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Abstract

We regard the Cauchy problem for a particular Whitham—Boussinesq system mod-
elling surface waves of an inviscid incompressible fluid layer. The system can be seen
as a weak nonlocal dispersive perturbation of the shallow water system. The proof of
well-posedness relies on energy estimates. However, due to the symmetry lack of the
nonlinear part, in order to close the a priori estimates one has to modify the traditional
energy norm in use. Hamiltonian conservation provides with global well-posedness
at least for small initial data in the one dimensional settings.

Keywords Water waves - Nonlinear dispersive equations - Well-posedness

Mathematics Subject Classification (2010) 35Q53 - 35Q55 - 35A01

1 Introduction

Consideration is given to the following one-dimensional Whitham-type system

0:n = —0dyv — i tanh D(nv),

) ) ) ) 1.1)
;v = —itanh D(1 + »D“)n — i tanh Dv~/2,
where D = —id, and tanh D are Fourier multiplier operators in the space of tem-
pered distributions S’(R). The positive parameter s stands for the surface tension
here. The space variable is x € R and the time variable is ¢+ € R. The unknowns 7,
v are real valued functions of these variables. We pick the initial values 7(0), v(0)
corresponding to the time moment r = 0 in Sobolev spaces as follows

n(0) = no € H*V2R),  v(0) = vy € H*(R), (1.2)
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where s > 1/2. System (1.1) has the Hamiltonian structure
3. v)" = TVH@, v)

with the skew-adjoint matrix

0 —i tanh D
J = (—itanhD 0 )

and the energy functional

2 1 2 2 2
n,v) = > n* 4+ 2(dn)” + v v+ nv- | dx (1.3)

tanh D

well defined on H' x H'/2. The latter conserves on solutions together with
momentum Z(n, v) that has the same view as in the pure gravity case

D
I(n, v) = d
0= [ e

In case of the trivial surface tension » = 0, System (1.1) was proposed in [6]
as an approximate model for the study of water waves to provide a two-directional
alternative to the well-known Whitham equation [23]. The latter was proved to be
consistent with the KdV equation [18] in the long wave regime [19]. We also refer to
[10] for another version of the fully-dispersive Boussinesq type. Importance of such
models is supported by experiments [4]. The unknown 71 denotes the deflection of the
free surface from its equilibrium position, corresponding to the vertical level z = 0.
The bottom is assumed to be flat and located at the level z = —1. The variable v is
associated with the free surface velocity as explained in [6].

The initial value problem for Model (1.1) was studied in [5, 9] in the case of
vanishing surface tension s = 0. In the same framework existence of solitary waves
was proved in [8]. A natural extension of the existing results is to consider the case
of non-trivial capillarity 2 > 0. Note that the term 1 4 »D? could be applied to
—uv, in the first equation instead, as it is done in [12], for example, to regularise
the system regarded in [21]. However, the case regarded here is physically more
relevant [7]. Indeed, repeating the Hamiltonian perturbation analysis from [6] to the
full Hamiltonian with the surface tension, that can be found in [7], one naturally
arrives to (1.1), (1.3).

It turns out that surface tension changes the nature of the equations. Indeed,
the multiplication operator (1, v) — vn is not bounded in the natural Sobolev-
based energy space arising from the linear equations, that is H'T1/2(R) x H*(R).
And moreover, the dispersive properties of the corresponding linear semigroup are
insufficient to counterbalance the loss of 1/2 derivatives. As a result the proof of
well-posedness demands a technique different from the one used in [9].

As to additional initial conditions, apart from inclusions given in (1.2), one has to
impose a restriction essentially similar to the one used in [9], namely, smallness of the
H' x H'2-norm of (19, vo). This is important for the global-in-time existence. The
meaning of this condition is that the total energy H (19, vg) should be positive and not
too big. We point out that this condition cannot be significantly weakened even for
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the proof of the local result, which is also different from the non-capillarity situation.
More precisely, for the local regular (s is large enough in (1.2)) well-posedness result
it is enough to assume non-cavitation instead.

Definition 1 Let d = 1, 2. We say that elevation n € C ([0, T1; L> (R?)) satisfies
the non-cavitation condition if there exist s, H > O suchthat H > n > h — 1 on
R? x [0, T]. Analogously, one defines non-cavitation at a particular time moment.

The non-cavitation condition is a physical condition meaning that the elevation
of the wave should not touch the bottom of the fluid for System (1.1) to be a rele-
vant model. For convenience we have also included boundedness from above in this
definition. We exploit the definition for providing with more general local existence
formulation at high regularity level. However, in the low regularity case this condi-
tion cannot be controlled without imposing a stronger assumption, as we shall see
below. We turn now to the formulation of the main results.

Theorem 1 Let s > 3/2. Suppose that the initial data (1.2) satisfies the noncavita-
tion condition. Then there exist T > 0 and a unique solution

(n,v) € C ([0, T1: HF2(R) x HS(]R)) nc! ((o, T): H~\(R) x HS’3/2(R))

of System (1.1) with the initial data (no, vo). The time moment T depends on s, »
and the norm ||no, voll gs+1/2 gs . With respect to the capillarity and the initial data
norm, the time of existence T is a non-increasing function. Moreover, the solution
depends continuously on the initial data with respect to C (H sH/2  HS )-norm.

