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Abstract

We give a conjugacy relation on certain type of Frobenius manifold structures using the
theory of flat pencils of metrics. It leads to a geometric interpretation for the inversion
symmetry of solutions to Witten—-Dijkgraaf—Verlinde—Verlinde (WDVV) equations.
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1 Introduction

Boris Dubrovin introduced the notion of a Frobenius manifold as a geometric realiza-
tion of a potential F which satisfies a system of partial differential equations known
in topological field theory as Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) equa-
tions. More precisely, a Frobenius algebra is a commutative associative algebra with
an identity e and a nondegenerate bilinear form IT compatible with the product, i.e.,
IM(aob, c) = I(a, boc). A Frobenius manifold is a manifold with a smooth structure
of a Frobenius algebra on the tangent space at any point with certain compatibility
conditions. Globally, we require the metric IT to be flat and the identity vector field e
to be covariantly constant with respect to the corresponding Levi—Civita connection.
Detailed information about Frobenius manifolds and related topics can be found in

[7].
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Let M be a Frobenius manifold. In flat coordinates (¢ 1., t") for IT where e = 9;r
the compatibility conditions imply that there exists a function F(¢!, ..., ") which
encodes the Frobenius structure, i.e., the flat metric is given by

I1;(t) = I1(0,i, 9,7) = 047 0,i 9,; F(¢) (1.1)

and, setting 21 (¢) to be the inverse of the matrix I1(¢), the structure constants of the
Frobenius algebra are given by

cka) = QP (1)8,0 0,19,/ F ().

Here, and in what follows, summation with respect to repeated upper and lower indices
is assumed. The definition includes the existence of a vector field E of the form
E = (aijt’ + b7)0,; satisfying

. .
E]F(t):(3—d)F(l‘)+§A,'jtltj + Bit' +¢ (1.2)

where ai] ,bj,c, Ajj, B; andd are constants with a;. = 1. The vector field E is called the
Euler vector field and the number d is called the charge of the Frobenius manifold. The
associativity of Frobenius algebra implies that the potential F(¢) satisfies the WDVV
equations

8,19, 0 F (1) QP 910040 0 F (1) = 0410, 0P (1) 7 040000, F (1), Vi, j, g, n.
(1.3)
Conversely, an arbitrary potential F(¢!, ..., ") satisfying Egs. (1.3) and (1.2) with
(1.1) determines a Frobenius manifold structure on its domain [7]. Moreover, there
exists a quasihomogenius flat pencil of metrics (QFPM) of degree d associated to
the Frobenius structure on M which consists of the intersection form 2, and the flat
metric Q; with the function v = I1;1¢' (see Definition 2.3 below). Here

QY (1) := E(dr’ o dt)) (1.4)

where the product dt’ o dt/ is defined by lifting the product on 7 M to T*M using the
flat metric 21. In this article we prove that, whend # 1,e(r) = Oand E(7) = (1-d)t,
we can construct another QFPM of degree 2 — d on M consisting of the intersection
form €2, and a different flat metric €2;. We call it the conjugate QFPM. In particular,
under a specific regularity condition, we get a conjugation between a certain type of
Frobenius manifold structures on a given manifold. Precisely, we prove the following
theorem.

Theorem 1.1 Let M be a Frobenius manifold with the Euler vector field E and the
identity vector field e. Suppose the associated QFPM is regular of degree d with a
function t. Assume that e(t) = 0 and E(t) = (1 — d)t. Then we can construct
another Frobenius manifold structure on M\{t = 0} of degree 2 — d. Moreover, we
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can apply the same method to the new Frobenius manifold structure and it leads to
the original Frobenius manifold structure.

For a fixed Frobenius manifold the new structure that can be obtained using Theorem
1.1 will be called the conjugate Frobenius manifold structure.

