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Abstract

We propose a general procedure to construct noncommutative deformations of an
algebraic submanifold M of R”, specializing the procedure [G. Fiore, T. Weber,
Twisted submanifolds of R", arXiv:2003.03854] valid for smooth submanifolds. We
use the framework of twisted differential geometry of Aschieri et al. (Class. Quantum
Grav. 23, 1883-1911, 2006), whereby the commutative pointwise product is replaced
by the x-product determined by a Drinfel’d twist. We actually simultaneously con-
struct noncommutative deformations of all the algebraic submanifolds M, that are
level sets of the f“(x), where f“(x) = 0 are the polynomial equations solved by the
points of M, employing twists based on the Lie algebra E; of vector fields that are
tangent to all the M,. The twisted Cartan calculus is automatically equivariant under
twisted ;. If we endow R” with a metric, then twisting and projecting to normal or
tangent components commute, projecting the Levi-Civita connection to the twisted
M is consistent, and in particular a twisted Gauss theorem holds, provided the twist
is based on Killing vector fields. Twisted algebraic quadrics can be characterized in
terms of generators and x-polynomial relations. We explicitly work out deformations
based on abelian or Jordanian twists of all quadrics in R? except ellipsoids, in partic-
ular twisted cylinders embedded in twisted Euclidean R3 and twisted hyperboloids
embedded in twisted Minkowski R> [the latter are twisted (anti-)de Sitter spaces
dSz, AdS>].
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1 Introduction

The concept of a submanifold N of a manifold M plays a fundamental role in
mathematics and physics. A metric, connection, ..., on M uniquely induces a met-
ric, connection, ..., on N. Algebraic submanifolds of affine spaces such as R” or
C" are paramount for their simplicity and their special properties. In the last few
decades the program of generalizing differential geometry into so-called Noncom-
mutative Geometry (NCG) has made a remarkable progress [14, 35, 41-43]; NCG
might provide a suitable framework for a theory of quantum spacetime allowing
the quantization of gravity (see e.g. [1, 20]) or for unifying fundamental interac-
tions (see e.g. [12, 15]). Surprisingly, the question whether, and to what extent, a
notion of a submanifold is possible in NCG has received little systematic attention
(rather isolated exceptions are e.g. Ref. [17, 45, 48, 54]). On several noncommutative
(NC) spaces one can make sense of special classes of NC submanifolds, but some
aspects of the latter may depart from their commutative counterparts. For instance,
from the SO, (n)-equivariant noncommutative algebra “of functions on the quan-
tum Euclidean space RZ”, which is generated by n non-commuting coordinates x?,

one can obtain the one A on the quantum Euclidean sphere Sg’l by imposing that

the [central and SO, (n)-invariant] “square distance from the origin” r? = x! x; be
1. But the SO, (n)-equivariant differential calculus on A (i.e. the corresponding A-
bimodule 2 of 1-forms) remains of dimension » instead of n — 1; the 1-form dr?

qzl_lr_zdrz, ] acts as

cannot be set to zero, and actually the graded commutator [

the exterior derivative [11, 26, 28, 53].

In [32] the above question is systematically addressed within the framework
of deformation quantization [6], in the particular approach based on Drinfel’d
twisting [21] of Hopf algebras; a general procedure to construct noncommutative
generalizations of smooth submanifolds M C R”, of the Cartan calculus, and of
(pseudo)Riemannian geometry on M is proposed. In the present work we proceed
studying more in detail algebraic submanifolds M C R”, in particular quadrics, using
tools of algebraic geometry. Considering C” instead of R” seems viable, too.

Assume that the algebraic submanifold M C R”" consists of solutions x of the
equations

f4x) =0, a=12,...k<n, €))
where f = (f', ..., f¥) : R” — RF are polynomial functions fulfilling the irre-
ducibility conditions listed in Theorem 1; in particular, the Jacobian matrix J =
df/0x is of rank k on some non-empty open subset Dy C R", and M more precisely
consists of the points of D fulfilling (1). One easily shows that £7 := R" \ Dy is
empty or of zero measure!. By replacing in (1) f4(x) > fE(x) == fx)—c?, with
c= (cl, o ck e f (Df), we obtain a k-parameter family of embedded manifolds
M. (My = M) of dimension n —k that are level sets of f. Embedded algebraic sub-
manifolds N C M can be obtained by adding more polynomial equations of the same

"Let J, be the kxk submatrices of J, j, their determinants, & = {x € R" | jo(x) =0}, = 1,2, ..., (}).
Er = M E«- At least one polynomial function j, (x) is not identically zero; hence &, has codimension 1
and zero measure, and so has £ f-
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type to (1). Let X be the *-algebra (over C) of polynomial functions P : R" — C,
restricted to Dy. The %-algebra X' of complex-valued polynomial functions on M
can be expressed as the quotient of X’ over the ideal C C X of polynomial functions
vanishing on M:

X" :=x/C={la]l:==a+C | aeX}; )

In Appendix A, after recalling some basic notions and notation in algebraic geometry,
we prove

Theorem 1 Assume that J is of rank k on a non-empty open subset Dy C R", so
that the system (1) defines an algebraic submanifold M C Dy of dimension n — k.
In addition, assume that M is irreducible in C"; this is the case e.g. if there exists
a k-dimensional affine subspace w C R" meeting M in s := n];:l deg f¢ points.
Then C is the complexification of the ideal generated by the @ in R[x', ..., x"], i.e.
forall h € C there exist h* € X such that

k k
h(x) =D R @) f4x) =Y f40h(x). 3)

a=1 a=1

(In the smooth context, i.e. with ¢, h, h* € C*°(Dy), (3) holds if J is of rank &
on Dy [32].) AV is the quotient of X over the ideal generated by further equations
of type (1), or equivalently of X’ over the ideal generated by all such equations. Iden-
tifying vector fields with derivations (first order differential operators), we denote as
E:={X = X'9; | X' € X} the Lie algebra of polynomial vector fields X on D
(here and below we abbreviate d; = 9/ 9x') and

c ={XeB|X(fY eCforallae{l,... k), @
Bec = (X € E| X(h) e Cforallh € X} C E.

The former is a Lie x-subalgebra of E, while the latter is a Lie *-ideal; both are X'-
x-subbimodules. By Theorem 1 the latter decomposes as E¢c = @Ia‘:l feE. We
identify the Lie algebra E,, of vector fields tangent to M with that of derivations of
XM, namely with

1 [

[1]

wi=8c/Bcc={[X]:=X+Ecc | X € Ec}. )

A general framework for deforming X into a family - depending on a formal
parameter v - of noncommutative algebras X, over C[[v]] (the ring of formal power
series in v with coefficients in C) is Deformation Quantization [6, 40]: as a mod-
ule over C[[v]] X, coincides with X[[v]], but the commutative pointwise product
af of a, B € X (C[[v]]-bilinearly extended to X[[v]]) is deformed into a possibly
noncommutative (but still associative) product,

axp=ap+y ~ VBi@p), ©)

where B, are suitable bidifferential operators of degree [ at most. We wish to deform
XM into a noncommutative algebra X in the form of a quotient

XM =X /C = {le] = +C0 | @ € X}, Q)

*
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with C, a two-sided ideal of X,, and fulfilling itself X¥ = X*[[v]] as an equality of
C[[v]]-modules. To this end we require that C, = C[[v]], i.e. that cxa, axc € C[[V]]
foralla € X,c € C, sothat (a+c)x(o/+c")—axa’ € C[[v]]forall o, o' € X[[v]]
and ¢, ¢’ € C[[v]]. As a result, taking the quotient would commute with deforming
the product: (X /C), = X,/Cs. As argued in [32], these conditions are fulfilled if2,
forallao e X,a=1, ..k,

ax f*=af"= f"%xa & Bi(a, f) =0= B;(f% a) VieN (8)

(this implies that the f“ are central in X, again). The quotient (7) also appears in
the context of deformation quantization of Marsden-Weinstein reduction [10, 37]. A
more algebraic approach to deformation quantization of reduced spaces is given in
the recent article [18].

In [21] Drinfel’d introduced a general deformation quantization procedure of uni-
versal enveloping algebras Ug (seen as Hopf algebras) of Lie groups G and of their
module algebras, based on twisting; a twist is a suitable element (a 2-cocycle, see
Section 2.1)

F=101+Y VY FleF e Uge Ul ©)
=1 I

(here ® = ®cy[v]}, and tensor products are meant completed in the v-adic topology);
JF acts on the tensor product of any two U g-modules or module algebras, in particular
algebras of functions on any smooth manifolds G acts on, including some symplectic
manifolds? [3]. Given a generic smooth manifold M, the authors of [1] pick up g =
Eu, the Lie algebra of smooth vector fields on M (and of the infinite-dimensional
Lie group of diffeomorphisms of M), and the U E,,-module algebra X = C*°(M);
Fi, ]-'21’ seen as differential operators acting on X" have order / at most and no
zero-order term. The corresponding deformed product reads

axpi=ap+) " VY Fl@ TP, 10)

where F = F~! = 1@1+ 370 v/ > f{[ ® ]_-'él is the inverse of the twist. In
the sequel we will use Sweedler notation with suppressed summation symbols and
abbreviate F = F; @ F», F = F1 @ Fa; in the presence of several copies of F
we distinguish the summations by writing F1 ® F3, ]-'1’ ®F,, etc. Actually Ref. [1]
twists not only U E,,, X' into new Hopf algebra U E7 and U E7 -equivariant module
algebra X'™, but also the U E ,;-equivariant X -bimodule of differential forms on M,

2In fact, for all ¢ = Z";:l [ € C(c* € X) (8) implies ¢ = Z’;=] [ xc® and, for all @ € X, by the
associativity of , c x @ = (Zﬁ=1 fP%xc) *a = Z];=1 % (c“*xa) = ZZ:I [ (c* xa) € C[[v]]; and
similarly for o x c.

It is not sufficient to require that o * f¢—af?, f* xa— f%« belong to C[[v]] to obtain the same results.
3However this quantization procedure does not apply to every Poisson manifold: there are several sym-
plectic manifolds, e.g. the symplectic 2-sphere and the symplectic Riemann surfaces of genus g > 1,
which do not admit a x-product induced by a Drinfel’d twist (c.f. [9, 16]). Nevertheless, if one is not taking
into account the Poisson structure, every G-manifold can be quantized via the above approach.
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their tensor powers, the Lie derivative, and the geometry on M (metric, connection,
curvature, torsion,...) - if present -, into deformed counterparts.

Here and in [32], as in [45], we take the algebraic characterization (2), (5) as
the starting point for defining submanifolds in NCG, but use a twist-deformed dif-
ferential calculus on it. Our twist is based on the Lie subalgebra (and X'-bimodule)

= H; C E defined by

B ={Xek | X(fH =0, ..., X(f =0} c 2¢, a1

which consists of vector fields tangent to all submanifolds M, (because they fulfill
X(f$ =0forall c € R¥) at all points. As in [32], we note that, applying this
deformation procedure to the previously defined X with a twist F € UE; ®
U E;[[v]], we satisfy (8) and therefore obtain a deformation &, of A" such that for all
c € f(Dy) XS =xY[[v]] = X,/CS; moreover, By, = By, [[V]] = Bceu/ Eccens
see Section 2.3. In other words, we obtain a noncommutative deformation, in the
sense of deformation quantization and in the form of quotients as in (2), (5), of the
k-parameter family of embedded algebraic manifolds M. C R". For every X € E¢
there is an element in the equivalence class [ X] that belongs to E;, namely its tangent
projection X;; hence we can work with the latter. X,, E,, ... are U E” -equivariant,
while XY, E /4, Efx, ... are U EY -equivariant. If F is unitary or real, then U E” and
X, By, ... admit x-structures (involutions) making them a Hopf x-algebra and U E7 -
equivariant (Lie) *-algebras respectively; thereby U E/ is a Hopf *-subalgebra and
Me By, ... are U Ef -equivariant (Lie) *-subalgebras.

In passing, we recall that sometimes, if a Poisson manifold M is symmetric under
a solvable Lie group G like R?, the Heisenberg or the “ax + b” group, one can
construct even a strict (i.e. non-formal) deformation quantization [52] of C*°(M)
such that the *-product remains invariant under G itself (or a cocommutative Hopf
algebra), see e.g. [7, 52].

The plan of the paper will be as follows.

Section 2 reviews: Hopf algebras, their module algebras and twisting[4, 13, 21, 22,
34, 39, 43, 47] (Section 2.1); their application [1, 2] to the differential geometry on a
generic manifold (Section 2.2); twisting of smooth submanifolds of R” as developed
in [32] (Section 2.3).

In Section 3 we apply this procedure to algebraic submanifolds M C R”. For sim-
plicity we stick to M of codimension 1, and we assume that there is a Lie subalgebra
g (of dimension at least 2) of both E; and the Lie algebra aff(n) of the affine group
Aff(R") = R"xGL(n) of R"; the level sets of f(x) of degree 1 (hyperplanes) or 2
(quadrics) are of this type. Choosing a twist € Ug® Ug[[v]] we find that the alge-
bra X of polynomial functions (with complex coefficients) in the set of Cartesian
coordinates x!, ..., x" is deformed so that every *-polynomial of degree k in x equals
an ordinary polynomial of the same degree in x, and vice versa. This implies in par-
ticular that the polynomial relations x'x/ — x/x’ = 0 (whence the commutativity of
X), as well as the ones (1) defining the ideal C, can be expressed as x-polynomial
relations of the same degree, so that X,, X = X, /C, can be defined globally in
terms of generators and polynomial relations, and moreover the subspaces X4 , xmd
of X, X" = X /C consisting of polynomials of any degree g in x' coincide as C[[v]]-
modules with their deformed counterparts xq xm z; in particular their dimensions
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(hence the Hilbert-Poincaré series of both X and X™) remain the same under defor-
mation - an important (and often overlooked) property that guarantees the smoothness
of the deformation. The same occurs with the X,-bimodules and algebras 2§ of dif-
ferential forms, that of differential operators, etc. We convey all these informations
into what we name the differential calculus algebras Q°, 1’”{‘ on R", M respectively
(generated by the Cartesian coordinates, their differentials; and a basis of vector
fields, subject to appropriate relations; they are graded by the form degree and fil-
tered by both the degrees in the x’ and in the vector fields), and their deformations
v Q.x (see Sections 3.1 and 3.2).

In Section 4 we discuss in detail deformations, induced by unitary twists of
abelian [51] or Jordanian [49] type, of all families of quadric surfaces embedded
in R3, except ellipsoids. The deformation of each element of every class is inter-
esting by itself, as a novel example of a NC manifold. Endowing R> with the
Euclidean (resp. Minkowski) metric gives the circular cylinders (resp. hyperboloids
and cone) a Lie algebra £ C &, of isometries of dimension at least 2; choosing a
twist F € Ut ® U¥[[v]] we thus find twisted (pseudo)Riemannian M, (with the met-
ric given by the twisted first fundamental form) that are symmetric under the Hopf
algebra U€” (the “quantum group of isometries™); the twisted Levi-Civita connec-
tion on R (the exterior derivative) projects to the twisted Levi-Civita connection on
M., while the twisted curvature can be expressed in terms of the twisted second fun-
damental form through a twisted Gauss theorem. Actually, the metric, Levi-Civita
connection, intrinsic and extrinsic curvatures of any circular cylinder or hyperboloid,
as elements in the appropriate tensor spaces, remain undeformed; the twist enters
only their action on twisted tensor products of vector fields. The twisted hyperboloids
can be seen as twisted (anti-)de Sitter spaces dS», AdS».

In Appendices A, B we recall basic notions in algebraic geometry and prove most
theorems.

We recall that (anti-)de Sitter spaces, which can be represented as solutions of
2fe(x) = (244" 12— (x")?—2¢c =0 in Minkowski R”, are maximally sym-
metric cosmological solutions to the Einstein equations of general relativity with a
nonzero cosmological constant A in spacetime dimension n—1, and play a prominent
role in present cosmology and theoretical physics (see e.g. [19, 44]). Interpreting x
in Minkowski R" as relativistic n-momentum, rather than position in spacetime, then
the same equation represents the dispersion relation of a relativistic particle of square
mass 2c. In either case it would be interesting to study the physical consequences
of twist deformations. On the mathematical side, directions for further investigations
include: submanifolds of C" (rather than R"), just dropping *-structures and the
related constraints on the twist; twist deformations of the (zero-measure) algebraic
set Er.

Finally, we mention that in [30, 31, 50] an alternative approach to introduce NC
(more precisely, fuzzy) submanifolds § C R" has been proposed and applied to
spheres, projecting the algebra of observables of a quantum particle in R", subject to
a confining potential with a very sharp minimum on S, to the Hilbert subspace with
energy below a certain cutoff.

Everywhere we consider vector spaces V over the field K € {R, C}; we denote
by V[[v]] the K[[v]]-module of formal power series in v with coefficients in K. We
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shall denote by the same symbol a K-linear map ¢: V — W and its K[[v]]-linear
extension ¢: V[[v]] = W][v]].

