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A mathematical model of structural transformations in an alloy steel under the thermal cycle of multipass

welding is suggested for computer implementation. The minimum necessary set of parameters for describing

the transformations under heating and cooling is determined. Ferritic-pearlitic, bainitic and martensitic trans-

formations under cooling of a steel are considered. Amethod for deriving the necessary temperature and time

parameters of the model from the chemical composition of the steel is described. Published data are used to

derive regression models of the temperature ranges and parameters of transformation kinetics in alloy steels. It

is shown that the disadvantages of the active visual methods of analysis of the final phase composition of

steels are responsible for inaccuracy and mismatch of published data. The hardness of a specimen, which cor-

relates with some other mechanical properties of the material, is chosen as the most objective and reproducible

criterion of the final phase composition. The models developed are checked by a comparative analysis of com-

putational results and experimental data on the hardness of 140 alloy steels after cooling at various rates.

Key words: modeling, structural transformations, multipass welding, alloy steel, hardness, me-
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INTRODUCTION

As compared to heat treatment, welding usually causes

worsening of the initial properties of the metal, formation of

an inhomogeneous structure with annealed and embrittled

zones. In combination with welding stresses this worsening

of the properties may give rise to various defects and even

cause total fracture of welded joints in the process of welding

or in service.

Under multipass welding, the metal of the weld and of

the near-weld zone undergoes various and complex thermal

cycles with repeated heating and cooling. This is accompa-

nied by nonequilibrium processes of phase and structural

transformations. As a rule, the metal of the deposited bead is

melted one or several times when the next beads are depo-

sited. This is followed by several more progressively damp-

ing heating cycles.

In principle, in an appropriate multipass welding process

these cycles do provide a quality weld without post-welding

heat treatment, because each bead of the multipass weld is

first quenched and then tempered due to heating by the sub-

sequent beads.

Development of such a process is impossible without ef-

ficient prediction of structural transformations in the weld

metal.

Since the problem is complicate, the only effective way

of its solution is computer simulation of the occurring pro-

cesses. The statement of the problem does not allow us to

avoid consideration of any of the numerous transformation

processes, because each of them affects the result of the com-

putation. Computer implementation of the method also re-

quires steady (even if approximate) operation of all the mo-

dules without interference of the operator in any unforeseen

thermal cycle, which should arise inevitably as a point of a

large finite-element model of the welded structure.

The aim of the present work was to develop a set of

mathematical models of decomposition of austenite under

cooling of alloy steels in a welding thermal cycle and a

method for determination of the parameters of these models

from experimental results.
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POSSIBILITIES OF SIMPLIFICATION

OF THE MODELOF DECOMPOSITION

OF AUSTENITE

The factors limiting fast meeting of industrial demands

are the volume and complexity of experimental determina-

tion of the parameters of transformations of specific materi-

als rather than the intricacy of the mathematical apparatus of

the models. The time and the expenses can be saved by sim-

plifying the mathematical models of the transformations.

Simplification is admissible if the aim of the simulation is es-

timation of the weldability and of the macroscopic properties

rather than a careful study of the microstructures formed.

This dictates the choice of the model, the data for which

can be obtained in an industrial laboratory from the results of

tests of macroscopic specimens (with a thickness exceeding

1 mm) under the conditions imitating a welding thermal cy-

cle with detection of such parameters as the temperature, the

linear sizes, the electrical resistivity, etc. Stochastic micro-

scopic phenomena (the number of nuclei of the new phase,

the activation energy, the parameters of the microstructure,

etc.) may be attracted for a quality description of the pro-

cesses but not for use in the equations of the model.

An important advantage of the simulation method is the

possibility of application of the published results of the stud-

ies obtained earlier for a wide circle of materials, which

should be accumulated to form a data bank and to derive re-

gression equations. This makes it possible to perform ap-

proximate computations totally without preliminary experi-

ments. In this case test welding conducted by the method de-

veloped may be a control experiment.

The worthiness of the regression equations relating the

properties of the material, the chemical composition, and the

conditions of its heat treatment is preserved in the case of the

use of the own experimental data. The standard for each

grade of steel stipulates a considerable tolerance for the con-

tent of alloying elements. Availability of correlation relations

makes it possible to allow for the effect of deviations of the

chemical composition on the properties and to avoid re-

peated tests for each new batch of the material.

The standard approach to simulation of diffusion trans-

formations is based on the parameters of isothermal transfor-

mation described by the Avrami equation
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where p is the degree of the transformation (the ratio of the

mass of the formed new phase to the total mass of the mate-

rial participating in the transformation), t is the time from the

start of the transformation, and t
s
and n are parameters of the

process. The incubation period t
s
is understood as the time

required for attainment of some initial degree of the transfor-

mation p
s
.