Let us assume I1; ; = Sl.rjf}, i.e., the potential IF has the standard form
F() = 22! 4+ Lo itit’*"“ e (r‘ r’*l) (1.5)
5 5 - e, .

and the quasihomogeneity condition (1.2) takes the form
E =d;it'd:, EF(1t)=@B—-d)F(@); d =1. (1.6)

Here, the numbers d; are called the degrees of the Frobenius manifold. Recall that a
symmetry of the WDVV equations is a transformation of the form

ti|—>zi,H|—>ﬁ,F|—>F

such that F satisfies the WDVV equations. The inversion symmetry ([7], Appendix
B) is an involutive symmetry given by setting

1 tit tk
z! =—7 =05 zk=t—l, 2<k<r. (1.7)
Then
= 1y-2 L, ij
F(z) == (") F(t) — Et It t/ (1.8)

is another solution to the WDVV equations with the flat metric ﬁi () = 8::11 The

charge of the corresponding Frobenius manifold structure is 2 — d and the degrees are
di=—-d, d =1, di=d—d for 1<i<r. (1.9)

The inversion symmetry is obtained from a special Schlesinger transformation of the
system of linear ODEs with rational coefficients associated to the WDV'V equations.
é geometric relation between Frobenius manifold structures correspond to [F(z) and
[F(z) was outlined through the sophisticated notion of Givental groups in [13]. In this
article, we obtained a simple geometric interpertation and we report that F(z) is the
potential of the conjugate Frobenius manifold structure. In other words, we prove the
following theorem.

Theorem 1.2 Let M be a Frobenius manifold with charge d # 1. Suppose in the
flat coordinates (t', ..., t"), the potential F(t) has the standard form (1.5) and the

quasihomogeneity condition takes the form (1.6) with d; # ?1 for every i. Then we
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can construct the conjugate Frobenius manifold structure on M\{t' = 0}. Moreover,
flat coordinates for the conjugate Frobenius manifold are

. . d1—2d; 1< =2
st=—t!, ' =@ @ forl<i<r, s == E T @ T (1.10)
2 4 .
=

In addition, the corresponding potential equals the potential obtained by applying the
inversion symmetry to F(t) and it is given by

F(s) = (rl)%f (F(tl, L g %t’ Zﬂ‘r”—i“) . (1.11)

1

Examples of Frobenius manifolds satisfying the hypotheses of Theorem 1.2 include
Frobenius manifold structures constructed on orbits spaces of standard reflection rep-
resentations of irreducible Coxeter groups in [9, 22] and algebraic Frobenius manifolds
constructed using classical W-algebras [5]. However, the result presented in this article
is a consequence of the work [1, 6]. There, we investigated the existence of Frobenius
manifold structures on orbits spaces of some non-reflection representations of finite
groups and we noticed that certain structures appear in pairs. Analyzing such pairs led
us to the notion of conjugate Frobenius manifold.

This article is organized as follows. In Sect. 2, we review the relation between Frobe-
nius manifold, flat pencil of metrics and compatible Poisson brackets of hydrodynamic
type. Then we introduce a conjugacy relation between certain class of quasihomoge-
neous flat pencils of metrics in Sect. 3. It can be interpreted as a conjugacy relation
between certain class of compatible Poisson brackets of hydrodynamic type. We prove
Theorem 1.1 in Sect. 3 and Theorem 1.2 in Sect. 4. In Sect. 5, we discuss the find-
ings of this article on polynomial Frobenius manifolds. We end the article with some
remarks.

2 Background

We review in this section the relation between flat pencil of metrics, compatible Poisson
brackets of hydrodynamics type and Frobenius manifold. More details can be found
in [8].

Let M be a smooth manifold of dimension r and fix local coordinates (!, ..., u")
on M.

Definition 2.1 A symmetric bilinear form (., .) on 7*M is called a contravariant metric
if it is invertible on an open dense subset My € M. We define the contravariant

Christoffel symbols F,ij for a contravariant metric (., .) by
ij ._ imJ
ry =-Q"r, .
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where Fi « are the Christoffel symbols of the metric < ., . > defined on 7'M by the
inverse of the matrix QY (1) = (du’, du’). We say the metric (., .) is flatif < ., . > is
flat.

Let (., .) be a contraviariant metric on M and set Q¥ (u) = (du', du’). Then we
will use 2 to refer to the metric and €2 (u) to refer to its matrix in the coordinates.
In particular, the Lie derivative of (., .) along a vector field X will be written Liey 2
while X Q% means the vector field X acting on the entry /. The Christoffel symbols
given in Definition 2.1 determine for €2 the contravariant (resp. covariant) derivative
V! (resp. V;) along the covector du' (resp. the vector field 9 ). They are related by
the identity V! = Q¥ (u)V;.

u'

Definition 2.2 A flat pencil of metrics (FPM) on M is a pair (22, 1) of two flat
contravariant metrics 2, and €27 on M satisfying

1. Q, + A defines a flat metric on T*M for_a_l generiq constant 2»_, N
2. the Christoffel symbols of Q5 + A2 are ' lzjk + M‘lljk, where Flzjk and I‘lljk are the
Christoffel symbols of €2, and €21, respectively.

