examples

The formulation with the contact model proposed is tested in three different applications:
the first one is the simulation of a spring–mass system with Coulomb’s friction, which is
an academic problem with known analytical solution; the second application is the well-
known Bowden and Leben stick–slip experiment; the third application is the simulation
of the whole model of a hydraulic excavator Liebherr A924, implemented as part of an
excavator simulator, which is a realistic example that gives an idea of the capabilities of the
method and the behavior of the simulations.

In all the examples of this work, the contact forces were included by means of the normal-
force model explained in Sect. 3.1 and the tangential-force model developed in Sect. 3.2.

The mass–spring and Bowden and Leben stick–slip examples (Sects. 5.1 and 5.2) were
implemented in Fortran 2003 language. The Liebherr A 924 excavator (Sect. 5.3) was im-
plemented in Fortran 2003 language too, except for the graphics and collision detections,
implemented in C++ language.

5.1 Mass–spring system with Coulomb’s friction

The first system to be simulated is the mass–spring system with Coulomb’s friction shown
in Fig. 4, which is a very simple example with known analytical solution but at the same
time interesting to test the tangential contact model proposed and to compare it with the
known theoretical results.

The total time of simulation is 13 seconds and the time step h is 0.01 seconds. The system
undergoes the influence of the gravity forces g = 9.81 m/s2. The numerical values of the
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Fig. 4 Mass–spring system with
Coulomb’s friction

Fig. 5 Response of the system (block position and velocity): theoretical vs. numerical

parameters are: the mass of the block m = 1 kg, the dynamic friction coefficient μdin = 0.02,
the static friction coefficient μst = μdin, while the viscous friction coefficient μvisc = 0, the

natural spring length l0 = 1.5 m, the stiffness coefficient of the spring is k = { 1 N/m; t<10 s
10 N/m; t≥10 s

}
,

t being the integration time variable. The change on the spring stiffness is motivated to force
the stick–slip transition when the simulation time reaches t = 10 s; just before this instant
the mass was stuck to the plane and the change in the spring stiffness forced the mass to
move.

For this example the actual geometry of the block is neglected and only two contact
points are considered, one at each end of the block. The normal and tangential forces are
introduced to these points. The block is constrained to move and rotate in the plane of the
figure, so the system has 3 degrees of freedom.

The parameters of the normal-force model have little influence in the response (provided
the stiffness of the contacts is sufficient and the restitution coefficient is not close to 1).

The remaining parameters for the tangential contact model described in Sect. 3.2 have
the following values: vstick = Nμgh, kstick = m/(Nh)2, cstick = 2

√
kstickm, ηstick = 1. The

parameter N allows to estimate the rest of parameters of the model and intends to be the
number of time steps to stop the mass once the sticktion is acting, and is set to N = 5 for
this application. Excessively low values lead to numerical problems.

The theoretical responses of the system vs. the numerical responses are shown in Fig. 5,
the magnitudes represented are the block position (spring distance) and the block veloc-
ity (spring distance derivative). The coincidence between the theoretical and numerical re-
sponses is quite good, and the slip–stick and stick–slip transitions are also satisfactory.

5.2 The Bowden and Leben stick–slip experiment

The second system to be simulated is the Bowden and Leben stick–slip experiment. This
experiment was first proposed by Bowden and Leben to study the stick–slip process [29]
and it was described and solved recently in [25].
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Fig. 6 The Bowden and Leben
stick–slip experimental apparatus

Fig. 7 Response of the system: (a) block position, (b) block velocity and (c) friction force

The system consists of a mass–spring system similar to that presented in Sect. 5.1 but,
in this case, the block is mounted on a conveyor belt that is moved at a constant speed as
shown in Fig. 6.

The simulation total time is 120 seconds and the time step h is 0.001 seconds. The system
undergoes the influence of the gravity forces g = 10 m/s2. The numerical values of the
parameters are: the mass of the block m = 1 kg, the dynamic friction coefficient μdin =
0.1, the static friction coefficient μst = 0.15, the viscous friction coefficient μvisc = 0.1, the
natural spring length l0 = 1.5 m, the stiffness coefficient of the spring is k = 2 N/m and the
velocity of the conveyor belt is vf l = 0.05 m/s (“fl” for floor).

Like in the previous example, the actual geometry of the block is neglected and only
two contact points are considered, one at each end of the block and the contact forces are
introduced to these points.

The remaining parameters for the tangential contact model described in Sect. 3.2 have
the following values: vstick = 0.001 m/s, kstick = 105 N/m, cstick = √

105 N s/m, ηstick = 1.
The responses of the system are shown in Fig. 7, the magnitudes represented are the block

position (spring distance), the block velocity (spring distance derivative) and the magnitude
of the friction force.
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Note in Fig. 7(b) that the block is stuck to the conveyor belt until the spring force equals
the maximum friction force available under static conditions (μstmg). At this moment the
block begins to slide and the maximum friction force available abruptly drops to the max-
imum force under dynamic conditions (μdinmg). Moreover, due to the relative velocity be-
tween the block and the conveyor belt, the viscous friction acts (μviscvt ), which is responsible
for the small round peaks that can be observed in Fig. 7(c). Finally, the block sticks again to
the conveyor belt with a sticktion force that is much lower than the maximal available.

The response of the model presented here is very similar to that presented in [25], except
that the model presented here does not take into account the dwell-time dependency of the
sticktion force.

5.3 Liebherr A924 excavator

The modeled machine is a Liebherr A924 Litronic (see Fig. 8), a medium-size wheeled
excavator. All the technical parameters of the real machine were taken from information
provided by the manufacturer [31]. The time step chosen for the simulator is 5 milliseconds
and the number of iterations of the implicit integrator is limited to 10 to guarantee the real-
time performance, although this limit is rarely reached.