Unfortunately, the authors of many publications do not

specify the values of p
s
and treat t

s
as the time of the start of

the transformation. In fact, p
s
depends on the possibilities of

the recording facility and commonly ranges from 1 to 5%.

This complicates the use of published transformation dia-

grams (it has been shown experimentally in [1] that the value

of t
s
of bainitic transformation is doubled when the sensiti-

vity of the magnetometer increases from 0.25 to 0.004%).

Formula (1) makes it possible to use parameter t
s
determined

at any known value of p
s
, for example at p

s
= 50%.

To analyze the behavior of the parameters of Eq. (1) we

should represent the diagrams of the experimental data in

logarithmic coordinates. If we lay t = ln t over one axis and

p = ln [– ln (1 – p )] over the other axis, Eq. (1) acquires a

linear form

p = p
s
+ n (t – t

s
). (2)

Parameter n determines the slope of a part of the diagram

and parameter t
s
= ln t

s
determines its shift over axis p. The

experimental data of [2] show that for every kind of transfor-

mation n depends little on the temperature (the lines in the

diagrams have the form of parallel rectilinear segments),

whereas t
s
varies within the temperature range of the trans-

formation by several orders of magnitude.

Dependence t
s
(T ) is more complex and its full experi-

mental plotting is quite laborious. However, in the process of

arc welding the characteristic cooling rates vary from 0.1 to

500 K�sec. Therefore, the maximum time of residence of the

material in the transformation interval t
max

does not exceed

several minutes. In this connection, we are practically inter-

ested only in those parts of the transformation ranges where

t
s
< t

max
.

As a rule, the main aim of the computation is determina-

tion of the final phase composition after the end of the trans-

formations. The analysis of the dependences of the content of

the products of decomposition of austenite (ferrite, pearlite,

bainite) on the rates of cooling made in [3] shows that they

are describable by the Avrami equation. This is explainable

by the fact that at any cooling rate the initial phase (austen-

ite) passes one and the same temperature range containing

the ranges of ferritic, pearlitic and bainitic transformations.

The cooling rate affects only the time of residence in each

range (the time t in Eq. (1) is inversely proportional to the

cooling rate w ).

The kind of dependence 	

s
(T ) influences inconsiderably

the final phase composition of the alloy. The incubation pe-

riod of each transformation t
s
can be assumed to be constant

(independent of the temperature). For the computation, we

need only the mean value of t
s
and the boundaries of the tem-

perature range of the transformation.

Let us consider the T
s
– w diagram, i.e., the dependence

of the temperature of the start of ferritic transformation T
s

under continuous cooling on the cooling rate w (Fig. 1a ). In

such system of coordinates, it has a rather simple form,

which simplifies its schematic representation.
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The middle part of the diagram is almost rectilinear. The

slope 
 of the tangent to the curve of the start of the transfor-

mation T
s
(w ) in every its point (Fig. 1a ) is equal to the incu-

bation period of the transformation at the corresponding tem-

perature [4], i.e.,

t
s
= �

d

d

T

w

s
, (3)

Therefore, the linearity of the part of the diagram T
s
im-

plies constancy of t
s
in the corresponding temperature range,

while the steeper regions at the ends of the diagram reflect

deceleration of the transformation and growth of t
s
on the

boundaries of the temperature range of the transformation.

Formula (3) allows us to reconstruct the thermokinetic dia-

gram of the transformation into an isothermal one.

We have mentioned already that the regions of delayed

transformation present no interest under welding cooling

rates; therefore, the whole of the curve describing the begin-

ning of the transformation in Fig. 1a may be approximated

by a rectilinear segment. This is equivalent to schematic rep-

resentation of the isothermal C-curve in Fig. 1b in the form

of a �-curve.

However, we should amend the temperature ranges of

the transformation interval. The equivalent temperatures of

the start and finish of the transformation (T
s
and T

f
) are de-

termined from the intersection of straight line T
s
with the

boundaries of the range of the cooling rates at which a new

phase may appear in an amount of at least p
s
(Fig. 1a ).

