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Abstract This paper presents a three-dimensional (3D) finite deformation thermomechan-
ical model to study the glass transition and shape memory behaviors of an epoxy based
shape memory polymer (SMP) (Veriflex E) and a systematic material parameter identifica-
tion scheme from a set of experiments. The model was described by viscoelastic elements
placed in parallel to represent different active relaxation mechanisms around glass transition
temperature in the polymer. A set of standard material tests was proposed and conducted
to identify the model parameter values, which consequently enable the model to reproduce
the experimentally observed shape memory (SM) behaviors. The parameter identification
procedure proposed in this paper can be used as an effective tool to assist the construction
and application of such 3D multi-branch model for general SMP materials.

Keywords Shape memory effect · Shape memory polymer · Constitutive model

1 Introduction

Shape memory polymers (SMPs) are polymeric smart materials featured by the ability
to recover their permanent shape from one (or sometimes multi-programmed Xie 2010;
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Xie et al. 2009; Yu et al. 2012; Li and Xie 2011) temporary shape(s) when a proper stimu-
lus is applied (such as heat—Lendlein and Kelch 2002; Liu et al. 2007; Chung et al. 2008;
Gall et al. 2005; Mather et al. 2009; Yu et al. 2011; Castro et al. 2010, 2011; Westbrook
et al. 2010a; Wang et al. 2011; Ge et al. 2012, 2013, light—Jiang et al. 2006; Koerner et al.
2004; Lendlein et al. 2005; Scott et al. 2005, 2006, magnetic fields—Mohr et al. 2006;
Buckley et al. 2006; Schmidt 2006; He et al. 2011; Kumar et al. 2010; Yu et al. 2013, and
moisture—Huang et al. 2005; Jung et al. 2006, etc.). This phenomenon is referred to as the
shape memory (SM) effect, and has also been observed in some metallic alloys and ceram-
ics. Compared with the shape memory alloys and ceramics, SMPs possess the advantages of
high strain recovery (Wei et al. 1998), low density, low cost, easy shape programming proce-
dure, and easy control of recovery. They are also chemically tunable to achieve biocompat-
ibility and biodegradability. Overall, they have gained extensive research interests recently
in various fields such as medical, civil, and aerospace engineering (Yakacki et al. 2007;
Lendlein and Kelch 2005; Chen and Lagoudas 2008; Liu et al. 2004; Ding et al. 2007;
Alvine et al. 2009).

For thermally activated SMPs, the glass transition is the shape memory mechanism. The
inherent complexity of polymer SM effects that involve strong temperature sensitivity and
multiple shape changing events makes the traditional build-and-test approach for SMP ma-
terials and devices design prohibitively inefficient (Nguyen et al. 2010), and hence requires
the development of constitutive models that are not only able to predict the polymer be-
haviors, but also to allow a viable strategy to measure or identify the material parame-
ters on common lab equipment. The early modeling efforts for the most commonly used
thermally induced SMPs were one-dimensional, small strain, rheological models which
could capture the characteristic SM behavior but with limited prediction capability (To-
bushi et al. 1996, 1998; Bhattacharyya and Tobushi 2000; Morshedian et al. 2005). Re-
cently, the phase evolution modeling approach was proposed and considered to be an effec-
tive tool to explain some thermomechanical properties of SMPs (Chen and Lagoudas 2008;
Barot et al. 2008; Liu et al. 2006; Qi et al. 2008; Long et al. 2009, 2010c; Ge et al. 2011;
Westbrook et al. 2010b). This concept can be applied to a wide variety of SMP materials,
such as crystallizable (Barot et al. 2008; Ge et al. 2011; Westbrook et al. 2010b, 2011) or
photo-activated (Long et al. 2009, 2010a, 2010b, 2011; Ryu et al. 2012) SMPs, but it fails
to physically relate the polymer glass transition behavior to their SM effect. In this regards,
thermoviscoelastic modeling approaches (Yu et al. 2012; Castro et al. 2010; Ge et al. 2012;
Westbrook et al. 2011; Diani et al. 2006; Nguyen et al. 2008; Srivastava et al. 2010) have
emerged for the modeling of SMPs in which the mobility of polymer chains can be cor-
related with viscosity or relaxation time of a Maxwell element. The viscous strain devel-
oped at temperature above Tg is restricted at temperature below Tg (temporary shape fix-
ing) (Yu et al. 2012). Reheating to above Tg will reduce the viscosity, reactive dashpot and
allows the structure to relax to its equilibrium configuration, which leads to shape recov-
ery. With the modeling concept of glass transition, more comprehensive three-dimensional
thermoviscoelastic models have been developed (Westbrook et al. 2011; Diani et al. 2006;
Nguyen et al. 2008; Srivastava et al. 2010). Moreover, to capture the multiple relaxation
processes in a real polymer system, multi-branch models (resembling the 1D generalized
viscoelastic model or Prony series) should be applied (Engels et al. 2009), especially for
some polymers with complex glass transition behaviors.