2 Preliminaries
2.1 Hopf Algebras and their Representations

Hopfalgebras. We recall that a Hopfalgebra (H, i, n, A, €, S) over K is an associa-
tive unital algebra (H, u, n) over K [u: HQH — H is the product: u(a®b) =a-b
fora,b € H, n: K — H with n(1) =: 1 is the unit] endowed with a coprod-
uct, counit, antipode A, €, S. While A, e are algebra maps, S is an anti-algebra
map; they have to fulfill a number of properties (see e.g. [13, 22, 43]), namely
(A®id)oA = (id®A)o A =: AP (coassociativity), (e ®id)o A = id = (id®e)o A
(counitality), p o (S®id) o A =noe = puo (id® S) o A (antipode property). We
shall use Sweedler’s notation with suppressed summation symbols for the coproduct
A and its (n —1)-fold iteration

A® - H (H)‘Xn, A(”)(a) =a1) ®ap) Q... aw). (12)

A x-involution on a K-algebra A is an involutive, anti-algebra map *: A — A such
that (Aa 4+ pb)* = ra* + pb* forall a,b € Aand A, p € K (here A denotes the
complex conjugation of A). A Hopf *-algebra (H, v, n, A, €, S, %) over K is a Hopf
algebra endowed with a *-involution such that, foralla,b € H,

=1, A@™ =A®@"), €@ =@ and S[S(@")*]=a. (13)

The universal enveloping algebra (UEA) Ug of a K-Lie algebra (g, [, -]) is a Hopf
algebra; A, €, S are determined by their actions on 1 and on primitive elements, i.e.
8§€Y

A(g) =g®1+1R®g, €(g =0 and S(g) =—g. (14)

It is cocommutative, i.e. T o A = A, where 7 is the flip, 7(a ® b) = b ® a. If there is
a x-involution x: g — g on g such that [g, h]* = [h*, g*] for all g, h € g, the UEA
U g becomes a Hopf x-algebra with respect to the extension x: Ug — Ug.

Replacing everywhere in the above definition K by the commutative ring K[[v]]
one obtains the definition of a Hopf (x-)algebra over K[[v]]. For any Hopf (x-)algebra
over K the K[[v]]-linear extension (with completed tensor product in the v-adic
topology) is trivially a Hopf (x-)algebra over K[[v]]. Other ones can be obtained by
twisting (see below).

Hopf algebra modules and module algebras. Given an associative unital algebra A
over K, a K-vector space M is said to be a left A-module if it is endowed with a
K-linear map >: AQM — M suchthatars (b>s) = (@-b)ssand 15 = 5
foralla,b € Aand s € M. Similarly right A-modules are defined. An .A-bimodule
is a left and a right A-module with commuting module actions. A K-linear map
¢: M — M’ between left A-modules is said to be A-equivariant if ¢ intertwines
the A-module actions, i.e. if p(a>s) = av> ¢(s) foralla € Aands € M. For a
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Hopf *-algebra H, a left H-module M is said to be a left H-x-module if there is a
x-involution x: M — M on M such that

(a>$)*=S(@)*>s* foralla € H and s € M. (15)

Similarly, right A-+-modules and .A-+-bimodules are defined. An element s € M
of a left H-module is said to be H-invariant if a > s = €(a)s for alla € H. An
associative unital (x-)algebra A is said to be a left H-(x-)module algebra if A is a
left H-(*-)module such that

§v(a-b)=GEnra)-Eorb) and &> 1=e@)] (16)

for all ¢ € H and a,b € A. More generally, an A-(x-)bimodule M for a left H-
module (x-)algebra A is said to be an H-equivariant A-(*-)bimodule if M is a left
H-module such that

Ev(a-s-b)=CEnra) o) E3reb)  [and (a-s-b)" =b"-s"-a*] (17)

hold for all &€ € H,a,b € A and s € M, where we denoted the A-(x-)module
actions by -.

Similarly one defines module (-)algebras and (equivariant) (bi-)(*-)modules over
KI[[v]], and trivially obtains istances of them from their K-counterparts by K[[v]]-
linear extension.

Drinfel’d twist deformation. Fix a Hopf algebra H over K. A (Drinfel’d) twist on
H is an element F = 1®1 + O(v) € (H® H)[[v]] of the form (9) satisfying the
2-cocycle property

(FRD(ARId)(F) = AQF)(1d®A)(F) (18)

and the normalization property (e ®id)(F) = 1 = (id®¢€)(F). Every twist is
invertible as a formal power series. We denote the inverse twist by F and suppress
summation symbols, employing the leg notation: F = F\®F», F = F1®F2, and
F1@F2QF3 for the expression at both sides of (18). In the presence of several copies
of 7 we write F = F| ® F, for the second copy etc. to distinguish the summations.
To every twist we assign an element 8 := F; - S(F2) € H[[v]]. It is invertible with
inverse given by g~ = S(Fy) - F» € H[[v]].

Let F be a Drinfel’d twist on H. Then H” = (H[[v]], i, n, Ax, €, S7) is a Hopf
algebra over K[[v]], where the twisted coproduct and antipode are defined by

Ar(E) = FAEF and  Sr(E) =pSEL™ 19)

for all £ € H*. Again, we shall use Sweedler’s notation with suppressed summation
symbols for the coproduct A » and its (n— 1)-fold iteration

A;") cH —> (%, A(f")(a) =ag ®ag ® ... ®agy. (20)

If Ais aleft H-module algebra then A, = (A[[V]], *, 1) isaleft H: 7 -module algebra
with respect to the product (10), [now abbreviated as a x b = (F1>a) - (F2 > b)]

4Here one could replace 8! by S(B), as S(8)8 € Centre(H)[[A]].
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for a, b € A[[v]]; this implies the twisted Leibniz rule
ge(axb) = (gq>a)* (g5 >b), forallg € H. (21)

More generally, if A is a left H-module algebra and M an H-equivariant A-
bimodule, then M, = M][[v]] becomes (cf. [4] Theorem 3.5) an H” -equivariant
A,-bimodule, with respect to the undeformed Hopf algebra action and the twisted
module actions

axs = (Fira)-(Fars) and  sxa = (Fies)-(Fasa) foralla € Aands € M

(22)
on M,. If H is cocommutative then in general H” is not, but it is quasi-
cocommutative, 1.€.

E5®Ep =R -AxE)-R forall & € HY, (23)

where R := fﬂf € (i-1®H)[[v]] is the triangular structure or universal R-matrix.
R has inverse R = FF21 = Ry € (H® H)[[v]] and further satisfies the so-called
hexagon relations

(Ar®id)(R) = R13R23  and  ({d®Ax)(R) = Riz3Ri2. (24)

As the representation theory of a Hopf algebra H is monoidal, the K-tensor product
MM’ of two left H-modules is also a left H-module, via the H action £ (s®s’) =
£(1) > Q&) > s'. The »-tensor product

SQys = F1os@Fas, seM,s eM (25)
is the corresponding monoidal structure on the representation theory of H”, since
Ep (5@ =55 > @b > 8 (26)

forallé € H”, i.e.  MQM'), = M,®,M.. Consider [4] for more information.

The algebra (H[[v]], ) itself is a H”-module algebra, and one can build a tri-
angular Hopf algebra H, = (H[[V]], *, 1, Ay, €, Sx, R,) isomorphic to H =
(H[[V]], 4, n, Ar, €, S¥, R), with isomorphism D : H, — H7” given by D(§) :=
(F1>8)F> = F1 & S(F) B! and inverse by D~ (¢) = F1 ¢ B S(F>) [1, 36] (cf.
also [24, 29]). In other words, D(§ x&') = D(§)D(§'), and A,, S,, R, are related
to Ax, Sz, R by the relations

Ay = (D '®@D HoAroD, S, =D 'oSroD, R.= (D '@D H(R).
27
One can think of D also as a change of generators within H[[v]].

If H is a Hopf *-algebra, and the twist is either real [namely, if F*® = (S®
S)(F21)] or unitary (namely, if & = F), then one can make both H” and H, into
Hopf x-algebras in such a way that twisting transforms the H x-modules and module
x-algebras into H” and H, *-modules and module x-algebras, respectively. In fact, if
F is real then also 8* = B, while R*®* = (BQ8) " 'R(B®B) = (BRARBRA) ™,
and H” endowed with the *-involution

£F .= Be*B~,  for £ € HT, (28)
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is a triangular Hopf %-algebra (in fact, R**®*# = R); moreover, A,, M, are a left
H7 -module *-algebra and a H” -equivariant A,-*-bimodule when endowed with the
undeformed *-involutions (cf. [43] Proposition 2.3.7). In particular (H[[v]], %, *) is
a left H”-module *-algebra. Actually D is an isomorphism of the triangular Hopf
x-algebra (H,, *) onto the one (H”, * 1), see [1, 43] for more information. If F is a
unitary twist, then also R is, 8* = S (/3_1), and H” endowed with the undeformed -
involution is a Hopf x-algebra; moreover, A,, M, are respectively a left H”-module
x-algebra and an H” -equivariant A,-*-bimodule when endowed with the twisted
*-involutions

a™* =8B)>a”, s = 8(B)>s*, (29)

where a € A[[v]] and s € M[[v]] (cf. [29]). In particular (H[[v]], %, *,) is a
left H* -module *-algebra. Actually, one finds that (H,, *,) is a triangular Hopf *-
algebra, in particular A, o %, = (%, ® *,) 0 A, Sx 0 *, 0 S, o %, = id, and
D : (H,,*.) — (H7,%) is an isomorphism of triangular Hopf *-algebras, see
Proposition 18 in [32].

For their simplicity, here we shall only use abelian or the following Jordanian
Drinfel’d twists on UEAs:

i) For a finite number n € N of pairwise commuting elements

el,....en, f1,..., fn € g we set P := Z?:lei ® fi € g g,
P'=3%" (ei® fi — fi ®e;). Then
F=exp(ivP) € (Ug® Ug)[[v]] (30)

is a Drinfel’d twist on Ug ([51]); it is said of abelian (or Reshetikhin) type. It
is unitary if P"® = P; this is e.g. the case if the ¢;, f; are anti-Hermitian or
Hermitian. The twist 7' = exp(iv P’) is both unitary and real, leads to the same
‘R and makes 8 = 1, whence S = S, and the *-structure remains undeformed
also for H-x-modules and module algebras, see (29).

ii.) Let H, E € g be elements of a Lie algebra such that [H, E] = 2E. Then

F =exp [%H@log(l—}—ivE)} e (Ug® Uyl (31)

defines a Jordanian Drinfel’d twist [49]. If H and E are anti-Hermitian, F is
unitary.

2.2 Twisted Differential Geometry

Here we recall some results obtained in [1, 2]. We apply the notions overviewed in
the previous section choosing as Hopf *x-algebra H = U E, where E := I'**(T M)
denotes the Lie x-algebra of smooth vector fields on a smooth manifold M, as a left
H-module x-algebra the x-algebra X = C*(M) of smooth K-valued functions on
M, as H-equivariant symmetric X'-x-bimodules E itself, the space 2 = I'**(T*M)
of differential 1-forms on M, as well as their tensor (or wedge) powers. The Hopf
x-algebra action on X, E and €2 is given by the extension of the Lie derivative: for
X, Y €&, feXandw € Q we have

Lxf=X(f), LxY=I[X,Y], Lxo=(G(xd+dix)o (32)
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and we set Lxy = Lx Ly, £1 = id. Henceforth we denote such an extension by .
2.2.1 Twisted Tensor Fields

The tensor algebra T := P
K-modules

preNy TP on M is defined as the direct sum of the

TP =Q®.. RRER...QE (33)

p-times r-times

for p,r > 0, p+r > 0, where we set 790 .— x. Here and below ® stands for
®x (rather than ®k), namely T ® fT' = Tf ® T’ forall f € X. Every TP is an
H -equivariant X-x-bimodule with respect to the module actions

Ep(01®. . RwpRX1®. . .®X,) = [E1)>w1]®. . B(p)>wplRE(p+1)> X11®. . R&(p+r) > Xr],

h- (a)1®...®a)p®X1®...®Xr) ck=(h -a)l)®...®a)p®X1®...®(X, - k)

forall £ € H and h, k € X. This induces the structure of an H-equivariant &'-x-
bimodule on 7. In particular, for all T, T’ € T, & € H and h, k € X the relations

Ev(TQRT') =& TRE>T,
h-(TQT') -k =(h-T)Q(T' - k), (34)
(T-WHRT =T®Hh-T)

hold. Let T € TP". On a local chart (U, x) of M there are unique functions

{9;} is the dual frame of vector fields on U corresponding to {x'}, i.e. (3;, dx/) = Si]
and we sum over repeated indices.

Consider a (in particular, unitary or real) Drinfel’d twist 7 on H. Applying the
results of Section 2.1 to H, X, E, Q and 7 we obtain the following: H* = UE”
is a Hopf (x-)algebra, X, is a left H”-module (x-)algebra, while E,, Q,, 7. are
H7 -equivariant X,-(*-)bimodules. The H” -actions are given by the x-Lie derivative
LgT = L7 ¢ (FooT)forallé € H” and T € T,. On *-vector fields X, Y € E,,
the x-Lie derivative

LYY =[F1o X, Fap Y]=X*Y — (R1>Y)x(Ro> X) = [X, Y], (35)

structures E, as a x-Lie algebra. This means that [-, -], is twisted skew-symmetric,
ie. [Y,X], = —[R; > X,Rs > Y], and satisfies the twisted Jacobi identity
[X,[Y, Z1s = [[X, Y14, Z1s + [R1> Y, [Ra> X, Z1, ], forall X, Y, Z € 2,. Fur-
thermore, [, -1, is H” -equivariant, i.e. §>[X, Y], = [s(’l\) > X, 5(2\) > Y], and x-vector
fields act on X, as twisted derivations, i.e.

XU =Ly f+Riv fHxLy o f (36)

forall X € E, and f, f' € AX,. By setting A = T we can apply the results of
Section 2.1, in particular define a deformed tensor algebra 7, with associative *-

tensor product defined by (25). This can be decomposed as T, = D, e, T,
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where 7}0’0 =X,andforp+r >0
TP = Q,®, ... 0,2, EiQy ... ®,E,. (37)

p-times r-times

In particular, forall T, T’ € T,, h, k € X, and &€ € H”

En (TRT) = Sa\)DT@*E@DT/,
hx (TR,TNxk = (h*xT)Q.(T' xk), (38)
(TR, T = TR h+T).

The third formula shows that ®, is actually ® x, , the tensor product over X,. Let T €

72" On any local chart (U, x) of M there unique functions Tf,}l",‘jf,,k,gp e C®W)H[Iv1]
such that

T =ThLh «dd @, .. .@udx? @,0, @ ... @40, (39)
Higher order differential forms are defined by the twisted skew-symmetrization of ®,
oA = Firo)AFrro) =00 —Ri>0Q,Ravw (40)

(x-wedge product, an associative unital product), and we define Q2% := (A°*Q,, AL)
to be the twisted exterior algebra of €2 (see [54] for more information).

The dual pairing (, ) between vector fields and 1-forms can be equivalently con-
sidered as A’-bilinear maps EQQ — X or QQ E — A’; for all arguments X € &,
o € 2 these maps have the same images, which we respectively denote by the lhs
and right-hand side (rhs) of the identity (X, w) = (w, X). They have distinct twist
deformations (x-pairings) defined by

(T.T) = (T.T):=(Fi>T,F2nT) , (41)
with (T, T') = (X, w) and (T, T') = (w, X) respectively. They satisfy
(T.T")x = (Ri>T' . RywT),,
Ec(T, T = (Egy> X, 65y > @),
(hy *T % hy, T' % h3)y = hy % (T, hy x T')s x h3 (42)
forallé e HY, X € B,,w € Q,, (T, T") = (X,w) or (T, T") = (w, X), and

h,hy, hy, hy € X,. Moreover, (X, dh), = E’;(h. As one can extend the ordinary
pairing to higher tensor powers setting

T, ®.0T, T/ ®...® T[; Q1) = (Tp(...(T1, T}),...), T;,) T, (43)

for all 7 € TP (the image will belong again to 77-") provided (7;, T/) € EQQ
or (7;, Ti’ ) € Q® E for all i, so can one extend (, ), to the corresponding twisted
tensor powers using the same formula (41). Due to the ‘onion structure’ of (43) (i.e.
the order of the T; and of the T/ are opposite of each other), properties (42) are
preserved, namely the -paring is H” -equivariant, as well as left, right and middle
X, -linear (if we chose a different order in (43) the deformed definition would need
copies of R acting on the T;, T}).
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2.2.2 Twisted Covariant Derivatives and Metrics

A rwisted covariant derivative (or connection) is a K[[v]]-linear map V7: B, ®
ki 7+ — T fulfilling, forall X, Y € E,,h € X,, T, T' € T, and w € Q,,

Vih = L%h, (44)

VixT =h*(VT), (45)

V{(T®,T) = [Ri >v£, (R2>T)]®* (R2R R Yo T+ (Ry >T)®,,(v72 x D),
(46)

VEY, o), = <ﬁ1>[vg2>x(ﬁ’2/>1/)], RaR Ry b w)s+ (RivY, VI x®)s (47)
Its curvature RT and torsion T maps respectively act on all X, Y, Z € &, through
T/ (X,Y) == VxY — V& y(RaeX) —[X, Y],

RI(X.Y,Z) = V{Vi Z - VL VL Z -V Z (48)

and are left X,-linear maps T7: E,®,E, — E,and R7: B, ®,E,®.E, — E,

fulfilling

T2V, X)=-T/R1> X, Ry Y), RI(Y,X,Z)=—-R/ (Ri1>X,Rav Y, Z).
(49)

They are in one-to-one correspondence with elements T € Q%®* E,,R" € Q, ®,

Q%®* &, such that

T/(X,Y) = (X ®, Y, T )., RI(X,Y,Z)=(X®, Y ® Z,R"),.. (50)

Setting 7 = 1®1 it follows that R = 1®1 and the definitions of twisted connection,
torsion, curvature give the algebraic notion of connection, torsion, curvature of dif-
ferential geometry. Consider a (classical) connection V: E®QT — T on M and its
equivariance Lie algebra ¢ € & (cf. [32]). The latter is a Lie subalgebra of the Lie
algebra of vector fields defined by

e={£€B|Ev (VxT) =VeuxT + Vx(EoT)forallX € B, T T}). (51

It follows that V is Ue-equivariant, i.e. £ > (VxT) = Vs(1)>X[§(2) >T]forall &€ € Ue,
XeEandT e T.If F € (Ue®Ue)[[v]] is a Drinfel’d twist, then

V3T = Vz.x(FreT) (52)

defines an U ¢” -equivariant twisted connection V7 : & QKT = Tx; then (46-47)
reduce to

Vi (T®,T) = (VxD®.T + Ri>T)®. (VR T,
Vi (Y, o)y = (V§Y, 0)s + (R1 > Y, VR x®)s (53)

forall X,Y € E,, T, T’ € T, and o € Q, (cf. [32] Proposition 2).
A metric on M is a non-degenerate element g = g*®g, € (2® RQ)[[v]] such

that g = g, ®g*. We can view g as an element g = g’ @484 € 2 ®,Q, with
gi®g, = F1>-g°®F>>g,. A twisted connection V7 such that TZ = 0 and V7g = 0
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is said to be a Levi-Civita (LC) connection for g. The associated Ricci tensor map
and Ricci scalar of V7 are respectively defined by

RicZ: E, ®, E, — E,, RicZ(X,Y):= (6 ,R (e, X.Y))., R :=Ric” (g_lA, g_lA) (54)

(sum over o, A, i), where {e;}, {0’} are x-dual bases of E,, S, in the sense
(ei,07), = 8. One easily finds Ric” (X, Y) = (' Q. €; @+ X ®. ¥, R7)..
For a (pseudo-)Riemannian manifold (M, g) we define the Lie subalgebra

t={EcB|epgX,Y)=g¢rX,Y)+gX,ExY) forall X,Y € B} C E (55)

of Killing vector fields. If V: EQT — T is the Levi-Civita (LC) covariant derivative
on(M,g)[i.e.T=0and Lxg(Y, Z) = g(VxY, Z)+g(Y,VxZ)forall X,Y, Z € E]
and e the corresponding equivariance Lie algebra, we obtain € C ¢ by the Koszul
formula.