To plot the straight line T
s
experimentally we should test

two specimens at different cooling rates matching the middle

part of the rate range and detect the temperature of the start

of the transformation T
s
(w ). The tests may be conducted not

only with forced cooling at the specified rates but also under

natural cooling with different intensities (when the tempera-

ture decreases exponentially). In this case the cooling rate is

measured in terms of the average cooling rate w = w
6�5 in the

temperature range from 600 to 500°C or w = 1�t
8�5 , where

t
8�5 is the time of passage through the temperature range

from 850 to 500°C. Using the earlier published data (Fig. 2)

we again face the problem of the level p
s
chosen by the au-

thors at the start of the transformation. This level affects the

obtained value of t
s
and the slope of the line T

s
(w ). How-

ever, the change in p
s
changes only the scale of the diagram

over axis w but does not influence the temperature range. For

this reason, we do not need the chosen level of p
s
for deter-

mining the equivalent temperature of the start of the transfor-

mation T
s
from the diagram but should only require that it is

the same for all the specimens used for plotting the diagram.

Determination of the equivalent temperature of the end

of the transformation T
f
is somewhat more difficult. The cri-

tical cooling rate w
max

(Fig. 1) below which the transforma-

tion develops (i.e., the content of the given phase formed

during passage of the temperature range of the transforma-
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Fig. 1. Schemes of thermokinetic (a) and isothermal (b )

diagrams of the start of transformations.
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Fig. 2. Thermokinetic diagram for steel 0.2% C –

0.3% Si – 1.75% Mn [5] with imposed cooling curves of

the specimens and ranges of ferritic (F), pearlitic (P) and

martensitic (M) transformations: the figures at the curves

give the fractions of the formed phases in vol.%; the en-

circled figures give the final Vickers hardness.



tion exceeds p
s
) can be found from the results of a metallo-

graphic study of specimens after complete cooling. These re-

sults are commonly given in the published thermokinetic dia-

grams. Figure 2 presents an example of a diagram for a

low-alloy steel with the contents of the formed phases and

the final Vickers hardness deposited on the cooling curves.

CRITERION FOR ESTIMATION OF THE PHASE

COMPOSITION OF A STEEL

Analysis of published data shows that the accuracy of es-

timation of phase composition is commonly not high being

affected by several subjective factors. The objectivity and

reproducibility of the results of measurement of hardness are

substantially better. At the same time, the hardness and the

phase composition of a steel are correlated closely. Compre-

hensive data are obtained from the results of measurement of

microhardness with subsequent statistical processing. Mea-

surements of macrohardness are not comprehensive and give

automatic averaging of the hardness of individual compo-

nents of the structure. However, these data may be used for

estimating the phase composition of the steel after cooling.

We will treat an alloy steel as a mixture of phase compo-

nents having different hardness that depends only on alloying

of the steel. The main phases are austenite (A), bainite (B)

and martensite (M). It is expedient to combine ferrite and

pearlite in a single ferrite-pearlite (FP) phase, because they

have close properties and overlapping temperature ranges of

the transformations. The hardness of the steel can be deter-

mined by interpolation with respect to the phase composi-

tion. Figure 3 presents the dependence of the hardness of the

steel on the content of bainite phase pB in it, which has been

plotted using the numerical data given in Fig. 2. It can be

seen that the variation of the hardness upon transition from

ferrite-pearlite structure to bainite and from bainite to

martensite is linear. This means that each of the three phases

of the steel has a fixed hardness value (HV
FP

= 170 kgf�mm2,

HV
B
= 240 kgf�mm2, HV

M
= 450 kgf�mm2 ), which makes it

possible to associate the dependence of the hardness of the

steel on the cooling rate only with the changes in the phase

composition, i.e.,

HV = HV
FP
p
FP

+ HV
B
p
B
+ HV

M
p
M
+ HV

A
p
A
, (4)

where the total concentration of all the phases p
FP

+ p
B
+

p
M
+ p

A
= 1.

When the steel contains only two phases (FP + B or

B + M), formula (4) permits accurate computation of the

phase composition from the hardness. For this purpose, we

should know the hardness of the phase components. Regres-

sion analysis of the data from atlases [3, 5 – 7] gives us the

dependence of the Vickers hardness of each phase on the

chemical composition, i.e.,

HV
FP

= 105 + 310C + 16Mn – 140Mo; (5)

HV
B
= 195 + 136C + 29Si + 35Cr + 29Ni +

132V + 10W + 173Al; (6)

HV
M
= 289 + 792C + 37Si + 15W. (7)

Formulas (5) – (7) have been derived using the results of

processing of data for 86, 45 and 100 grades of steel with

R = 0.95, 0.94 and 0.97 and standard deviations of 30, 20 and

20 HV, respectively. The steels had the following alloying

ranges (in wt.%): 0.01 < C < 0.5, Si < 1, Mn < 2, Cr < 2,

Ni < 2, Mo < 1, V < 0.3, Nb < 0.1, Al < 0.1, Cu < 0.5,

Ti < 0.05, W < 0.5 (the total content of the alloying elements

did not exceed 4%). Each formula contains only those of the

listed elements, the content of which affects substantially the

hardness of the phase considered). The results of the compu-

tation of the hardness by formulas (5) – (7) are given as

squares in Fig. 3; HV
FP

= 177 kgf�mm2, HV
B
= 230 kgf�mm2,

HV
M
= 452 kgf�mm2.

