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Abstract

For a system of N bosons in one space dimension with two-body §-interactions the
Hamiltonian can be defined in terms of the usual closed semi-bounded quadratic
form. We approximate this Hamiltonian in norm resolvent sense by Schrodinger
operators with rescaled two-body potentials, and we estimate the rate of this
convergence.
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1 Introduction

Short-range interactions with large scattering length in quantum mechanical systems
of bosons or distinguishable particles are conveniently described by §-potentials,
unless the space dimension is three and the number of particles exceeds two [1, 2,
6]. This has a long tradition in physics and rigorous formulation in mathematics [1,
11, 12]. Yet, a mathematical justification of such idealized models based on many-
particle Schrodinger operators with suitably rescaled two-body potentials is still at
the beginning [3, 14, 20]. In the present paper we address this problem for the sys-
tem of N bosons in one space dimension. If a trapping potential were included, this
would be the Lieb-Liniger model [15]. We show that the Hamiltonian is the limit, in
norm resolvent sense, of rescaled Schrodinger operators and we estimate the rate of
convergence.
The Hilbert space of the system to be considered is the N-fold symmetric tensor
product
H =N L*R) (1.1)
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and the Hamiltonian is formally given by

N
H=Hy—a) 8- x) (1.2)
i<j
where Hy = —A describes the kinetic energy of the bosons, « € R determines the

interaction strength, and x; € R denotes the position of the ith boson. It is well known
that H may be self-adjointly realized in terms of a closed semi-bounded quadratic
form (see Appendix C) and that vectors from the domain can be characterized by
a jump condition in the first partial derivatives at the collision planes [3, Theo-
rem 2],[15]. We are interested in the approximation of H in terms of Schrodinger
operators of the form

N
H, := Ho—gEZVS(xj—xi), >0, (1.3)

i<j
where V € L' N L2(R), V(r) = V(—r), and
Ve(r) =7 V(r/e), e > 0. (1.4)

Of course, the coupling constant g. € R will be chosen in such a way that

gg/ V(ir)dr — « (e = 0).

In the case N = 2 it is well known and in the case N = 3 it was recently shown
that H, — H in the norm resolvent sense [1, 3]. For general N > 2 we will see
that convergence in the strong resolvent sense is easily established with the help of
["-convergence. In fact, it is not hard to see that H, + C > 0 uniformly in & > 0 for
some C > 0. Let g and g denote the quadratic forms associated with H; + C and
H + C, respectively. Then g, — ¢ in the sense of weak and strong I"-convergence,
and, by an abstract theorem, this is equivalent to convergence H, — H in the strong
resolvent sense [9]. The main result of the present paper is that H, — H in the
norm resolvent sense with estimates on the rate of convergence in terms of the decay
of V. Norm resolvent convergence, unlike the weaker strong resolvent convergence,
implies convergence of the spectra [19] and convergence of the unitary groups in a
(weighted) operator norm (see remark below).

We set
_ N-2
A = L3R, dr) ® L*(R,dR) ® (X) L*(R), (1.5)
sym
where LeZV(R) C L2?(R) denotes the subspace of even functions. Here, r and R

correspond to the relative and center of mass coordinates

_ X1t x2

5 (1.6)

ri=Xx)— X|, R :
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of the boson positions x| and x. For ¢ > 0 we define a (possibly unbounded) closed
operator A, : D(A,) C 5 — I by

N —1)N
AW, R, x5, i) 1= [V 1POR = 4 R+ 5,33, 100,

(1.7)
which is nothing but the operator of  multiplication by
V(N =1)N/2 |Vs(x2 — x1)|'/? written in the new coordinates (1.6) and followed by
the (unitary) rescaling r +— er. Let J denote multiplication by sgn(V) in L%V (R, dr)
and let B, = JA,. Then

H, = Hy — g. A*B,, e > 0. (1.8)

By a general result on self-adjoint operators of this form (see Theorem B.1), if z €
p(He) N p(Hp), then'

-1
(Ho+2)"' = (Ho+2) ™'+ (Ho+ 274 (7' = ¢:))  Be(Ho+27", (1.9)

where ¢, (z) € f(i?) is given by
¢e(z) = Bo(Ho +2) 'A% (1.10)

The formula (1.9) is our starting point for proving resolvent convergence. It allows
us to generalize the methods familiar from the case N = 2 [1].
It is not hard to see that the limit

S(z) = lim Ae(Ho+2)7! (1.11)
£—

exists for some, and hence for all z € p(Hp). This is independent of the space dimen-
sion d < 3. The subtle point in two and three space dimensions, even for N = 2, is
the convergence of (g, ' — ¢¢(2))~!, which involves the cancellation of divergencies
[1,7]. Ford = 3 and N > 3 there is, in addition, a partly open problem known as
Thomas effect [4, 16, 17, 21]. In the present paper we avoid these complications by
considering d = 1 only. In this case the limit

¢(2) = lim ¢, (2) (1.12)

exists in the norm of & (,y“? ). In combination with (1.11), this allows us to take the
limit ¢ — 0in (1.9) and leads to the following theorem:

Theorem 1.1 Ler V € L' N L%(R) with V(—r) = V(r), let H, be defined by (1.3),
suppose that g = lime_,( g exists, and let « = g [ V(r)dr. Then H, — H in the
norm resolvent sense as € — 0, and

(H+2)™'=Ho+2™ +¢5@* (1 - gp(2) ' ISR (1.13)
for z € p(Ho) N p(H). If, in addition, f [PV (r)|dr < oo and |ge — g| = O(&%)
for some s € (0, 1), then |(H +2)~' — (Hs +2)7!|| = O(e*) as e — 0.

'Note our definition of the resolvent set at the end of this section.
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Remark
1. The norm convergence established by this theorem implies that

e el —e ™ HYH + )7 -0 (e 0),

uniformly on compact (or growing, if s > 0) time intervals. In contrast, strong
resolvent convergence implies a similar result in the strong operator topology
[18].

2. The operators ¢(z) and S(z) depend on V and so the left hand side of (1.13)
seems to depend on V as well. This apparent dependence may be removed
by integrating out the potential in the second term of (1.13), see Section 5. In
particular, this term vanishes if [V (r)dr = 0.

Our proofs of (1.11) and (1.12), and hence of Theorem 1.1, rely on explicit expres-
sions for the integral kernels of A.(Hp + z)~! and ¢:(2) in terms of the Green’s
function G7 of —A + z in R". This procedure is fairly involved in the case of
() =D ;i i #¢ (z) because the kernel of ¢’ (z) depends on the pair (i, j) of parti-
cles. The bosonic symmetry is lost, in part, because of the symmetry breaking choice
(1.6) of coordinates. Once we have shown convergence of the resolvent (H, + 2L
to conclude the proof of the first statement of the theorem, it suffices to show that
H, — H in the strong resolvent sense. By a general theorem [9], this is equivalent
to strong and weak I"-convergence of the associated quadratic forms ¢, and g, which
we prove in Appendix C.

Important elements of our approach, such as the representation (1.8) and the Konno-
Kuroda formula (1.9) are independent of the space dimension and the statistics of the
particles. A result similar to Theorem 1.1 for (distinguishable) particles with short-
range interactions in two dimensions is in preparation (see also [14]). This is related
to, yet distinct from work described in [11-13], where two-dimensional systems with
contact interactions are approximated by systems with ultraviolet cutoff.