The machine has been modeled with 14 rigid bodies and 14 revolute joints, and is shown
in Fig. 9. Elements crucial for stability like the front stabilizer blade and the left and right
lateral outriggers (rear retractable legs) have been included in the model. Kinematics of the
machine has been modeled with natural coordinates [15, 16], plus some distance and angular
coordinates. The resulting excavator model has 154 coordinates (including 6 distances and
7 angles) and 154 constraints, 10 of them being redundant, which means that the excavator
model has 10 degrees of freedom: 6 from the undercarriage free motion and 4 from the
wheels rotation.

The external forces applied to the model are the following:

1. The weight of the machine parts and the bucket load.
2. The tire contact forces, which consist of linear spring and damper elements for the normal

forces, and the magic formula tire model for the tangential forces [30].
3. Torques between undercarriage and wheels due to the accelerator and brake pedals action.
4. The contact forces originating from the collision of the excavator with the terrain or

the surrounding objects; the contact model and the collisions detection technique were
described in Sects. 3 and 4.

Fig. 8 Virtual excavator in its
working environment
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Fig. 9 Excavator’s multibody model topology

Moreover, there are 6 actuators controlled by the operator. All the actuators have been
modeled as rheonomic constraints acting on angular and distance variables, since the dy-
namics of the hydraulic circuit has not been considered in this version of the simulator.

1. Steering: the steering system actuates the front wheels and is modeled as a rheonomic
constraint on an angular variable. Wheel’s turns are related to the guided angular variable
by the Ackerman’s condition.

2. Uppercarriage rotary actuator: is modeled as a rheonomic constraint on an angular vari-
able defined between the uppercarriage (cab) and the undercarriage (chassis).

3. Boom hydraulic cylinders: one rheonomic constraint on the cylinder distance variable
models the two redundant hydraulic cylinders of the real machine.

4. Stick hydraulic cylinder: is modeled as one rheonomic constraint on the cylinder distance
variable.

5. Stick hydraulic cylinder: is modeled as one rheonomic constraint on the cylinder distance
variable.

6. Bucket hydraulic cylinder: is modeled as one rheonomic constraint on the cylinder dis-
tance variable.

7. Stabilizer blade and outriggers hydraulic actuators: in the real machine, three hydraulic
cylinders control the simultaneous descent of the blade and outriggers. In the model,
kinematic constraints relate the motion of the blades and outriggers, so that all of them
can be controlled with an only rheonomic constraint on a distance variable.

Since the dynamics of the hydraulic circuit has not been modeled yet, the operator con-
trols the position of the actuators without any delay or inertial effects. However, a simplified
dynamics has been implemented for the actuators and the values of the Lagrange multipli-
ers are verified to limit the force available according to the torques and lift capacities given
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Fig. 10 Using the arm for descending a steep slope and terrain excavation

Fig. 11 Interacting with movable objects: breaking down fences and digging

by the manufacturer. Also, the velocities and accelerations of these kinematically guided
actuators have been adjusted to match the technical specifications of the real machine.

The excavator is placed in a working environment (in Fig. 8 standing on its legs and
blade), where the operator can perform different training exercises: maneuvering, digging,
material handling, etc. The excavator interacts with the environment in two ways (see
Fig. 10): (a) collisions with the scene objects and the terrain, which generate contact forces;
and (b) terrain excavation and loading with the bucket.

Some scene objects are fixed (e.g. buildings, terrain) while others are movable (e.g.
fences) as can be seen in Fig. 11. In order to compute the dynamics of movable objects, they
are introduced in/removed from the simulation only when the excavator approaches/moves
away from them; this technique makes possible to simulate in real-time working environ-
ments with a large number of movable objects.

The selected contact model delivers very realistic behavior and is able to simulate com-
mon events in the daily work of real excavators: slipping on slope terrains, stabilizing the
machine with the blade and the outriggers (Fig. 8), using the arm for support or impulsion
(Fig. 10), moving objects with the bucket or blade (Fig. 11), etc., or even other dangerous
events not so common in the daily work, like rolling the excavator over (Fig. 12).

6 Conclusions

An integral solution to address contacts between solids in human-in-the-loop applications
was described. The algorithm presented to integrate the equations of motion uses constant
time-step and implicit integration, avoiding difficult and cumbersome detections of the pre-
cise instant of contact, modifications of the time step and re-starts of integration process.
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Fig. 12 Excavator rollover

The strategy of constant integration time-step is very demanding for the integration al-
gorithm since it has to overcome all the impacts and specially difficult situations present in
the simulation without modifying the time step. The strategy has many advantages because
of its simplicity but the main drawback is that the precision of the solution is not constant
along the simulation.

A new tangential contact force model was developed which includes sliding friction
force, sticktion force and viscous friction force. The new model was successfully combined
with some well-known normal contact force models. Between all the normal models tested,
the Hunt–Crossley model [8] was chosen for the simulations carried out in this work as the
model that better combines with the new model.

The contact detection technique was described and computational aspects were taken
into account along this work, which are crucial to achieve real-time performance.

The contact-force model (combination of normal and tangential forces) was implemented
in two academic examples, showing that it observes the physical laws of the phenomenon
and the behavior of the algorithm is very good.

Finally, the proposed contact solution (including the contacts-detection technique,
normal-force and tangential-force models and advanced computational aspects) was im-
plemented in a real-time multibody model of a hydraulic excavator which is part of an
excavator simulator, showing a wonderful behavior in the most common operation events of
the daily work of this kind of machinery.
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