REGRESSION MODELS OF PARAMETERS

OF DECOMPOSITION OF AUSTENITE

In order to obtain the parameters of Avrami equation (1)

we should have several pairs of values of p – t. These data

can be obtained by analyzing the final phase composition of

the steel after cooling at different rates. The time of residence

of each specimen in the equivalent temperature range of the

transformation may be determined from the difference in the

abscissas of the points of intersection of the cooling curve

(Fig. 2) with the boundaries of the range; the content of the

formed phase can be found from the final hardness. It is de-

sirable to use specimens in which only two phases form with

different proportions of the mass fractions. The obtained

pairs of values should be imposed on the diagram in logarith-

mic coordinates p – t . Analysis of the data of the diagram al-
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Fig. 3. Proportion of the phase composition and the hardness of

steel 0.2% C – 0.3% Si – 1.75% Mn [5]: 1 ) M + B; 2 ) FP + B;

HV
FP

, HV
B
and HV

M
are the values of the hardness of the fer-

rite-pearlite mixture, of the bainite and of the martensite respec-

tively; p
B
is the content of bainite (the scattering of the experimental

points �p
B
is connected with inaccuracy of measurement of the

phase composition and attains 7%).



lows us to estimate the applicability of the accumulated data

for determining n. If some of the points lie close to a single

straight line, parameter n in this temperature range is con-

stant and its value is equal to the slope of this line with re-

spect to axis t .

Let us consider as an example the final phase composi-

tion of steel 09KhGSND [8] after heating to 1350°C and

cooling at different rates (Fig. 4). In Fig. 5 the same data for

the ferritic-pearlitic and bainitic transformations are pre-

sented in logarithmic coordinates. It can be seen from Fig. 5

that almost all the experimental points corresponding to the

ferritic-pearlitic transformation are arranged near a single

straight line 1. This means that the kinetics of formation of

the ferrite-pearlite phase in steel 09KhGSND is describable

by Eq. (1) with exponent n
FP


 1.

In the vicinity of line 2 we observe all the light points

corresponding to the concentration of bainite p
B
in the region

of fast cooling of the steel (at t
8�5 < 5 sec). This straight line

is more sloped than line 1; the exponent in Eq. (1) for bainite

n
B


 2.4. Under slower cooling the light points lie below line

2, because bainite forms from the austenite retained after the

ferritic-pearlitic transformation.

To obtain the second parameter of the Avrami equation

we may use 	

50
, i.e., the duration of cooling in the welding

thermal cycle in the temperature range 850 – 500°C, which

yields 50% of the corresponding phase. The scheme of deter-

mination of this parameter from the point of intersection of

the inclined line of the transformation with the line describ-

ing the level of the concentration of the phase p = 50% is

presented in Fig. 5. For the ferrite-pearlite phase of steel

09KhGSND we obtain 	

50FP

 35 sec; for the bainite phase

we obtain 	

50B

 6 sec.

For convenience of the computation, Eq. (1) may be

transformed to

p = 1 – exp �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

t

t

n

50

2ln , (8)

where the second parameter is the period of half-decomposi-

tion t
50
(the time of transformation of a half of the initial con-

tent of the decomposing phase). The value of t
50
can be com-

puted if we know the boundaries T
s
– T

f
of the equivalent

temperature range of the transformation, i.e.,

t
50
= 	

50

ln ln

ln ln

T T
s f

�

�850 500
. (9)

The martensitic transformation may be described [9] by

an equation similar to (8) but with temperature T as the argu-

ment, i.e.,

p = 1 – exp [– b (T
Ms

– T )]. (10)

Factor b determines the width of the temperature range

of the martensitic transformation. The temperature of the

lower boundary depends strongly on the content of marten-

site treated as the end of the transformation. To determine the

parameters T
Ms

and b of the transformation we should cool

the specimens at a high rate. In this case the other transfor-

mations will require an inconsiderable content of austenite.

