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Abstract The mechanical properties of bitumen vary with the nature of the crude source
and the processing methods employed. To understand the role of the processing conditions
played in the mechanical properties, bitumen samples derived from the same crude source
but processed differently (blown and blended) are investigated. The samples are subjected to
constant strain rate experiments in a parallel plate rheometer. The torque applied to realize
the prescribed angular velocity for the top plate and the normal force applied to maintain
the gap between the top and bottom plate are measured. It is found that when the top plate
is held stationary, the time taken by the torque to be reduced by a certain percentage of
its maximum value is different from the time taken by the normal force to decrease by the
same percentage of its maximum value. Further, the time at which the maximum torque
occurs is different from the time at which the maximum normal force occurs. Since the
existing constitutive relations for bitumen cannot capture the difference in the relaxation
times for the torque and normal force, a new rate type constitutive model, incorporating
this response, is proposed. Although the blended and blown bitumen samples used in this
study correspond to the same grade, the mechanical responses of the two samples are not
the same. This is also reflected in the difference in the values of the material parameters in
the model proposed. The differences in the mechanical properties between the differently
processed bitumen samples increase further with aging. This has implications for the long-
term performance of the pavement.
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1 Introduction

The use of bitumen as a binder for highway and runway pavement construction is well
known (Krishnan and Rajagopal 2003). Taking into account the considerable financial costs
in a road and runway project where bitumen is used, the necessity to develop fundamental
understanding of the mechanical behavior of the material cannot be overemphasized.

Developing an understanding of bitumen is hindered by several complexities. Krishnan
and Rajagopal (2005) classify the main stumbling blocks toward rigorous characterization of
bitumen under three heads. The first one is related to the multi-constituent nature of bitumen,
the second one is related to the development of internal structure in bitumen and its evolution
at rest and the third is related to the transitory nature of bitumen during temperature change.
Apart from these stumbling blocks, the response of bitumen seems to depend on the nature
of the petroleum crude used and the subsequent processing methods followed to produce a
binder of specific grade or specification.

Bitumen is normally processed by two different methods, and the production process
is adjusted so that bitumen with specific properties is produced. The final property re-
quired depends on the technical parameters such as viscosity at a specific temperature
(ASTM D3381 2009) or performance required in the field condition, quantified through
some linear viscoelastic parameters (ASTM D6373 2007).

In the first process, the residue from the vacuum fractionation tower, consisting of a less
viscous material, is subjected to hot air blowing such that the final product has the required
consistency. In the second process, the vacuum residue is contacted with propane to extract
oils collectively known as deasphalted oil. The precipitate is called propane deasphalted
(PDA) pitch (Newman 1976). This PDA pitch is a very hard material, with the consistency
of a rock with a penetration value around 0–5 measured as per ASTM D5 (2006) and is used
as a blending component for bitumen production. The production of bitumen for paving
purposes is carried out by blending the extract from the residuum stream with the PDA pitch
(Rakow 2003). Depending on the properties required, the appropriate proportions of PDA
pitch and extract are determined. Normally these proportions vary from 80:20 to 90:10 (PDA
pitch : heavy extract) depending on the grade processed. Typically, the choice of these pro-
portions is based on assuming the classical Arrhenius model (Hatschek 1928) for mixing. It
is interesting to point out here that during the air blowing process bitumen is processed from
a soft consistency material (vacuum residue); in the blending process, it is processed from
a hard consistency material (PDA pitch). Needless to say that the rheological properties are
different, though bitumen processed by these two methods will have the same specification
parameter, namely the viscosity at a specific temperature (Rajan et al. 2008).

Due to the complexity related to characterizing bitumen experimentally and analytically,
most of the studies in bituminous pavement engineering have mainly focused on the linear
viscoelastic response of the material. In all these studies, either an integral model or a rate-
type model is used. The main emphasis in all these studies is more on identifying the material
parameters which can be related to the expected pavement performance in terms of rutting
or cracking. These constitutive models, used to describe the linear viscoelastic response of
bitumen, use a linearized strain measure and hence characterize the material only when the
rotations and change in length of the material filaments are small. When the strains are large
(say greater than 1 percent) one cannot use linearized strain and hence these models. In
fact, the strains observed during rutting or cracking are considerably large. Consequently,
we investigate here the response of the bitumen subject to 25 percent shear strain and find
that significant normal stresses develop, with the magnitude, of course, depending on the
shear rate. It is well known that theories based on linearized strain measures cannot predict
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the development of these normal stresses. Hence, we require non-linear models of the type
developed here.

Lethersich (1942) is credited with using for the first time Burgers’ model for describing
the response of bitumen, and one can find details related to earlier attempts in the review ar-
ticle of Krishnan and Rajagopal (2003). Motivated by the experiments of Lethersich (1942)
on bitumen, Fröhlich and Sack (1946) developed rate-type models for the viscoelastic re-
sponse of dispersions. Oldroyd (1950) used the constitutive equations of an incompressible
elasticoviscous liquid derived by Fröhlich and Sack (1946) and developed a refined version
of this model by using appropriate frame-invariant time derivatives. van der Poel (1958)
used the method of Fröhlich and Sack (1946) to calculate the viscosity and shear modulus
of bitumen and in this context, and it is worthwhile to quote Oldroyd’s rejoinder to this work
on bitumen as follows: “I am interested to know if Dr. van der Poel has a simple argument
to justify in principle the use of the perturbation method of Fröhlich and Sack for values of
the concentration which are not infinitesimal” (van der Poel 1961).