A result similar to Theorem 1.1 for three distinct particles in one dimension was
previously established in [3]. The proof in [3], however, relies on Fadeev equations,
which do not generalize to N > 3. In another closely related work, the Lieb-Liniger
model with repulsive §-interactions is derived from a trapped 3d Bose gas with non-
negative two-body potentials [20].

The proof of Theorem 1.1 is given in Section 5. Sections 2, 3 and 4 provide all
preparations apart from generalities, which we collect in the appendix. In Appendix
A we collect the basic properties of the Green’s function G7 along with some
nonstandard inequalities. In Appendix B the Konno-Kuroda formula (1.9) is estab-
lished in an abstract framework, and in Appendix C we prove the I'-convergence

qde — 4.

Notations In this paper the resolvent set p(H) of a closed operator H is defined as
the set of z € C for which H + z : D(H) C s — JZ is a bijection. This dif-
fers by a minus sign from the conventional definition. The LZ-norm will be denoted
by || - ||, without index, while all other norms carry the space as an index, as e.g.
in||Vi.
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2 Auxiliary Operators

This section defines auxiliary operators that will be helpful in the proofs of (1.11)
and (1.12).

The change of coordinates (1.6) is implemented by the coordinate transformation
JH . I — F defined by

(HW)(r, R, x3,..xy) =W (R—5, R+5,x3, ..., xn). 2.1)
It follows that % : J# — A is given by
~ 2 ~

* = + — .

(AW (X1, ooy XN) = m;\lj(xl Xi,

Xi +xj
2

, X1, ...x,-...x.,'..., )CN) B

2.2)
where the hat in %; indicates omission of this variable. Since terms arising from dis-
tinct pairs (i, j) in (2.2) will be treated separately later on, we further introduce for
1 <i < j < N the operator Ji/l]* : # — L*(RN) by

xi_'z_xj,xl, ...)Ei...)?j...,xN) (2.3)

The asterisk in ji/l]* is part of the notation, which reminds us of the decomposition

* 2 *
KX _mZ%j. (2.4)

i<j

(%f}k"f’)(xl, e Xy) =W <xj — Xi,

It does not have the meaning of adjoint.
Letnow V € L' N L2(R) be a given even potential, let v =~|V|]/2 and let u =
sgn(V)v so that V = vu. Let U, denote the unitary scaling in .7 defined by

(Ue®) (r, R, X3, ooy xn) 1= 2 W (er, R, x3, ..oy XN). 2.5)
The closed operator A, : D(A;) C 5 — A defined by

Ap 1= /@@@ Ve VU, (2.6)

agrees with (1.7). With the help of (2.2), it is straightforward to verify that

N

N —1)N

D Velwj —xi) = %%*(Vg @ 1).H = A*B, 2.7)
i<j

on D(Hp), which proves (1.8). It follows, in particular, that A} B, and A} A, are

infinitesimally Hp-bounded. Hence Theorem B.1 applies to (1.8), which justifies

(1.9).

3 The Limit of A.(Ho + 2)™"
In this section the limit of A,(Hy + 2)~! : # — A ase — 0is computed

assuming V € L!(R) only. The rate of convergence is estimated in terms of the decay
of V at r = oco. While A, will be an unbounded operator in general, the operator
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A, (Ho+2z)~!is bounded as will be seen. In this section the restriction to d = 1 space
dimension would not be necessary, all arguments go through for general d < 3.

The Laplacian Hy expressed in the relative and center of mass coordinates (1.6)
reads

Ho = —2A, — ﬂ+ZN:—AX.. 3.1)
2 i=3 l
In terms of the coordinate transformation .#” from (2.1) this means that
H(Hy+2)"'=Ho+2) ¥ (3.2)
Hence, (2.6) implies that
Ac(Ho+2)7 ! = M To(2) A (3.3)

with an operator T (z) in A defined by
T.(2) = (0® ) e U (Hy +2)7". (3.4)

It remains to prove existence of lim;_, ¢ T (z).

Upon a Fourier transform in (R, x3, ..., x5 ), the operator (3.4) acts pointwise in
the associated momentum variable P = (P, P3, ..., Py) by an operator T, (z, P) that
is given by

—1
T.(z, P) = % we e 12U, (—Ar 4 X J; Q) , 3.5)
p2 Y
Q=+ > P (3.6)
i=3

The integral kernel associated with T, (z, P) is
1
3 v(r) G%(z+Q) (er —r'), 3.7

where G;, = G/l\ denotes the Green’s function of —A + A : H2(R) — L?(R), which
is explicitly given by
exp(—v/A |x])
P/
Since G, € L*(R), the assumption that V € L'(R) (and thus v € L?(R)) implies
that T¢(z, P) is a Hilbert-Schmidt operator. Let Ty(z, P), and thus Ty(z), be defined
by (3.7) with ¢ = 0. We expect that T, (z) converges to To(z) as ¢ — 0. Lemma 3.1
and Proposition 3.2 below are concerned with this convergence. The first step is to

show that it suffices to consider potentials V with compact support. For this purpose,
we introduce for any k > 0 the cutoff potential

Gu(x) = A > 0. (3.8)

Vv if x| <k
Vi(x) = {0 otherwise 3.9)
and we set v (r) = |Vi(r)|'/2. By T: x(z) and Tp r(z) we denote the operators

T:(z) and Tp(z) with v replaced by v, respectively. The kernels of T; x(z, P) and
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To.k (z, P) are given by (3.7) with vy instead of v. The next lemma shows that 7 x (z)
is close to T (z) uniformly in ¢ > O for large k > 0.

Lemma 3.1 Letk >0,& > 0and z > 0. Then
1 2
I7:(2) = Tea @1 < 5 1V = Vell 1G22 (3.10)

Proof Letk > 0 be fixed and note that v — vy = |V — V| 172, Hence, it follows from
(3.7) that the kernel of T, (z, P) — T x(z, P) reads

1
V@) = VeI Gig (er =) (3.11)
with Q > 0 defined by (3.6). The L2-norm thereof is
1 1/2
SV =Vill G gl (3.12)

T (z, P) — T x(z, P) is bounded by the right side of (3.10), which is independent of
P. This proves the lemma. O

where [G1 ..o = Gzl by (3.8). Hence, the Hilbert-Schmidt norm of

Remark From (3.10) with k = 0 or directly from (3.7) it follows that Ty(z) is

bounded with | o
171 < 5 IVIIG: 2. (3.13)

Proposition 3.2 Let z > 0. Then T.(z) converges in operator norm to To(z) as
& — 0. If the condition fdr |r|2‘v |V (r)| < oo is satisfied for some s € (0, 1], then
IT:(z) — To(2)|| = O(e’) as & — 0.