The following results are taken from [2, 32]. If F € (Ut® U¥®[[v]] is a twist
“based on Killing vector fields”, then (52) defines a twisted LC connection V7 : E,®
Kiw]1 7« = T», and moreover

g, (X,Y) = <x <Y, gA>* gA>* —g(F1sX.FavY)=(X®, Y. g) (56)

forall X,Y € 8,. V7 is the unique LC connection with respect to g,; equivalently

Xe (Y, )] =g.(VxY, 2) + g (Ri> Y. VL 7) (57)

for all X, Y, Z € E,. This twisted metric map g,: E,®,&, — A, as well as the
twisted curvature and Ricci tensor maps, are left &, -linear in the first argument and
right X,-linear in the last argument. Also the twisted Ricci tensor map is in one-to-
one correspondence with an element Ric” € Q,®,Q, such that Ric (X,Y) =
(X ®, Y,Ric”),, by the non-degeneracy of the x-pairing. The twisted curvature,
Ricci tensor and Ricci scalar are U#” -invariant and coincide with their undeformed
counterparts as elements

R” =R € (Q®Q*QI)[[v]], Ric” = Ric € (QQ)[[v]], R =NRe X
(58)

2.3 Twisted Smooth Submanifolds of R" of Codimension 1

Here we collect the main results of [32] regarding a smooth submanifold M C Dy C
R whose points x solve the single equation f(x) = 0. More generally, the solutions
x € Dy of

Je(x) == f(x) —c=0, ce f(Dy) R, (59
define a smooth manifold M,; varying ¢ we obtain a whole 1-parameter family
of embedded submanifolds M. C R" of dimension n — 1. In [32] X stands for

the x-algebra of smooth functions on Dy, and also xM — C®(M), Ey, E;, ... are
understood in the smooth context.

Twist deformation of tangent and normal vector fields. According to Section 2.1
B, is a X,-bimodule with X,-subbimodules E¢,, Eccs, Er. We further define the
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X,-bimodule
Q= {we Q| (Et, w)x =0} (60)

By Proposition 9 in [32], the AX,-bimodules Eg,, E/ and Epy =:
Ec«/ Eccx are x-Lie subalgebras of E, while Ecc, is a x-Lie ideal. Further-
more, we obtain the decomposition Q,, = X, xdf = df = &,, and
the twisted exterior algebras Ef, E7,, S&*, :EC*’ Yy, 2, are U Ef -equivariant
X,-bimodules. E;y, Ecy, ECCx> Epn, 21, resp. coincide as C[[v]]-modules with
E/[[v]], Ecllvl, Eccellvil, ExllvIl, LLI[v]]-

Letg = g*®g, € Q®Q be a (non-degenerate) metric on Dy with inverse

g =g "0g, .
Ei={XeE|gX, &) =0}, Q={weQlg@Q)=0 (6

are the A'-bimodules of normal vector fields and tangent differential forms. The open
subset where the restriction gI] =g g e, - 2,82, — X is non-degenerate
is denoted by D/ C Dy. If g is Riemannian D’ = = Dy. From now on we denote
the restrictions of 2,8, 8,882,922, to Df by the same symbols and by ¢ C &,
the Lie subalgebra of Killing vector fields with respect to g which are also tangent to
M. C D/f. The deformed analogues of (61)

[I]

=(XeB|gX.B)=0 Qu.:={weQ]|g (@ Q. =0
(62)
can be defined for any twist F € (UE; ® U E;)[[v]]. Henceforth in this section
F e (UtQUH[[v]].
If F € (Ut® U¥)[[v]] then by Proposition 10 in [32], there are direct sum
decompositions

=
o)

(1]

tx D EL*? Q* = Ql* ® QJ_* (63)

into orthogonal X,-bimodules, with respect to g, and g, ! respectively. E;, is a *-
Lie subalgebra of E,, 2;, and E,, are orthogonal with respect to the x-pairing and
actually ;. = {w € Q. | (E.,, ®), = 0}. Furthermore, the restrictions

*

g, =gz .2, BLOL.,.—~ X, g, = Elz,2E, En®«8n — X,

gl =g lerenn L0.2L > X g =g om0, e®uQ — X, (64)
are non-degenerate. B Qv B layr Qs resp. coincide with
E[[v1], QL[[v]], EL[[v]], 2[[v]] as C[[v]]-modules; and similarly for their x-tensor
(and -wedge) powers. The orthogonal projections pr,, : E, — Es, pry,: 8« — El,,
pr,,: Q. — £ and pr,,: 2, — ., and their (unique) extensions to multivec-
tor fields and higher rank forms are the C[[ ]]-linear extensions of their classical
counterparts. They, as well as B}, E7,, EY,, @3, 7,, Q9,, are U £ -equivariant.

The induced metric (first fundamental form) for the family of submanifolds M, C
D’f, where c € f (D}), stays undeformed: g7 := (pr,,®pr,,)(g) = (pr,®pr,)(g) =:
&

Defining Q¢ :={w € Q, | (EL,, ®)x C C[[v]]} and Qeey :=Qux f = f %2, we
further obtain

Que = Qe / Qecx = {lw] = 0 + Qeew | @ € Qeul- (65)
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The following proposition assures that every element of E,,, can be represented by
an element in E;, and every element of €2,,, can be represented by an element in €2;,.

Proposition 11 in [32]. For X € E¢,., w € Q¢ the tangent projections X, :=
pr, (X) € Er, wp = pr,, (@) € 4, respectively belong to [X] € Ey, and
[@] € Qpa.

Let V be the LC connection corresponding to (D, g) and V7 be the twisted
LC connection corresponding to g,. The induced twisted second fundamental
form and LC connection on the family of submanifolds M, are 11 := pr,, o
V72,080 0 Bn@ B = B and V7 = pr,oV7 g, euy 8. - Ba@Kivn E =
Er respectively; the latter yields the curvature R}, via (48). We now summarize
results of Propositions 3, 12 and 13 in [32]. As gf = g,, also the twisted second
fundamental form, curvature, Ricci tensor and Ricci scalar on M are U#” -invariant
and coincide with the undeformed ones as elements

117 =11€ (2 ® %[V, Rf =R, € (Qt®9,2 ® Ep)[[vIl,

(66)
Ric/ = Ric; € (Q@Q)[[v]], R =R, € X.

Hence g, = (- ®.-. &), : B ®u B = X, 11 = (- @u -, 117), 1 E1u s
tx > Elﬂ Ri = < Qs - R+ s Rf)* : Et*@*Et*®*Et* - Et*s RlCt]i =
C®y -, Ricf)* D B ®4 Brx — X, are Ut  -equivariant maps, and for all X, Y, Z €
E/« they actually reduce to

[1]

—

g.X.Y)=¢g(Fi>X,FarY), RLX.Y,Z)=R(FieX, FrpY FirZ),
17X, Y)=1I(F > X, FarY), Ric/, (X, Y) = Ric;(F1 > X, Fa> Y), (67)
where F| ® F» ® F3 is the inverse of (18); these maps are left (resp. right) X,-
linear in the first (resp. last) argument, ‘middle’ X,-linear otherwise, in the sense

g, (Xxh,Y) =g, (X, hxY), etc. Furthermore, the following twisted Gauss equation
holds forall X, Y, Z, W € B,

g, (RI(X.,Y,2), W) =g (RLX.Y,Z2),W)+g,(II] (X, Ri>2), 1] (Ry> Y, W))
—g*(IIf(ﬁl(T) >, ﬁ@ > 2), 11 (Ry= X, W)). (68)
The twisted first and second fundamental forms, Levi-Civita connection, curvature
tensor, Ricci tensor, Ricci scalar on M are finally obtained from the above by apply-

ing the further projection X, — X, which amounts to choosing the ¢ = 0 manifold
M out of the M, family. Of course, one can do the same on any other M..

Decompositions (63) in terms of bases or complete sets. In terms of Cartesian coor-

dinates (xl, ..., x") of R" the components of the mepric and of the inverse metric on
R" are denoted by g;; = g(9;, d;) and g"/ = g~ (dxt, dx/) (as befor§: 9 = 8/3;’).
Using them we lower and raise indices: dx; := g;;dx/, ¥; := g;; Y/, d' = g"9;,

etc. In particular
g =d'edg, gX.Y) =X,
g =90y, gl =on
LetE:= f' f; (fi =9 f), D'; CDy CR” be the subset where E # 0, and K := E-!
on D/f. If g is Riemannian then D/f =Dy, because E > 0 on all of Dy (as g lis

(69)
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positive-definite). Let

V=g ldf,dx) & = flo,  UL:=V|KIV.,  6:=|Kldf; (70)

Vi, N.:=KV, = KxV_or U, spans E, (and E_,), while df or 0 spans 2, (and
Q.4). All are Ut-invariant. N, , df are x-dual, (N, df), = 1, but g:l(df, df) =E,
g, (N, N,) = K, while

(U,0), =1, g (U, U)) =c¢, g:l(é, 0) =¢€, € :=sign(E) (71)

(see Proposition 8 in [32]); these relations hold also without . The projection pr ,
(C[[v]]-linear extension of pr,) on X € E,, ® € €2, can be equivalently expressed as
pr (=0 =c0xg (0, 0) =df x K xg ' (df, 0) = g7 (0, df) x K % df,
(72)
pr.,(X) =X, =eg (X, UD)*xU, =g (X, V)*xKxV, =V, xKxg (V,, X)

(see Proposition 14 in [32]). By the x-bilinearity of g, these equations imply in
particular

o, =df x K g7 (df, dx') x &; = & » g7 (dx', df) x K % df,
.. .. (73)
X, =X"%g, 0, V)*xKxV, =V, xK xg,(V,, ) X',

in terms of the left and right decompositions w = @; * dxt = dx' x@; € Q,,
X =X %9 = 9 X' € E, in the bases {dx"}'_,, {8;}!_,. One can decompose
df, N, 0, U, themselves in the same way, if one wishes. If the metric is Euclidean
(gij = 8ij) or Minkowski [g;; = g"/ = n;; = diag(l, ..., 1, —1)] one makes (73)
more explicit replacing

g, ' (dx' df) =g ' df,dx") =g~ (@dx',df) = ',
8.(0i, N1) =g, (N{,9) =88, N.) = Kfi = K fi.

Finally, we can express the tangent projection acting on X € E,, w € 2, simply as
pr,(X) = X; = X — X, prj,(®w) = w; := w — w,. All the above formulae hold
also if we drop all .

Having determined bases of E,,, 2,, we now consider E;,, ;.. The globally
defined sets ©; = {9/ }:l.:l, Sw = {W,-};le, where ¥/ := pr,(dx/), W; :=
pr,(3;) =: K Vj, are respectively complete in ;, E;; they are not bases, because of
the linear dependence relations ¢/ f; = 0, f/W; = 0. An alternative complete set

(of globally defined vector fields) in E; is

(74)

St={Lij}; ;- where  L;j := fid;— fjd;. (75)
In fact, L;; manifestly annihilate f, and Sy is complete because the combinations
Kf'Lij = W; make up Sw. Clearly L;; = —Lj;, so atmost n(n—1)/2 L;; (e.g.
those with i < j) are linearly independent over R (or C), while Sy, is of rank n—1
over X because of the dependence relations

fiiljn=0 (76)
(square brackets enclosing indices mean a complete antisymmetrization of the latter).
Contrary to the W;, the L;; are anti-Hermitian under the *-structure L;“j = —Ljj
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and do not involve g, so they can be used even if we introduce no metric. Setting
fin = 0;0p f, their Lie brackets are

[Lij, Lkl = finLik — finLjx — fixLin + fixLjn. )

By the mentioned propositions, every complete set of €2;, e.g. ®;, is also a com-
plete set of €2/,; similarly, every complete set of &;, e.g. Sw or S, is also a complete
set of E,.

3 Twisted Algebraic Submanifolds of R": the Quadrics

We can apply the whole machinery developed in the previous chapter to twist
deform algebraic manifolds of codimension 1 embedded in R" provided we adopt
X = Pol*(R"), etc. everywhere. We can assume without loss of generality that the
f be an irreducible polynomial function’. It is interesting to ask for which algebraic
submanifolds M, C R”" the infinite-dimensional Lie algebra E; admits a nontrivial
finite-dimensional subalgebra g over R (or C), so that we can build concrete exam-
ples of twisted M. by choosing a twist F € (Ug ® Ug)[[v]] of a known type. If M,
are manifestly symmetric under a Lie group® &, then such a g exists and contains the
Lie algebra £ of & (if M is maximally symmetric then ¢ is even complete - over X’
- in E;). In general, given any set S of vector fields that is complete in &, the ques-
tion is whether there are combinations of them (with coefficients in X’) that close a
finite-dimensional Lie algebra g.

Here we answer this question in the simple situation where the L;; themselves
close a finite-dimensional Lie algebra g. This means that in (77) f;; =const, hence
f(x) is a quadratic polynomial, and M is either a quadric or the union of two hyper-
planes (reducible case); moreover g is a Lie subalgebra of the affine Lie algebra aff(n)
of R”. In the next subsection we find some results valid for all n > 3 drawing some
general consequences from the only assumptions X = Pol*(R") and g C aff(n);
in particular, in Sections 3.1, 3.2 we show that the global description of differential
geometry on R”, M, in terms of generators and relations extends to their twist defor-
mations, in such a way to preserve the spaces consisting of polynomials of any fixed
degrees in the coordinates x’, differential dx’ and vector fields chosen as generators.
In Section 4 we shall analyze in detail the twisted quadrics embedded in R3.

SIf f(x) = g(x)h(x), we find
Lij = h(x)[gid; — g;d;1+ g(x)[hid; — h;d;];

on M, the second term vanishes and the first is tangent to Mg, as it must be; and similarly on M;,. Having
assumed the Jacobian everywhere of maximal rank M, M), have empty intersection and can be analyzed
separately. Otherwise L;; vanishes on My, N M), # { (the singular part of M), so that on the latter a
twist built using the L;; will reduce to the identity, and the x-product to the pointwise product (see the
conclusions).

SFor instance, the sphere §"=1is SO (n) invariant; a cylinder in R3 is invariant under SO(2) x R; the
hyperellipsoid of equation (x')%+ (x2)24+2[(x%)2+(x*)?] = 1 is invariant under SO (2) x SO(2); etc.
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If f is of degree two then there are real constants a,, =ay, (u,v =0,1,...,n)
such that

1 - |
f@) = aijx'x! + agix’ + Saoo = 0; (78)

hence f; = a; jxj +ajo, all f;j = a;; are constant, and (77) has already the desired
form

(Lij, Lkl = ajnLix — ainLjx — ajiLin + air L jn, (79)
i.e. the L;; span a finite-dimensional Lie algebra g over R. This is a Lie subalgebra
of the affine Lie algebra of R”, because all L;;> act as linear transformations of the
coordinates x*:

Lijox"= (aixxk+aol')5§-’ — (ajxx*+ajo)sh (80)

Let r := rank(ayy). To identify g for irreducible f’s (r > 2)” we note that by a
suitable Euclidean transformation (this will be also an affine one) one can always
make the x’ canonical coordinates for the quadric, so that a;; = a;6;; (no sum over
i), bj == ap; = 0if @; # 0, and coordinates are ordered so that

am+1 = 07 ap = 07
ar >0, .., >0, aqy1<0, ., an<0, {bm+1 <0 by <O0.