Dobson (1969) developed master curves for the complex shear modulus as a function
of frequency. Dickinson and Witt (1969) and Dickinson (1970) investigated the linear vis-
coelastic behavior of thin films of bitumen in tension and compression and loading in a
direction normal to the plane. Jongepier and Kuilman (1970) investigated the frequency
dependence of the dynamic moduli and concluded that one can describe it by Gaussian dis-
tributions of the log of the relaxation time. Attané et al. (1984) collected steady-state and
transient shear stress and normal stress data for different types of asphalt and indicated that
one could use a time–temperature superposition even in the non-linear regime. The use of
the time–temperature superposition principle to predict the rheological response of bitumen
over several decades of temperature is subject to considerable controversy, and one can find
details related to this in the review article by Lesueur (2009). Hraiki (1975) proposed a
viscoplastic model consisting of many groups of Newtonian and Saint-Venant elements in
parallel. A bimodal description for the viscoelastic properties of asphalt is given in the sig-
nificant work carried out by Lesueur et al. (1996). These authors also demonstrated that the
time–temperature superposition principle failed at high temperature specifically for asphalt
having a high asphaltene content and high crystalline content. However, Cheung and Cebon
(1997) proposed that the temperature dependence of the bitumen tested by them was found
to follow the Arrhenius relationship above the glass transition temperature and the WLF
equation was found to be valid at higher temperature. Cheung and Cebon (1997) proposed
different models for different temperature regimes; below the glass transition temperature,
the Eyring plasticity model was found to hold and a power law to model the creeping behav-
ior at higher stress levels was found for higher temperatures. Stastna and Zanzotto (1999)
investigated the use of a fractional model for bitumen to describe the mechanical and di-
electric transitions. Recently Ossa et al. (2005) used a modified Cross model to capture the
monotonic response under constant strain rate and creep behavior. They assumed that the
viscosity could be described as a function of the strain rate. Ossa et al. (2005) extended this
model to a fully three-dimensional loading using a von Mises criterion. Krishnan and Ra-
jagopal (2005) used a thermodynamic framework to derive a constitutive model for bitumen.
The framework proposed by them takes into account the fact the stress-free configuration
of the material can evolve with time. Assuming that bitumen can be modeled as a mixture
of amorphous and crystalline material, they used two relaxation times in their model. Vijay
et al. (2008) used a first order kinetic equation along with the non-linear rheological model
of White–Metzner and used steady shear and oscillatory shear data to model and predict
the response of bitumen in the temperature range of 20–60°C. It is also interesting to point
out here some of the recent work of Wekumbura et al. (2005, 2007) for polymer modified
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binders wherein the stress overshoot during steady shear was related to the network structure
of the material. Filograna et al. (2009) described a three-dimensional non-linear generaliza-
tion of the standard three-parameter model of one-dimensional classical viscoelasticity and
showed that these kinds of model could be used to describe the response of bitumen.

The complexity of the constitution of bitumen results in the material showing a mechan-
ical response different from many other viscoelastic polymers. Such a mechanical response
includes for instance, shear stress and normal stress difference overshoot during steady shear
experiments, and one has a difference in the time taken for the shear stress and normal stress
difference to reduce by say 80 percent of its maximum value during constant strain experi-
ments and the possibility of a lag between shear stress and normal stress difference during
oscillatory shear. Chockalingam et al. (2010) showed that stress overshoot cannot be mod-
eled using explicit constitutive relations of the form

∇
τ = λτ + ηd, (1)

where λ and η are material response functions which depend on the principal invariants of
d, d is the symmetric part of the Eulerian velocity gradient, τ is that part of the Cauchy

stress, which is determined by the deformation history, and
∇
τ denotes a frame-invariant

material time derivative of the stress. Chockalingam et al. (2010) also developed an implicit
constitutive relation using the framework proposed in Rajagopal and Srinivasa (2011) that
is able to capture the stress overshoot. Rajagopal and co-workers realized the need for such
implicit models to capture the response of real-life materials and are developing a general
framework for generating such models (see Rajagopal 2006, 2007; Rajagopal and Srinivasa
2008, 2009).

In this article, we develop a model which shows different relaxation times for the normal
and shear stress. Here again we found that an explicit constitutive equation of the form of
(1) will always have the same relaxation times for the normal and shear stresses. Hence, an
implicit constitutive relation is developed. Details are presented in Sect. 3. Before that, in
Sect. 2, the details of the experiments conducted and salient observations from the experi-
ments are presented. In the final section we discuss the corroboration between the experi-
mental results and the predictions of the model.

2 Experimental investigations

This investigation focuses on characterizing the rheological properties of blended and air
blown bitumen processed from the same crude source. The processing conditions of the
bitumen prepared by the air blowing and blending processes were such that the final bitumen
met the VG30 standards of BIS (2006). Arab mix crude source was used for preparing the
bitumen by the two processes. A ratio of 90:10 (PDA pitch:Heavy extract) was used in
the preparation of bitumen by the blending process. The pertinent properties of air blown
and blended asphalt used for the investigation are listed in Table 1. In addition, the PDA
pitch was also tested to understand its influence on the mechanical behavior of blended
bitumen. Each material was subjected to two aging conditions. The first aging condition
corresponds to short-term aging. This aging simulates in the laboratory the approximate
change in properties of bitumen during hot mixing around a temperature of 150°C. The
residue resulting from this aging procedure is approximately equal to the condition of the
binder in the pavement immediately after construction. In this investigation, the short-term
aging was performed according to the procedure specified in the ASTM D2872 (2004). The
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Table 1 Properties of materials
as per IS: 73, 2006 Specification Air blown

Asphalt
Blended
Asphalt

Absolute viscosity at 60 (°), Poises 3920 3250

Kinematic viscosity at 135 (°C), cSt 534 580

Penetration at 25 (°C), 100 g, 5 s, 0.1 mm 65 69

Softening point (R&B), (°C) 52 49

Viscosity ratio at 60°C 2 2.4

(Short-term aged to unaged)

second aging condition corresponds to long-term aging. This test procedure uses the residue
resulting from short-term aging and ages it further; it then results in a material similar to
that subjected to oxidative aging during pavement service. Typically, this aging simulates
approximately the condition of the material 7–10 years in service. Here this long-term aging
was performed as per the guidelines specified in ASTM D6521 (2008).