Veriflex E is a commercially available shape memory polymer with a great potential for
aerospace and other engineering applications. Several experimental studies (Castro et al.
2011; McClung et al. 2012, 2013) were conducted and showed rather complicated behav-
iors, which have not been studied theoretically in the past. For example, Castro et al. (2011)
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and McClung et al. (2012, 2013) found that the recovery time depended on the programming
temperature, which was not observed in many other SMPs. In this paper, we use a more gen-
eral multi-branch modeling frame to model the thermomechanical properties of the Veriflex
E SMP. The model consists of three groups of branches to respectively describe the polymer
equilibrium, rubbery and glassy behaviors. One critical aspect in using multi-branch models
is how to identify material parameters for the springs and dashpots. We demonstrate that by
using a set of standard material tests conducted by McClung et al. (2012, 2013), including
stress relaxation, dynamic mechanical analysis (DMA), thermal expansion (CTE) experi-
ments and isothermal tension tests, the material parameters for the rheological elements can
be fully determined. The experimentally parameterized model shows the capability to re-
produce the observed SM effect. The simulation and experimental results are also compared
and discussed. The accompanied strategy for material parameter identifications illustrated
in this paper will serve as a standard procedure to construct constitutive models for different
SMP materials in a complex number of temperature and time events with finite number of
model parameters.

2 Constitutive model

In this section, we briefly present the constitutive model. More details of this modeling frame
can be found in Westbrook et al. (2011).

2.1 Overall model description

Figure 1 shows the 1D rheological representation of the applied multi-branch model. A ther-
mal expansion component is arranged in series with mechanical elements, which consist of
an equilibrium branch and several non-equilibrium branches placed in parallel. The equilib-
rium branch is a hyperelastic spring to represent the equilibrium behavior of SMPs. Each
non-equilibrium branch is a nonlinear Maxwell element with an elastic spring and a dashpot
placed in series. In the set of nonequilibrium branches, m branches are used to represent the
relaxation behavior of the glassy mode, and the remaining n non-equilibrium branches are
used to represent the relaxation processes in the rubbery state. It should be noted that, as
will be shown later in this paper, the difference between the rubbery branches and the glassy
branches is that the glassy branches possess yielding behavior whilst rubbery branches do
not. In the ith (1 ≤ i ≤ m + n) non-equilibrium branch, the initial moduli of the springs are
denoted as Ei and the relaxation times of the dashpot are τ i (1 ≤ i ≤ m represents the glassy
branch and m + 1 ≤ i ≤ m + n represents the rubbery branch).

As demonstrated by Holzapfel (2000), the total deformation gradient of the model F can
be decomposed as:

F = FMFT , (1)

where FM is the mechanical deformation gradient and FT is the thermal deformation gradi-
ent.

The total Cauchy stress of the model σ is

σ = σ eq +
m+n∑

i=1

σ i , (2)

where σ eq and σ i are the Cauchy stresses in the equilibrium and the ith (1 ≤ i ≤ m + n)
non-equilibrium branches, respectively.
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Fig. 1 1D rheological
representation of the model

2.2 Thermal expansion

The thermal expansion or contraction of the constructed thermal component in the model is
assumed to be isotropic,1 i.e.,

FT = JT I, (3)

where I is the second order unit tensor. JT is the volume change due to thermal expan-
sion/contraction and is defined as:

JT = V (T , t)

V0
= [

1 + 3αr(T − T0)
]
(1 + δ), (4)

where V (T , t) is the volume at time t and temperature T . V0 is the reference volume at
the reference temperature T0. αr is the linear coefficient of thermal expansion (CTE) in the
rubbery state and δ characterizes the deviation of volume from equilibrium volume (Tool
1946, 1948; Tool and Eichlin 1931) and

δ = V (T , t)

Veq(T )
− 1, Veq(T ) = [

1 + 3αr(T − T0)
]
V0, (5)

where δ is calculated by the well-known KAHR 33-parameter (Kovacs et al. 1979).