(81)

with [ < m < n; moreover, if m < n one can make apyg = 0 by translation of

a x/ with j > m. The associated new L;; (which are related to the old by a linear
transformation) fulfill

(Lij, Lkl = ajl8jnLix—8jkLin] — ail8inL jk —Sik L jnl. (82)

It is easy to check that r = n+1if m=n, r = m+2 if m <n. One can always make
a; = 1 by replacing f + f/aj; one can make also the other nonzero g;’s in (82) be
+1 by the rescalings x’ — y’ := |a;|'/2x" of the corresponding coordinates (another
affine transformation). So the associated new L;; fulfill (82) with the a; € {—1, 0, 1}.
Then:

e Ifk > j > m (what is possible only if m < n—1), then [Lj, Ly;] = 0.
Hence the center Z(g) of g is trivial if m = n,n — 1; otherwise it contains
all such Ljx = agjok —aopd;, and Z(g) =~ R*~™=1: a basis of Z(g) is B =
{Lmn+)m+2) Lot 2)m+3)» s Ln—1yn}-

® The L;; with j > m span an ideal Z(g) D Z(g) of g, because (82) becomes
[Lij, Lnk]l = ai[8inLkj — ik Lpj]; adding the m(n —m) elements L;; with i <
m < j to B one obtains a basis of Z(g), hence dim[Z(g)] = m(n—m) + (n—m—
1)6(n—m—1). Z(g) is a nilpotent Lie subalgebra, the radical R(g) (the largest
solvable ideal) of g.

® Finally, the L;; withi < j < m make up a basis of a m(m —1) /2-dimensional
simple Lie-subalgebra g; >~ so(l, m—I), in view of the signs of a;, a;.

1f all a;j = 0 vanish, but ap; # 0 for some i then r = 1, M is a (hyper)plane, and rhs(79) vanishes;
one can express all L;; (or V;) as combinations with constant coefficients of (n—1) independent ones: i.e.
g ~ R"~1 is the abelian group of translations in the (hyper)plane. r = 2 corresponds to a reducible f, i.e.
two (hyper)planes.
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Summing up, the Levi decomposition of g becomes g >~ so(l, m—I) x R.
The cones, which in the y coordinates are represented by the homogeneous
equations

fO) =0+ + 0D =0 - oM =0,

strictly speaking are not encompassed in the above analysis because the Jacobian
matrix (f;)(y) vanishes at the apex y = 0 (the only singular point). They are alge-
braic varieties that are limits of the hyperboloids f.(y) = 0 as ¢ — 0. If we omit the
apex, a cone becomes a disconnected union of two nappes (which are open in R"),
and g is spanned not only by the L;;, but also by the central anti-Hermitian element
n = x'9; +n/2 generating dilatations; note that all of them vanish on the apex. Hence
g~ so(l,n—1) x Rin this case.

If we endow R" with the Euclidean metric, the metric matrix g;; = §;; is not
changed by the above Euclidean changes of coordinates, because the Euclidean group
is the isometry group §) of R”, whereas its nonzero (diagonal) elements are rescaled
if we rescale x’ > |a;|'/?x’. Similarly, if we endow R” with the Minkowski metric,
Euclidean changes of coordinates involving only the space ones, or a translation of
the time coordinate, do not alter the metric matrix g;; = 7;;.

3.1 Twisted Differential Calculus on R" by Generators, Relations
Let us abbreviate &' := dx’. We name differential calculus algebra on R" the unital

associative x-algebra Q°* over C generated by Hermitian elements {1, x', &, 10;}7,
fulfilling

Iy —n'=n'l—n' =0,  for n' =x',&,

xix) —xixt =0, (83)
§'x) —xIEl =0,
0;0; —0;0; =0,
3 —€19; =0,
E'El +elg =0, ®

dixi — 571 —x/8; = 0.

The x° = 1, x%, &, 8; play respectively the role of the unit, of Cartesian coordinate
functions on R”, of differentials dx’ of x’, of partial derivatives 3/8x’ with respect
to x!. This is the adaptation of the definition of Q° in the smooth context (Sections
3.1.3, 3.2.3 in [32]) to the polynomial one: the relations in the first two lines define
the algebra structure of X', the other ones determine the relations (113-114) of [32] for
the current choice of A" and of the pair {€%}, {9;} of dual frames. The x* (u = 0, ..., n)
span the fundamental module (M, 7) of Uaff(n) (the invariant element 1 itself spans
a 1-dim, non-faithful submodule), the & y span a related module (M, 7), the 0; the
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contragredient one (MY, t¥). More precisely they are related by
gr1=1¢(g)1,
gox' = xl it (g) = xltli(g) +18%(g),
g & =&/ti(g),
g9 =1Y()d; = v (Sg)d;;

(85)

the first relation and g > x0 = x#¢10(g) imply 0(g) = e(g)8"°. We encom-
pass these Uaff(n)-modules into a single one (M, p) spanned by (a°, a,..., a®") =
a, xt, .., x", El, ey €M, 01, ..., 0y). All are trivially also U g-modules; also g is, under
the adjoint action. Of course, this Uaff(n) action is compatible with the relations (83-
84); the ideal Z generated by their left-hand sides in the free s-algebra A/ generated
by {ao, al, .., a3”} is Uaff(n)-invariant. The Uaff(n)-action is also compatible with
the invariance of the exterior derivative, because g > &' = d(g > x?).

In the Q° framework Xk = hX + X (h) is the inhomogeneous first order dif-
ferential operator sum of a first order part (the vector field #X) and a zero order
part (the multiplication operator by X ()); it must not be confused with the prod-
uct of X by & from the right, which is equal to 2X and so far has been denoted
in the same way. In the Q® framework we denote the latter by X < & (of course
(X <h)(W) = X(h)h =hX (), X < (hh') = hi'X remain valid).

When choosing a basis B of Q° made out of monomials in these generators,
relations (83-84) allow to order them in any prescribed way; in particular we may
choose

B:= {ﬁﬁff = EDPLEP YD Pl | B e (0, 1), G e Ng}

(we define ﬂé,ﬁ,f) := 1). The *-algebra structure of Q° is compatible with the form
grading fj

n n n
L0 T RS (P,
i=1 i=1 i=1

and the one f defined by ﬂ(ﬂﬁﬁj) =g —r (p,q,r are the total degrees in &, x', 9;
respectively). Fixing part or all of p, g,r we obtain the various relevant Uaff(n)
modules or module subalgebras or X —bimodule;s: A®, AP, Q°, QP, ... For instance
the exterior algebra A® is generated by the &' alone (¢ = r = 0) and its § = p
component is the Uaff(n)-submodule of exterior p-forms A”; by (84)3 dim(A”) =
(;’)); in particular this is zero for p > n, 1 for p = n, and A® = @';,:0 AP. Let X4
be the component of X of degree ¢, and X = Z:O X7 (ie. X1, X9 consist resp.
of homogeneous and inhomogenous poly~nomials in x' of degree q); X = @zozo X1
is trivially a filtered algebra X = E—J;O:O X?. Let D be the unital subalgebra generated
by the 9; alone, D" its component of degree r, and D= EBZ:O D"; then D =
B2, D is trivially a filtered algebra D = @, D. Finally, let

QPI" .= AP XD (87)
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By (85) the Uaff(n) action maps A?, X4 , D" _into themselves, and all QP9" are
U aff(n)-*-modules. By (83-84), D" X9 = X9 D", whence

Qrar Qp’q’r’ c Q(p+p’)(q+q’)(r+r’) (88)

(this multiplication rule would not hold if we had defined QP?" = qu’ X4Dr,
because, D" X1 # X9D"). A basis of QP4 is BT = {BPAO7T | p =

n n n

opis Y.q <q, Y.ri <r} Q°is graded by p and filtered by both ¢, r; it
i=1 i=1 i=1

decomposes as

n o0

=Pl o (89)

p=0¢=0r=0

Choosing a twist F based on Uaff(n) (in particular, on U g) and setting (10) for all
a,b € Q° one makes Q° into a Uaff(n)”-module (resp. Ug” -module) algebra Q?
with grading fj (whereas the grading # is not preserved). In the appendix we prove

Proposition 2 The vector fields 8{ = SB) > = 1/ (B)d; are the %-dual ones
to the &' = dx': under the Uaff(n) (and Ug) action they transform according to
g9 = tY[Sx(g)]. The polynomials relations (83-84) are deformed into the ones

Isn' =y =n'*x1-n"=0 forn' =x'¢§,

. . v
xtxx/ —x”*x“RZ =0,

) . 90
st*xj_xv*%-thhjv:O’ (90)
Exgl +EFxg"RIN =0,

153 -3 =03/ x1—-09 =0,
o %0, — R %0 =0,
i Jj hk "k h (91)

O w&/ — RIEM % 9; =0,
3] % x/ —5{1—R§f,;xﬂ*a,g=0.

where R;‘jv = (TM 1Y) (R). Defining QY1 = Af??fﬁ: we find not only Qf =
Q°[[v]l, but that for all p, q,r € Ny also

QX" = QrT[v]] 92)

hold as equalities of C[[v]]-modules. A basis BY"" of QU is obtained replacing all
products in the definition of BP1" by x-products. Q3 is graded by p, filtered by both
q,r, and

n oo 00
° ! / + ’ /
Qr = @ |+| +] orar, par L, QPaT Qip-%p)(q g+ (93)
p=04g=0r=0
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Q¢ is a Ug” -module *-algebra with the QY as x-submodules, if F is either real
or unitary; correspondingly the involution is the undeformed one x, respectively is
given by (29), i.e.

=1 X =), § =g s, o =~ (57) B 94

In the O framework X xh = (R1>h)*(Ry>X) + X, (h), while so far it stood just
for the x-product of the vector field X by the function 4 from the right, i.e. for the first
term at the rhs; denoting the latterby X <, h := (ﬁl [>h)*(ﬁ2\>X ), we can abbreviate
X*h =X < h+ X,(h). Of course (X <, h),(W) = [X,(R; > h)] * (R h),
(X < h) <« h' = X <, (h x h’) remain valid.

These results are the strict analogues of their untwisted counterparts. Relation (92)
is much stronger than the equality of infinite-dimensional C[[v]]-modules Q} =
Q°[[v]]; it implies dlm( pqr) dim(Ql’q’) over C[[v]], so that the Hilbert-
Poincaré series of the p-graded and (g, r)-filtered algebras QF, Q°*[[v]] coincide. In
particular, p=r =0 yields dun(X q) = dun(X q )

The Uaff* -equivariant relations (90-91) defining Q¢ have the same form (see e.g.
formulae (1.10-15) in [27]) as the quantum group equivariant ones defining the dif-
ferential calculus algebras on the celebrated ‘quantum spaces’ introduced in [23].
The relations, among (90-91), that involve only the generators x', 8} of the twisted
Heisenberg algebra on R” (the p = 0 component of Q) were already determined in
[24, 25], while (92) extends results of [29].

3.2 Twisted Differential Calculus on M by Generators, Relations

Chosen a basis {ej, ..., eg} of g (e.g. consisting of L;;), on Dy C R" one can use
= {eq,...,ep,ep+1 = V.}, instead of S = {9y, ..., d,}, as a complete set of vector
fields in E. They fulfill the following commutation relations with the coordinates

voxlh—x"v,—fi =0, eax" —xMey —x"tM () =0, a=1,..,B (95)
and the remaining relations of the type (113) in [32], i.e.

S e =0, I=1,..,B+1-n,
eqep — egey — Cgﬁ e, =0, (96)
e§' —Eley =

with suitable tl“, C Zﬁ € X. For instance, if S = {L;;, V. } then the dependence rela-

tions in the first line amount to (76), while the commutation relations in the second
line have constant C gﬂ and amount to (79) for o, B < B. We collectively rename
1,x!, .., x", Sl, ., &% ey, .., epas a% al, .., aV; we denote as A’® the free algebra
generated by @, ..., a¥, and as A’P4" the subspace consisting of polynomials in the
a? of degree ¢ in the x’, of degree r in the e, and homogeneous of degree p in the
g Clearly

APar pP'dT o g PPt (97)
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A’ is graded by p and filtered by both g, r; it decomposes as

[o. o Ne ol o]

A =P 4 4 are. (98)

p=0¢=0r=0

For all ¢ € R denote as { fCJ @, ...,a")} e 7 the set of polynomial functions at the
lhs of (96), (83), (95) involving only e, with ¢ < B, together with

fc = f(x)_c =0,
df (x) =&"f, =0,

which are (78) and its exterior derivative. Let Z,,. be the ideal generated by all the
fCJ (a) in A’®. We define the differential calculus algebra on M, as the quotient

99)

Q3 = A%/Ty,. (100)

Zy!" = T, N AP is a subspace of AP4". The quotient subspaces Q4! :=
AP ThT gl

Qﬁerﬁfq T c Q{(frﬁ)(ﬁq )(r+r") (101)

because of the equations ch (a) = 0, in_ particular because xHgrh (ey) in (95) are
polynomial functions of first degree in x'. Qf, is graded by p and filtered by both

q, r; it decomposes as
n—1 oo o0

=Pl o (102)
p=04g=0r=0

By (85), (96); the a’ span a (reducible) U g-s-module. Hence A’®, which is gener-
ated by them, is a Ug-module *-algebra, and the A’P4" are U g-+-submodules. It is
immediate to check that also the fCJ (a) span a (reducible) U g-x-module,

@1 =fl@. gefl@=> f@)@. (103)
Jl'edJ
more precisely g > f¢ = €(g) f¢, while more generally g > fCJ (a) is a numerical
combination of the fcj (a) appearing in the same equation where 1./ (a) appears,
e.g g> (§'€/ +£/8") = (676" + €M)t (81))Y (g2)). Therefore Z,,, is a Ug-
s«-module, and Qf, is a Ug-module %-algebra as well; moreover Z,;!" C Z,, and
Q%r C Q;,C are U g *-submodules as well.
Equations (85) and (103) with a twist 7 € Ug ® Ug[[v]] imply that:

1. A is a Ug”-module x,-algebra; each component AP consisting of polyno-
mials in the a? of degree ¢ in the x’, of degree r in the e, and homogeneous of
degree p in the &' is a Ug” -x,-submodule; A4 = A'Pa"[[v]], Ale = A*[[v]]
hold as equalities of C[[v]]-modules.

2. Forall JeJ, a,a’ e A*[[V]], B, B’ €Ly, [[V]], also

fl@yxa, axfl@, Bxa, axB, (@+p) @ +p)—axa

belong to Z, [[v]]; if the twist F is either real or unitary then also [ fcj (a)]™,
B** do. Therefore Z,,. := Zy, [[v]] is a two-sided (*,-)ideal of A’®. For each
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component Zh%, = Ty, N APY we find 0% = T [[v]]. Zy,. and Z7,
are U g7 -*,-submodules.

This leads to the following

Proposition 3 For all c € Dy Q3 , = A /Ly defines a Ug” -module *,-
algebra, which we shall name twisted differential calculus algebra on M., taking the
quotient commutes with deforming the product:

Ver = AL Tyew = (A* /Ly ) (104)

All components Q4 := AP JTH (p, q,r € No) are Ug” -*,-submodules. Qbx
is graded by p, filtered by both q, r, and

n [o.olNe ]
=P, Qe Qhl < QDU o (05)
p=04g=0r=0

ter = Q3 (V1] and
onl = N[l (106)

hold for all p, q,r € Ny as equalities of C[[v]]-modules. The set of characterizing
polynomial relations fCJ (a) = 0 is equivalent to the set of relations fJ(ax) = 0
consisting of (90) and other relations of the same degrees in x', &', eq ( < B) as
their undeformed counterparts. From any basis B,\’;fr of Q%r consisting of polyno-
mials in x', &', ey one can obtain a basis B,ﬁf: of Q%: consisting of x-polynomials
of the same degrees. If F is either real or unitary, Qy, , is a Ug” -module x-algebra
with the QZ‘Z: as x-submodules. If F is real the involution is undeformed *. If F
is unitary the involution is given by (29), i.e. on Ei,xi *, acts as in (94), while
L:k; — _ih (Bn) 7k (B) Lk (this differs from L}, = —Lij).

These results are the strict analogue of their undeformed counterparts. Relation
(106) is much stronger than the equality of infinite-dimensional C[[v]]-modules

e = Q[ it implies dim(Q47}) = dim(Q}!") over C[[v]], so that the
Hilbert-Poincaré series of Q3 ., Qf, [[v]] coincide. In particular, setting p=r =0,
we find dim (X)) = dim(X?).

In Section 4 we explictly determine all of the relations fz./ (ax) = 0 in the specific
case of some deformed quadrics in R3.