Proof We first assume that fdr |r|2s |V (r)| < oo for some s € (0, 1]. For fixed P,
it follows from (3.7) that the difference T, (z, P) — Top(z, P) is associated with the

kernel |
S () (G%(HQ)(sr—r’) —G%(HQ)(#)), (3.14)

where Q > 0 is defined by (3.6). Using Lemma A.2, the L2-norm thereof can be
bounded by

172
(f dr Ir* |V<r)|) sup ((elr)
r#0
s 1/2
= 5 (farrewen) (-

Gl =)= Glyg H)

| @,

Gop(+3) = Gepa). (3.15)

X

where the right side is independent of P. To prove that ||T:(z) — To(z)|| = O(e®)
as ¢ — 0, it is thus sufficient to show that for every A > 0 there exists a constant
C (L) > 0 such that

VieR: HGA( +x)— GAH < C()min(l, |x|). (3.16)
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Using that G, € L2(R) and G, (p) = (27)~/2(p? + 1)1, a Fourier transform
together with the elementary inequality |exp(ipx) — 1| < min(2, | p||x|) yields

= —-1/2 lexp(ipx) — 1> 1/2 '
3.17)

where

) 172
L —1/2 2 -2 p—
C(h) = (2m) max(4fdP(P +2) ,/dp (p2+)v)2>

— max ()\*3/4, (16x)*1/4). (3.18)

This proves (3.16) and hence the second part of the lemma.
In the case of general V € L!(R), we use an approximation argument together
with Lemma 3.1. This reduces the proof to showing that

Hmo Tek(z2) = Tok(2) (3.19)
e—
for every k > 0. But this is clear from the above because f 7|2 | Vi(r)| dr < oo. O

Remark Proposition 3.2 implies that the limit

(N — DN

> To(z) X (3.20)

S(z) = lim A.(Hy+2)"' =
e—0

exists for every z > 0.

4 Convergence of ¢.(2)

In this section, as in the previous one, the assumption V € LI(R) will be féufficient.
It ensures that A, is a densely defined, closed operator from # to - and that
As(Ho + z)~! is bounded. In the following S(RY) denotes the Schwartz space and
all operators are introduced on the subspace S(RV) N .# < D(A}), which is dense
in j? We will see, however, that some of them have bounded extensions.

Let z > 0 be fixed. In view of the identities (1.10), (2.4), and (2.6), we have the
decomposition

¢e(z) = Bo(Ho+2) " A}
N(N -1
= %8_1(14 ® DU (Hy+2) ' AU (v ® 1)
= D W DU (Ho+2) AU )
I<i<j<N
= Z oY (2), 4.
1<i<j<N

which defines the operators ¢ (z) : S®RV) N # — L*®RN)for1 <i < j < N.
For the further analysis of these operators, we fix a pair (i, j) with 1 <i < j < N
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and we compute the kernel of ¢£j (z) in terms of the Green’s function GQ’ of
—A+7z: H3RYN) > LIRY). Inserting the defining relations (2.5), (2.1), and (2.3)
for U,, % and ]5?]*, respectively, we obtain that

(67 @®) (. R 23, o)
= sflu(r)/dxin-dx}, G?’(R—%’—xi,R+ 5 — x5, x3 — X} ..,xN—x},)

!/ ! ! 4 ! /
X, — X x.—x x:+x\ o~ o~
J i J i i J / / /
XV (o] , s X5 oo X xN
& £ 2 J

= u(r) /dx{ —dxy dr’ AR GY (R—5 —x|, R+% —xb, x3—x}, ... Xy — Xy)

A

xv (') @ (r’, R}, o]k ) S({—R + %) s —R' =), (42)
Here, the second equation results from the substitution
oo x}—x;’ R — x[{—|—x}’
£ 2

where two more integrations, which are compensated by the two §-distributions, were

introduced. A priori the operators d)éj (z) (1 <i < j < N) are all unbounded, but we
will see in the subsequent lemmata that they all extend to bounded operators given
by the same integral kernels. Hence, we expect that they converge to the (formal)

limit operators ¢6’ (z), which are defined in terms of the corresponding kernels with
& = 0. In the following, we prove that this is indeed the case. For this purpose, we
divide these operators into the three groups (i, j) = (1,2),i € {1, 2} and j > 3, and
{i, j} C {3,..., N}, and we analyze these groups separately.

4.1 The Limit of ¢2(2)
For the kernel of ¢g2(z) we shall not use (4.2) but instead we derive a simpler
expression as follows. By the defining expression in (4.1) and by (3.2),

2@ ='W DHU(Hy+2)"' U @ 1) (4.3)

because % %5 = 1 in L2(RM). It follows from (4.3), after a Fourier transform in

(R, x3, ..., xn), that the operator qb;z(z) acts pointwise in the associated momentum
variable P = (P, P3, ..., Py) by the operator

-1
_ z+
2z, P):=Qe) w1 U, <—A, + Q) U (v®1), (4.4)
where Q > 0 is defined by (3.6). This operator has the integral kernel
1
= u(r) Gliro) (er =) v(r), 4.5)

where G, = G1 denotes the one-dimensional Green’s function, which is explicitly
given by (3.8). Due to the facts that u, v € L2(R) and G ; 110) is bounded, we see

that qbsz(z, P) is a Hilbert-Schmidt operator and we expect, and prove below, that
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lima—.0 ¢!%(z) = $}(z), where ¢}?(z, P) is defined in terms of the kernel (4.5) with
& = 0, which is

1 ,

u(r) T O v(r’). 4.6)
As in the previous section, the first step in the analysis of the limit ¢ — 0 is to
reduce the problem to the case of compactly supported potentials. Let V; (kK > 0)
denote the cutoff potential introduced in (3.9) and let ¢;2k (z) and ¢>(])’2k (z) denote the
operators ¢£12(Z) and ¢62(z) with V replaced by V. The corresponding kernels are
given by (4.5) and (4.6), respectively, with the substitutions u — u; and v — vy,
where vi(r) = |Vi(r)|"/? and ugx (r) = sgn(Vi () vk (r). The next lemma shows that
¢;2(z) and ¢62(z) define bounded operators and ¢;3€(z) is close to ¢;2(z) uniformly
in ¢ > 0 for large k > 0.

Lemma 4.1 Let z > 0 and ¢ > 0. Then ¢312(Z) extends to a bounded operator from
H to L*(RN) satisfying the norm estimate

1621 < @vV22) " VIl 1. (4.7)

Furthermore, for any k > 0, we have the estimate

16222) — g3 @1 < @YD IV — Vil 2. 4.8)

Proof For fixed z > 0, ¢ > 0 and P, it follows from (4.5) and the L°°-bound
-1
1G1r0) e = (V22) 4.9)

that the Hilbert-Schmidt norm of ¢!2(z, P) is bounded by the right side of (4.7),
which is independent of P. This proves the first part of the lemma.

For the second part of the lemma, we note that ¢812(z, P) — ¢;2k(z, P) has the
kernel

% (urv(r') — up(ryve(r")) Gliro) (e(r—=1)). (4.10)
With the help of (4.9) and the relation
(u(r)v(r’) — uk(”)vk(”/))z = |V@E)VED] = Vi) Vi1, (4.11)

we see that the L2-norm of (4.10) can be bounded by
1/2
2v2)~! ( / drdr’ V(v )| - |vk(r)vk<r’>|)

1/2
= v~ (IVIE = 1%,

_ 1/2 1/2
< @ IVILZIY - Vel

This shows that the Hilbert-Schmidt norm of ¢}*(z, P) — ¢3(z, P) is bounded by
the right side of (4.8), which is independent of P. Hence, (4.8) is established. L]

Now, we can prove that ¢52(z), which is defined by the kernel (4.6), is the limit of
¢ (2):
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Proposition 4.2 Let z > 0. Then ¢, 12(2) converges in operator norm 1o ¢, 2(z) as
e — O.If [ dr [r|* |V (r)| < oo forsomes € (0, 1], then |$}*(2) —¢ > (@) | = O (&)
as e — 0.