2.3 Equilibrium branch

The Cauchy stress tensor in the equilibrium branch uses Arruda–Boyce eight chain model
(Arruda and Boyce 1993), i.e.,

σ eq = nkBT

3JM

√
N

λchain
L−1

(
λchain√

N

)
B′ + K(JM − 1)I, (6a)

B′ = B − 1/3 tr(B)I, B = FM FM
T
, FM = J

−1/3
M FM, (6b)

1The anisotropy in polymer thermal expansion could be accounted for by using additional thermal expansion
components in the model.
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λchain =
√

tr(B̄)/3, L(β) = cothβ − 1/β, (6c)

where n is the crosslinking density, kB is Boltzmann’s constant, T is the temperature, N is
the number of Kuhn segments between two crosslink sites (and/or strong physical entangle-
ments). The temperature dependent shear modulus μr(T ) of the elastomer in the equilibrium
state (which is an indication of entropic elasticity) is given by nkBT . K is the bulk modulus
and is typically orders of magnitude larger than μr to ensure material incompressibility.

2.4 Non-equilibrium branches

Although in Fig. 1 we distinguished the non-equilibrium branches by glassy branches and
rubbery branches, we attempted a unified viscous flow rule for all these branches. The dif-
ference between the glassy and rubber branches then comes from their definition of flow
resistance, or more specifically, the relaxation time. For the rubbery branches, the relax-
ation time is a function of temperatures only; for the glassy branches, the relaxation time
is a function of temperatures as well as stresses, which give to the yielding behavior. For
the ith non-equilibrium branch (1 ≤ i ≤ m + n), the deformation gradient can be further
decomposed into an elastic part and a viscous part

FM = Fi
eFi

v (no summation on i) (7)

where Fi
v is a relaxed configuration obtained by elastically unloading by Fi

e . The Cauchy
stress can be calculated using Fi

e ,

σ i = 1

J i
e

[
Li

e(T ) : Ei
e

]
, for 1 ≤ i ≤ m + n, (8a)

J i
e = det

(
Fi

e

)
, Ei

e = ln Vi
e, Vi

e = Fi
eR

iT
e , (8b)

and Li
e(T ) is the fourth order isotropic elasticity tensor in the ith non-equilibrium branch

(1 ≤ i ≤ m + n), which is taken to be temperature independent, in general, i.e.,

Li
e(T ) = 2Gi

(
III − 1

3
I ⊗ I

)
+ KiI ⊗ I, for 1 ≤ i ≤ m + n, (9)

where I is the fourth order identity tensor, Gi and Ki are shear and bulk moduli for each
non-equilibrium branch (1 ≤ i ≤ m + n), respectively.

For the rubbery non-equilibrium branches (m + 1 ≤ i ≤ m + n), it is assumed that all the
rubbery branches have the same shear modulus, i.e.,

Gi(T ) = nRkBT for m + 1 ≤ i ≤ m + n, (10)

where nR is the crosslinking density (Rubinstein and Colby 2003). Since the bulk modulus
is used to enforce a nearly incompressible condition, Ki(T ) is chosen to be independent of
temperatures and be equal to K in the equilibrium branch (Eqs. (6a)–(6c)).

For the glassy non-equilibrium branches (1 ≤ i ≤ m), the shear modulus is taken to be
independent of temperatures, i.e.,

Gi(T ) = μg for 1 ≤ i ≤ m, (11a)
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and Ki(T ) is calculated through Gi(T ) using the Poisson ratio vi = vg ,

Ki(T ) = 2(1 + vg)

3(1 − 2vg)
μg for 1 ≤ i ≤ m. (11b)

The elastic modulus in each non-equilibrium branch is calculated as

Ei(T ) = Gi(T )

2(1 + vi)
for 1 ≤ i ≤ m + n. (12)

In each non-equilibrium branch (1 ≤ i ≤ m + n), the second Piola–Kirchoff stress in the
intermediate configuration (or elastically unloaded configuration) and the Mandel stress are

Si = J i
e

(
Fi

e

)−1
σ i

(
Fi

e

)−T
and Mi = Ci

eS
i , (13)

where Ci
e = FiT

e Fi
e is the right Cauchy–Green deformation tensor. Typically for inelastic

materials, the Mandel stress is used to drive the viscous flow via the equivalent shear stress,

γ̇ i
v = Mi

Gi(T )τ i
M(T ,Mi)

, (14)

where the equivalent shear stress is defined as

Mi =
[

1

2

(
Mi

)′(
Mi

)′
]1/2

, (15)

where (Mi )′ = Mi − 1/3 tr(Mi )I. In Eq. (14), the temperature and stress dependent material

stress relaxation time τ i
M(T ,Mi) will be discussed in the next section.