4 The Quadrics in R3

Using the notions and results presented in the previous sections, here we study in
detail twist deformations of the quadric surfaces in R3. As usual, we identify two
quadric surfaces if they can be translated into each other via an Euclidean transforma-
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tion. This leads to nine classes of quadrics, identified by their equations in canonical
(i.e. simplest) form. These are summarized in Fig. 1, together with their rank, the
associated symmetry Lie algebra g, and the type of twist deformation we perform.
A plot of each class is given in Fig. 2. These classes make up 7 families of sub-
manifolds, differing by the value of c. In fact classes (f), (g), (h) altogether give a
single family: (f) consists of connected manifolds, the 1-sheeted hyperboloids; (g),
(h) of two-component manifolds, the 2-sheeted hyperboloids and the cone, which has
two nappes separated by the apex (a singular point); all are closed, except the cone.
For all families, except (i) (consisting of ellipsoids), we succeed in building U g-
based Drinfel’d twists of either abelian (30) or Jordanian (31) type (depending on the
coefficients of the normal form) and through the latter in creating explicit twist defor-
mations. Those twists are the simplest ones resp. based on an abelian or “ax 4+ b” Lie
subalgebra of the symmetry Lie algebras. Note that there are other choices of Drin-
fel’d twists on the “ax + b”-Lie algebra. In particular we like to mention the twist
of Theorem 2.10 of [34], which is the real (i.e. 7*** = (S® S)[F>1]) counterpart
of the unitary Jordanian twist we utilize; both twists lead to the same commutation
relations. Since we are especially interested in describing the deformed spaces in
terms of deformed generators and relations, i.e. we intend to explicitly calculate *-
commutators and the twisted Hopf algebra structures, we use abelian and Jordanian
twists, which admit an explicit exponential formulation. Furthermore, all of the con-
sidered symmetry Lie algebras (except the one of the ellipsoids) contain an abelian
or “ax 4 b” Lie subalgebra, which allows us to perform a homogeneous deformation
approach for all quadric surfaces. We devote a subsection to each of the remaining
six families of quadrics, and a proposition to each twist deformation; propositions
are proved in the appendix. Throughout this section the star product X * & of a vec-
tor field X by a function % from the right is understood in the Q,, Q. « sense (see
Section3.1) X xh =X <, h+ X,(h) = (R > h) » (Ra> X) + X, (h).

ap | as | az | ags | agy | T quadric ~ Abelian | Jordanian
(@ |+]0]0] — 3| parabolic cylinder h(1) Yes No
b)y|+|+1]0] — 4| elliptic paraboloid s50(2) x R? Yes No
2

)|+ +]0] 0| —13 elliptic cylinder jsg)) D;RR :((:j EZ
@[+ —-]0]— 4 | hyperbolic paraboloid | so(1,1)xR? Yes Yes

2 < y
(e) | + 0| 0 | — |3]| hyperbolic cylinder 22211’711);;]1% gﬁ; ;e(,)s
()| +|+|—| 0| — |4] I1-sheet hyperboloid 50(2,1) No Yes
(g |+ |+ |—| 0|+ |4] 2-sheet hyperboloid 50(2,1) No Yes
L) |[+|+|—-10]0]3 elliptic conef 50(2,1) xR Yes' Yes
Q|+ +]+] 0| -4 ellipsoid 50(3) No No

Fig. 1 Overview of the quadrics in R3: signs of the coefficients of the equations in canonical form (if
not specified, all agp € R are possible), rank, associated symmetry Lie algebra g, type of twist deforma-
tion; h(1) stands for the Heisenberg algebra. For fixed a; each class gives a family of submanifolds M,
parametrized by c, except classes (f), (g), (h), which altogether give a single family; so there are 7 families
of submanifolds. We can always make a; = 1 by a rescaling of f. The f reminds that the cone (e) is not
a single closed manifold, due to the singularity in the apex; we build an abelian twist for it using also the
generator of dilatations
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=2

(¢) Hyperbolic cylinder with a; = %, ap = —2 (d) Elliptic cone with a; = —a3 =2, ag = %

—asz = 2 32, az = -2

(h) Hyperbolic paraboloid with a; = 2, ag = —1
(g) Elliptic paraboloid with a; =1, as =2

(i) Ellipsoid with a; =8, az = 3, a3 =2

Fig.2 The irreducible quadric surfaces of R>

4.1 (a) Family Of Parabolic Cylinders: a =a3; =agp1 =ap2 =0

Their equations in canonical form are parametrized by ¢, b=ap3 € R and read
1 o1 3
fex) == E(x ) —bx’—c=0. (107)
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For every fixed b, {M,}.cr is a foliation of R3. The Lie algebra g is spanned by the
vector fields Ly = x'95, Lz = x183 + boy, Ly3 = bdy, which fulfill

[L23, 9] =0, [L13, L12] = Los. (108)
Clearly, g >~ h(1), the Heisenberg algebra. The actions of the L;; on the R -L A
are
Lipsxi = Séxl, Lizesxi = 3119 +8§xl, Ly xi = 85!),
Lipw& =680',  Lize& =5ig!, Ly>§ =0, (109)
Lip>0; = —6;102, L13»>0; = —4;193, L3> 0; =0;

the commutation relations [L;;, xh = Lij > xh, [Lij, 0n] = Ljj>0n, [Lij, Sh] =0
hold in O°.

Proposition 4 F = exp(ivL 3 ® L23) is a unitary abelian twist inducing the follow-
ing twisted deformations of Ug, of Q° on R? and of Q3. on the parabolic cylinders
(107). The Ug” counit, coproduct, antipode on the {Lij}1<i<j<3 coincide with the
undeformed ones, except

Ar(L12) =L1p®I+1Q®Ljp+ivLy; ® Lo, Sr(Lip) = —Los +ivL3;. (110)

The twisted star products and Lie brackets of the L;; coincide with the untwisted
ones. The twisted star products of the L;; with the x', §' = dx', 0;, and those among
the latter, equal their undeformed counterparts, except le*xz = L12x2—i vb Ljs,

xlwex?=xx2 —ivb?, 3 xx?=x%x3 —ivbx!,
53 *x2 = §3x2 — ivbél, 9 *x2 = 91x2 + ivbos.
Hence the x-commutation relations of the U g” -equivariant *-algebra Q2 read

x2*x1=x1*x2+ivb2, x3*x1:x1*x3, x3*x2=x2*x3—ival,

XowEl = Elwxi 48080 ivhE!,  ExEI4EIXE =0,  xE =& %0,

3j *x' =850 + x7 % 0 + 81,85 ivb ds, di*dj =3 * 0, (111)
Lipxx2=x2%Lip —ivb Ls, Li; *xhth*Lij-i—L,'ijh otherwise,
Lij % 0p = 0 x Lijj + Lij > 0p, L,'j*fh:Lij*sh.

In terms o star products L1y = xl %0y, Lz = x!* 03 + b0y, Ly3 = boy. Also the

relations characterizing the Ug” -equivariant x-algebra Qf, ,, i.e. Equation (107),

its differential and the linear dependence relations, keep the same form:

1 N
folx) = Exl*xl —bx3—c=0, df. =x' &' —pg3 =0, €k fi x Ljx = 0.(112)

The *-structures on Ug”, s, Xh* remain undeformed.
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Alternatively, one could twist everything by the unitary abelian twist F =
exp(ivLia ® L23).

4.2 (b) Family of Elliptic Paraboloids: a > 0,a3 = 0,a03 < 0

Their equations in canonical form are parametrized by a = az,¢c = —apo € R,
b = —az € RT and read
1
fe(x) = 5[(x‘)2+a(x2)2] —bx®—c=0. (113)

For every fixed a, b, {M_}.cr is a foliation of R3. The vector fields Ly = x19, —
ax?d1, L13 = x'93 + bdy, L3 = ax?d3 + bd, fulfill

[Li2, L13] = —Ly3, [L12, L3] = aLys, [L13, L23] = 0. (114)

Clearly, g ~ s0(2)xR2. The actions of the L; j on the x", &" 9y are given by

Lip> 8 =8pad — 8132,  Lpvu =8u' —8lau?, foru’ = x', &, (115)
L13l>8i=—8i183, L13>xi=8§x1+b8’i, L13l>$i=(gé§'1,

(116)
Ly 0; = —8ipads3, Lyzvx' = 8lax? + b, Ly3v & = 8iag?%;

the commutation relations [L;;, x" = Lij >xh, [Lij, 0n] = Ljj>0n, [Lij, Sh] =0
hold in O°.

Proposition 5 F = exp(ivL3 ® L23) is a unitary abelian twist inducing the follow-
ing twisted deformation of Ug, of Q°® on R? and of Q4. on the elliptic paraboloids
(113). The Ug” counit, coproduct, antipode on the {Lij}1<i<j<3 coincide with the
undeformed ones, except

Ar(L12) =L1n®1+1®Lip+iv(Ly®Lxy—ali3® Li3),
(117)
Sr(L1z) = —Lia+iv (L3, —al?y).

The twisted star products and Lie brackets of the {L;j}1<i<j<3 coincide with the
untwisted ones except L1y x L1p = L%Z + ivaLy3L13. The twisted star products of
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the L;j with the xt, &' = dx', &, and those among the latter, equal their undeformed
counterparts, except

Lipx ul = L12u3 —iva L23u2, u3 * L, = u3L12 +iva u1L13,
L]z*x2=L12x2—iva23 xl*L12=x1L12+ivabL]3,
Liyx 3y = L1203, + iva L3903, 01x L1p = 01L12 —ivadsLy3,
xlwx? =xx% —jvb?, xlwex3 = x1'x3 —ivabx?,
B exd=x3x3 —ivax!x? — abz";, X3 x?=x3x2 —ivbx!, (118)
xlx &3 =x183 —jvabg?, X3 xE3=x33 —jvax'e?,
g3 % x?2 =£3x2 — jvbeg!, 3xx3 =833 —ivaglx?,
£3x €3 = —jvat'€?, 31 * 0) = 010 — iva 393,
x1*82=x182+ivab83, x3*82=x382+ivax183,
9 *x2 = 91x2 +ivbos, 9 *x3 = 9;x3 + iva 93x2,
where u! = x',E!. Hence the x-commutation relations of the Ug” -equivariant
algebra Q, read
A aexZ=xZxx! —ivh?, x'xx3=x3%x! —ivabx?, xZxx®=x3xx%+ivbx!,

X wEl =& wxt 4 ivs] (sl * (adix? + bsh) — £2 % (8ix! + bag)a),

Ewgl 48 g =8]8k i2vag x£2, % 0; =) % 0; — 81 80jivad3 x 03, (119)
9 xxt =80+ x" % d; + iv<5j1(aagx2 + b84) — adjn(8ix! + baj)> * 03,

O *E) =& % 0; + liva (8);E% — 8;E1) % 03,

while those among the tangent vectors L;j and the generators xt EL 9 read

Lip*x' = Lipvx' +x! « Ly —ivb (a8) L13 + 85 Ly3 + ad) — ivash (x! « L1z + x2 % La3),

Li» *fi = %‘i * L1y — ivazié (fl * L3 +§2*L23)s

Lipxdi =Ljp>0; +0; *x L1 +ivads x L;3, (120)
Lj3*xi=Lj3>xi+xi*Lj3, Lj3*§i=§i*Lj3, j=12,
ng*al-:L_,-3|>3,-+8,-*Lj3, j=12.

In terms of star products Lo = 3 »x' —ax?>x 91, L1z = x' x93 + bdy, Loz =
ax® x 93 + bdy. Also the relations characterizing the Ug” -equivariant x-algebra
Qbow i-e. Equation (113), its differential and the linear dependence relations keep
the same form
1 .
fex) = E(xlixl +ax?«x?)—bx’—c=0,df = £ xx'+a &2xx?>—bE> =0, F f; x Lj, =0.(121)

The *-structures on Ug”, s, Xh* remain undeformed.
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4.3 (c) Family of Elliptic Cylinders: a; > 0, a3 =ap; =0, ago <0
Their equations in canonical form are parametrized by ¢, a = a» € R* and read

fe(x) = %[(xl)2 +a(x?? -c=0. (122)
For every a > 0, {M_}.cr+ is a foliation of R3 \ Z, where Z is the axis x' = x? =
0. Equation (122) can be obtained from the one (113) characterizing the elliptic
paraboloids (b) setting b = 0. Hence also the tangent vector fields L;;, their commu-
tation relations, their actions on the x”, éh, 0n, the commutation relations of the L;;
with the x”, Eh, dp can be obtained from the ones of case (b) by setting b = 0. The
L;; fulfill again (114), so that g >~ s0(2)ix R2. Hence we can deform all objects with
the same abelian twist as in (b), and obtain the corresponding results:

Proposition 6 F = exp(ivL 3 ® L23) is a unitary abelian twist inducing the twisted
deformation of Ug, of Q* on R and of Q3. on the elliptic cylinders (122) which is
obtained by setting b = 0 in Proposition 5.

This is essentially the same as Proposition 15 in [32]. Alternatively, as a complete
set in E, instead of {L12, L13, L23} we can use S; = {L|>, d3}, which is actually a
basis of E;; the Lie algebra g >~ so0(2) x R generated by the latter is abelian; the
relevant relations are (115),—o,

Lioe 8 = 8nad — 81, Lipvu' =8u' —slau?, foru' e {x', £}, (115)p—0

and

Bex' =00 =081 >0 =[00]1=0,  d3>Lp=[0, Lin]=0.
(123)

We correspondingly adopt the unitary abelian twist 7 = exp(ivdz @ Li2).

Proposition 16 in [32] . F = exp(ivd3 ® L) is a unitary abelian twist inducing the
following twist deformation of Ug, of Q® on R and of Q3. on the elliptic cylinders
(122). The Ug” counit, coproduct, antipode on {33, L2} coincide with the unde-
formed ones. The twisted star products and Lie brackets of {d3, L2} coincide with
the untwisted ones. The twisted star products of d3, L1, with x’, &' = dx’, 3;, and
those among the latter, equal the untwisted ones, except

xS wx! :x1x3+ivax2, x3*x2:x2x3—ivx1,
W xEl = 3 4 ivag?, W3 xE? = x3E% —ivg!,
x3*81 = x381 +ivdy, x3*82 = x382 —ivadi.

Hence the x-commutation relations of the U g” -equivariant algebra Q, read
xiwx/ = xfxxt + iv(Sg((S{axz — Béxl) — iv8£(8’iax2 — 8£x1),
xxEl = Elwx +iv8i(8]ak? — 8JE"),

xixdj = =i+ 9;#xi +iv85(8] 0, — 8ady), (124)
£ w8l = &1+ &,

Elxd; = 0; &,

8[*8]': aj*al'.
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In terms of star products L1, = x! %3y —ax? % 9;. Also the relations characterizing
the Ug” -equivariant *-algebra Q}.x> 1-€. Equation (122), its differential and (76),
keep the same form:

1 .
fc(x)EE(x]*xl+ax2*x2)—c:O, df- =e'%x' +ag*xx?> =0, e’-’kf,-*ij:O. (125)

The *-structures on Ug”, Q2, z.m* remain undeformed.
4.3.1 Circular Cylinders Embedded in Euclidean R3

Ifay=ay=1ie fo(x) = 3[(xH%+ x?)?] —c = 0 and we endow R3 with
the Euclidean metric (circular cylinder of radius R = \/Z), then § := {L, 93, N, }
is an orthonormal basis of E alternative to S’ := {01, 02, 93} and such that S; :=
{L, 033}, S, :={N_} are orthonormal bases of E;, &, respectively; here L := L1>/R,
N, = fiai/R = (xl9; + x232)/R (outward normal). The Killing Lie algebra ¢ is
abelian and spanned (over R) by S;. VxY = 0 forall X,Y € §’, whereas the only
non-zeroVyxY, with X, Y € S are

1 1 1 1
VLL =—-——N|, VLN, = —L, Vy, L =—L, VN N, = —=N,.
L R 1 LIVL R Ny R NiVL R

(126)
The second fundamental form I1(X,Y) = (VxY),, X,Y € &;, is thus explicitly
given by

XY
I11(X,Y) = —TNL; (127)

here we are using the decomposition Z = ZL + Z33; ofa generic Z € E;. Thus 11
is diagonal in the basis S;, with diagonal elements (i.e. principal curvatures) «; =
0, ko = —1/R. Hence the Gauss (i.e. intrinsic) curvature K = k7 vanishes; R, = 0
easily follows also from R = 0 using the Gauss theorem. The mean (i.e. extrinsic)
curvature is H = (k1+x2)/2 = —1/2R. The Levi-Civita covariant derivative V; on
M_. is the tangent projection of V

VixY =pr,(VxY) =VxY —I1I(X,Y)=VxY + XY N,/R.
The deformation via the abelian twist ' = exp(ivd3 ® L12) € Ut ® U¥[[v]] yields
V§ =Vy VXeSUS ={8,08,0, L, N}, (128)

VfXY:prl(VxY) =VixY VX, Y eS ={0s L}, (129)

because 33 commutes with all such X, so that 71> X ® F» = X ® 1, and the
projections pr , pr,, stay undeformed, as shown in Proposition 7. Equations (128-
129) determine VY for all X,Y € &, and VI{TXY =V, xY forall X,Y € &, via
the function left x-linearity in X and the deformed Leibniz rule for Y. The twisted
curvatures R”, R/ vanish, by Theorem 7 in [2]. Furthermore,

17x. 0@ ! o X, F e V)N, = 11X, Y) (130)

forall X, Y € S, leading to the same principal curvatures k1 = 0, k; = 1/R, Gauss
and mean curvatures as in the undeformed case.
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4.4 (d) Family of Hyperbolic Paraboloids: a;, ap3 < 0,a3 = 0

Their equations in canonical form are parametrized by a = —a>, b = —ag3 > 0,
¢ = —apo € R and read
1
fex) = 5[(x1)2—a(x2)2] —bx*—c=0. (131)

For all fixed a, b > 0, {M_}.cr is a foliation of R3. The Lie algebra g is spanned by
the vector fields L2 = x'8, +ax?dy, L13 = x'93 +bdy, Loz = bdy — ax?d3, which
fulfill

[L12, L13] = —L23, [Li2, L23] = —aLs, [Li3, L23] =0, (132)

whence g ~ so(l, 1)k R2. The abelian twist deformation is entirely similar to the
one of (b): just replace a by —a in the equations of Proposition 5.

In addition, there is also a Jordanian twist deformation on the hyperbolic
paraboloid which we are going to discuss in detail. The tangent vector fields H =
—%le, E=Liz+ \/LEL%, E' =Liz— \/LELB fulfill the commutation relations

[H,E]1=2E, [H,E'l=-2E, [E,E'1=0. (133)

To compute the action of F on functions it is convenient to adopt the eigenvectors of
H

yi=xl = Vax?, Y =x+Vax?t, Yy =40, (134)

as new coordinates. In fact, H |>yi = )\iyi with A = 2,A» = —2 and A3 = 0. Abbre-
viating 9; = aiyf’ the inverse coordinate and the partial derivatives transformations
read

=10t +yh, =30 - %532), 1 =31 + 2,
2= =7 =y, by = 301+ 7202, 82 = Va(By — d), (135)
3 y3’ 53 = 03, d3 = 53.

=
Il

In the new coordinates f.(y) = %yly2 — by’ —cand
H=20y'0—y*%).  E=y'0+2b,  E =y +2bd.