Proof Let us first assume that fdr Ir|% |V (r)| < oo for some s € (0, 1]. Then we
note that the kernel of ¢.?(z, P) — ¢}*(z, P), for z > O and P € RV~ fixed, is
given by

240 (G i) (60 =) = Gy ) ) 00, 4.12)

With the help of the elementary inequality 1 — exp(—x) < x*, which is valid for
x > 0, and the explicit formula (3.8) for G, we find that

IA

273'7](Z + Q)s7]82S|V _ r/|25
Z_IZS_ISZS(|V|2S + |r/|2S). (413)

Using this to estimate the Hilbert-Schmidt norm of ¢}*(z, P) — ¢}?(z, P), we find
that

2
)G%(HQ)(W_”) ~ Gl O

IA

825 3
22 (z, P) — ¢p*(z, P)II* < ol Vil / dr [r[® V() (4.14)

which proves the second part of the lemma.
In the case of general V € LI(R), by Lemma 4.1, it suffices to prove that
lim ;% () = ¢o% (2) (4.15)

for every fixed k > 0. This is clear from the above because [ IF|% | Ve(r)| dr <
0. O

4.2 The Limits of ¢€’ (z)and ¢€’(z) forj >3

Next, we discuss the operators d);j (z) and ¢3 J (z) with j € {3, ..., N}. Their kernels
are derived from (4.2): after the evaluation of the §-distributions in xi and x ; followed

by the substitution x} — x;, we see that the kernel of ¢glj (z) reads

u(r) Gév (X;j, x3 — x5, x,/—\x; XN — x;\,> v(r/) , (4.16)

where
X! :=(R—R/—E(”) R—l———x],x,-—R/—%). @.17)
Hence, ¢6 (z) simply acts by convolution in the variables (x3,...X;..., xn). Conse-
quently, it follows from Lemma A.1 (V1) that ¢£ (2) acts p01ntw1se in the associated
momentum variables P;= (P, .. ., Py) by an operator qbg (z, P; ) with kernel
u(r) G2, (X;/') V(). 0= Z P2, (4.18)

t#/
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This kernel depends on the three-dimensional Green’s function, which is explicitly
given by
exp(—y/Z Ix])

3
G: () = 47 |x|

, 0£xeRz>0. (4.19)

Similarly, the operator ¢52 j (z) acts pointwise in P ; by the operator ¢§j (z, P;)
with kernel . '
u(r) Gy, (ng) v, (4.20)

where ‘ , )
X = (R-R+ D R-g —xf - R =%).  @2D)

A comparlson of (4.18) and (4.20) shows that the kernels of the operators ¢8 (z)
and ¢5 () only differ by the reflection r — —r. Hence, it suffices to consider the
operators ¢>s (z) henceforth.

In Lemma 4.4, we will see that ¢8 (z) and qbg (z) extend to bounded operators

Hence we expect that they converge to the formal limit operators q’)o (z) and q’)O (2),
respectively, which are defined by the corresponding kernels with ¢ = 0. The next
lemma explains the norm bounds in Lemma 4.4:

Lemma 4.3 Let z > 0. Then the operator F; : L2R?» — L*RY defined by the
integral kernel K (x, y; x',y') = G3 (x —x', x —y', y — x') is bounded with

IF.l < 2v2)~h

Proof Applying the Schur test yields

sup (/dx’ dy' G (x —x',x =y, y— x’))
X,y

/ dx’dy’ G2 (0,y,x') = 2V~ 4.22)

I F2 I

IA

IA

In the second inequality we first made a substitution and then used that Gg (x) is
decreasing as a function of |x|. The integral can be evaluated directly or with the help
of (A.3). O

The first step in proving that d)(l)] (z) = lime 0 (z) fori € {1,2} and j €
{3, ..., N}1is again a reduction to compactly supported potentials. For this purpose, let
gb;] +(2) (¢ = 0) be the variant of ¢ (z) with the potential V replaced by the cutoff
potential Vi from (3.9). The next lemma is the analog of Lemma 4.1:

Lemmad.4 Letz > 0,6 >0,i € {1,2}and j € {3, ..., N}. Then ¢£”(z) extends to
a bounded operator from A to L%2(RN), which satisfies the norm estimate

195 @)l < @V VI (4.23)
Furthermore, for any k > 0, we have the estimate
167 (2) — ¢ @Il < W2 VIV = Vil 7. (4.24)
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Proof Without loss of generality, we may assume i = 1. The proofs of (4.23) and
(4.24) are similar: in both cases we have to estimate the norm of an operator that, for
fixed P, = (P3, ...Pj..., Py), is given by a kernel of the form

W) G, ( 11)

Explicitly, we have W(r,r") = u(r)v(r’) in the case of (4.23) and W(r,r") =
u(r)v(r’) — ug(r)ve(r’) in the case of (4.24). Therefore, we only demonstrate the
desired estimate in the case of (4.23). For fixed W, the Cauchy-Schwarz inequality in
the r’-integration yields

2
6. 2w = [araras,

= /drdeXj

< /drdeXj {/dr' W(r, r')z} /dr

< {/dr dr’ W, #)2} - sup (/dr’dR dx;
r

where

/dr’dR’dx; W(rr) Gl o (X)W R, x))

2
[dr’ W, r') /dR’ dx} Glyo, (X)W R X))

2
' /dR’dx} Glio,(XHW(' R x))

/dR/ dx} Gy, (X)W R, X))

2
), (4.25)

/dr dr' W, r')> = | VI3, (4.26)
In the case of (4.24), the identity (4.11) implies that
/dr dr’ W e = IVIZ = Vi3 <20V lV = Vel (4.27)

The rest of the proof of (4.24) is the same as for (4.23).
We continue estimating the right side of (4.25). For fixed r, 7’ € R and P j» the

sequence of substitutions R’ + s(r NN R.xj—er' + 5§ — xj, x - > ¥

J
leads to

/dex,
=/dex,-

= |Fero, ¥0". | 4.28)

2
dR' 4} G2, (XV) W0, R X))

2

AR dx; G2y (R = R\ R =), x = R) (7, R, x))

with the integral operator F.1o, € Z(L*(R?)) from Lemma 4.3 and U e L2(RY)
defined by
U(r', R, Xp)=w (r/, R — —S(r;r/),x} + %r) .
_From the estimates (4.25), (4.28) and Lemma 4.3 together with the fact that ||| =
|||, it follows that

l6: 2 WP < (42)™! / drdr W) 92,
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where the right side is independent of P ;- Hence ¢81j (z, P;) extends to a bounded
operator in L?(R3) and in view of (4.26) its norm is bounded by the right side of

(4.23). This completes the proof of (4.23). The proof of (4.24) is similar with the only
exception that (4.26) has to be replaced by (4.27). O]

After these preparations, we are in position to prove:

Proposition 4.5 Letz > 0,i € {1,2} and j € {3, ..., N}. Then ¢£j (z) converges in
operator norm to ¢6] (z)ase — 0. Iff dr |r|23 |V (r)| < oo for somes € (0, 1), then
¢ (z) — @3 )l = O(e*) as & — 0.

Proof Again, it suffices to consider the case i = 1. Let us first assume that
fdr |r|25 |V (r)| < oo for some s € (0, 1) and let

1(V,s):= /dr 1+ |r|23) [V(r)|. (4.29)
Observe that ¢;j () — ¢éj (z) acts pointwise in P j by the kernel

u(r) (G§ 1o, X0 —Glp, (Xo)) (), (4.30)

where X, := Xslj for short. Using the Cauchy-Schwarz inequality in the r’-
integration, we obtain for fixed ¥ € Lz(]R3 ) that

[(ec.ep o pp) el

= /der(r)\/dexj

[Vl
1+|r/|2s

2

/ dr' v(r) / dR’ dx] (G§+Qj (Xe) - G;Q,(Xo)) ¥(X"

2

IA

1V, s)/dr dr’ dR dx; @.31)

/dR’ ax) (Glg, (X0) = Gy, (X0) ) W(X)

where X' := (v, R/, x;.) for brevity.