Definition 2.3 A flat pencil of metrics (2, €21) on M is called quasihomogeneous
flat pencil of metrics (QFPM) of degree d if there exists a function t on M such that
the vector fields £ and e defined by

E=Vor, E' =QYwo,r

e=Vit, ¢ =9 w,r Q2.1

satisfy
[e, E]=e, LiegQ=(d—1)Q;, Lie,Q2y = and Lie,Q2; =0. (2.2)
Such a QFPM is regular if the (1,1)-tensor

o od=1 .
R! = Ta{ + Vy,E/ (2.3)

1

is nondegenerate on M.

Let (€22, ©21) be a QFPM of degree d. Then according to [8], we can fix flat coor-
dinates (t], 2., t") for €21 such that

_ 1 i _ ol i _ il ij _
t=t, E =Q5, e =Q, rl’k_o,
i 1—d

. Cod=1 4
M= 58 D=8 +opuEl. E'=1-d. @4

Moreover, if (22, €21) is regular then d # 1.
Consider the loop space £(M) of M, i.e., the space of smooth maps from the circle
S! to M. A local Poisson bracket on £(M) is a Lie algebra structure on the space of

@ Springer



23 Page6of19 Z. Al-Maamari, Y. Dinar

local functionals on £(M). Let {., .} be a local Poisson bracket of hydrodynamic type
(PBHT), i.e., it has the following form in the local coordinates [8]

(! (), ! (1)) = QY W) (x—y)+ T WOk s(x—y), i,j=1,...,r 25)

where 6(x — y) is the Dirac delta function defined by fsl fMs(x — y)dy = f(x).
Then we say {., .} is nqndegenerate if det '/ # 0 and the Lie derivative of {., .} along
a vector field X := X'0,; reads

Liex{., ' (x), u/ (y)) = (X* 8 QY — QY s X' — Q79,5 X7)8'(x — y)
FTH XS — Q58,504 X uks(x — —y).

We will use the following two theorems.

Theorem 2.4 [21] Let X be a vector field on M and {.,.} be a PBHT on £(M).
IfLiegf{., .} = 0, then Liex{.,.} is a PBHT and it is compatible with {.,.}, i.e.,
{.,.} + ALiex{., .} is a PBHT for every constant A.

Theorem 2.5 [10] The form (2.5) defines a nondegenerate PBHT{., .} if and only if the
matrix Q' (u) defines a flat contravariant metric on M and F,lc" (u) are its Christoffel
symbols.

From Theorems 2.5 and 2.4, we get the following corollary:

Corollary 2.6 Let {., .}2 and {., .}1 be two nondegenerate compatible PBHT on £(M)
having the form

(' @) u (Mo = Q@) (x — y) + T w))ubsx — —y), @ = 1,2,

Suppose {., .}» + A{., .}1 is a nondegenerate PBHT for a generic constant ,. Then
(22, 1) isa FPM on M. Conversely, a FPM on M determines nondegenerate com-
patible Poisson brackets of hydrodynamic type on £(M).

As mentioned in the introduction, if M is a Frobenius manifold of charge d then
there is an associated QFPM (€27, ©21) of degree d on M, where €25 is the intersection
form and € is the flat metric. In the flat coordinates (¢!, ..., ") we have t = I1;;7'.
Then the Euler vector field E and the identity vector field e of the Frobenius manifold
have the form (2.1) and satisfy equations (2.2). The following theorem give a converse
statement.

Theorem 2.7 [8] Let M be a manifold carrying a regular QFPM (22, 21) of degree
d. Then there exists a unique Frobenius manifold structure on M of charge d where
(2, Q1) is the associated QFPM.
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3 Conjugate Frobenius Manifold

We fix a manifold M with a QFPM T = (23, Q1) of degree d # 1. We fix a function
7 for T which determines the vector fields E and e (see Definition 2.3). We suppose

e(t)=0and E(r) =1 —d)r. 3.1

We introduce the function f(7) := (1) = and the vector field ¢ := f(7)e. We define

Q) :=Liez% = fQ — f(E®e+eQE). (3.2)
Then
Lie2Qy = f>(Lie; ) + Q(f)E(r) —4ffNe®@e+ ff e(t)Q
+ () = ffe(NE®e+e®E) =0 (3.3)
We fix flat coordinates (tl, ..., 1") leading to the identities (2.4). Considering the

condition (3.1), we will further assume that e = d;-. Thus
Q' =61, 9, =9,E =6l (3.4)
Let {., .} denote the nondegenerate PBHT associated to €2;. Then by Corollary 2.6,

Lie.{., .} is the PBHT associated to €21 and Lieg{., .} = 0. We have a similar statement
for e.