Each of the three different materials—bitumen prepared by the two different processes
and the PDA pitch—were subjected to two aging conditions—short-term and long-term
aging—resulting in six different samples. In addition to this, three unaged samples, corre-
sponding to each of these three different materials, were tested.

All experiments were conducted using an Anton–Paar dynamic shear rheometer, model
MCR301. A parallel plate system with plates of 8 mm diameter was used. The gap between
the parallel plates was maintained at 1 mm. All the tests were conducted in isothermal con-
ditions at 26°C. This test temperature was chosen after several trials so as to ensure that all
the nine materials (air blown and blended bitumen and PDA pitch under unaged, short-term
aged and long-term aged condition) could be subjected to the same displacement field with-
out exceeding the torque and normal force limits of the equipment. All the samples were
conditioned and tested as per the appropriate ASTM test protocol ASTM D7552 (2009)
related to the dynamic shear rheometer.

All the nine samples were subjected to the same protocol, in which the bottom plate was
held fixed and the top plate was rotated in the clockwise direction for to seconds, then held
stationary for 2 seconds, and then rotated in the counterclockwise direction for to seconds
and again held stationary for 2 seconds. The duration up to which the top plate was ro-
tated, to, depends on the targeted angular displacement at the periphery of the plate and the
maximum angular velocity which it was subjected to. Experiments were performed for two
different maximum angular velocities: 0.25 rad/s and 0.625 rad/s. If the angular velocity
was below a particular value, repeatable measurements of the normal force could not be
obtained as it was below the resolution limit of the load cell. On the other hand, if the angu-
lar velocity was above a particular limit, the normal force developed exceeded the capacity
of the load cell. It was also found that these critical lower and upper limits for the angu-
lar velocity depended on the type of sample being tested. The angular velocity chosen was
found to be optimal given all the above constraints. The targeted angular displacement at the
periphery of the cylinder was 0.25 mm. This angular displacement corresponds to a shear
strain of 25 percent. This cycle of clockwise rotation, being held stationary, undergoing
counterclockwise rotation, and being held stationary, was repeated thrice.

One important aspect related to the conduct of these experiments is the data acquisition
rate. To precisely capture the response of the material as the angular velocity is varied, dif-
ferent trial experiments were conducted before choosing a correct measuring point duration.
For the angular velocity of 0.25 rad/s, 50 data points were collected during the period when
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Fig. 1 Variation of deflection angle and angular velocity with time

Fig. 2 Variation of normalized torque and normal force with time for PAV aged air blown sample tested at a
maximum angular velocity of 0.25 rad/sec for three cycles

the top plate was rotated with a measuring point duration of 0.005 s. For the angular veloc-
ity of 0.625 rad/s, 25 data points were collected during the period when the top plate was
rotated with a measuring point duration of 0.004 s. For the time in which the plate was held
stationary, 100 data points were collected with a measuring point duration of 0.02 s.

The actual variation of the deflection angle and angular velocity in a typical experiment is
shown in Fig. 1 for the case when the maximum angular velocity that the sample is subjected
to is 0.625 rad/s. During these experiments, the torque applied to realize the prescribed
angular velocity for the top plate and the normal force applied to maintain the gap between
the top and bottom plate were measured.

Figure 2 plots the variation of the normalized torque and normal force for PAV aged air
blown sample tested at an angular velocity of 0.25 rad/s. The normalized torque (normal
force) is obtained by dividing the torque (normal force) applied at time t by the maximum
torque (normal force) applied in this protocol. For easy comparison, the negative torque ob-
tained during counterclockwise rotation is also plotted as positive. From this figure we can
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Fig. 3 Variation of the normalized torque and normal force with time for PAV aged air blown sample tested
at a maximum angular velocity of 0.25 rad/sec for the third cycle

Fig. 4 Variation of torque with time for PAV aged PDA pitch for different angular velocities

infer that the time taken by the torque to be reduced by, say, 50 percent from its maximum
value is different from the time taken by the normal force to decrease by the same percent-
age. In Fig. 3 we zoom in on the third cycle of the results presented in Fig. 2. It can be seen
from this figure that the time at which the maximum torque needs to be applied is different
from the time at which the maximum normal force occurs. This happens even in the first
cycle. These observations suggest that the relaxation times for the shear and normal stresses
are different and this is an important characteristic that the developed model should possess.
Even though we show this only for the long-term aged air blown bitumen sample, the same
observations hold for other samples too.

While in Fig. 4 the variation of the torque with time for two different angular velocities
is portrayed, in Fig. 5 we plot the variation of the normal force for the same two angular
velocities. It is clear from these figures that the magnitude of the torque and normal force
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Fig. 5 Variation of normal force with time for PAV aged PDA pitch for different angular velocities

Fig. 6 Variation of torque with time for unaged specimens tested at a maximum angular velocity of
0.625 rad/s

depends on the angular velocity of the top plate. This suggests that the stress depends on the
velocity gradient.