For a further estimate of (4.31), we consider for fixed r,r’ € R, Q j = 0and
¢ > 0 the integral operator F, r.0j.e in L? (Rz, d(R, x j)) that is defined in terms of
the kernel

3 3
GZ-‘er (Xe) — Gz+Q_/- (Xo)

= Gy, (R—R’—“’—;”),R+87’—x},x,—le’—%”)
~Glo, (R=R.R=xj.x; = R').

We are going to estimate || Frr 0 || with the help of a Schur test. To this end, we
introduce for ¢ > 0 the intermediate point

Xeo = (R—R/—E(r_;"/),R—x},x]-—R/>.
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Using the properties of the Green’s function (see Lemma A.2),

sup (/dR/ dx’ ’G§+Qj (Xe) — G?+Q, (XO)D
R,x‘,-

sup (/dR/ dx
R,xl-
sup (/dR/ dx
R,Xj

IA

G3(X,) — G;j(xg,o)D + sup (/dR’ d’
R,x.,'

G3(Xe0) - Gﬁ(xo)\)

)

IA

G (0.R =)+ 5.5, — R = %) = G2 (0.R = x}.x; = R)

+sup(/dR/dx} Gg(R—R/—@,R—x},o)—Gg(R—R/,R—x;,o)D
R,.‘Cj
< /dR/dx; G3 (0.4)+ 5. R = 4) - 63 (0.4}, R

3 r=r) 3
GI (R = 52, x],0) - G3 (R', ;. 0)

, 4.32)

+ /dR' dx;-

where we substituted (R — x;.) — x}, (xj — R’) — R’ inthe firstand R — R' —
R, (R — x}) — x;. in the second integral. From (4.32) and a similar estimate with
the roles of (R, x;) and (R’, x}) interchanged, we conclude, using the Schur test, that

IFrr0;.6l <2 sup /dx ’Gg(x +ey/2,0) - G2(x,0)| | . (4.33)
Iyl <Ir|+1r|

Hence, Lemma A.3 implies that || Fy.,» ¢, « 1> < Ce(|r|*+|r'|**) for some constant
C = C(s,z) > 0, which does not depend on r, r’/, Q; and . Using this in (4.31)
results in

(0¥ p—aicpp) e

Vv
I(V’ S) /drdr/ ﬂ
1+ |r/|2s

Ce¥ 1V, )% |V]|?,

2
|

IA

” Fr,r’,Q_/-,sq"(r/v -)

IA

where I (V, s) is defined by (4.29). As the right side is independent of P ;, this proves
the second part of the lemma.

If the assumption f dr |r|2s |[V(r)] < oo is not satisfied, then the proposition
follows - by an approximation argument - from Lemma 4.4 and from the fact that
1(Vg,s) < oo for finite k. O]

4.3 ThelLimitof¢’(z) 3 <i <j < N)
So far, we have discussed all the operators ¢>£j () tha}t occurinthecase N < 3.If N >

3, there are, in addition, the contributions from ¢fgj (z) with {i, j} C {3,...}. Given
such a pair (7, j), we determine the kernel of ¢é] (z) from (4.2). After evaluating the
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8-distributions in x; and x} followed by the substitutions x| — x; and x} — x/ lwe

see that ¢>éj (z) has the kernel

—_—

N ij / / / / /
u(r) G, (Xef, X3 = X3, oo X = X[ Xj = X, XN —xN) v(r ) , (4.34)
where we made use of the shorthand notation

X’J:—(R———xf,R+%’ Xoxi— R+ % xj - ’—%). (4.35)

After a Fourier transform in (x3,..xj...x j...,xN), property (vi) of Lemma A.l
implies that ¢éj (z) acts pointwise in the associated momentum variable P, =
(Ps3, E/P; Py) by an operator ¢¢’ (z, Eij) with kernel

N
u() Gtyg, (XI)u (). Q=Y P (4.36)
=3
1¢{i,j}
In Lemma 4.7, we will see that c/)éj (z) extends to a bounded operator from A to
L?(RM). Moreover, this is still true for the (formal) limit operator ¢/ (z) that, for

fixed P;; € RN~ is defined by the kernel (4.36) with & = 0. The norm bound in
Lemma 4.7 will be a consequence of the following lemma:

Lemma 4.6 Let z > 0. Then the operator B, : L*(R?) — L*(R3) defined by
the integral kernel B(w, x, y; w',x', y") = G? (w —x,w—y,x—w,y— w’) is
bounded with

1B < @V~

Proof The Schur test and the substitutions w —x’ — x", w—y — y ,x —w' — w’
yield

1B:|l < sup (/dwldx/ dy GHw—x",w—y ,x—w' y— w’))
w,x,y
< sup (/dw’dx’ dy’ G‘Z‘ (x’, y,w,w —x+ y)) . 4.37)
X,y

As G? (x) is decreasing as a function of |x| (see Lemma A.1 (v)), we can continue
estimating

1Bl < / dw'dx’dy’ G2 (x', ¥, w',0) = GL0) = 2v2) ™, (4.38)
where we used (A.3) to evaluate the integral. ]

As in the previous sections, the first step in proving convergence is a reduction
to potentials with compact support. For this reason, we introduce for k > 0 and
& > 0 the operator ¢ ¢ (2) that is defined as the operator qbg (z) with the potential V

replaced by the cutoff potential Vi from (3.9). Hence, for fixed P;;, the kernel of
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qbéj (@ Pij) is given by (4.36) with uy instead of u and vy instead of v. The next
lemma is the analog of Lemma 4.4:

Lemmad.7 Letz > 0,6 >0and3 <i < j < N.Then qbg (z) extends to a bounded
operator from A to LZ(RN ), which satisfies the norm estimate

o () < VD IV (4.39)
Furthermore, for any k > 0, we have the estimate
167 2) — ¢, @1 < W2 VIV = Vil 7. (4.40)

Proof The proof follows the line of arguments in the proof of Lemma 4.4 with very
few adjustments. The role of F; in the proof of Lemma 4.4 is now played by B, €
L (L*(R3)), for which we use the estimate from Lemma 4.6. O

As the last step before the proof of Theorem 1.1, we show convergence of ¢éj (2):

Proposition 4.8 Let z > Oand3 <i < j < N. Then ¢;(z) converges in oper-
ator norm to 4’0 (z) as e — O. Iff|r|2v |V(r)|dr < oo for some s € (0, 1), then

||¢a (z) — ¢ @) =0(E*)ase — 0.