The viscous stretch rate Di
v is constitutively prescribed to be

Di
v = γ̇ i

v√
2Mi

Mi , (16)

where Di
v can be made equal to the viscous spatial velocity gradient liv = Ḟi

v(F
i
v)

−1 by ig-
noring the spin rate Wi

v and therefore

Ḟi
v = Di

vFi
v. (17)

2.5 Relaxation time and time-temperature shift factor

In the rubbery branches, the temperature dependent relaxation times are calculated accord-
ing to the thermorheological simplicity principle (Rubinstein and Colby 2003),

τ i(T ) = τ i
0αT (T ) for m + 1 ≤ i ≤ m + n, (18)

where αT (T ) is the time–temperature superposition (TTSP) shift factor and τ i
0 is the re-

laxation time at the reference temperature when αT (T ) = 1. At temperatures around or
above Ts , the WLF equation (Williams et al. 1955) is applied,

logαT (T ) = − C1(T − TM)

C2 + (T − TM)
, (19a)
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where C1 and C2 are material constants and TM is the WLF reference temperature. When
the temperature is below Ts , αT (T ) follows the Arrhenius-type behavior (Marzio and Yang
1997):

lnαT (T ) = −AFc

kb

(
1

T
− 1

Tg

)
, (19b)

where A and Fc are material constants, kb is Boltzmann’s constant. Here, Ts is calculated
by equating αT (T ) in Eqs. (19a) and (19b).

For the glassy branches (1 ≤ i ≤ m), considering the stress induced yield-type behavior
at a temperature below Tg, the relaxation time is taken to be a function of temperatures as
well as stresses and can be evaluated by an Eyring type of function (Treloar 1958), i.e.,

τ i
(
T ,Mi

) = τ i
0αT (T ) exp

(
−ΔGi

kBT

Mi

si

)
, for 1 ≤ i ≤ m, (20)

where, ΔGi is the activation energy, si is the athermal shear strength representing the resis-
tance to the viscoplastic shear deformation in the material, Mi is Mandel stress, and Mi is
the equivalent shear stress.

In order to adequately account for the experimentally observed softening effects, the
evolution rule for s is defined as

ṡ i = hi
0

(
1 − si/si

s

)
γ̇ i

v (21)

with si = si
0 when γ i

v = 0, and si
0 is the initial value of the athermal shear strength, si

s is the
saturation value, hi

0 is a prefactor, γ̇ i
v is the viscous flow in glassy branches and is defined

as γ̇ i
v = Mi(Gi(T )τ i(T ,Mi))−1 (1 ≤ i ≤ m). For the case when si

0 > si
s , Eq. (21) represents

an evolution rule that characterizes the experimentally observed softening behavior of the
material.

3 Material parameter identification and results

3.1 Summary of material parameters and experiments to identify these parameters

All the model parameters mentioned above were identified by using four standard material
tests:

1. Stress relaxation tests for identifying parameters associated with TTSP principle.
2. Thermal expansion (CTE) tests for identifying parameters associated with CTE.
3. Dynamic mechanical analysis (DMA) for identifying the initial moduli and the relaxation

times at the reference temperature in the non-equilibrium branches.
4. Isothermal tension tests for identifying parameters related yielding and softening in

glassy branches and Kuhn segment number in the equilibrium branch.

The final model parameter set, as well as the associated experimental identification methods,
are listed in Table 1. The detailed strategy for the parameter identifications are described in
the next section.
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3.2 Parameters identification process

3.2.1 Stress relaxation tests for parameters in TTSP

The parameters in the TTSP principle were determined by using the stress relaxation tests
on the Veriflex E epoxy SMP material. The rectangular sample (20 mm × 3.6 mm × 1 mm)
was first subjected to a set of relaxation tests at 34 different temperatures but only curves
at 13 temperatures (10, 65, 75, 80, 85, 87.5, 90, 92.5, 95, 100, 105, 110, and 140 °C, re-
spectively) are shown in Fig. 2(a). In each relaxation test, the SMP sample was preloaded
by 1 × 10−3 N force to maintain the straightness. After reaching the testing temperature,
30 min were allowed for the thermal equilibrium. For the experimental temperature below
95 °C, the sample was stretched by 0.1 %. Otherwise it was stretched by 2 % on the DMA
machine. Then the deformation was maintained during the following 30 minutes. The decay
of stress was recorded and the stress relaxation modulus was calculated. Figure 2(a) shows
the results of relaxation tests at 13 temperatures on a double logarithmic plot, and the stress
relaxation modulus is shown to be strongly dependent on the testing temperature.