Proposition 3.1 Lie%{., .} = 0. In particular, Liez{., .} is a PBHT compatible with
{.,.}.

Proof The PBHT associated to €2, has the form
(). P () = Q' (x — y) + T35l 5(x — y).

Here and in what follows, it is to be understood that all functions on the right hand
side depend on 7(x). Note that

Liea{.. }(*(0). 1P (1) = 88" (x — y) + TS 1 6(x — y)
where

I =ea.r3) —rf 82" — -1y, + 1300, — —3°92, &

2,y
= I a8l s - T3 a0l 4 TSl — —selalal g

From Eq. (3.3), the coefficients of §’(x — y) of Lie%{ ., .} vanish while the coefficients
Fgﬂy of 6(x — y) have the form
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F‘fy = — ff"o,Q5e8Psl sl + fRsesPs) sirye — fRefarslsirge,

& r%r“m%* 2,y

+ £8P srsls,, T8 — f’za;’s;"a;sgrsﬁ + £ rrasmslseshsls)

r%r%“m 2.,m e%r%r %y®m
— pRsafalairen — pRslasl iy — Guafalaly

Then from the identities (2.4) and the definition of f(7), it follows that Fgﬁy = 0. For
example,

=~rr
1"2,1 — _fargzalf// + f/21'~21”11 _ f/ZF%Tr + Q%lf//f/
+ P = TS = RIS — R =
=—@d+Df*+U=df f —ff —(=Hf =0

andwheny = l, o =rand 8 #r

= d—1
r;’i =2/, = —2f" (Tcsf + B,rEB> =0.

]

Lemma 3.2 The pair T = (22, S~21)f0rm a QFPM of degree d =2 —d. Moreover, if
T is regular then T is regular.

Proof The second term of the identity
Qi(t) = fQ — fE 0, ® 0 + dr @ 0,1)

contributes only to entries of the last row and last column of Q (t). From the normal-
ization of 21, we get

Q') = (f = FE@)8 = (f — (A —d)rf)8l = (— 5.
Therefore,
det (r) = f" det (1) # 0.
Hence, using Proposition 3.1 and Corollary 2.6L7 is a FPM. Let V denote the con-
travariant (and also the covariant) derivative of €2 and set T := —t = —r!. Then the
vector fields
¢:=V|7, and E :=VoT = —E
satisfy equations (2.2) and

Liep = Lie Q) = —(d — Q) = (d — ). (3.5)
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Hence, T is a QFPM of degree d =2 —d. For the regularity condition (2.3), we have

~i d—1_; ~ - 1—d . ;
Rl (1) = Ta{ + Vi (—E)) = Ta; — Vii(E7) = =R/ (1). (3.6)
Therefore, det(R/) # 0 if and only if det(R/) # 0. o
We keep the definitions T = —t and E=—E given in the proof of Lemma 3.2

and we call T = (27, ?21) the conjugate QFPM of T. The name is motivated by the
following corollary.

Corollary 3.3 T has a conjugate and it equals T .

Proof We observe thatd =2 — d # 1 and the function T = —1 satisfies the require-
ments (3.1) as

@ =0and E@)=—-E(-tHh=1-dt' =1 -d7T. (3.7)

However, applying Lemma 3.2 to T, we get a QFPM (£2;, Liex€2;) where

~ ~ ~2 1*2"‘ 1y -2
e=f(T)e=T1de=(t")1-d.(t')T-d9;r =e.

Now we can prove Theorem 1.1.

Proof of Theorem 1.1 From the work in [8], regularity of the associated QFPM implies
that the charge d # 1. Then the proof follows from applying Lemma 3.2, Corollary
3.3 and Theorem 2.7 to the associated regular QFPM. O

For a fixed Frobenius manifold, the new Frobenius manifold structure constructed
using Theorem 1.1 will be called the conjugate Frobenius manifold structure.

Example 3.4 We consider the Frobenius manifold structure of charge -1 defined by the
following solution to the WDV'V equations.