Proof As in the proof of Proposition 4.5, we first assume that f 1712 |V (r)|dr < oo
for some s € (0, 1). In the following, we use the shorthand notations X, := Xy for

& > 0and g := Q;;. Notice that (4.36) implies that o (2) — ¢>6j (z) acts pointwise in
P;; by an operator with kernel

u(r) (G;‘M (Xo) - G, (xo)) v(r). (4.41)

Hence, similar to (4.31), by the Cauchy-Schwarz inequality,

[(¢c p—dic.2ip) v

I(V,s)|V
< dr dr’ w dR dx; dx;
1+|r/‘23 J

2
/ AR dx] dx} (G, (Xo) — G2, (X)) w(X)|

(4.42)

where X' := (', R', x/, x;.) for short.
For further estimates of (4.42), we analyze for fixed r,7’ € R,g > 0and e > 0
the integral operator B, ,,, in L*(R3,d(R, xi, x;)) with kernel

_G‘Z‘Jrq( G —x,R+5 —xj,xi — R +5 z,xj R’—%/)

4 / o r_ p!
Gz+q< xi,R—xj,x,—R,x] R).
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In order to estimate the operator norm of B, ,, we introduce for ¢ > 0 the
intermediate point

/
Xe0:= (R—xl-’,R—x;,x,- —R’,xj—R’—%).

Properties of the Green’s function (see Lemma A.2) in combination with substitutions
yield the estimate

Rsup </dR/dx d’ G?+q(Xg) - G§+q(X0)D
Xi X

< swp (/dR/ dv/ dx’ Gﬁ(xg)—cg‘(xg,o)] +/dR/ v/ dv', [GA(X..0) —G;*(XO)D
)
< sup(/dR A d |G = S ox + L — R+ 2,0) — GHx X —R’,O)D
Xi
+sgp(/dR/dx;dx} c(x, %, 0,x; —R'— & )—G4(x,, x;,0,x; — R )
< /dR/dx;d_x; Gixj - 4. xj+ 4. R + % )—G‘Z‘(x{,x},RCO))
+/dR/dx;dx; xR — 5 0) Ggug,x;,Rcm(
<2 swp /dx |G+ 23,00 = G, 0)] | (4.43)
[yI=Irl+1r]

By the Schur test and by Lemma A.3, estimate (4.43) and a similar estimate with
the roles of (R, x;,x;) and (R/,xlf,x;.) interchanged, imply that ||B£,,,,/,q||2

Ce® (|r|* +|r'|*) for some constant C = C(s, z) > 0. Hence, it follows from (4.42)
that

(s 2.y o . pp) v

10,0 [arar R B )

Ce®1(V,s)? ||\If||2,

IA

I

IA

where 1(V, s) is defined by (4.29). Due to the fact that this bound is uniform in P, >
the second part of the lemma follows.

In the general case, where I(V, s) is not finite for some s > 0, the usual approx-
imation argument, now based on Lemma 4.7, proves the convergence o () —

b (2). O
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5 Proof of the Main Results

Proof of Theorem 1.1 Recall from (4.1) that ¢.(z) € & (%7 ) can be decomposed as
¢)= Y. ¢/@. (5.1)

1<i<j<N

According to (4.7), (4.23) and (4.39), all operators ¢’ (z) : A — L*(RN) are
bounded with ||¢ (z)|| — Ouniformlyine > 0asz — 00. As g = lim,_,( g exists,
we see that there exists C > 0, independent of ¢ € (0, &g), such that 1 — g.¢.(2) is
invertible for all z > C. Now, Proposition 4.2, Proposition 4.5, and Proposition 4.8
imply that

¢:(2) > D)= Y. 6@ (5.2)

l<i<j<N

as ¢ — 0, and by the argument above, 1 — g¢ (z) is invertible for z > C. We conclude

that lim 0 ge (1 — gee(2)) ™" = g (1 — g$(z)) ™" forall z > C.
Given the invertibility of 1 — gz¢.(z) for z > C and ¢ € (0, g9), we know from
Theorem B.1 that z € p(H,) and

*
(He+2) ™ = (Ho+ 27 + g (AcCHo +D7") (1= gee ()™ JAc(Ho + 27,

5.3)
where, by (3.20), A;(Hy + 27 > S(2). Taking the limit ¢ — O on the right hand
side of (5.3), we conclude that (H. + z)~! — R(z), where

Rz):=Ho+2) '+gS@" (1 —gp ) ' IS(). (5.4)

By Corollary C.4, H, — H in the strong resolvent sense and hence R(z) =(H +2)~ L
This proves (1.13) for z > C. By a general result on equations of this form (see
Theorem 2.19 in [8]), it follows that 1 — g¢(z) is invertible and (1.13) holds for all
z € p(Ho) N p(H).

Finally, let us assume that [ dr [F1%|V(r)| < oo and |g. — g| = O(&*) for some
s € (0, 1). Then, by Propositions 3.2,4.2, 4.5, and 4.8,

HAS(HO +2)7 1= 58(2) H = 0(&¥) (5.5

g (1= gee ()" =g (1 - gp () ~'| = 0" (5.6)

as ¢ — 0. Using this in (5.3) shows that ||[(H; +2)~! — (H + 2)!| = 0(¢*) for
z > C, and hence by Lemma 5.1, ||(H, + DV —(H+ z)_1|| = 0(&*) for all
z € p(H). This concludes the proof of Theorem 1.1. O]

The following lemma, a variant of Lemma 2.6.1 in [10], is used in the proof of
Theorem 1.1.

Lemma 5.1 Let R.(z) = (Ho +2) "L and R(z) = (H + )~ L. Then for any z, zo €
p(H) there exists a constant C; € R such that for ¢ > 0 small enough

IR:(2) = R < (1 + |z — 20/C2)* [ Re (z0) — R(z0)-
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Proof The norm resolvent convergence H, — H implies that for given z,z9 €
p(H) there exists ¢g > 0 such that for ¢ < g9 we have z,z9 € p(H,) and C; :=
SUpP, ¢, IR (2) || < 00. Lete, § € (0, &9). By the first resolvent identity

R (2) = Re(20) Fe(2) = Fe(2)Re(20), (5.7
where F¢(z) = 14 (20 — z2) R:(z) has the norm bound || F;(2)|| < 1+ |z0 —z|C;. The
second resolvent identity R.(z) — Rs(z) = R (z)(Hs — H;) Rs(z) and (5.7) imply that

R:(z) — Rs(z) = Fe(2)(Re(20) — Rs(20)) F5(2).
After taking norms of both sides and the limit § — 0, the desired estimate follows.

O

Finally, we show that the potential V may be integrated out in the expression (5.4)
for the resolvent of H. To this end, we introduce an auxiliary Hilbert space 7#.q by
(1.5) and . ~

H = L3R, dr) @ Hea.
By inspection of the defining expressions (3.7), (4.6), (4.18), and (4.36), the operators
S(z) € L, 7) and ¢ (z) € L (F) factor as follows:
S@Y = v® S@W), (5.8)
() = u){v| ® ¢(2), (5.9)
where g(z) € L, J:ged) and g(z) e (%d) are bounded operators, which do
not depend on V. Explicitly, it follows from (3.20) that
N(N —-1)
2
where the action of f‘E)(Z) is pointwise in P = (P, P3, ..., Py) and given by

S(z) = To(z) A, (5.10)

~ 1
Toe P)=5(G1hp|: LP®) — C. (5.11)

In view of (5.9), we have that ¢ (2)I| = |¢(2)| IVIl,1, so Lemma 4.1, Lemma 4.4
and Lemma 4.7 show that K

e < NG
for some constant K > 0. Therefore, 1 — aa(z) is invertible for large enough z > 0
and with the help of (5.9) and ¢ = ¢ f V(r)dr = g(v|u) it is straightforward to
verify that

(5.12)

g(1—gp@) ' =g+ )l ®d@ (1 —ad@) . (5.13)
Inserting this in (5.4) gives:

Corollary 5.2 With the above notations, for all z € p(H) N p(Hp),
H+2'=Ho+2 ' +a50" (1 —ed@) ' S@). (5.14)
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Appendix A: Properties of the Green’s Function

This appendix collects facts and estimates on the Green’s function of —A + z :
H2(RY) — L2(RY).