The collected data was then shifted into a master curve (Rubinstein and Colby 2003)
to represent the polymer stress relaxation behavior over an extended time regime. Previous
DMA tests on the Veriflex E SMP material showed that the temperature corresponding to its
tan δ peak is around 100 °C (McClung et al. 2012). For a typical polymer, the Tg should be
about 5–15 °C below tan δ peak temperature and TM (reference temperature in Eq. (19a))
is ∼10 °C below Tg . Therefore, in the applied multi-branch model, Tg is set to be 95 °C
and TM is 85 °C. Selecting TM as the reference temperature, each curve in Fig. 2(a) was
shifted horizontally to superimpose with the next. This produced the master curve shown in
Fig. 2(b), which spans three decades of modulus (from ∼3000 to ∼1.7 MPa) and represents
the actual relaxation behavior of the epoxy SMPs within a long time scale (∼1900 years) at
85 °C.

Figure 2(c) shows the shifting factors αT as a function of temperature. As described
in Eqs. (19a) and (19b), the shifting factors follow the WLF and Arrhenius equations when
the temperature is respectively above and below Ts . By fitting the experimental data with the
theoretical predictions, the parameters in these two equations are determined as: C1 = 10.44,
C2 = 15.6, and AFck

−1
B = −24 500. The Ts is calculated to be 83.7 °C.

3.2.2 CTE for thermal expansion

The CTE measurement was conducted by using the same tensile setup within the DMA
machine. The temperature in the DMA chamber was set to 140 °C for 30 minutes to reach
thermal equilibrium. To measure the change in the specimen’s length during thermal expan-
sion or contraction, a constant and relatively small tensile force of 1 × 10−3 N was applied
and maintained by the top grip during the entire experiment. The temperature was decreased
from 140 to 0 °C at a rate of 1 °C/min. After reaching 0 °C, the temperature was then in-
creased to 140 °C at the same rate. This thermal cycle was repeated three times until the
experimental curves tended to be stable and only the data from the last cooling step was re-
ported. Figure 3 shows the experimental results of the CTE measurement for the temperature
range from 0 to 140 °C. As shown in the figure, the linear regressions at temperatures above
and below Tg were taken to be the respective rubbery and glassy linear CTE values. Here
the rubbery linear CTE value was determined to be αr = 2.893 × 10−4/°C. The structural
relaxation parameters were found by fitting the CTE measurement curve through a simula-
tion where a small force as applied to the top surface of the specimen and the temperature
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Fig. 2 Stress relaxation tests to determine the material parameters in TTSP: (a) stress relaxation tests at 13
different temperatures (10, 65, 75, 80, 85, 87.5, 90, 92.5, 95, 100, 105, 110, and 140 °C, respectively); (b) the
stress relaxation master curve at 85 °C; (c) shifting factors at different temperatures: above 85 °C, shifting
factors follow the WLF equation; below 85 °C, shifting factors follow the Arrhenius-type behavior

Fig. 3 Experimental results
from the thermal expansion
experiments (CTE)
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Fig. 4 (a) Comparisons between the experimental results, NLREG estimations and the FEM simulations
of the storage modulus and tan δ curves. (b) Comparison between the experimental stress relaxation master
curve and predictions based on the multi-branch model

was decreased. The detailed parameters identification strategy could be found in Westbrook
et al. (2011). The remaining parameters were obtained to be θ = 0.43/°C, x = 0.4, and
τV = 6.5 × 10−3 s.

3.2.3 DMA for initial moduli and relaxation times in individual branches

DMA test (TA Instruments, Model Q800) was performed to characterize the glass transition
behavior of the Veriflex E epoxy SMP material. The rectangular sample (20 mm×3.6 mm×
1 mm) was first heated to 140 °C on the DMA machine and stabilized for 20 minutes to reach
thermal equilibrium, and then a preload of 1 KPa and an initial strain with a magnitude
of 0.1 % was applied. During the experiment, the strain was oscillated at a frequency of
1 Hz with a peak-to-peak amplitude of 0.1 % while the temperature was decreased from
140 to 25 °C at a rate of 1 °C/min. The temperature in the chamber was held at 25 °C for
30 minutes and then increased to 140 °C again at the same rate. This procedure was repeated
multiple times and the data from the last cooling step is reported in Fig. 4(a) (solid line).
The temperature corresponding to the peak of tan δ curve is shown to be 98 °C. Note that
this value is slightly lower than the value reported previously where the heating rate is set as
2 °C/min (McClung et al. 2013).