It can be seen from Fig. 6 that the torque required to realize a given deformation history
is higher for PDA pitch in comparison to air blown and blended bitumen. Even though 90
percent of the blended bitumen is PDA pitch, it requires significantly much less torque than
PDA pitch to realize the given deformation history. Similarly, it can be seen from Fig. 7
that the time taken by the torque to decrease to say 20 percent of the maximum value,
when the peripheral angular displacement is held constant, is larger for air blown bitumen
than blended bitumen with the PDA pitch being in between blended and air blown bitumen.
Figure 8 plots the variation of the normal force with time for the three samples. We again
find that PDA pitch requires the maximum normal force to maintain the gap between the
plates, but it decays faster than air blown bitumen (see Fig. 9). This marked difference in
the response of PDA pitch in comparison to bitumen is seen not only with unaged samples
(shown in Figs. 6 through 9) but also with aged samples (not shown). As one would expect,
these observations do not depend on the angular velocity of the top plate.
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Fig. 7 Variation of normalized torque with time for unaged specimens tested at a maximum angular velocity
of 0.625 rad/s. Only the third cycle is shown

Fig. 8 Variation of normal force with time for unaged specimens tested at a maximum angular velocity of
0.625 rad/s

Before we continue with the discussion of the influence of aging on the rheology of the
bitumen samples tested here, a few clarifications related to the aging protocols followed for
bituminous binders used are in order here. The current aging protocols followed are single-
point measurements at some instant on the oxidation time scale. To aid in the accelerated
aging of the binders, the temperatures used are considerably higher than the actual pave-
ment temperatures. One of the main issues related to aging is the variation of the properties
of bitumen with the time and temperature scale. It is quite doubtful whether these proto-
cols in vogue can give us such a kind of information. Ideally, these aging tests should be
run at a series of different temperatures before any quantification can be made. Based on a
considerable amount of experimental work on oxidation kinetics, it is seen that the increase
of the Newtonian viscosity is a hyperbolic function of oxidation time, and the limiting vis-
cosity associated with this oxidation depends to a large extent on the temperature used for
oxidation. More details related to this can be found in Petersen (2009). With the help of
Figs. 10 through 15 we try to understand the effect of aging on the three samples being
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Fig. 9 Variation of normalized normal force with time for unaged specimens tested at a maximum angular
velocity of 0.625 rad/s. Only the third cycle is shown

Fig. 10 Variation of torque with time for air blown bitumen samples tested at a maximum angular velocity
of 0.25 rad/s under different aging conditions

studied here. It can be seen from Fig. 10 that the torque required to realize a given deforma-
tion history increases due to aging. The long-term aged specimens require more torque than
short-term aged specimens with the unaged specimens requiring the least torque. Though
we have shown this only for air blown bitumen (see Fig. 10) the same is true for the blended
case and PDA pitch too (not shown). Even the time taken by the torque to decrease to say 80
percent of its maximum value changes with aging. While for air blown and blended bitumen
(see Figs. 11 and 12) the time taken by the torque to decay increases with aging; for PDA
pitch (see Fig. 13) short-term aging does not cause a significant difference in the relaxation
characteristic of the torque. This may be due to the fact that during the manufacturing pro-
cess, the oxygen uptake corresponding to short-term aging is satisfied for this material and
hence the material may not show a distinct difference.
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Fig. 11 Variation of normalized torque with time for air blown bitumen samples tested at a maximum angular
velocity of 0.25 rad/s under different aging conditions. Only the third cycle is shown

Fig. 12 Variation of normalized torque with time for blended bitumen samples tested at a maximum angular
velocity of 0.25 rad/s under different aging conditions. Only the third cycle is shown

In Fig. 14 we plot the variation of the normal force with time for unaged, short-term
aged and long-term aged air blown bitumen. As in the case of the torque, the long-term aged
specimens require more normal force than the short-term aged specimens with the unaged
specimens requiring the least normal force. Though not shown here, we observe the same
for blended bitumen and PDA pitch. Examining the normalized normal force (Fig. 15),
we find that the time taken by the normal force to decrease by say 40 percent increases
with aging. The long-term aged specimens take more time than short-term aged specimens,
with the unaged specimens being somewhere inbetween the long-term and short-term aged
specimens. This observation seems to hold for both blended and PDA pitch, unlike in the
case of torque. Though we concluded all this when the maximum angular velocity of the top
plate is 0.25 rad/s, the same holds when the angular velocity is 0.625 rad/s as well.
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Fig. 13 Variation of normalized torque with time for PDA pitch samples tested at a maximum angular
velocity of 0.25 rad/s under different aging conditions. Only the third cycle is shown

Fig. 14 Variation of normal force with time for air blown bitumen samples tested at a maximum angular
velocity of 0.25 rad/s under different aging conditions

3 Constitutive model for bitumen

Since bitumen behaves like an incompressible material, the Cauchy stress tensor σ can be
decomposed as

σ = −p1 + τ , (2)

where p is the Lagrange multiplier and τ is the extra stress. Since differential constitutive
relations are simpler to use for capturing normal stress effects (Carreau et al. 1997), we
chose to model the bitumen using a differential type constitutive relations. We explore the
possibility of modeling bitumen using an implicit constitutive relation for extra stress, of the
following form:

f̂
(
d,τ ,

∇
τ
) = 0, (3)
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Fig. 15 Variation of normalized normal force with time for air blown bitumen samples tested at a maximum
angular velocity of 0.25 rad/s under different aging conditions. Only the third cycle is shown

where
∇
τ = Dτ

Dt
− lτ − τ lt , d = 1

2 [l + lt ], l = grad(v). Here l is the Eulerian velocity gra-

dient, and D(·)
Dt

stands for the total time derivative and
∇
(·) denotes the Oldroyd derivative

(Oldroyd 1950). As we require that the constitutive relation satisfy the restriction due to ma-
terial objectivity (see Carreau et al. 1997), we have used an objective rate, specifically, the
Oldroyd derivative. Further, we have restricted ourselves to a class of models that involve
only the first temporal derivative of the extra stress. This is because, if higher order temporal
derivatives of stress are involved, specifying the initial conditions becomes an issue while
solving initial-boundary value problems, and hence we attempted to model the response of
the bitumen without using higher order temporal derivatives of stress. It is possible that by
using a different objective rate and/or higher order temporal derivatives of the stress, the
same response of the bitumen could also be captured.