1
F= Etzzl‘] + 17 log 11

In the examples, we use subscript indices instead of superscript indices for con-
venience. Here, the identity vector field e = 0;, and the Euler vector field £ =
2110y + 120s,. Note that EF = 3 — d)F + 2t12. The corresponding regular QFPM

consists of
(20 _ (0 1

The conjugate QFPM T = (R, ) is of degree d = 3. In the coordinates

5]
s] = —11, S$2=—
I
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we have

o B —2s1 S (0 1
2D =1 % =1
and the potential of the conjugate Frobenius manifold structure has the form

~ 1
F=—- 1
2S1S2 0gs1.

Note that the Euler vector field E = —E(s) = —25105, +5205, and EF = 3 —c7)ﬁ+2.
We observe that applying the inversion symmetry to the potential F(z), we get

1
F(z) = —z1z2 log z1 + constant

and ’115(1) defines the same conjugate Frobenius manifold structure. We prove this for
certain type of Frobenius manifolds in next section.

Example 3.5 We consider Frobenius manifold structures found recently in [3] on the
orbits space of the reflection group of type By. It is provided to us by the anonymous
reviewer of this article as an example of Frobenius manifold structure whose associated
QFPM has a conjugate but it is not regular. The potential of this Frobenius manifold
reads

1 1 1 1 9 1 3
F = —12t; + tatsts — —1 + —1317 + 12131 t2 35+ =13 logt
241+234 721+231+6231 10823+ 3 logts.
where the charge and degrees given by
d—l d—2 d—l d—4 dy =1
_37 1_37 2_37 3_37 4_
The action of the Euler vector field reads
1 .o
EFt) =B —-d)F@)+ EA,-jt‘t*’ =B-d)F@) + 21‘32 3.9
and the intersection metric £, will be
QU ) = Q1)+ AV, AV = Qi*(1)Q]F (1) Agp. (3.10)

Ihe associaged QFPM T = (€27, 21) is notregular. liowever, it has a conjugate QFPM
= (22, ). Flat coordinates (sy, s2, 53, s4) for Q2 are defined by

1 =-s1, =39, 13 = —S?S3, = —S4S? — 52S3S12
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Note that one can still apply the inversion symmetry to the potential I to get a Frobenius
Qanifold structure~with apotential IF(z) [7]. We checked that the QFPM obtained from
F(z) agrees with T. We do not consider this type of Frobenius manifolds in the next
section as we will assume regularity condition (2.3) of the quasihomogeneous flat
pencils of metrics.

Let us assume E has the form E = dl‘liati. Then di = 1 — d and we have the
following standard results.

Corollary 3.6 T is regular QFPM if and only if d; #* % Sforalli.

Proof Applying the definition 2.3 to the matrix R/ (1) = (451 +d;)8) = (— 4 +d;)s] .
[}

Lemma 3.7 Ilelj # 0, thend; +d; =2 — d. Thus, if the numbers d; are all distinct
— 8i+j

then we can choose the coordinates (tl, ..., t") such that Qllj 1

Proof Notice that using [e, E] = e, we get Lieg Q2 = (d — 2)€2;. Then the statement
follows from the equation

Q@ —d)Q (1) = LiegQY (di', di!) = —di(dr’, di)) — d;j(dr', di?).

4 Relation with Inversion Symmetry

We continue using notations and assumptions given in the previous section, but we
suppose that 7 is regular. Consider the Frobenius manifold structure defined on M by
Theorem 2.7 and let F(7) be the corresponding potential. We assume (1) = 8;3
which is equivalent to requiring that F(¢) has the standard form (1.5). We suppose
further that the quasihomogeneity condition for F(¢) takes the form (1.6). In this case

the intersection form €2, satisfies [8]
QY1) = (d —1+di +d))Q Q] 849,5F. (4.1)
Note that at this stage we are working under the hypothesis of Theorem 1.2.

Let us consider the coordinates (1.10) on M\ {z' = 0}. Then the nonzero entries of
the Jacobian matrix are

, —1
ast  dy—2d; ; 24 3s” 2—di\— ., 2,
— =1, —=— fer T @
atl d @) atl 2d; 22: @)

2 =2_

— Zaha

a ()
s’ =L Y s =2 as" =2
—=uh T, = =rteha T, — =¢ha.
g =) ot ) o = @)
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Proposition 4.1 Consider the conjugate QFPM T = (27, §~21). Then T = s,
Qllj (s) = (Sri]l’ ¢ = 0y and E= (Z-sif)si where the numbers (Z are given in (1.9).
Proof Using the duality between the degrees outlined in Lemma 3.7, we calculate the
entries 511/ (s) as follows.