The actions of H, E, E’ on coordinate functions, differential forms ni = dyi and
vector fields are given by forall 1 <i <3

Hiy = Ay, E>y =8y +2b8, E'>yl =8iy? +2b8i,
Hen' = nn', E>n' =8y, E'>if =80,
H > 51' = —)»,‘5,’, E > éi = —5,’153, E' > éi = —81'253. (136)

Proposition 7 F = exp[H /2 @ log(I + ivE)] is a unitary Jordanian twist inducing
the following twisted deformation of Ug, of Q°® on R? and of Q3. on the hyperbolic
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paraboloid. The Ug” coproduct, antipode on {H, E, E'} read

. E B .
Ar(H) = AH) = iv H @ 3, Sy(H) = S(H) —ivHE,
S(E)

1+ivE’
Sz(E"Y = S(E") —ivEE'.

Ar(E) = A(E) +ivEQE, SH(E) = (137)

Ar(E"Yy = AE) —ivE' @ ———,
#(E) (E") —iv ®ITThE

The x-structures on Ug”, Q3, Q3 , remain undeformed apart from O = y? +

2ivb and (51)** = —51 + iv53. The twisted star products of {H, E, E'} coincide
with the untwisted ones, except

ExH =EH +2ivE?, E'xH = E'H + 2ivE>. (138)
The twisted star products of H, E, E' with y', n’, 3 equal the untwisted ones, except
Exy = Ey —ivE(@2bs) +y'5l),
Exn’ = En’ —ivEn',
Exd = Ed +ivEds,
E'xy" = E'y +ivE'(2bs) + y'8}),
E'xn3 = E'p’ +ivE'p!, (139)
E' x93, = E'd; —ivE'ds,
yixH =y H—2iv( —8)yE,
n'«H = n'H—2iv(s, — §)n'E,
dxH = d;H —2iv(8 —812)0;E;
the twisted star products among y', n)', 9; equal the untwisted ones, except
Yixyl = yiyd +iv(sh — 8}y (2b85 + 85y"),
Yiwd = o) +iv(sh — 8))yds,
Biwyl = Byl +iv(s! — 825 (2b8] + 81 yY,
d1 %01 = 010) — ivd 33,
> xn? = n*nd +ivp*n',
Yox? =y +iv - 8y’
. . L (140)
n'* 31 = n'or +iv(s] — 85)n' 03,
I*n® = in® +iv(di1 — 8i2)din",
dy %1 = 0107 +iv0203,

Nyl = iyl +iv(sh — 8’ 2bs) + 8iyY).
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Hence the x-commutation relations of the U g” -equivariant algebra Q, read

ylay? = y2ay! —2bivy!,

yixyd = 3wyl 4iv©h =8yl xyl,  fori=1,2
yixnd = ndxyt —ivsin' xyl,

yExnd =l xy? +2ivb(8) — 8/ +ivsin' « (2 + 2ivbI),
Yxnd =l xy> +ivs] — 8l xy',

dxyl = (Sil]—f—yl * 0 —iv(Sl.]yl * 03,

QDN

i xy2 = 821+ y? % 8 + ivsl y? % 33 + 2ivb(8i1 — 812)3;,

(o523

ixyS = ST+ xd; +ivE! — 82y xd; +ivs! +v28! y! %35,

= —nf ' +iv(sis] —8{5)n" xn?,

' xn/
j*n' = ' x0; +iv[8}(8) — 8’ x 33 + 85(8] — 8! x 8; — ivsis]n' x 63
Jixdj = 0 x0; +iv(8i28j1 — 8j28i1)32 % 03
(141)

and

Hxy = yi*H+Xiyi—|—2iv(8£—8i)yi*E,

Hxn = ni*H+2iv(5§—8’i)ni*E,

Hxd = 8 «H— 29 +2iv(s) —82) 9~ E,

Exy =Ery +y «E—iv(2bs) +y'8)) « E,

Exn =n'«E—ivsin' xE, (142)

Exd =Emd+3~E+ivs! & «E,

E'xy = E'>y +y » E' +iv[(2bs) + y'6}) « E' + 2b8%],

E'xn =n'xE +ivsin! « E,

E' %3 = E/>5i+5,-*E/—iv8i153*E/.
In terms of star products
H=2(y" %0 —y> % —ivy! »33), E = y' %33+ 2bd,, E' = y2 %33 +2b0;

and the relations characterizing the U g” -equivariant -algebra Q}.x become
15 3 Lo 1, 1.2 ijk
fO)y=oyixy =by". df =G0y ), €N fixLji=0. (143)
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4.5 (e) Family of Hyperbolic Cylinders: a; < 0, a3 =agp,, =0
Their equations in canonical form are parametrized by ¢, a = —a € R™ and read
1
fo(x) := E[(xl)2 —a(x?)?]—c=0. (144)

For every a > 0, this equation with ¢ = 0 singles out a variety 7 consisting of two
planes intersecting along the Z-axis; {M,}.cg+ is a foliation of R*\ 7. The case ¢ < 0
is reduced to the case ¢ > 0 by a /2 rotation around the Z-axis. Equation (144)
can be obtained from the one (131) characterizing the hyperbolic paraboloids (d)
setting b = 0. Hence also the tangent vector fields L;; (or equivalently H, E, E'),
their commutation relations, their actions on the x”, & h dp (or equivalently on the
yh, nh = dyh, 5h defined by (134-135)), the commutation relations of the L;; with
the x”, £", 3), can be obtained from the ones of case (d) by setting b = 0. The L;;
fulfill again (132), or equivalently (133), so that g =~ so(1, 1)xR2.

Proposition 8 F = exp(ivL 3 ® L23) is a unitary abelian twist inducing the twisted
deformation of Ug, of Q° on R? and of Q3. on the hyperbolic cylinders (144) that is
obtained by replacing a — —a in Proposition 16 in [32], Section 4.3.

We can also deform everything with the same Jordanian twist as in (d). We find

Proposition 9 Setting b = 0 in Proposition 7 one obtains the deformed Ug, Q°
on R3 and Q. on the hyperbolic cylinders (144) induced by the unitary twist F =

exp [% ® 10g(1+ivE)].
4.6 (f-g-h) Family of Hyperboloids and Cone: a;, —a3 > 0

Their equations in canonical form are parametrized by a = a2, b = —a3 > 0,¢c =
—apo (¢ > 0, ¢ < 0 resp. for the 1-sheet and the 2-sheet hyperboloids, ¢ = 0 for the
cone) and read

fe) = 3D +aG?)? = b(x*)] —c =0. (145)

For all a,b > 0, {M,}.cr\(0} is a foliation of R3 \ My, where M is the cone of
equation fy = 0 (see Section 4.6.2). The Lie algebra g is spanned by Lo = x'd, —
ax?di, L1z = x'33+bx391, Loz = ax?d3+bx3d,, which fulfill [L12, L13] = —Loa,
[L12, L23] = aLi3, [L13, L23] = bLyp. Setting H := %Lw, E = \/%;le +

1 1o 1 _ L i
ﬁLzs and £’ .= ale mLB,we obtain
[H’ E]:2E9 [Hv E/]Z_ZE/’ [E’ E,]Z_H’ (146)

showing that the corresponding symmetry Lie algebra is g >~ so(2, 1). The commu-
tation relations [L;;, x" = Lij >’ [Lij, 0n] = L;j>0n, [Lj, Eh] =0 holdin Q°.
To compute the action of F on functions it is convenient to adopt the eigenvectors of
H

vy =x! + Vb3, v =x2, v =x!' — Vb3, (147)
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as new coordinates; the eigenvalues are A1 = 2, Ao = 0 and A3 = —2. Abbreviating
n' = dy', 3 = 9/9y, =0y, 9':=2a03, 9 :=2a0

the inverse coordinate and the partial derivative transformations read

=10t +yd, 6 %(314-%533):%53, 31 =3 + 03,
5 -

x? =y2, &= =02 & = B, (148)
X = %ﬁ(yl —y), B3=1% (31 - ﬁ%) =59!, 5= \/5(31 - 33>~
In the new coordinates, (3;)" = —3, fo(y) = 3y'y* +4(3*)? — ¢ and

~ ~ 1 - - 1 - -
H =2y'9, —2y%3;, E=ﬁylaz—2ﬁyzag, Eeﬁy%}z—zﬁyza].

(149)
The actions of H, E, E’ on any u e {yi, , ni} read
) ) ) ] ) ) ] )
H>u' =zu', Euf =6’27u1 —28iau?, E'>ul =8—u — 28 Jau®. (150)
a a

Proposition 17in [32] . F = exp(H/2®log(1+ivE)) is a unitary twist inducing the
following twisted deformation of Ug, of Q® on R? and of Q3. on the hyperboloids
or cone (145). The Ug” coproduct, antipode on {H, E, E'} are given by

E
A(E)=A(E)+ivE®E, Ar(H)=AH) —ivH @ ———,
1+ivE
AFEY = AEY - P e (He2E !
e 2 1+ivE) 1+ivE s1)
—ivE’ ® _ V_z 2 ® L
1+ivE 4 A+ivE)?’
Sx(H) = S(H)1 +ivE), Sr(E) = fiiv
SF(E") = S(E’)(l—l—ivE)—%”H(l—i—ivE)(H+lj:.fE>+‘j‘—2H(l+ivE)HE.
(152)
The twisted star products of {H, E, E’} coincide with the untwisted ones, except
ExH =EH+2ivE2, E'xH = E'H —2ivE'E,
(153)

ExE = EE +ivEH —22E?%, E'xE = (E))—ivE'H.

The twisted star products of ut = yi, ni, 9! with v/ = yj, nj, 3/ and with H E,E
are given by
wiaev = vl +iv(@) — sl (Lsfu! - 2yas]e?) + sl

H»u' = Hu', u'«H=uH-+2iv (8| —8)u'E,

u'xE = u'E, Exul = Eul +ivE (285\/@:2 — ﬁéiul) +2v25§Eul, (154)
E'sul = Ewi +iv (L80! - 2JasiE'?),

u'xE' = wE'+iv (88 —85)u'H — 2ivsiu'E.
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Hence the x-commutation relations of the Ug”-equivariant algebra Q, read as
follows:

ulsy? = uz*ul—’T"aul*ul, ulwud = u3*u1+2ivﬁu2*u1+2v2ul*u1,
2,3 _ 3,2 v 3,1 1,1 1,1 1,,2 2,1 _ iv 1, 1
WKUT = U7 U — LU U Wk =niku', U *kNT = NkuU N
ulsn® = Paul 4 2ivi/an?u 420 *u!, utxn! = nlxu? + %nl*ul,

(155)
1

2 pwul,  wdan = plaud — 2ivan' «u?,

uz*nz = nz*u R uz*n3 = n3*u2 — i

Ja
wWxn? = n?xud + %n]*u3 + 202! %u?,

udxn® = pdxud + 2iv/a(nP«u® — n?*u) + 202 pPwul
for ul = yi s éi; the twisted Leibniz rule for the derivatives read

Alayl = yludl,  32ay! = y'4d2 + %y'*él, 33 xyl =2a 4+ y'xd3 — i2v/ay' %92,

Al 2 2,91 v 1,31 23,32 _ 2,33 ; v 1,33 2,192

olxy _y*B—ﬁy*B, 3 xy? = y*x0 +12vﬁ+ﬁy*3 +2v2ylx02, 156
32xy? =14 y2#d2, 3wy =2a 4 340! +i2v/a y?xd' + 202y 43!,

92xy3 = y3x32 — %y3*51, Pwyd = y3%33 + i2vﬁ(y3*52 — y2*53) + 202 33431,

while the twisted wedge products fulfill
ntanl =0, n?xn* =0, Py = 2ivan? 3,
1,02 4 2,1 1,3, 3,1 ; o2 a3 3o iy 3, U0
nian” +ntxnt =0, nixn” +n7xnt = 2ivi/an xnc, ntxn’ +nxn 217571*77~

The x-commutation relations between generators of O, and the tangent vectors
H,E,E are

ui*HzH*ui—ﬂkiu"+2iv(8§—8§)ui*E,

1 _ 1 2 _ 29 1, v 1
u xE=FExu", uxE =FExu ﬁ” +ﬁE*u,
w* E = E xu’ + 29 Jau? — 2iv/aE * u?, s
(158)
u » E' = E' s u' +29(Jau® —ivu') + ivH »u' — 2ivE «u!
uz*E’:E/*uz—%u3—%E’*ul,
Wx E = E »u’ = 20ivu’ 4+ 2iv/aE »u?® — ivH «u’ + 20%E" xu',
where 9 = 1 if i’ =yi,5i,l?=0ifui =ni.ln terms of star products
H =20 xy' =1 -y x033),
E = dx y! —2/ay? « 33, (159)

a

E = 3 x y> —2/ay’ = .

- -
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The relations characterizing the U g” -equivariant %-algebra Q.. become

0= fe() =3y »y! +4y2xy? —c,
0 =dfe=507xn' + 77 %y") +ay> <17, (160)
0=y *«E—y'«E —Jay>«H +ivy' « H—2iv(l +iv)y' « E.

The s#-structures on Ug”, QF, Y.« Temain undeformed except WH* = W)* —

2iva?)* foru' = y', n', 3.
4.6.1 Circular Hyperboloids and Cone Embedded in Minkowski R3

We now focusonthe case | =a; =a = b,i.e. f.(x) = %[()61)24—()62)2 — (3% —c.
This covers the circular cone and hyperboloids of one and two sheets. We endow R3
with the Minkowski metric g := 7;;dx' @ dx/ = dx! @ dx! +dx? ®@dx? —dx® @ dx?,
whence g(9;, d;) = n;;. g1is equivariant with respect to Ug, where g >~ s50(2, 1) is
the Lie *-algebra spanned by the vector fields L;;, tangent to M, = fc’l({O}). The
first fundamental form g, := go (pr,®pr,) makes M. Riemannian if ¢ < 0, Lorentzian

if ¢ > 0, whereas is degenerate on the cone M. Moreover,
1
I11(X, Y)=—2—g(X, YY)V, VX,Y € G (161)
c

where V, = f; n/18; = x'9; (outward normal); in particular, this implies the propor-
tionality relation 11 (v, vg) = —i 8up V. (here gop := g(vy, vg)) between the
matrix elements of /7, g; in any basis S; := {vy, v2} of &, and, applying the Gauss
theorem, one finds the following components of the curvature and Ricci tensors, Ricci
scalar (or Gauss curvature) on M.:

ay 8 — 88,80

Redg, = %, Ricysy = Rils, = =L, % = Ric/j = —% (162)
[we recall that by the Bianchi identity one can express the whole curvature tensor
on a (pseudo)Riemanian surface in terms of the Ricci scalar in this way, and that
R; gﬁyv(; = R/ (va, Vg, vy)]. All diverge as ¢ — O (i.e. in the cone My limit). M,
is therefore de Sitter space d S, if ¢ > 0, the union of two copies of anti-de Sitter
space AdS; (the hyperbolic plane) if ¢ < 0. In Appendix B.7.2 we recall how these
results can be derived. In terms of the y’ coordinates and the tangent vector fields
H, E, E' (145), (76) become the linear dependence relations y'y3 + (y%)? = 2¢
and y3E — y'E' — y?H = 0, i.e. Equation (160) for a = 1, v = 0. At all points
of M, at least two out of E, E’, H are non-zero (in the case ¢ =0 we have already
excluded the only point where this does not occur, the apex) and make up another
basis S| = {€1, €2} of E;. More precisely, we can choose €; := E, €; := E'ina
chart where y2 #0,€; := E, € := H in a chart where y1 #£0,ep:=E',ey ;= H
in a chart where y3 # 0. One can use (161), (162) with each basis S/; gap stands for
8up = 8(eq, €p), and these matrix elements are given in (181). Alternatively, we can
use the complete set S¢ = {E, E’, H} on all of M., keeping in mind the mentioned
linear dependence relations.
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We now analyze the effects on the geometry of the twist deformation of Proposi-
tion 17 in [32] restated above. The curvature (and Ricci) tensor on R? remain zero.
Moreover, (66), (67) apply; namely, on M, the first and second fundamental forms,
as well as the curvature and Ricci tensor, remain undeformed as elements of the
corresponding tensor spaces; only the associated multilinear maps of twisted tensor
products g,, : B ®x B — X, ..., ‘feel’ the twist (compare also to [2] Theo-
rem 7 and eq. 6.138). Also the Ricci scalar (or Gauss curvature) D‘if remains the
undeformed one —1/c. By (67) the twisted counterpart of (161) becomes

1 1
117 (X, Y):—z—cg,*(X, Y) VL:—Z—cg,*(X, Y)xVy; (163)

the second equality holds because V| is U ¢-invariant. Similarly, by (67), (55)
(Ri>Y) % g, (RoxX.Z) — X < g, (Y, 2)
2c
for all X,Y,Z € E;; the twisted counterpart of (162) is obtained choosing

(X, Y, Z) = (va, vg, vy). Hence the matrix elements of /1, R/,, Ric/, in any basis

S; are obtained from those of the twisted metric g,, on M. In the appendix we
sketchily prove thaton E, E’, H

g.(H H)=-8y'y3, g, (H E)=-2y'y?,  g,(H E)=-2y*3
g.(E.E)= ()2, g.(E. E') =2c+ (y*)* — 2ivyly? — 22 (y1)?, 165)
g (E, H) = =2y'y? + 2iv(y")?, g, (E',E) =2c+ (y%)?,

8. (E' E) = (3%, g.(E', H) = —=2y%y> = 2iv[2c + (37)*] + 2ivy?y°.

Y, Z
RZ(X.Y.Z) = . RicZ(Y.Z) = —% (164)

Finally, we also show that the twisted Levi-Civita connection on E, E’, H gives
VIE = —2y'ds, VEZE = —2y'9; — 228, + 4ivd; + 402y s,

VEH = 4y?3; — 4ivy' s, VEE = —2y33; — 2y%0,, (166
VI E = —2y30; + 4ivy?d,, VI H = —4y23; + 4iv(y?0; + y333),
VHE =2y'9,, VHLE = -2y, VI H = 4y'9 + 4y33;.