Ford € Nand z € C with Re(z) > 0, let the function G¢ : RY — C be defined
by

e ¢]

2
G (x) == /dt ()% exp <—% - zt) . (A1)
0

Notice that G? has a singularity at x = 0 unless d = 1. The proof of the following
lemma is left as an exercise to the reader.

Lemma A.1 Let d € N and z € C with Re(z) > 0. Then G? defined by (A.1) has
the following properties:

(i) G¢eL'R?) and ||G¢||;1 < Re(z)™!
(ii) Tf;e Fourier transform of G? is given by G4(p) = (Zﬂ)_d/z(pzd-i- 7)~!
. , . . -1
(iii) G% is the Green’s function of —A + z, i.e. (=A +2)7" f = G * f holds for
all f € L*(R%)
(iv) G% e L*RY) ifand only ifd € {1, 2, 3}
(v) G? is spherically symmetric, i.e. G‘Zl only depends on |x|, and for z €
(0, 00) it is positive and strictly monotonically decreasing both in |x|
and z
(vi) Letdy,d» € Nwithd) +d>» = d and let x = (x1,x3) € RU x R%, f
x1 # Oord = 1, then Gf(xl, ) € LY(R%) and the Fourier transform
is
~d —dy)2 ~d
Glx, p2) = @m)~®2 G (). (A2)

In particular, we have that

/ dxa G4 (x1, x0) = GI (xy). (A3)

R%
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The following lemma is one of our main tools for estimating differences of integral
operators that depend on G‘Zj:

Lemma A.2 Letd € N and 7 € C with Re(z) > 0. Then, for all x,x € R? and
0 >0, it holds that

(62,00 = G2, 5 ()] = |Gy @) = Gy (P)|. (Ad)

Similarly, if d = dy| + d» for some dy,dy € N, then for all x1,y; € RY and all
Xy € Rdz’

(G211 = G231, 12)| = |Gl (31, 0) = Gy 01,0 . (AS)

Proof To prove (A.5) we may assume, without loss of generality, that |x{| < |y1].

Then,
* 2 2 2

fdt (4mt)~? (exp (_x;) — exp <_th>> exp (—2 - zt)
0
< 2 2 2

< /dt (4mr)~1? (exp (—zlt) — exp (—Z;)) exp (—JZ - zt)
0
Y 2 32

< fdt (4mr)~4/? (exp (4;) —exp (4;)) exp (—Re(2)1)
0

= |Gl (1. 0) = Gk 01, 0)|

61, x2) = G, w2)| =

The proof of (A.4) is very similar. O

Lemma A3 Letd > 2,5 € (0,1) and z € C with Re(z) > 0. Then there exists a
constant C = C(s, z) > 0 such that

vy e R [ dx ‘G‘Z(x +5,0) = G4(x,0)| < Clyl. (A.6)

Rd-1

Proof Since G?(~, 0) € LY(RIh by Lemma A.1 (vi), the left side of (A.6) is
bounded uniformly in y € R4~!. So it remains to prove (A.6) for |y| < 1, and
to this end it suffices to show that there exists a constant C = C(z) > 0 such
that

vy e R / dx ‘G’Z(x-i—y,O) —G4(x,0)| < C(1+In|yl) Iyl (A7)

Rd-1
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Using the integral representation (A.1) for G‘Zj and making the substitution x //4r —
x, we find

exp ( <x + \/%)2> —exp <fx2) ,

where u = Re(z). By applications of triangle inequality and the fundamental theorem

of calculus, respectively,
< C min (1 IL')
Jt

/ dx |exp (— (x + «/%>z> —exp (—xz)

oo
e—ul
[dx ‘Gj(x+y,0)—cg’(x,o>‘5/dzm / dx
0

Rd-1 Rd-1

Rd—l

Since

S o Iy?

. Yy
/dt 7 mm(l,$> < /t
0 0 ly2
< 2yl + 1yl (w7 +2mn 1)

the desired estimate follows. O]

Appendix B: The Konno-Kuroda Formula

Let 7 and J be arbitrary (complex) Hilbert spaces, let Hy > 0 be a self-adjoint
operator in 77 and let A : D(A) C J — ¢ be densely defined and closed with
D(A) D D(Hp). Let J € £ () be a self-adjoint isometry and let B = J A.

Suppose that BD(Hy) C D(A*) and that A*A and A*B are Hp-bounded with
relative bound less than one. Then

H = Hy— A*B (B.1)

is self-adjoint on D(Hp) by Kato-Rellich. Operators of the more general form H =
Hy — gA*B with g € R can also be written in the form (B.1) by absorbing 1g]'/? in
A and sgn(g) in J. For z € p(Hp), let ¢ (z) : D(A*) C A — J be defined by

¢(2) := BRo(2)A™,
where Ry (z) := (Hy + z)~'. Note that D(A*) C 7 is dense because A is closed.
Theorem B.1 Let the above hypotheses be satisfied and let z € p(Hy). Then ¢ (z) is

a bounded operator. The operator 1 — ¢ (z) is invertible if and only if z € p(Hp) N
p(H), and then

(H+2)7" = Ro(z) + Ro(2)A*(1 — $(2)) "' BRy(2) (B.2)
(1—¢@) " =1+ BH+2)""A*% (B.3)
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Remark Note that (1 — ¢ (z))~! leaves D(A*) invariant. This follows from (B.3) and
from the assumption on B.

Proof Step 1. A(Hy+ ¢)~'/? is bounded for all ¢ > 0, and A(H + ¢)~'/? is bounded
for ¢ > 0 large enough.
By assumption, the operator Hy — A* A is bounded from below. This implies that

IAW|? < |(Ho + o) 2y > + Clly |2
1/2

forall y € D(Hp),all ¢ > 0, and some constant C. Since D(Hp) is dense in D(H,,"")

and since A is closed, this bound extends to all Y € D(H(; / 2) by an approximation
argument. In particular, D(A) D D(Hé / 2). The second statement of Step 1 follows
from the first and from the fact that H and Hy have equivalent form norms, which
implies that D(HY?) = D(H(}/z).

Step 2. If z € p(Hp), then ¢ (z) is a bounded operator, and if z € p(H), then
A(z) := B(H+z7)"'A*

is a bounded operator too. This easily follows from Step 1 and from the first resolvent

identity.
Step 3. If z € p(Hy) N p(H), then (1 — ¢(z)) is invertible and 1 + A(z) =
1=¢@)"

Both ¢ (z) and A(z) leave D(A*) invariant and on this subspace, by straightfor-
ward computations using the second resolvent identity, (1 — ¢ (z))(1 + A(z)) =1 =
(I +A@)HA = ¢(2)).

Step 4. If z € p(Hp) and 1 — ¢(z) is invertible, then z € p(H), (1 — ¢(2))~!
leaves D(A™*) invariant and (B.2) holds.

By Step 3, (1 — ¢ (i))~" = 1+ A(i), which leaves D(A*) invariant. Now suppose
that z € p(Hp) and that 1 — ¢ (z) has a bounded inverse. Then

I—¢@) ' = U -0+ U —-0) @) — )N — ()"
= (1= '+ (1= () ' BRo()(AR)(Z)*(1 — ¢(2)) ' (i —2).