By using nonlinear regression (NLREG) method (Diani et al. 2012; Sherrod 2000), the
initial modulus and relaxation time (at 20 °C) in each branch were estimated by fitting
the model prediction with the experimental results. For the 1D multi-branch linear model,
the temperature dependent storage modulus Es(T ), loss modulus El(T ) and tan δ(T ) are
respectively expressed as:

Es(T ) = Eeq +
m+n∑

i=1

Ei(T )w2(τ i(T ))2

1 + w2(τ i(T ))2
, (22a)

El(T ) =
m+n∑

i=1

Ei(T )wτ i(T )

1 + w2(τ i(T ))2
, (22b)

tan δ(T ) = El(T )

Es(T )
, (22c)
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where w is the testing frequency, τ i(T ) is the relaxation time in each non-equilibrium
branch, and Ei(T ) is the elastic modulus in each branch. As shown in Eqs. (10)–(12), Ei(T )

is temperature independent in the glassy branches and temperature dependent in the rubbery
branches where they are defined as linear functions of temperature and the initial modu-
lus Ei at the reference temperature (20 °C). For the convenience of operation, during the
NLREG analysis, we assume that the relaxation times in the rubbery branch increase in a
tenfold sequential. Non-equilibrium branches are gradually added into the model to improve
the prediction, and the branch number is finally determined when the NLREG estimations
(shown as dash lines in Fig. 4(a)) could capture the experimental storage and tan δ curves
within the entire testing temperature range (25–140 °C).

Subsequently, the estimated material parameters were imported into the 3D finite defor-
mation constitutive model described in Sect. 2, which was implemented into a user material
subroutine (UMAT) in the finite element software package ABAQUS (Simulia, Providence,
RI). Some of the detailed calculation method for the stress and Jacobian tensor can be found
in the previous studies of Weber and Anand (1990), Anand and Kothari (1996). Using the
implemented UMAT, the DMA tests were simulated by applying a sinusoidal displacement
loading on the top surface of an 8-node linear hexahedron thermally coupled brick element
(C3D8T) in the ABAQUS element library, while the bottom surface was fixed in the ten-
sion direction. After extracting the strain and stress information of the element from the
result file, delta value could be determined by measuring the phase lag of the stress curve
to the strain curve, and the storage modulus was then calculated accordingly. In Fig. 4(a),
results from finite element method (FEM) simulations for the DMA tests are compared to
the experimental results. Overall, at different temperatures (from 25 to 135 °C with a 5 °C
temperature interval), the material parameters identified from 1D NLREG fit enables the 3D
model to capture the experimental storage modulus and tan δ curves. In addition, as shown
in Fig. 4(b), the relaxation spectrum of the multi-branch model is also able to reproduce the
experimental master curve of stress relaxation described in Fig. 2(b) with satisfied accuracy.

3.2.4 Isothermal uniaxial experiments for softening parameters in glassy branches
and the Kuhn segment number in the equilibrium branch

To identify the yielding parameters in the glassy branches at different temperatures (25,
60, 90, 100, 110, and 130 °C), experimental data from McClung et al. (2013) was used.
Details about experimental setup and procedure can be found in McClung. Figure 5 shows
the stress–strain behavior of the Veriflex E epoxy SMP under various temperatures (plotted
as solid lines). The experimental results show that the SMP mechanical response highly
depends on the strain rate. Besides, it displays a typical hyperelastic behavior in the rubbery
region above Tg and typical glassy behavior below Tg . For temperatures below Tg with
increasing strain, a yield point is exhibited followed by a post-yield softening behavior.

The stress–strain curves at temperatures below the glassy transition temperature were
used to determine the softening parameters in the glassy branches of the model. Before this,
the unsoften stress relaxation times in each glassy branch at these three temperatures (25, 60,
and 90 °C) were calculated identified by using NLREG and are listed in Table 2. Here, we
assume that if the relaxation time is below 0.5 s, the corresponding glassy branch contributes
insignificantly to the stress–strain behavior. Therefore, the parameters in that branch cannot
be fit. For example, as is shown, at the temperature of 90 °C, only the 11th and 12th glassy
branches have relaxation times larger than 0.5 s. Therefore, only the associated softening pa-
rameters in these two branches could be determined by fitting the experimental stress–strain
curves in Fig. 5(c). For the temperature of 60 °C, branches from 6th to 12th contribute to the
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Fig. 5 Stress–strain behavior of Veriflex E epoxy SMP at different temperatures (25, 60, 90, 100, 110, and
130 °C). Note that finite simulations are denoted as dash lines and the experimental data is copied from
McClung et al. (2013)