(I) Fori =1

~1i J T ds” 2

1

Q) =—-=Q"=-—=Q = —w(—(ll)‘ll )8 =)
) Forl <i<randl <j<r

dst 95/ ~
otk 9tk
ds’ 8sj§“ s’ ds/ o5 5 ds’ asfﬁlj s’ st ~
or! ar! R YTPT FTE T A YT YW A
_ 9s'ds/ 8 & gitir+l

8tl otl

2dy=2d;=2d, ;1 +2

— (tl) d; 81+],r+1
— sitir+l

QY (s) =

mn Forl <i<r

Q.‘N

G (5) = —(rl)%a—si 220yt ) 2
P otl grr =i+l 7 ar ) o

— @ T AT 1+( ¥< iy

—2d; . 2 dy—2d;
e (O LI (D )(t )@
di

—2d d —2d 2d —2d
(t)“lt—i-( ld_(,)d U E— . (t)”’lt>
1

—2d —Zd
=@H @ -y

=0.
(IV) Finally,

Qi (s)
r r—1

2 9s” 9s s” , _10s8 as”
) — t d - it d —
—h ot ot ;g: <( ) arr—it+l it at’) st

r—1
2d; _10s" _10s"\ as”
) — t t d — z t dl —
(<> R e L
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2 1 . i1, 122 4 1321 ! . il 1 S22
= (Z DN (O LS Et’(r R I S e (X
2 2
r—1 d: 72 r—1 2d, it

2d; . .. =2_9 _ — =2 5, 4 -2
_ e i+1 tl 4, _ e i+1 tl 4, _ s ll a,
> a ) > a ) a )

2 2
r—1
2 2d; Zdr,lur] S —2_,
— - 2 T ) i i+1 ll a,
; (dl * dy d > “)
=0.
It is straightforward to show that ¢ = 9. The vector field E = Qéj (s)d,; while

_ 177 3 8s?
dit dst 5

C—di B - 0 B )

2 ) = (&'~ 85 — arr 23 o

e

2 . . =2_
= (@it (o =) T @ —dprah T c Yoy (di (S5 —dpd = @ ')

(dnl (dr —d2) T by —da) %ZLM"I""“@U%I)
(=dis' (& —dy)s? (d3 — dy)s?® s “4.2)

O

We observe that the inverse transformation of the inversion symmetry (1.7) is given
by

722 —z
Yo r— =—2<k=r
2

Thus, the potential (1.8) obtained from applying the inversion symmetry to [F(¢) has
the form

1 2 r i r—i+l1

ﬁ — ]216‘ __,17‘. - _ Tz + lrl+]
(@ =" <z1 . Z ZZZ

Lemma 4.2 The potential INF(z) has the form

- —4 1 T . , .
F(s) = (¢ H@ (}F(;‘, )=t Zt%““) AR (4.3)

1

Proof We use the identities
2 1 I sigrit]
1_ 2 1
t = (s )t (s)‘“(EES—I,

2d; i

i a8 .
tr=E)"(—)1l<i<r,
s
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and the quasihomogeneity of the potential [F(¢), i.e.,

2 _26-d) . (4
(ZE> F(t) = d—l]F(t) = ( Tt 2) F(t). (4.4)

Then

-4 1 <.
Ha |:F(tl,...,tr)—Etth’tr_’+l:|

1
r—1
= (l])% []F(t], D+ (= tl(tr)2) _ %t’ Ztitri+l:|
2
5 _g2 2y /=1
oo (@) (). (7).
§ s
L1 L glgr—itl
i)
1 r-1 4 lr—l 5 . ' 2
((S ) (s )d1+ + 5 Zsl r— 1+1(Sl)ﬂ +S1 (E Zzz(sl)ﬂ— slsrl+]) )
1= :
_—s " (s! )d1 Zsz r—it+l _ gl <5 ;61)@— s’s"’“)

—4 4 -1 2 3 1 noo_ dien—i+l 4
=0T [(SIMHF(_I"S—],—S—V--- S ) ersha!
N S

N N

1 r—1 4
+§Sr Zszsr—l—t-l(sl)dl:|
2
roodr—i+l

-1 —s? 1 s's
_ (N2
—(S)F<S—1,S—1,--~, ,EE
1

) —S Zsz r—i+1

which is the potential of the inversion symmetry by setting s’ = z'. O
Now we prove Theorem 1.2 stated in the introduction.