Material objectivity requires that the function f̂ be isotropic. Then one can obtain a gen-
eral representation for this isotropic function f̂, following the work of Spencer (1971). Spe-
cializing this general expression for the bitumen sample tested here, we find that it is suffi-
cient to consider a constitutive relation of the form

τ + λ1
∇
τ + λ2

tr(
∇
τd)

tr(d2)
d + λ3

tr(τd)

tr(d2)
d2 = ηd, (4)

where η, λ1, λ2, and λ3 are constants.
The model is constructed so that the shear stresses and normal stresses have different

relaxation times. We should clarify that the material possessing different relaxation times for
normal and shear stresses does not mean that it is anisotropic. It would be anisotropic only
if the normal and/or shear stresses acting along different planes have different relaxation
times. It is possible that some other specification of the material response functions also
would be able to capture the response of the bitumens tested.

By virtue of the material having different relaxation times for the normal and shear
stresses, different motions, for example uniaxial extension and shear, will have different
relaxation times which the present model is capable of predicting. Of interest, here, is a
displacement controlled experiment in which the specimen is uniaxially extended along the
x direction, held for some time less than its relaxation time, and then brought back to its
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original length and then sheared in the xy plane without giving time for the specimen to
relax and come to a zero stress state after uniaxial extension. The model (4) predicts that the
relaxation time changes abruptly when the motion changes. Whether this happens in exper-
iments is not known, as we are not aware of such experimental data or a set-up where this
described motion or similar motion field can be achieved.

As will become evident in Sect. 4.6, λ1 represents the relaxation time of the axial load
(normal stress), λ1 +λ2 represents the relaxation time of the torque (shear stress). Similarly,
and while η predominantly determines the value of the torque obtained for the shear rate,
λ3 determines the value of the axial load realized for a given shear rate. One would expect
that the second law of thermodynamics places some restrictions on the material parameters.
However, for non-linear implicit constitutive relations of the kind being studied here, it is
not possible to integrate and obtain the Cauchy stress to enable enforcement of the second
law of thermodynamics. Recently, Rajagopal and Srinivasa (2011) observed that if one uses
the Gibbs potential as the primary state function one can easily develop implicit constitu-
tive relations that are consistent with the second law of thermodynamics. At present their

framework does not account for the material response functions being a function of
∇
τ , but

we found that allowing this dependence enables one to easily capture the difference in the
relaxation times of the normal stresses and the shear stresses.

4 Formulation and solution of the boundary value problem

In this section, we formulate and solve the boundary value problem corresponding to that of
the experimental set-up for the constitutive relation given in (4).

4.1 Geometry

Here we are interested in the response of bitumen which occupies the region between two
parallel concentric plates with its sides open to atmospheric pressure. Thus, mathematically
the bitumen is said to occupy the region:

B = {
(ρ,ϑ, ξ)|0 ≤ ρ ≤ Ro,0 ≤ ϑ ≤ 2π,0 ≤ ξ ≤ h

}
, (5)

where (ρ,ϑ, ξ) denote the cylindrical polar coordinates of a point and Ro and h are con-
stants with Ro denoting the radius of the cylinder and h the height of the cylinder. For the
experiments conducted in this investigation, Ro = 4 mm and h = 1 mm.

4.2 Motion field and boundary conditions

In this study, we assume that the cylindrically shaped bitumen specimen is subjected to
motion:

r = R, θ = Θ + Ω(t)Z, z = Z, (6)

where (R,Θ,Z) are the cylindrical polar coordinates of a typical particle in the reference
configuration and (r, θ, z) are the cylindrical polar coordinates of the same particle in the
current configuration; Ω(·) is a function of time. Thus, the particles are subjected to a ve-
locity field

v = RZ
dΩ

dt
eθ , (7)
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where eθ is the circumferential cylindrical polar basis vector in the current configuration.
The motion field assumed is consistent with the experimental set-up in that the bottom plate
is stationary while the upper plate rotates at an angular speed of hdΩ

dt
.

As regards the traction boundary condition, the outer surface of bitumen is free from
traction, i.e.,

ter (Ro, θ, z) = σrr (Ro)er + σrθ (Ro)eθ + σrz(Ro)ez = 0, (8)

and the top and bottom surfaces of the cylinder are subjected to an axial force and a torsional
moment, i.e.,

∫ 2π

0

(∫ Ro

0
tez (r, θ,0) dr

)
dθ =

∫ 2π

0

(∫ Ro

0
tez (r, θ, h) dr

)
dθ = Lez,

∫ 2π

0

(∫ Ro

0
tez (r, θ,0) ∧ er r dr

)
dθ =

∫ 2π

0

(∫ Ro

0
tez (r, θ, h) ∧ er r dr

)
dθ = T ez,

where

tez = σrzer + σθzeθ + σzzez (9)

and a ∧ b denotes the cross product between vectors a and b.
Before proceeding, a few comments on the assumed motion field (6) are in order. Since

the work of Berker (1979) for Navier–Stokes fluids, it is known that flows that are not axially
symmetric are possible in this geometry. However, Berker (1979) considered the case of
parallel disks rotating about a common axis with the same angular speed, in other words,
a rigid body motion. Parter and Rajagopal (1984) investigated the problem of flow of the
classical linearly viscous fluid between parallel disks rotating about a common axis with
differing angular speeds, and they showed that the solutions lack axial symmetry. Huilgol
and Rajagopal (1987) investigated the same problem for an Oldroyd-B fluid and showed
that four functions of the axial coordinate determine the non-axisymmetric velocity fields.
For viscoelastic fluids too, it is known (Jackson et al. 1984; Larson 1992; Mckinley et al.
1991) that secondary flows arise in this geometry. Further it is known that these secondary
flows dominate the flow field when the angular velocity of the top plate (hdΩ

dt
) and the

shear rate (R dΩ
dt

) exceed a critical value, which depends on the material being tested. The
reader is referred to Rajagopal (1992) for a detailed review of the issues related to symmetric
and asymmetric solutions for both the classical linearly viscous fluid and viscoelastic fluids
between rotating disks.