We recall that a sheet of the hyperboloid M., ¢ < 0, is equivalent to a hyperbolic
plane. Other deformation quantizations of the latter have been done, in particular that
of [8] in the framework [7, 52] (cf. the introduction). However, while the *-product
[8] is Ut-equivariant, i.e. relation (16) (which is the ‘infinitesimal’ version of the
invariance property (10) in [8] or (1) of [7]) holds, our x-product is U €” -equivariant
i.e. relation (21) holds.

4.6.2 (h) Additional Twist Deformation of the Cone

The equation of the cone M in canonical form is (145) with ¢ = 0. In addition to the
tangent vector fields L;; or H, E, E’ fulfilling (146) also the generator D = x'9; =

y’ﬁ,- of dilatations is tangent to My (only), D € &, since D(f) = 2 f; furthermore
it commutes with all L;;. Hence the anti-Hermitian elements H, E, E’, D span a Lie
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algebra g >~ s0(2, 1) x R. The actions of H, E, E’ on Q,, are as in cases (e-f), while
that of D is determined by

D>y :=[D,y]=y', D>y :=dD®>y)=1",  D>J =[D,d]=—3.

(167)
Therefore, we can build also abelian twist deformations of My of the form F =
exp(ivD ® g), g € g. Here we choose g = L—\/ll; =7 H oje F= exp(ivD ® 2) The
cases with L3, L, are similar. Setting u; = 1 = —u3 and uy = 0, for ', vioe

{y', n'} we find
Feom)u @v) =i @uv,  Feep)u ®0;) = i @37,
Fee)@ @u)= " u,  FE@m)3 @) =)0,

Having this in mind, in the appendix we easily determine the twist deformed
structures.

Proposition 10 F = exp(ivD ® H/2) is a unitary abelian twist inducing the follow-
ing twisted deformation of Ug, of Q° on R> and of Q3. on the cone My. The Ug”
counit, coproduct, antipode on {D, H, E, E'} coincide with the undeformed ones,

except
Ar(E) = EQI1+exp(ivD)® E, Sr(E) = —Eexp(—ivD), (168)
Ar(E") = E' @1 +exp(—ivD) ® E’, Sz(E') = —E’exp(ivD).

The twisted star products among D, L;; coincide with the untwisted ones. The twisted
star products of D, L;; with u' € {y', n'}, 9; coincide with the untwisted ones, except

u'xE=e "Vu'E, u'x E' =eVulE,
~ - - . (169)
0; x E =¢" 0, E, 8[*E/=e_waiE/.
The twisted star products among y', n', d; read
ul x vl = eIyl 5,-*5,- :e”'”“iéiéj,
- . . S (170)
x 0 =e"Miuto;, 0 *xul = e'""idiut,

with u',v' € {y',n'}. Hence the x-commutation relations of the U g”-equivariant
algebra Q, are

y *yj _ tU(l‘Ll ”’j)yj *y n *7]] — _e”)(l‘-t i) 77] *77
y *n/ — lV(Ml Mj)nJ *y n *a — ¢ —iv(ui— ;1,1)8 *y , (171)
3 *yl = ezvuz(Sll 4 eivi—p ;) y * 8], 3 * 3 — etv(u, uj)a *a

The x-structures on Ug”, Q%, Q. are undeformed, except

(B = —e iy, Wy =e M, ' =y,
which are nontrivial for i = 1 and i = 3. In terms of star products D =
Z-3=1 e iyl w3 H =2(e ™yl %9 — ¥ 3*83) E = f 2 ay? « o3,

1
E' = %y3 *xp — 2/ay* 31, and the relations characterizing the U g” -equivariant
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x-algebra Q3 ., i.e. Equation (145).o, its differential and the linear dependence
relations become

| a
F) = e Pyl yd 4 §y2*y2 =0,

1 . .
df = 2@y wnt +eTyhen) +aytan® =0, (172)

€KLk % fi = 0.
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Appendix A: Real Nullstellensatz

First of all, we recall some basic notions and notation in algebraic geometry that
we are using in this subsection. In what follows we fix a ground field K of any
characteristic (even though we work only over real and complex fields, all the notions
and definitions we are going to review hold true in a much wider generality).

1. (Algebraic Sets [38, p. 2]) A subset of K" is an algebraic set if it is defined as
the set of common solutions of a system of polynomial equations. By Hilbert
basis theorem [46, Theorem 3.3], algebraic sets can be also defined as

Z():={xeK"| P(x)=0, VP € I},

where I denotes an ideal of the polynomial ring K[x!, ..., x"].

2. (Zariski topology [38, p. 2]) The affine space K" can be endowed with a topol-
ogy, the so called Zariski topology, where closed sets coincide with algebraic
sets. In this section we will equip algebraic sets with the induced topology.

3. (Algebraic, or affine, varieties) An algebraic variety is an irreducible algebraic
set, i.e. an algebraic set which is not the union of two proper (i.e. strictly con-
tained) closed subsets. It turns out [38, Exercise I.1.6] that a non-empty open set
of an affine variety is irreducible.

4. (Decomposition of algebraic sets) An algebraic set M can be expressed uniquely
as a union of varieties, no one containing another [38, Corollary 1.6]. Such
varieties are called irreducible components of M.
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5. (Radicals) For any ideal I < K[x!, ..., x"] the radical of I [46, p. 31, [33,
Section 1.3] is the ideal defined as

Rad(I) :={P e K[x',...,x"]: k>0 | Prelr}.

A radical ideal is an ideal I s.t. I = Rad([/). By the very definition of prime
ideal [46, p. 2], any such an ideal is radical.

6. (Correspondence among varieties and prime ideals) An affine algebraic set is a
variety if and only if its ideal is a prime ideal [38, Corollary 1.4].

7. (Associated primes) Consider an algebraic set M = Z(I). An associated prime
is a prime ideal of K[xl, ..., x"] which is the annihilator ann(x) of some ele-

ment x € M It turns out [46, Section 6] that there are two kinds of
associated primes: minimal associated primes (they are in one to one correspon-
dence with the irreducible components of M), and embedded associated primes
(they have NOT a simple geometric interpretation).

8. (Hilbert’s Nullstellensatz [46, Section 5]) Assume now K algebraically closed
and define

Z(S):={P eK[x',....,x"]| Pls=0},
for any subset § € K”. Then we have
Z(Z(I)) = Rad(l), VI <K[x', ..., x"].

A weak form of this result says that Z(/) # {, for any proper ideal I <
K[x!, ..., x"] 33, Section 1.7].

9. (Regular sequences) A set of polynomials Py, ..., Py form a regular sequence
1 n 1 n
in Klx T 1 (46, Section 16], if every P; is not a zero divisor in %.

10. (Cohen-Macaulay property [46, Section 17]) An affine variety M = Z(I), such
that dim M = m, is said Cohen-Macaulay at x € M if there is a regular sequence
Py, ..., P, in w, such that P;(x) = 0, Vi. An affine variety M = Z(I)
is said Cohen-Macaulay if it is Cohen-Macaulay at any point.

Now consider an algebraic submanifold, i.e. a smooth algebraic variety, M € R”,
defined by a system of polynomial (1), with fl, R fk € R[xl, ..., x"]. Assume
that dim M = n — k. Then, the hypersurfaces defined by each of the equations in (1)
meet transversally et each point of M; in other words, the Jacobian matrix is of rank
k at each point of M. Consider a further polynomial Q € R[x!, ..., x"] and assume
that

0 lu=0.

One may wonder whether the irreducibility in R[x', ..., x"] of each polynomial
fl, R fk is a sufficient condition in order that Q lies in (fl, el fk), the ideal
generated by f!, ..., K. The following example answers in the negative.

Example 11 Consider in R? the variety defined by the system

{2x3—y3=1,

=1, (173)
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where the first equation represents a cubic cylinder C. Since the curve defined by
2% — y3 —-2=0

is smooth in P, the cylinder C is smooth and the polynomial 2x> — y* — 1 is irre-
ducible in R[x, y, z] (the same conclusion is obvious for y — 1). The real variety
defined by (173) is the line

l:={,1,t): t € R},

which is obviously smooth. Furthermore, the equation of the tangent plane to the
cylinder C at the point (1, 1,¢) € [is 2(x —1) — (y — 1) = 0, hence the intersection is
transversal at each point of /. On the other hand, the plane 7 definedby x+y—2 =10
contains / but
Xty =2¢ @ =y — Ly,

since both 2x3 — y3 — 1 and y — 1 do vanish at the points (exp %m’, 1,1),Vt e R,
and conversely x + y — 2 does not. In view of the previous example, it is interesting
to ask for some sufficient condition in order that Q € (f!,..., f k). An answer is
provided by Theorem 1, which we now prove.

Proof of Theorem 1 Denote by
L=(f o it < Cl L x

the ideal of C[x', ..., x"] generated by f!,..., f¥. Since we are assuming that the
zero locus of [ is irreducible, there is only one minimal prime associated to the ideal
1. The hypothesis that the hypersurfaces corresponding to the generators of / meet
transversally at M imply that f!, ..., f* form a regular sequence in C[x', ..., x"]
[46, Section 16], hence the zero locus Z(I) of I is a complete intersection, i.e. an
affine variety defined as the intersection of as many hypersurfaces as its codimension.
This implies that Z(I) is Cohen-Macaulay, hence there is no embedded associated
prime [46, Theorem 17.3] and the ideal / is primary, i.e. there is only one associated
prime. Again, the hypothesis that the hypersurfaces defined by the equations in (1)
meet transversally et each point of M imply that / is a prime ideal in C[x!, ..., x"].

On the other hand, by Hilbert’s Nullstellensatz [5, Exercise 7.14], [33, Section
1.7], [46, Theorem 5.4], the hypothesis Q |jy= 0 amounts to

QeRad(l):={PeClx',...,x"]: In>0 | Plel}=1,

where Rad (/) denotes the radical of I [5, Exercise 1.12], [33, Section 1.3] and where
the last equality follows because / is prime. This shows that O € INR[xL, ..., x"] =
(fY o . Finally, for a complex-valued & = Q1 + i Q> vanishing on M both
01, Q> do, and therefore & belongs to the complexification of (f Lo, f k).

As for the last statement, the projective closure X C ¢, of the zero locus of (1)
in ]P’% has degree at least s. On the other hand, s is the maximum degree so X is a
complete intersection in .. Then, there cannot be other components and the variety
defined by (1) is irreducible in P{.. The statement follows at once, since a non-empty
open set of an irreducible variety is irreducible [38, Exercise 1.1.6]. O

Remark 12 Consider an algebraic smooth hypersurface M, defined by a single equa-
tion f(x) = 0, with d := deg f. By the result above, in order that any polynomial 4,
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such that & |j= 0, is a multiple of f it suffices that there exists a line meeting M in
d points.

Appendix B: Proofs of Sections 2, 3,4

B.1 Proof of Proposition 2

Using the definition 8 := Fj - S(F»), a’ xa = (R >a) » (R, > a’) and the relation
Sreid)(R) =R =>1d® S}l)(R)- = GBreSpHMR) =R, (174

valid for all triangular Hopf algebras, one can prove relations (90-91) as follows:

x'xxd

(Rz |>xj) * (Rl l>xi> =xPxx” T (Ry) T (R)) = wah*xk

xixgl = (Rg > g/’) * <R1 >x") = & wxk o (Ry) M (Ry) = RIEM wxk
glegl = —Rfjhgh*ék obtained from the previous one applyingd

0 %) = [Rz > a}] «[Ri 0 0]] = ' SER THSF (R ) % 9]

oM [Ra1 T [R11 0], = 0 = Ry, ) # 0,

[F1o 8] [Foo 27| = < [BS(F1)] 49 [Fo]

= HBS(F)] [ (F2) 10 + E (F2) 61+ x" )

= HBSF [12 (F2) + £ (F) x 0]

= I[BS(F1) Fo 1+ < [BS(F1)] #4(F2) (Fi o xH) x (Fa > 39
= TI[BS(F1) Fo 1+ M [FyFo] T [BS(Fp Fr) x# % 0k

= S+ Y[R THBSRIXH % O = 851+ T [Ra] ¥ [SF(R1)BI X" * 0

= 81+ PR TR [SE (R xH %9 4 811 + F14[Ry ] T [Ral xP %)

= 8’].1+Rjkx“*3k.

By (85) the action of either leg F1, F, of the twist, or F1, Fa of its inverse, as well
as of any tensor factor in the (1terated) coproducts of Fi, F2, F 1, F 2, maps every
homogeneous polynomial in & or 9; into another one of the same degree, and every
polynomial in x’ into another one of the same degree: hence (92), (93) follow. Finally,
the relations g > 8{ = 7U[S ;(g)]B}, (94) are straightforward consequences of (19),
(29), (85):

gS(B) >0 =tV [BS()10; = 7 [SF(2)B10; = T [SF()]9]

X = §(B) e x = S(B) e xl = xHEH[S(B)],

Ero= S(B) £ =SB & = £ [S(B)],

o =SB ISB) > 01" =SB w0 = —=SB)SB~ e 0 = —d; = - (ﬁ“) o

g9
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B.2 Proof of Proposition 3

All statements up to (106) and the statement that the *-polynomials f,/ (ax) have
the same degrees in x', &', e, as the polynomials £ (a) are straightforward conse-
quences of (85) and of what precedes the proposition. Under Ug the f; transform
as the 0;; in fact, since gof = e(g)f, wefind g f; = g (0 f — f0i) =
(g> ) f — flg>d) =" (S)@Bf — fdn) = t""(Sg) fu. Hence

grLij = go(fidj — f;0i) = " (Sga) T (Sg) [ fadk — fidn] = T (Sga1y) T/* (Sg)) Lk

Lj = =S(B)=Lij = =" (B /" (B L

this can be computed more explicitly using the relation (see e.g. Equation (126) in
(291

AB) = F BB F;,' 1 = F (BRMIS®S)HF . (175)
B.3 (a) Family of Parabolic Cylinders
Proof of Proposition 4

Since L3 and L33 are commuting anti-Hermitian vector fields it follows that F is a
unitary abelian twist on Ug. We find S(8) = exp(—ivLi2L>3), and

L'5L» = LipL}y +nLysL}y!

for all n > 0, since [L13, L12] = L3, [L13, L23] = 0. This implies

F(Li2®1)

(iv)"
Z . ——L}5L12® Ly,
n=0

o V) e e ()" ]
=L12®1+Z P L12L13®L23+Z nL23L3 ® L7,

n=1 ’

(l )nl
- D!

(L2 @ D)F 4+ iv(Lrz ® L23) Z Lrlz3—1 ® L;;l

=Lp®DF +iv(ln ® L23)}',

Ar(L1p) = F(Ln®1+1®L1n)F ' =Lp®1+1® L1z +ivLy ® Lo,

where in the last equation we use F(1 ® L) = (1 ® L1»)F since the second leg of
the twist is central. Moreover F(L13 ® 1) = > o2 (’:,) L”‘H QLY =(Liz®@DF
and F(L3 ® 1) = (Lo3 ® 1).F show that Ax(L3) = A(L13) and Ar(Ly3) =
A(L23). We have thus proved the claimed coproducts A z(L;;). Next, the latter and
the antipode property u[(Sr ® id)Axr(g)] = €(L;;)1 = 0 easily determine the
twisted antipode S#(L12) as in (110), and other ones Sz(L;;) = S(L;j) = —L;j.
Furthermore, since the L3 contained in the second leg of the twist commutes with
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Ly¢ we conclude that L;j x Lyg = L;jLie and [L;j, Lgels = [Lij, Lge] forall 1 <
i <j<3and1 <k < £ < 3. For the same reason one gets forall 1 <i, j, k <3

xi*ijinij, Si*ijZEiij, 0; x Ljx = 0; L ji.
On the other hand by (109) we obtain
Lij * xk = Lijxk—ivbe,-j3512‘L23, Lij *EkZL,'jgk, Lij* 0 = Ljjok,
xwxd = xixd —ivbs)(Sib+8ix"), %0, = 0;9;, &« =glE),
O xx) = xI0; +ivb8i8)03,  x'xd;=x0;,  E xd; =&,
Elaxl = xJgh —ivbsise!,  xiw&l =xgl, g x8l =08,

forall 1 < i, j, k < 3. The commutation relations respectively follow. Furthermore
this means we can express the generators of the Lie algebra in terms of the twisted
module action, namely Lo = x'8, = x' % 8p, L13 = x'93 + bd; = x' x 33 + bd;
and Loz = bdy, while fo(x) = $(x1)? —bx® —c = dxlwx! —bx3 — ¢, df. =
xlel —pgd = xV x g — b3 and

€Ik fiLj = 2(x" Loz — bL12) = 2(x" % Loz — bL12)

hold. Again by (109) L12Lo3 > x' = 0, LisLy3 > & = 0, L12Lo3 > 9; = 0 for all
i = 1,2,3, which implies that the *-structure on Q¢ remains the same as on Q?\/L,:
*, = *.