Table 2 Relaxation times (s) in each glassy branch at 25, 60, and 90 °C, respectively

Temperature (°C) 90 60 25

Glassy
branches

1st 2.92 × 10−10 1.09 × 10−4 6.19 × 10−1

2nd 2.41 × 10−9 9.00 × 10−4 5.09 × 100

3rd 1.71 × 10−8 6.38 × 10−3 3.61 × 101

4th 1.64 × 10−7 6.14 × 10−2 3.47 × 102

5th 9.84 × 10−7 3.67 × 10−1 2.08 × 103

6th 5.41 × 10−6 2.02 × 100 1.14 × 105

7th 4.33 × 10−5 1.62 × 101 9.17 × 105

8th 1.58 × 10−3 5.92 × 102 3.35 × 106

9th 2.92 × 10−2 1.09 × 103 6.19 × 107

10th 2.46 × 10−1 9.21 × 103 5.21 × 108

11th 1.74 × 100 6.51 × 105 3.69 × 109

12th 1.07 × 101 4.02 × 106 2.28 × 1010

stress–strain curves shown in Fig. 5(b). While keeping the softening parameters unchanged
in the 11th and 12th glassy branches, the rest ones (in branches from 6th to 10th) are deter-
mined. Similarly, parameters in the 1st to 5th glassy branches are determined by using the
experimental curves in Fig. 5(a).

In addition to the softening parameters, the Kuhn segment number of the equilibrium
branch N is also identified by using the stress–strain curves in the rubbery region (100, 110,
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and 130 °C). For polymeric materials that in the rubbery state, as the stretch ratio approaches
a limiting value λlim

c , the macromolecules are so extended that can no longer accommodate
large deformation by rotation (Qi et al. 2003). The stress increases dramatically and strain
stiffening occurs. From non-Gaussian chain statistics, this limiting stretch ratio λlim

c is con-
nected to the number of Kuhn segments in the equilibrium branch by λlim

c = √
N . From

Figs. 5(e) and 5(f), it is observed that this limiting true strain is around 0.9, and hence the
Kuhn segment number of the equilibrium branch is determined to be N = 6.9.

Subsequently, the theoretical simulations are compared with the experimental data by
introducing an error parameter e in describing their differences:

e = |σsim − σexp|
σexp

× 100 %, (23)

where σsim and σexp are the stress respectively in the simulations and experiments.
This error is visualized in Fig. 6 as a function of true strain at different temperatures.

Overall, the applied 3D multi-branch model is shown to be able to capture the stress–strain
behavior of Veriflex E within the entire testing intervals. Relatively high errors are observed
when the loading rate is high and the temperature is close to the glass transition temperature.
For example, at the temperature of 90 °C and with a loading rate of 0.01/s, the FEM sim-
ulation predicts the polymer yield and post-yield behavior well at a low strain level (below
0.1), but deviates from the experimental data subsequently in a manner that the predicted
post-yield hardening behavior occurs ahead of the experimental, as shown in Fig. 5(c). In
addition, under the loading rate of 0.01/s and 0.001/s, noticeable prediction errors are also
found in the 100 °C testing case. One possible reason for this large discrepancy near the
glass transition temperature is due to the fact that the material property is very sensitive to
the temperature near its glass transition. For example, the modulus can change from 12.7
to 8.3 MPa (a decrease of 34.6 %) when the temperature changes from 95 to 96 °C. Such
sensitivity adds a great uncertainty in experimental measurements.

3.3 Model predictions of shape memory behaviors

By far, the material parameters of the 3D multi-branch model are fully determined. In this
section, the 3D constitutive model is used to predict the SM behaviors and compare with the
experimental observations by McClung et al. (2013). The details on experimental setup and
procedure can be found in McClung et al. (2013).

During the experiments, the temperature, strain and stress of the SMP sample were
recorded and respectively plotted in solid lines as a function of time in Figs. 7(a) and 7(b).
3D FEA simulations were also performed to describe the SM cycle, predict the free recov-
ery behavior and compare with the experimental results. By using the identified material
parameters, the 3D multi-branch model is able to fit the experimental curves well in both
the rate of recovery and the time to begin recovery after heating begins, excluding the final
shape recovery strain slightly lower than the experimental.