Many of the theoretical (Phan-Thien 1983; Walsh 1987; Ji et al. 1990; Crewther et al.
1991; Öztekin and Brown 1993) as well as experimental (Magda and Larson 1988; Mckinley
et al. 1991) investigations have been carried out on Oldroyd-B, Boger fluids and Phan–
Thien–Tanner fluids. These fluids are characterized by a single relaxation time for both
the normal and shear stresses. However, for the fluid tested here, there are two relaxation
times—one for the shear stress and one for the normal stress. Thus, an analysis is required
to find the critical value of the angular velocity for a given geometry of the rheometer as
to when these secondary flows will dominate the flow field. Despite this, we observe that,
since in this study the maximum angular velocity that the top plate is subjected to is less
(0.625 rad/s), we did not observe secondary flows and hence the assumed motion field (6)
is reasonable.

Also, we examined if the present material undergoes edge fracture, a phenomenon first
reported by Hutton (1969) for highly elastic polymeric melts, but we observed none. Tan-
ner and Keentok (1983) conjectured that when axial loads exceed a particular value, edge
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fracture occurs and later Lee et al. (1992) experimentally verified the same conjecture in a
cone and plate geometry. Even though we measured axial loads, their magnitudes are less
than 0.5 N and it appears that they did not exceed the critical value required to cause edge
fracture, justifying the assumed motion field (6). However, analysis is required to mathe-
matically establish this for the present model.

4.3 Kinematics

The cylindrical polar matrix components of the gradient of velocity with respect to the cur-
rent coordinates for the velocity field (7) are calculated by

l =

⎛

⎜
⎜
⎝

∂vr

∂r
1
r

∂vr

∂θ
− vθ

r

∂vr

∂z

∂vθ

∂r
1
r

∂vθ

∂θ
+ vr

r

∂vθ

∂z

∂vz

∂r
1
r

∂vz

∂θ

∂vz

∂z

⎞

⎟
⎟
⎠ =

⎛

⎝
0 −Z dΩ

dt
0

Z dΩ
dt

0 R dΩ
dt

0 0 0

⎞

⎠ . (10)

The symmetric part of the velocity gradient is then computed as

d =
⎛

⎝
0 0 0
0 0 R

2
dΩ
dt

0 R
2

dΩ
dt

0

⎞

⎠ . (11)

It could immediately be verified that the condition of incompressibility, div(v) = 0, is triv-
ially satisfied for the assumed motion field (6).

4.4 Equilibrium equations

Since the experiments performed are at low angular velocities, the contribution of the inertial
terms in the equilibrium equations is neglected along with the body forces. Since the velocity
gradient is a function of only R and t , it follows from the constitutive relation given by (4)
that the extra stress also depends only on R (or r , since r = R) and t .

Consequently, the equilibrium equations div(σ ) = 0 reduce to

− ∂p

∂R
+ ∂τrr

∂R
+ τrr − τθθ

R
= 0, (12)

∂τrθ

∂R
− ∂p

∂θ
+ 2

R
τrθ = 0, (13)

∂τrz

∂R
− ∂p

∂z
+ τrz

R
= 0. (14)

Integrating (12) through (14) along with the boundary conditions (8), we obtain

τrθ (R, t) = τrz(R, t) = 0, (15)

p̂(R, t) = τrr (R, t) +
∫ Ro

R

τrr (R, t) − τθθ (R, t)

R
dR. (16)

To relate the Lagrange multiplier with the motion field, the constitutive relation (4) has to
be integrated with respect to time, to find the stress components τrr and τθθ as a function of
R and time t , which we elaborate on in the next section.
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Next, we record the relationship between the torque applied on the rotating plate, (T )
and τθz(R, t):

T (t) = 2π

∫ ro

ri

τθzr
2 dr. (17)

Similarly, the applied axial force, L on the plate to maintain the gap between the plates is
computed as

L(t) = 2π

∫ ro

ri

σzzr dr. (18)

However, when the stresses depend only on r , then the above general expression for axial
load reduces to (see Truesdell and Noll 1965)

L(t) = π

∫ ro

ri

(2τzz − τrr − τθθ )rdr + π
(
r2
o σrr (ro) − r2

i σrr (ri)
)
, (19)

which gets further simplified to

L(t) = π

∫ Ro

Ri

(2τzz − τrr − τθθ )RdR − πr2
i σrr (ri), (20)

for the assumed boundary conditions (8).