Since RanB Ry (i) C D(A*), it follows that (1 — q&(z))‘l leaves D(A*) invariant as
well, and that

R(z) := Ro(z) + Ro(x)A*(1 — $(2)) "' BR(2)

is well defined. Now it is a matter of straightforward computations to show that
(H +2)R(z) = 1 on S and that R(z)(H +z) = 1 on D(H). O

Appendix C: I'-Convergence
In this section we work in LZ(R") rather than the subspace .7 of symmetric wave
functions. In fact, the results of this section are easily generalized to N distinct par-

ticles with masses mj, ..., my and potentials V;; € LY(R) depending on the pair
i < j of particles.
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Let V € LY(R) with V(=r) = V(r), let g =limg_,0gs and leta = gf V(r)dr.
Let ¢ and ¢, denote the quadratic forms on H'(R") defined by

q(y) = / VY ? + ClyPdx —a Y llyi vl

i<j

qe () = f|vw|2+C|w|2dx—gszfvs<x,- — x|y dx,

i<j
where C € Rand y;; : H'(RY) — L?2(RY~!) denotes the trace operator with
Yij V)1 e X1, Xy oo XN) = Y1, ey XN) =

for ¢ € C§° (RM). It is well known that this operator extends to a bounded operator
from H'(RY) to H'/2(R¥~1). By Lemma C.1, the quadratic forms ¢ and g, are
bounded below and closed. More precisely, we may choose C so large, that g > 0
and g > Oforall ¢ > 0.

We are going to prove weak and strong I'-convergence g — ¢ as ¢ — 0.
To this end, it is convenient to extend all quadratic forms to L>(RY) by setting
g = qs = +oo in LZRY)\H!(RY). The main ingredients of this section are the
inequalities

A

P /RN_, ¥ (r, 0 Pdx < 9, ¢ vl .1

A

sup
r0 |71/2

/}RN*I GRS |w(o,x)|2dx‘ < 200y Iy (€2

for ¢ € H'(RM). They are obtained by applying to ¢(r) = [ |y¥(r, x)|*dx the
elementary Sobolev inequalities

1 /

= d

2 / lo"(s)]ds

‘/r(p’(s)ds
0

Lemma C.1 For all > 0 there exists C;, € R such that for all € H'RN) and
i,jef{l,...,N}i <],

lo(r)|

IA

lp(r) — ¢(0)] < rI'21'].

A

lvij¥ll = wlVEIl+ Cullvrll, (C3)
’/ Vxj —x)lylPde| < [VIg- VYl (C4)

A
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Proof Inequality (C.3) follows from | y;;j¥|| < C||¥ |4 by a scaling argument. To
prove (C.4) for (i, j) = (1,2), we set ¥/ (r, R, x) := Y/ (R — 5, R+ 5, x) and write

‘/ V(xz — x1)|¢[dx

< /|V<r>||1ﬁ(r,R,x/)|2d<r,R,x’>

< IV sup/ [¥(r, R, x")> d(R, x")
r

and we apply (C.1) to the H'-function v . Then we use that ||/|| = ||y || and |8,V <
IVl O

Lemma C.1 and || V| ;1 = || V]|, imply the following corollary:

Corollary C.2 Under the assumptions of this section, for every a > 0 there exists
b > 0 such that for all ¢ > 0 and all € H'(RY),

A=)y l5, —bIYI* < () < A+ )yl + bllvI®.

Theorem C.3 Let V € L'(R) and o = g [ V(r)dr. Then g — q in the sense of
weak and strong T"-convergence.

Proof Due to the fact that all form domains are equal, it suffices to show that, see [5,
9], forall v € H'(RV),
qi) = Elig})qs(w (C.5)

and for all ¥, ¥ € L2(R),
Ve =Y = q) = ligigqu(we)- (C.6)

We begin with the proof of (C.5). If ¥ € C° (RN), then it is a fairly straightforward
application of Lebesgue dominated convergence to show that (C.5) holds. Now let
¥ € H'(RV) and let () be a sequence in CJ°(R") with ¥, — v in H'. Then, on
the one hand,

lg() —qW)l =0  (n — 00) (&)
because ¢ is continuous w.r.t. its form norm, which is equivalent to the norm of
H'(RM) by Corollary C.2. On the other hand,

lge(W) —qe(¥u)l > 0 (n— o0) (C.8)

uniformly in ¢ > 0. This also follows from Corollary C.2, which means that the
interaction is H'-bounded uniformly in €. Due to (C.7) and (C.8), the validity of
(C.5) extends from C°(RV) to H'(RV).

Now we prove (C.6). Let ¥, ¥, € L>(R") and suppose that ¥, — v in L>(RV).
To prove (C.6), we may assume that liminf;_, ¢ g, ({:) < 0o. We choose a sequence
en — 0 so that liminf, ¢ g (Ye) = lim,— o g, (¥s,). Then, by Corollary C.2 it
follows that v, is bounded in H '(RN) uniformly in n. Therefore, after passing to a
subsequence, we may assume that ¥, — v in H'(R). Since ¥, — ¥ in L>(RV)
it follows that ¥ = ¥ € H'(RN).
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By the weak lower semicontinuity of positive quadratic forms we know that
q(¥) < liminfq(Ye,).
n—od
On the right hand side we may replace g (¢, ) by g, (¥, ) if we can show that
g (%) — q(¥)| = o(1) - ¥ [13,, (e > 0) (€9

uniformly in ¢ € H'(R"). To prove this, we first assume that V has compact support
and we note that

lg:(¥) — g <Y /ggvs(x,- — x)|YPdx — aellyi w12 4+ o)) - ¥ 13,1,
i<j
(C.10)
where o = g [V(r)dr, and @z — « has been used. Applying (C.2) to

Y (r, R, x) ;== ¥ (R — 5, R+ 5, x), we see that the contribution of (i, j) = (1,2) to
(C.10) has the bound

e f VeI (R — 5, R+ 5, x)*drdRdx — o, / [ (R, R,x)|2dex'

o [arvo) [ (WR=%. R+ 5.0F — W(R. R.0P) dRx

szc|gg|/|V(r)||er|”2dr-||w||i,..

Here, we used that ||1Z‘||3_[| < C||1p||i[1. Since all summands of (C.10) can be esti-
mated in this way, (C.9) is true and the proof of the theorem is complete in the case
where V has compact support.

It remains to prove (C.9) in the case of general V € L!(R). To this end we set, for
keN,

Vi =V X[=k, k1, ag = 8/ Vi (r)dr

and we define quadratic forms g, and gy . like g and g, with o and V replaced by oy
and V4, respectively. The constant C in the defining expressions for g and g. is left
unchanged. Since Vi has compact support, we know from the proof above that (C.9)
holds for Vi. That is, for each k € N,

|9k (V) — g () = o(1) - 1113, (e—>0) (C.1D)

uniformly in ¢ € H!'(RY). From Lemma C.1 and the fact that ||V, — Viellpn =
IV — Vill;1 we see that

1ge (W) = qr.e ()| + lgx (W) — q(¥)| < const|V — Vell 1 [l 117,, (C.12)
uniformly in ¢. Choosing first k large, then ¢ small we see that (C.11) and (C.12)
combined prove (C.9). ]

In view of Theorem 13.6 in [9], Theorem C.3 has the following corollary:

Corollary C.4 IfV € L'(R) with V(r) = V(—r) and lims_0 g = g, then H, —
H in the strong resolvent sense.
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