Proof of Theorem 1.2 By Corollary 3.6 and Theorem 1.1, we use the above notations

and assume T = (522, Q) is the associated QFPM. We need to show that the conjugate

QFPM T = (22, Ql) equals the QFPM associated to the potential IF(s) given in

4. 3) This leads to verifying that > (s) equals the intersection form Qz(s) defined

by IF(s) It is straightforward to show that F (s) is a quasihomogenius function, i.e.,
=@3- d)F Hence

Q) == = 1+d; +dpR* Q]  dad s F.
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After long calculations we find that §~2121 (s) = 52\12] (s). For examples, we obtained the

first row of Q;j (s) in (4.2) and for even r and 1 < i, j < r, we get by denoting
8,[ 8t_,‘G(t) as Gi,j

s’ ds/ 11 ast as/ _;,  os' ds/ LN s’ ds/

S-Zij _ 2 9 i, i i )
2 () arl arl "2 g azl > Ty aﬂ 20 a9
2d 2d
=d1<1——’)< )tt/(t) -t
di
, . 2d;  2d;
+d; (1 - zdﬂ) A T w @
1
. - 2d; _2d;
1
12—t 2: ritj
+(d_l+di+dj)(t) 1 U (Gr—igtn— j+l+t8 )
. _2d; 2
= (d) —d; —dj)titi ¢! " a7
_ . gl 2{%*? ) ) rori+j
+ (—=d) + d; +d/)(t ) ! P\ Groitlr—jy1 +1'8
RN N E- = j_ _lrsritj
= (d d d])(t ) 1 1 tt t Gr i+1,r—j+1 tt's
4.5)
On the other hand
3°F
_2 2y 4 g
=Q%mﬂ@fdl a +erujH051m+dl)
2y _jt1 , 2d; .
X (—(sl)“’iwl> + <t’(t1)1d21dl) <s'(s1)dzll)
_2d; 2 —4 2dy_iq1 | 2dr—j+1
= (trar,i—l-j(tl)2 @ dl +Gr_if1,r— ]_H(l‘) atTa TTaq )
2d; 2
_ (tit.i(tl)z_rﬁ_ﬁJ)
1_2di 2 L .
A (ﬂamﬂzl 4 Gt —t’ﬂ). (4.6)

Therefore,
. |22 L .
O () = (i +dy —d)) AT (8 4 Gyt =)
= QY (s). 4.7
O
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Example 4.3 Consider the following solution to WDVV equations

Ho1, 1, L5
F=€—§2t1+§t2t3+§t1t3. 4.8)
It corresponds to a trivial Frobenius manifold structure, i.e., Frobenius algebra structure
does not depend on the point. Here the charge d = 0, the Euler vector field E = ) #; 9y,

and identity vector field e = d;,. The intersection form is

15| 15} 13
Qf)=|n B-H -—h
13 —h I3l
Setting
15 [22 13
S| =—11, S =—, S 3t
] 2t1 H
~ij i+j
the conjugate QFPM has 7 (s) = 8"’ and
—51 O 53
2 1 5% 29
(s) 0 ;345 +5 —F—
3 4 2
_5 2_z 39 439 1
53 2 12 4s? + s13 si

The potential of the conjugate Frobenius manifold structure reads

~ 153 sy 1 1
F(s 24 22y 2 4 —sysa

O =6 T2 Ty T2 TN
One can check that this is the same potential obtained by applying the inversion
symmetry to [F(z). Note that E = —5105, + 5305, and EF =TF.

5 The Conjugate of a Polynomial Frobenius Manifold

In this section, we recall the construction of Frobenius manifolds on the space of orbits
of Coxeter groups given in [9] and we apply the results of this article.

We fix an irreducible Coxeter group W of rank . We consider the standard real
reflection representation ¢ : VW — GL(V), where V is a complex vector space
of dimension r. Then the orbits space M = V /VV is a variety whose coordinate
ring is the ring of invariant polynomials C[V]"V. Using the Shephard-Todd-Chevalley
theorem, the ring C[V]"V is generated by r algebraically independent homogeneous
polynomials. Moreover, the degrees of a complete set of generators are uniquely
specified by the group [16].
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We fix a complete set of homogeneous generators ul,u?, ..., u" for (C[V]W. Let
n; be the degree of u'. Here, we have

2=nm<m=m =< <oy <Ny

It is known that n; 4+ n,—i+1 = n, + n1. Consider the invariant bilinear form on V
under the action of Y. Then it defines a contravariant flat metric 2, on M and we
let u! equals its quadratic form. We fix the vector field e := d,. There is another flat
contravariant metric 21 := Lie, 2, on M, which was initially studied by K. Saito [19,
20] and it is called the Saito flat metric. Then T := (2;, €21) is a FPM and Dubrovin
proved the following theorem.