To further demonstrate the effectiveness of the model with the identified material parame-
ters, 3D FEA simulations were conducted to predict the stress–strain and free shape recovery
behaviors of Veriflex E SMP under different programming conditions. In the first paramet-
ric study, the initial loading rate is set to be 0.5, 5, and 50 mm/min, respectively. Other
programming conditions were the same as the baseline case mentioned above. As shown in
Fig. 8, the simulation results match with the experimental data well in describing the rate
dependent stress–strain behavior as well as the following stress relaxation process.



468 Mech Time-Depend Mater (2014) 18:453–474

Fig. 6 The prediction error plots as a function of true strain under different testing temperatures. The loading
rates are respectively (a) 0.01/s, (b) 0.001/s, and (c) 0.0001/s

In order to qualify the shape fix ability after unloading and the free shape recovery ability
for a typical SMP material, the shape fix ratio Rf and shape recovery ratio Rr are respec-
tively defined as:

Rf = εu

εp

× 100 %, (24a)

Rr = εp − εf

εp

× 100 %, (24b)
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Fig. 7 The simulated SM cycle
including programming and free
recovery steps: (a) temperature
and stress history, (b) strain
evolution

Fig. 8 Tension to 60 % strain at deformation rates of 0.5, 5, and 50 mm/min followed by 5 min stress
relaxation periods: (a) stress–strain curves and (b) change in stress versus relaxation time during relaxation
period. Note that the simulation is denoted as solid lines

where εp is the prescribed strain during the programming stretch, εu is the strain after un-
loading, and εf is the final strain at the end of the SM cycle.

During the experiments, three SMP samples are tested for each programming loading
rate. The measured shape fix ratio Rf and shape recovery ratio Rr are respectively marked
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Fig. 9 Shape fix ratio and shape
recovery ratio for programming
deformation rates of 0.5, 5, and
50 mm/min (5 min hold time)

in Fig. 9. Basically, as the increasing of loading rate, the Rf is observed to be decreas-
ing while Rr is increasing. The 3D FEM simulation results (denoted as solid lines in the
figure) also accurately reveal this tendency. From the physical point of view, a lower pro-
gramming loading rate will allow more time for the polymer macromolecules to adjust
themselves for the new deformed configurations, and subsequently decrease the system in-
ternal energy frozen during cooling (represented as elastic energy in the springs of non-
equilibrium branches). Due to the lower energy density state under the action of external
load at the low temperature (25 °C), the system will easily reach a new equilibrium state
after unloading, which leads to a lower elastic energy loss of the multi-branch model and
a higher shape fix ratio. However, when reheating the SMP material, the stored internal
energy would provide driving force for the free shape recovery. In this manner, a lower pro-
gramming loading rate reduces the final shape recovery ratio. This underlying mechanism
could also be reflected in the multi-branch model and will be explored in detail in the near
future.

In the second parametric study, the holding time at the programming temperature is set
to be 5, 30, and 60 min, respectively, while the rest programing conditions are the same as
the baseline case. The experimental data, as well as the associated 3D FEM simulations are
plotted in Fig. 10. In addition to the agreement between the experimental and simulation
results, it is also found the hold time at the programming temperature plays an opposite
effect to Rf and Rr in comparison with the programing loading rate. In other words, the
polymer SM effect could be affected and controlled equally by decreasing the loading rate
or increasing the hold time at the programming temperature.

4 Conclusion

In this paper, a multi-branched model was applied to study the glass transition and
shape memory (SM) effect of an amorphous epoxy SMP. The model consists of three
groups of parallel branches to respectively characterize the polymer equilibrium, glassy
and rubbery non-equilibrium behaviors. According to this modeling frame, three dimen-
sional finite deformation constitutive relations were developed and several sets of ma-
terial parameters were introduced, which enabled the model to capture sophisticated
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Fig. 10 Shape fix ratio and
shape recovery ratio for hold
times of 5, 30, and 60 min
(50 mm/min deformation rate).
Note that the simulation is
denoted as solid lines and the
experimental data is denoted as
markers

polymer behaviors, as well as to reveal the underlying mechanism. Since each mate-
rial parameter contributes physical significance to the multi-branch model, they were
successively identified by using four standard material tests: stress relaxation tests, dy-
namic mechanical analysis (DMA), thermal expansion (CTE) experiments and isother-
mal tension tests. To further demonstrate the effectiveness of the determined mate-
rial parameters, finite element simulations were conducted based on the multi-branch
constitutive model. Comparisons between the simulation results and experimental data
showed that the model could capture the experimentally observed polymer SM ef-
fect under different programming conditions, which subsequently confirmed the via-
bility of the demonstrated experimental strategy for the material parameters identifica-
tion.
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