B.4 (b) Family of Elliptic Paraboloids
Proof of Proposition 5

Since Li3, L3 are commuting anti-Hermitian vector fields F is a unitary abelian
twist on Ug. By a direct calculation one finds § = S(B) = FS(F1) =
exp(—ivL13L23). The commutation relations (114) also imply FA(L13) =
A(L13)F, FA(Ly3) = A(Ly3)F, resulting in A r(L13) = A(L13) and A r(L13)
A(L13), respectively. Moreover,

L' Lip = Lol +nlosLly',  and  LiL1 = LipLh —naLizLhs !

for n > 0, which follow by iteratively applying (114). Then

@"
FLi2®1) = Z o ——L3Li» Q@ LY,
n=0 :

= L12®1+Z( »)"

n=1

= (Ln®DF +iv(Ly ® Lxs)F,

LipL}, ® L + Z nL23L”3 "o L2,
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X eo\n
(2%
FA® L) =1®Lin+ Z %L'ﬁ ® L53L12

n=1

(i

>, (iv)" >
1®L12+Z ' L'1'3®L12L§3—a2
’ n=1

DI e L L)
" P 13® Li3Lys

n=1

= (1®L;p)F —iva(Liz® Li3)F

imply (117);. The twisted antipodes (117); follow using the properties p o (Sr ®
id)oAr =noe = no(id® Sr) o A r. The twisted tensor and star products coincide
with the untwisted ones as soon as one of the factors is L3 or L;3. This is because
the latter commute with both legs of the twist. Among all star products of generators
of g only the one

o .
(—=iv)" .
LipxLip = Z . (L3> L12)(L53 > L12) = Li2L12 +ivalaLy3
n=0 ’

is different. By a similar direct calculation one can prove (118). The latter imply (119-
120) and that the submanifold constraints coincide with their twisted analogues,
namely (121) holds. The twisted star involutions coincide with the untwisted ones,
since L13Ly3 > x! = L13Lo3 > & = L13L3 > 9; = 0. This concludes the proof of
the proposition.

B.5 (c) Family of Elliptic Cylinders
Proof of Proposition 16 in [32], see Section 4.3

Since [d3, L12] = 0 and 03, L1 are anti-Hermitian, 7 = exp(ivdz ® L12) is
a unitary abelian twist on Ug. As 03, L1» commute with both legs of the twist,
Ar(d3) = A(33), Ar(L12) = A(L12), SF(@3) = S(33), Sr(L1n) = S(L12)
and all twisted tensor and star products as well as Lie brackets where one of the
factors is 93, L12 coincide with the untwisted ones. Furthermore the star products
of xi, &7, 9%, L1 coincide with the classical ones unless the first leg of the twist
acts on x°. Consequently, (115)p—¢ implies (124) and the equations (125) coin-
cide with their classical analogues. The twisted star involutions are trivial since
BLpp>xl =KL > Ei = d3L 12 > 9; = 0. This concludes the proof.

B.6 (d) Family of Hyperbolic Paraboloids
Proof of Proposition 7

The anti-Hermitian vector fields H and E satisfy (133), which implies that 7 =
exp(H /2 @ log(1 + ivE)) is a unitary Jordanian twist on Ug. We note that

E"H =HE™ —2mE™
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for all m > 0, which follows by iteratively applying (133). In particular this implies

1og<1+ivE)H:_Z#Em HZ( iv)" EmHZ( )"

m=1 m=1

)

o0
= Hlog(1+ivE) +2(—iv)E Z:(—ivE)m_l = Hlog(1+ivE) —2ivE
m=1

1
1+ ivE

where we have made use of the expansions

o]

. (—ivE)"
log(l—{—ivE):—ZT, 1+lvE Z (—ivE)™.

m=1 m=0

Both are well-defined in the v-adic topology. Applying this result iteratively we
obtain

VE
[log(1 + ivE)"H = H[log(1 + ivE)]" — 2n—~=—[log(1 + ivE)]""!
1+ivE

for all n > 0, whence

1 (HY .
FA®H) = E ] (?> ® [log +ivE)]"H
n=0 "

S (Y @ tpoga + v 23 (1) & ot 1 iveyp-
= — (= o v - — = ——lo v
n \ 2 S n \ 2 T+ivE ev !

n=0 n=1

ivE
= 1Q H)F - <H® 1+qu>f
This and F(H®1) = (H®1)F determine A x(H) as in (137). For the twisted
coproduct of E we first remark that (%)n E=E(Z+ 1)" for all n > 0, which is
proven by induction. Then

1 (H\"
FE®1 = Z; (?> E ®log(1 +ivE)"
n=0

—(E®1)Z < +1) ® log(1 + ivE)"

= (E®1)exp ((g + 1) ® log(1 + ivE))

= (E®@exp(1®log(1+ivE))exp (H ® log(1 + lUE))

=[EQ A +ivE)]F
This and F(1QE) = (1QE).F determine A z(E) as in (137). Similarly one proves

H
FE'®1) = (E'®@1)exp(—1®log(1+ivE))exp (3 ® log(1+ qu))
=(E® ! F (176)
- 1+ivE
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and F(1QE'") = (1QE’)F, which determine A z(E’) as in (137). Next, it is straight-
forward to check that the coproducts A x(g), with g = H, E, E’, and the antipode
property u[(Sr ® id)Ar(g)] = €(g)1 = 0 determine the twisted antipodes Sr(g)
as in (137). To compute the twisted tensor and star products we first make only the
first leg fl of F to act on its eigenvectors H, E, E’, ut, 9; (generators of Ug and of
Q), and find

?1I>H®?2 = H®I,
FioEQF, = EQexp(—logd+ivE) =E® (1+ivE)"!,
FivE'®@F, = E' @exp(log(l+ivE)) = E' ® 1+ ivE),

_ . _ . )\' . Aj
Fivu @ Fy = u' ®exp (—élog(l—i—ivE)) =u'A+ivE) 72,

_ — A; A
Fio 0, @ F2 = 8 ®exp (Ellog(1+ivE)> =0, @1 +ivE)?,

forall u’ € {y', n'}, 1 <i < 3; note that the exponents +1; /2 take the values %1, 0.
This simplifies the computation of the action of the second leg F; on the second
factor; using (133) and (136) and noting that only the terms of degree lower than two
in the power expansion of 1/(1+ivE) contribute to its action on the H, E, E’, ut, o,
by a direct computation one thus finds the star products (138-140). In particular the
twisted tensor and star products are trivial if H, u> or 33 appears in the first factor. The
twisted commutation relations (141)-(142) and the twisted submanifold constraints
(143) follow. For the twisted star involution note that

P o HY' N TN R,
S(B) >y :Z;[log(lerE)] —5 ) By = A+ vE) T ey =y 4+ iv2bs)
n=0 "
1 HY' "
S(B) > d; =y —log(l +ivE)]" (—5> >0 = (1 +ivE)? >03; = d; —ivd;103,
n.
n=0

since E > yi = (Séy1 + 2b8£ and A3 = 0, Ap = —1, while E > 5,- = —8,-153, and
A= 1.

B.7 (d-e-f) Elliptic Cone and Hyperboloids

B.7.1 Proof of Proposition 17 in [32], see Section 4.6

From the anti-Hermiticity of the vector fields H, E and from [H, E] = 2F it follows
that 7 = exp(H /2 ® log(1 + ivE)) is a unitary Jordanian twist on U g and that the

coproducts and antipodes of H, E are exactly as in case (d). Similarly, (176) holds,
because it is only based on the relation [H, E'] = —2E’.
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To compute A z(E’) we first determine F(1QE’). We use [H, E]=2E,EE' =
E'E — H, and find by induction first that E" H = (H — 2n)E", then
EnE/ — En—lE/E _ En—lH — En—ZE/E2 _ En—ZHE _ En—lH

= E'E"—HE" '—EHE"?— ... —E"?HE—-E"'H
= E'E"+[-nH +2(0+2+...+n—D]E""!
= E'E" —nHE" ' +n(n—1)E"!

. - 2_ . .
for all n > 0, by the “little Gauss” Z:% h = *==. Consequently, using the series
expansions

X (—ivE)" 1 > 1 >
1 1HVE) = — s = _'E”’ [ _-En—]’
og(HHVE) = =3 " 1+ivE D (=ivE) (A+ivE)? 2 n(=ivE)

n=1 n=0 n=1
we obtain

. _ (—ivE)" _ (—ivE)" _ . B 2ivE
log1+ivE)H = —; ——H = ;(H 2m)=—— == = Hlog(l +ivE) hE
o (—iv)

log(1 +ivE)E' = =) ~——E"E'

n=1

0 (—iv)" 00 00
= —EY ——E"—ivH Y (=ivE)" ' +iv) (n—1)(—ivE)""!
n=1 n n=1 n=2
V2E iv
- —-H —,
(1+4ivE)? 1+ivE

E'log(1 +ivE) +
and in turn

2ivE
Hog(1 + ivE)"H = [log(1+ivE)" 'Hlog(1+ivE) — Hi%[log(l +ivE)[*!
2%

— = Hllog( + ivE)]" —2n—"F [log(1 + ivE)~!
=T Hos 1+ivE 8 ’
log(l + VE'E' = [log(l+ivEY" | E'logt +ivEy 4+ — 2 E 1Y
sty =ttty ST E T Ay Y11 ivE

2E[log(1 + ivE)]""!
= log(1+ ivE)"'E'log(1 + ivE) + L_LHoed T ivE)]

(1+ivE)?
. [og(+ivE)]*! v2E . )
—ivH—=——""— " _2(n—1)—————[log(1 + ivE)]"
v 1+ivE = Dagge leed v
2E[log(1+ivE)]""! [log(1+ivE)]*!
— .= E'log(+ivE)]" +n” —nivH
og(1+iv )] +n A1ivE)? niv 1ivE
v2E[log(1 + ivE)]" 2
—2[(n—1 — )t 1
[(m—D+m—-2)+---+1] A+ ivE)?
2 P n—1 2 : n—2
. E . [log(1+ivE)] v E[log(14+ivE)]
= E'log(1+ivE)]" P M s A e
og(1+ivE)] +"[1+ivE v ] 1+ivE nn = D4 e
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Hence
21
FAQE) =) - (
.
>

dl
n!
0

N\m

) ® [log1 +ivE)]"E

YRy

v E [log(A+ivE)]"~!
- —ivH | ——
1+ivE 1+ivE

> { E'log(1+ivE)]" +n

n=|

—n(n —1) A+ivE)?

oF + H® VE a1 H 2® V2 E -
= — —_— 1V —_— — —_—
2% 1+ivE VT | 1+ivE  \2 (A+ivE)?

On the other hand, using (%)" E =E' (% — l)n we obtain

V2E log (14+ivE)]"~2 }

! - 1 H " / - n = 1 / H 8 . n
F(E'®1) = ZH (5> E' ® [log(1 +ivE)]" = ZEE (5 71) ® [log(1 + ivE)]
n=0 n=0

/ H . _ /
=(E'®1) exp[(; —1) ®log(1+wE):| = (E ® 1+ivE>

Summing the last two equations we find that A z(E’) is as in (151). The antipode
Sr(E") follows from the antipode property u[(SF ® id)A x(E")] = 0.

To compute the twisted tensor and star products we first make only the first leg F
of F to act on its eigenvectors H, E, E’, ul (generators of Ug and of Q), and find

FisHQF, = H®1,
FirEQ®F, = EQexp[—log +ivE)]|=E® (1+ivE)~!,
Fi>E' ®@F, = E'®exp[logd +ivE)] = E' ® 1 +ivE),
Fiou ®F> = u' @exp [—%1og(1+qu)] —ui @ (1+ivE)" %, (177)
W @A +ivE) ! ifi=1,
=1{u’x1 ifi =2,
u?® (1 +ivE) ifi =3,

where u! € {yi, ni, 5’}, 1 < i < 3; note that the exponents £A; /2 take the values
+1, 0. By the first relation the twisted tensor or star products are trivial if H or

some u? is the first factor. The following two imply (153). Moreover, for all u’, v’ €
{y', n', 3"}, we find
. J . .
o W (1—ivE—2E?) > v/ ul |:v17iv <%v1728§ﬁv2>+2v26§v1] ifi =1,
u' x vl = Ju?vl = 1u2v/ ifi =2,

3 : j ) . )
wA+vE) B w? [l +iv (8] o' —28] ar?) | ifi =3.

By explicit calculations these imply relations (154-159), as well as (160), once one
notes that

ﬁeijkj}L_/k =y} E—y'E —Vay’H = y’+E—y'«E' —Jay*xH~+ivy' « H—2iv(1+iv)y' «E.
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To determine u'** = S(B) > u'* recall that 8 = F; S(F>). Then

S n
‘ i 1 H .
SB>u = (FSF)>u' = Z—log(l—i—ivE)” _— >y
= n! 2
00 1 A n ‘ " .
= Z_vlog(1+iVE)n <—E> >u'=A+ivE) 2 >u'
= n!
Yoo (—ivEY >ut fu! ifi=1,
= u = u? ifi =2,
(1 +ivE) > u’ u? —2iv/au® ifi =3.

B.7.2 Metric and Principal Curvatures on the Circular Hyperboloids and Cone

One can easily check the statements of the first paragraph of Section 4.6.1 using e.g.
the basis S := {vy, v, v3} of E, where

v1 := L2, vy i= 0283 + X3 (x 191 +x28,), v3i= V. = fin''e = x';
(178)
we have abbreviated p? = (x)2+ (x2)2. S is orthogonal with respect to g, while
S; := {v1, v2} is an orthogonal basis of E; with respect to g,, since, by an easy
computation,

e  ifi=j=1,
—Ep? ifi=j=2,
E ifi =j=3,
0 otherwise,

g, vj) = (179)

where E(x) = f/(x) f;(x) = x'x;. Since E = 2¢ on M., M, is indeed Riemannian if
¢ < 0, Lorentzian if ¢ > 0, whereas the metric induced on the cone My is degenerate.
One can easily check (161), (162) on such a S; by explicit computations. The dual
basis consists of

ol = %(x152—x2§1), 92 = Lz[x3(x1$1+x2€2)—p2€3], 93 = ldf.
P Ep E
(180)

The principal curvatures on M, are indeed —sign(c)/+/|2¢|, 1/+/|2¢|, because in the
‘orthonormal’ basis S := {ej, e2, e3}, with ¢| = Ly , ey = Y ,e3:= N, =
{e1, e2, e3} 1 PVl €2 1= g, €3 1

Ly |, one finds

VIE
1 ifi=j=1, on(E)
—sign(E) ifi = j =2, sign
gei, ej) = Si;ﬁ‘,‘z() ) rage 123 11(eq, ep) = — im g(ea, ep)es. (181)
0 otherwise,

On H, E, E’ the metric gives

g(E,E)=("Y?,  gE,E)=(0*% gH, H) =-8yly3

182
o(E.E') = E+ ()2 g(E. H) = —2y'y2, g(E', H) = —2y%,3, (182
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and the same results in the last line if we flip the arguments. To prove (165) we
use (67), (56), (177), the X-linearity of g. To prove (163) we use (67), (177). The
undeformed version of (164) follows from (162) by X'-linearity. We prove (164) using
(67), (18), the definition of R:

R,(X,Y,2) =R/(Fi> X, Fo> Y, F3> Z) = (A — B)/2c, where

= (e V)T X.F02) = (FioFoe V) g(Fi Fio X, Foe 2)
- (
(

(
= (R
= (
= (%1

!

(1)]:/ ]:1 2> Y) (?1(2)?’2’]-‘5”751 > X, Fov Z)

il

.7'—1///.7:2 > Y) g<?2(1)71,]'—é//?/1 > X, ?2(2).72, > Z)

“ \

1'R1 > Y) (fz(nf]ﬁz > X, ?2(2).f/2/ > Z) = (f]ﬁ] > Y) ?2 > g(flﬁz > X, f/z/ > Z)

ksl

>Y)xg, (R X, Z),
> X)g(For Y. P30 2) = (Fro X) g(Foo iy o ¥ Foy P o Z)

jl\

“rl \

> X) Fa g(]f1 Y, Fyo Z) = Xxg,(Y.2).

To prove (166) we note that classically V is the Levi-Civita covariant derivative
Vyxia (Y13) = X'0;(Y))d; and FE@=)(HRX) = H®X, F(-®>)(XQE) =
XQE for all X € E, while by (177), (146) FeQ-)EQH) = EQH + 2ivEQE,
FE®=)(EQE') = EQE' + ivEQH — 2V EQE, F(>Qv)(E'®H) = E'QH —
2ivE'QF and F(>®>)(E'QE') = E'QE’ — ivE'®H.

Proof of Proposition 10

[D, g] = 0 implies F(g®1) = (g®1).F for all g € g. Moreover, since F(1QH) =
AQH)F, FA®D) = (1QD)F, it follows that Ar(H) = A(H). Sr(H) =
S(H) = —H, Ap(D) = A(D), Sp(D) = S(D) = —D. On the other hand,
HE = E(H +2), HE = E'(H - 2) imply

FAQE) = exp(ivD®imes H/2)(AQE) = (1QE) explivD @ (H/2 + 1)] = (¢/"PQE)F,
FA®E") = exp(ivD ® H/2)(AIQE') = (AQE ) exp[ivD ® (H/2 — 1)] = (¢ ""PQE')F,

which together with F(g®1) = (g®1).F and u[(Sr®id)Ar(g)] =0forg = E, E’
imply (168).

[D,g] = 0 also implies F1 > g ® F» = g ® 1 for all g € g, whence g *
a =gaforalla € U g, Q, in partlcular for the o appearmg in the formulas of
the proposition. D > & = 81, D u' = u foru = = y',n' imply Fi>d®
]-"2 =0 ®6“’H/2 Fi>u'®F,=u ®e_“’H/2 whence dxa = 0 (eVH2 > @),
u' xa =u' (e "H/2 > o). Since D, H, E, E' and v, d; (generators of Q) are all
eigenvectors of H >, choosing « as each of them, we immediately find the remaining
formulae in (169-170). One finds the involution *, using the following results:

S(B) = FaS(F1) = Y02 %D" e~ svHD =
SB)>u' = e tVH >yl = emivitiyl SB) > 3 = eV > §; = e~viij;
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The gommutation relations (171), the realization of D, H, E, E’ as combinations of
y' * 0;, and the relations (172) characterizing Q ., follow from (169-170) by direct
computations.
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