4.5 Kinetics

Based on the traction boundary conditions and the equilibrium equations presented above,
the matrix representation for the extra stress is

τ =
⎛

⎝
τrr (R, t) 0 0

0 τθθ (R, t) τzθ (R, t)

0 τzθ (R, t) τzz(R, t)

⎞

⎠ . (21)

Consequently, the Lagrangian time derivative of the extra stress for the assumed motion field
(6) is

Dτ

Dt
=

⎛

⎜⎜
⎝

∂τrr
∂t

(τrr − τθθ )
dΩ
dt

Z −τzθZ
dΩ
dt

(τrr − τθθ )
dΩ
dt

Z
∂τθθ

∂t

∂τzθ
∂t

−τzθZ
dΩ
dt

∂τzθ
∂t

∂τzz
∂t

⎞

⎟⎟
⎠ , (22)

and hence the Oldroyd derivative of the extra stress is computed to be

∇
τ =

⎛

⎜
⎝

∂τrr
∂t

0 0
0 ∂τθθ

∂t
− 2τzθR

dΩ
dt

∂τzθ
∂t

− τzzR
dΩ
dt

0 ∂τzθ
∂t

− τzzR
dΩ
dt

∂τzz
∂t

⎞

⎟
⎠ . (23)

4.6 Governing differential equation

Substituting (11), (21), and (23) into the constitutive relation given in (4) and rearranging
we get

τrr + λ1
∂τrr

∂t
= 0, (24)



268 Mech Time-Depend Mater (2012) 16:251–274

τθθ + λ1
∂τθθ

∂t
+

[
λ3

2
− 2λ1

]
τθzR

dΩ

dt
= 0, (25)

τθz + (λ1 + λ2)
∂τθz

∂t
− (λ1 + λ2)τzzR

dΩ

dt
= Rη

2

dΩ

dt
, (26)

τzz + λ1
∂τzz

∂t
+ λ3τθzR

dΩ

dt
= 0. (27)

Here the above four first order differential equations in time are solved to obtain τrr , τθθ ,
τθz, and τzz given the angular velocity of the top plate, which is dΩ

dt
, since h = 1 mm. These

being first order differential equations in time, we need to specify their initial condition.
Since the experiments began from quiescent conditions, we require that

τrr (R,0) = τθθ (R,0) = τθz(R,0) = τzz(R,0) = 0. (28)

Integrating (24) along with the initial condition given in (28) we obtain

τrr (R, t) = 0. (29)

It is clear from (24) through (27), that while the relaxation time for the normal stresses is λ1,
for the shear stress, τθz, it is λ1 +λ2. As is evident from the experimental data, the relaxation
time for the axial load is different from that of the torque, and hence comes the need for these
class of models.

4.7 Numerical solution of the governing equation

The remaining three first order coupled differential equations (25) through (27) along with
the initial condition given by equation (28) is solved numerically using the built-in ordinary
differential equation solver, ODE45 in MATLAB. This solver computes y at various values
of the independent variable, t , over the domain 0 ≤ t ≤ to, such that it satisfies the differential
equation of the form dy

dt
= f(t,y) and the initial condition y(0) = yo.

In order to cast the problem at hand in the required form, let

{y} =
⎧
⎨

⎩

y1

y2

y3

⎫
⎬

⎭
=

⎧
⎨

⎩

τθθ

τθz

τzz

⎫
⎬

⎭
. (30)

Then, using (25) through (27) we compute

{
∂y
∂t

}
=

⎧
⎪⎪⎨

⎪⎪⎩

∂y1
∂t

∂y2
∂t

∂y3
∂t

⎫
⎪⎪⎬

⎪⎪⎭
=

⎧
⎪⎨

⎪⎩

− 1
λ1

[y1 + [ λ3
2 − 2λ1]R dΩ

dt
y2]

1
λ1+λ2

[Rη

2
dΩ
dt

+ [λ1 + λ2]R dΩ
dt

y3 − y2]
− 1

λ1
[y3 + λ3R

dΩ
dt

y2]

⎫
⎪⎬

⎪⎭
. (31)

Since R enters these equations explicitly, the above differential equations are solved at spe-
cific but various values of R, so that we obtain y as a function of t and R. Having obtained
τrr and τθθ as a function of t and R, the Lagrange multiplier is obtained from (16), where the
integration is performed using the trapezoidal rule, for each time instant. We find the trape-
zoidal rule to perform satisfactorily, because we computed the stresses for small increments
of R.
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Table 2 Material parameters for various tested specimens

Bitumen Aging condition λ1 (s) λ2 (s) λ3 (s) η (Pa·s) λ1 + λ2 (s)

Air blown Unaged 0.83 −0.79 −1.01 2,18,505 0.04

RTFOT aged 1.05 −0.97 −1.25 3,85,100 0.08

PAV aged 1.25 −1.11 −1.30 7,15,096 0.14

Blended Unaged 0.68 −0.58 −0.79 2,89,520 0.10

RTFOT aged 0.87 −0.76 −1.03 4,86,679 0.11

PAV aged 0.93 −0.86 −1.17 9,63,868 0.07

PDA pitch Unaged 0.53 −0.45 −0.60 6,82,045 0.08

RTFOT aged 1.11 −1.06 −1.41 10,88,485 0.05

PAV aged 1.35 −1.27 −1.60 24,30,757 0.08

5 Estimation of material parameters

We find these material parameters—λi ’s and η—such that they minimize

ε =
√√
√√ 1

N

N∑

i=1

[
T theory(ti) − T Exp(ti)

]2 +
√√
√√ 1

N

N∑

i=1

[
Ltheory(ti) − LExp(ti)

]2
, (32)

where N is the number of experimental measurements, T Exp is the torque and LExp is the
axial load obtained from the experiments at time ti . T theory and Ltheory are the torque and
axial load, respectively, at time ti , obtained for the guessed values of the material parame-
ters and the given history of angular velocities of the top plate. The minimization is done
using the built-in MATLAB function fminsearch, which implements a Nelder–Mead direct
search method. Initially the material parameters are varied manually and those values for
the material parameter that as a result were found to be in reasonable agreement with that
of the experiment are given as the initial guess for the minimization algorithm. Table 2 lists
the material parameters for various samples tested as obtained from the minimization proce-
dure. All the simulations were run in the Vega Cluster supercomputing facility available at
IIT Madras, India. Each simulation run for every material took a CPU time of about 6 hours.