The method presented makes it possible to reduce to a

minimum the volume and the complexity of the tests for de-

termining the parameters required for computer simulation

of the welding process with allowance for the structural

transformations. However, even a low volume of tests re-

quires special equipment, qualified personnel and enough

time for processing the data. If such resources are not avail-

able, approximate computations can be performed with the

use of the results of earlier studies in the form of regression

models. Though this approach has disadvantages, we should

remember that its alternative is simulation of the welding

process without allowance for structural transformations.
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Analyzing published regression models for computing

the boundaries of the temperature ranges of transformations

from the chemical compositions of steels [5, 8, 10, 11] we

found out that neither of the models provided enough accu-

racy (by the data of [5] maximum deviations from the experi-

mental diagrams exceed 100°C).

For this reason, we processed a considerable number of

diagrams from atlases [3, 5 – 7, 12] and plotted new regres-

sion models (dependences of the temperatures in °C on the

contents of alloying elements in %), namely,

T
FPs

= 895 – 714C + 687C
2
+ 91CMn –

77Mn + 28Cr – 60Ni – 434Al; (11)

T
Bs
= 700 – 237C – 20Si – 26Mn – 23Cr –

24Ni – 227Al – 48Cu – 89V – 715Nb; (12)

T
Ms

= 588 – C(597 – 134Si – 154Mn) –

74Si – 92Mn – 12Cr – 20Ni – 12Mo + 163Cu. (13)

Formulas (11), (12) and (13) were obtained by process-

ing 91, 96 and 160 diagrams with coefficients of multiple

correlation 0.93, 0.94 and 0.92 and standard deviations 17,

15 and 10°C, respectively. They were derived with the use of

only accurate enough diagrams with high enough degree of

homogenization of austenite (for heating temperatures above

1000°C) and the same alloying ranges as in the hardness

models [see formulas (5) – (7)]. The effect of the degree of

homogenization should be studied individually (depending

on the maximum heating temperature and on the time of resi-

dence in the temperature range of austenitization).

Using the same constrains for the alloying we obtained

the following regression models of the parameters of the

Avrami equation.

For the ferritic-pearlitic transformation

n
FP

= 1.1 – 3.6C + 0.55Mn + 0.6Cr + 0.3Ni –

1.95Cu – 0.6Al + 3.6C
2
– 0.4Mn

2
+ 2.9MnC (14)

(30 grades of steel, R = 0.89, standard deviation 0.08);

ln (	
50FP

) = 0.72 + 1.1Si + 1.1Mn + 3.3Cr +

3.5Ni + 3.7Mo – 7Cu + 5.3Al – 5.2Ti + 9.7MnC (15)

(31 grades of steel, R = 0.94, standard deviation 0.3).

For the bainitic transformation

n
B
= 4 – 1.4C + 0.2Si – 1.2Mn + 1.6V – 2Cu (16)

(51 grades of steel, R = 0.87, standard deviation 0.3);

ln (	
50B

) = – 1.2 + 6.2C + 0.7Si + 1.25Mn +

0.3Ni + 1.4Mo + 0.9V + 2Cu (17)

(36 grades of steel, R = 0.87, standard deviation 0.4).

For factor b in the equation of the martensitic transfor-

mation (1) the analysis performed has not shown correlation

with the chemical compositions of the steels. The range of

scattering of the values of b varied from 0.016 to 0.032; the

mean value b = 0.022 differed from the value of b = 0.011

presented in [9] for carbon steels.

We have not managed to design models for the lower

boundaries of the temperature ranges of ferritic-pearlitic and

bainitic transformations, because the data available were not

sufficient for the purpose. These parameters influence the

transformation kinetics comparatively little. In further com-

putations the lower boundary of the ferritic-pearlitic transfor-

mation was understood as the upper boundary of the bainitic

transformation, and the lower boundary of the bainitic trans-

formation was understood as the upper boundary of the mar-

tensitic transformation.

To check the set of the regression models we used the

characteristics of 140 grades of steel from atlases [3, 5 – 7, 13]

for various cooling rates. The chemical compositions of the

steels were used to compute the temperatures and kinetic pa-

rameters of the transformations and the hardness of the phase

components. Then we computed the final phase composition

for every cooling rate and used the former to compute the

hardness. Comparison with the experimental data from the

atlases is presented in Fig. 6. The correlation coefficient for

the set of the models R = 0.9; the standard error is 37 MPa.

CONCLUSIONS

1. The most objective and reproducible criterion of the

final phase composition is the hardness of the steel, which

correlates with a number of other mechanical properties.

2. Comparison of the results of the hardness computa-

tions with the earlier published experimental data proves

worthiness of the developed models of transformations in al-

loy steels for various rates of cooling and of the obtained re-

gression equations for computing the parameters of the mo-

dels from the chemical compositions of the steels.
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