Theorem 5.1 [8] T = (2, Q1) is a regular QFPM of charge ”’,772 and leads to a

polynomial Frobenius manifold structure on M, i.e., the corresponding potential is a
polynomial function in the flat coordinates.

We observe that the polynomial Frobenius structure defined by 7 has t = nl_r”] , the

Euler vector field E = nl; >, niu'd,:, the identity vector field e and degrees Z—: Note
that E is independent of the choice of generators but e is defined up to a constant factor.
Thus, changing the set of generators will lead to an equivalent Frobenius manifold
structure [9]. The following theorem was conjectured by Dubrovin and proved by C.
Hertling.

Theorem 5.2 [15] Any semisimple polynomial Frobenius manifold with positive
degrees is isomorphic to a polynomial Frobenius structure constructed on the orbits
space of the standard real reflection representation of a finite irreducible Coxeter

group.

Clearly, T satisfies the hypotheses of Theorem 1.1 and we have a conjugate regular
QFPM T := (9, Liez2,), where ¢ = (t)""e. Moreover, from the work of K. Saito
and his collaborators (see also [9]), we can fix u!, ..., u" to be flat with respect to
21 and the potential of the polynomial Frobenius manifold will have the standard
form (1.5). In particular T is the regular QFPM of the Frobenius manifold structure
obtained by applying inversion symmetry to the polynomial Frobenius manifold on M.
Considering Theorem 5.2, we wonder what is the intrinsic description for the conjugate
Frobenius manifold as this may help in the classification of Frobenius manifolds.

In [1], we give a similar discussion for the r Frobenius manifold structures con-
structed in [22] on the orbits space M when W is of type B, or D,.

6 Remarks

It is important to mention that the inversion symmetry of the WDVV equation can
be applied to a solution F(¢) in the standard form (1.5) under more general quasiho-
mogeneity condition than condition (1.6) and without the regularity condition (2.3)
of the associated QFPM . In this case, if the conjugate Frobenius manifold structure
exists, we believe that it will be equivalent to Frobenius manifold structure obtained
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by applying the inversion symmetry, we confirm this by Example 3.4 and Example
3.5.

Note that Frobenius manifold structures which are invariant under inversion sym-
metry were studied in [18]. We did not consider these cases as the charge will equal
1.

It will be interesting to study the consequences of Theorem 1.2 on the interpretation
of the inversion symmetry in terms of the action of the Givental groups obtained in
[13] and the relation found in [17] between the principle hierarchies and tau functions
of the two solutions to the WDVV equations related by the inversion symmetry. We
also believe that the findings in this article can be generalized to the theory of bi-flat
F-manifolds [2].

It is known that the leading term of a certain class of compatible local Poisson
structures leads to aregular QFPM and thus to a Frobenius structure [8, 11]. Polynomial
Frobenius manifolds obtained in [4] are constructed by fixing the regular nilpotent
orbit in a simple Lie algebra and uses compatible local Poisson brackets obtained by
Drinfeld-Sokolov reduction. In these cases, the Poisson brackets form an exact Poisson
pencil, and thus their central invariants are constants [14]. If the Lie algebra is simply-
laced, then the central invariants are equal [ 12] which means the Poisson structures are
consistent with the principle hierarchy associated with the Frobenius manifold [11]. Fix
one of these polynomial Frobenius structures and denote the associated local Poisson
brackets by B, and B (here B, is the classical W-algebra). In the flat coordinates,
these local Poisson brackets form an exact Poisson pencil under the identity vector
field e, i.e., Lie,B, = B; and Lie, By = 0. Let us denote the leading term of B, by B>
and ¢ is the vector field associated with the conjugate Frobenius manifold structure.
We proved in this article that Lie%Bz = 0. Then it is natural to ask if ¢ also leads to
an exact Poisson pencil, i.e., Lie%]B%z = 0. Our calculations for the simple Lie algebra
of type A3, shows that this is not true.
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