6 Results and discussion

In Sect. 2, based on the experimental data it is observed that:

1. The torque relaxes faster than the normal force.
2. The torque required to realize a given deformation history is highest for the PDA pitch

and lowest for air blown bitumen.
3. The torque required to realize a given deformation history is highest for a long-term aged

specimen and lowest for an unaged specimen within a given sample.
4. In unaged specimens, the torque relaxes fastest in the case of air blown bitumen samples

and slowest in blended bitumen.
5. While in both the bitumen and PDA pitch the aging causes the torque to relax slower, in

short-term aged PDA pitch the difference is insignificant.
6. In unaged specimens, the normal force required to maintain the gap between the plates

is highest for PDA pitch and lowest for air blown bitumen.
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Table 3 R2 for various specimens tested under different conditions

Bitumen Aging condition dΩ
dt

= 0.25rad/s dΩ
dt

= 0.625rad/s

Torque Axial load Torque Axial load

Air blown Unaged 0.95 0.63 0.90 0.65

RTFOT aged 0.96 0.76 0.91 0.75

PAV aged 0.93 0.71 0.89 0.57

Blended Unaged 0.82 0.78 0.84 0.60

RTFOT aged 0.93 0.62 0.91 0.76

PAV aged 0.97 0.54 0.83 0.69

PDA pitch Unaged 0.91 0.71 0.97 0.73

RTFOT aged 0.93 0.52 0.91 0.76

PAV aged 0.81 0.70 0.88 0.72

7. The normal force required to maintain the gap between the plates is highest for long-term
aged specimens and lowest for unaged specimens.

8. In unaged specimens, the normal force relaxes fastest in blended bitumen and slowest in
the case of air blown bitumen.

9. The normal force relaxes slower as the sample is aged for all the three samples tested.

The developed model seems to be consistent with most of these observations. Comparing the
values of relaxation time for normal force, λ1, with the relaxation time for torque, λ1 +λ2, it
can be seen that λ1 > (λ1 +λ2), and hence we conclude that the torque relaxes faster than the
normal force. The magnitude of the torque applied to realize a deformation history depends
on the value of η. The variation in the observed value of η is consistent with observations
2 and 3 above. Similarly, the variation in the relaxation time for the torque, λ1 + λ2, is
consistent with the observations 4 and 5 listed above. The magnitude of the normal force
applied to maintain the gap between the parallel plates depends directly on the value of
parameter λ3 and indirectly on η. It can be found from Table 2 that, while being consistent
with observation 7, the magnitude of λ3 values increases with aging, and it is not consistent
with observation 6. The reason for this is yet to be understood.

Corresponding to the two protocols performed on each of the specimens, Table 3 lists the
R2 value for the torque and normal force. It can be seen from the table that the fits for the
normal force are not as good as the fits for the torque.

Figure 16 shows the predictions for the torque for unaged PDA pitch, and Fig. 17 shows
the same for long-term aged PDA pitch. Figure 18 shows the predictions for the normal
force for unaged blended bitumen, and Fig. 19 shows the same for short-term aged PDA
pitch. These predictions correspond to the best and worst case of the prediction for the
normal force with R2 values of 0.78 and 0.52, respectively.

7 Conclusions

Here we report experimental investigations conducted on blended and air blown bitumen
of the same grade, processed from the same crude source. PDA pitch, one of the blending
component for blended bitumen was also tested. All these three samples were tested under
unaged, short-term aged and long-term aged conditions. Stress relaxation experiments were
conducted on each of these nine specimens in a dynamic shear rheometer and the evolution
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Fig. 16 Comparison of the torque predicted by the model with the experimentally observed values for unaged
PDA pitch tested at a maximum angular velocity of 0.625 rad/s

Fig. 17 Comparison of the torque predicted by the model with the experimentally observed values for
long-term aged PDA pitch tested at a maximum angular velocity of 0.25 rad/s

of the torque and normal force measured. It is seen that the torque relaxed faster than the
normal force for all the material and for all the aging conditions. One of the interesting fea-
tures seen in the experimental result reported here is that the time at which the maximum
torque needs to be applied is different from the time at which the maximum normal force oc-
curs. Comparing the materials tested, it is seen that the torque required is always highest for
PDA pitch for a given deformation history. The relaxation mechanism of the material is also
influenced by the aging conditions of the material. Aging makes the material stiffer and the
relaxation of normal force is slower when compared to the unaged materials. An appropriate
frame-invariant model was developed for modeling the response of the tested materials. It is
seen from the corroboration of the experimental results with the model simulation that the
prediction for the torque is reasonable with R2 values ranging from 0.81 to 0.96; however,
the normal force predictions are slightly poor with the R2 values ranging from 0.52 to 0.78.
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Fig. 18 Comparison of the normal force predicted by the model with the experimentally observed values for
unaged blended bitumen tested at a maximum angular velocity of 0.25 rad/s

Fig. 19 Comparison of the normal force predicted by the model with the experimentally observed values for
short-term aged PDA pitch tested at a maximum angular velocity of 0.25 rad/s

The experimental results reported here are the first of this kind for a variety of bitumens
under different aging conditions. The influence of aging, processing method, and blend com-
ponent (in this case PDA pitch) on the overall rheological behavior of bitumen is studied.
One of the missing links in the constitutive modeling studies on bitumen is the change in
the rheology of the material during aging, and this study attempts to fill that gap through
experiments and appropriate models.
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