It is worth to emphasize here that the time of existence does not shrink as the
surface tension parameter goes to zero. Making a bit stronger assumption on the
initial data (1.2), one obtains a stronger result.

Theorem 2 Let s > 1/2. For any no € H*t'/2(R) and vo € H*(R) having
sufficiently small H' x H'/?-norm there exists a unique global solution

(n,v) € C ([o, 00): HSH12(R) x HS(R)) nct ((0, 00): HS"\(R) x Hs_3/2(IR)>

of System (1.1) with the initial data (ng, vo). Moreover, the solution depends contin-
uously on the initial data with respect to C (HSJF]/2 X HS)—norm on any finite time
interval [0, T].

As we shall see below, the smallness of H' x H'/2-norm plays an essential role in
proving the following two statements. The Cauchy problem (1.1) and (1.2) is locally
well-posed for 1/2 < s < 3/2. The solution can be extended to the global one for
any s > 1/2. Whereas for the local result in the case s > 3/2, it is enough to impose
a weaker assumption, namely, the noncavitation of 7.
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The proof is essentially based on the energy method, that is natural to apply to
quasilinear equations. The scaling H*+1/2(R) x H* (R) is needed to rule out the linear
terms, after the differentiation the corresponding energy norm. The main difficulty
lies in the lack of symmetry of the nonlinearity. Indeed, a direct time differentiation
of the norm ||n, vl ys+1/2, s leads to the term [ (J571/28,n) nJs+t1/2v, where J°
stands for the Bessel potential of order —o (see the proof of Lemma 6 below). Note
that this term cannot be handled by integration by parts or commutator estimates, and
so cannot be estimated via the energy norm. To overcome this difficulty we modify
the energy norm adding the cubic term | (J s=1/ 2v)2 . The linear contribution of the
derivative of this term will cancel out the mentioned inconvenient term. Meanwhile,
the contribution coming from the nonlinear terms can easily be controlled. As we
point out below a hint on the choice of the modifier comes from Hamiltonian (1.3).
Note that after adding the cubic term the energy loses coercivity, and so one has to
impose an additional condition. Either the noncavitation for big s or the smallness
for small s of the initial data, both propagating through the flow of System (1.1), is
enough to ensure that the modified energy is coercive.

Additionally, consideration is also given to a system posed on R?>*! of the form

wn+V-v=—K>V-(@qv),

(1.4)
v+ K>V + %Dy = —K>V (|v|2/2) ;

that is a direct two dimensional extension of Model (1.1). Here v = (v1, v2) € R? is
a curl free vector field, thatis V x v =0, and
K = /tanh |D|/|D|

with D = —iV. So the corresponding symbol K(£) = ./tanh(|€])/|&]. We
complement (1.4) with the initial data

1(0) = o € H*1/2 (Rz) . vO0) =voe H (R2> % H (}Rz). (1.5)

As above the variables n and v stand for the surface elevation and the surface fluid
velocity, respectively. The system enjoys the Hamiltonian structure

(v =TVH®@, V)

with the skew-adjoint matrix

0 —K?3, —K?3,
J=|-K%, 0 0 :
~K?%,, 0 0

which in particular, guarantees conservation of the energy functional

1 2
Hn, v) = Ef <n2+%|vn|2+ ‘K‘lv‘ +n|v|2> dx. (1.6)

The noncavitation definition in the two dimensional problem has exactly the same
view as in Definition 1 with the real line R substituted by the plane R2.
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Theorem 3 Let s > 1. Suppose that the initial data (1.5) has curl free velocity
V xvo = 0 and either has small enough H' x H'/*> x H'/>-norm if s < 2 or satisfies
the noncavitation condition if s > 2. Then there exist T > 0 and a unique solution

(n,v) € C ([0, 71 B2 (R?) x (Y (R2)>2> nc' (o ;o (R?)

(2 )

of System (1.4) associated with this initial data. The time of existence T is
a non-increasing function of the surface tension » and the initial data norm
1m0, Yoll gs+1/2« s x s - Moreover; the solution depends continuously on the initial
data with respect to C (HS“/2 x HS x HS)-norm.

Note that the theorem has the local character, in the opposite of the one dimen-
sional case.

Remark 1 The same results hold in the periodic case as well. The proof is similar up
to some small changes in the commutator estimates [15].

In the next section some important inequalities are recalled. In Section 3 we intro-
duce the modified energy and obtain the corresponding energy estimate for System
(1.1). In Section 4 we obtain the energy estimate for the difference of two solutions of
System (1.1). Note that Sections 3 and 4 provide with the motivation for studying the
parabolic regularisation later in Section 5, where the corresponding energy estimate
is deduced for the regularised system. In Section 6 a priori estimates are obtained.
Finally, in Section 7 we comment on the last steps in the proof of Theorem 2, omit-
ting only the thorough discussion of the initial data regularisation. In Section 8 we
discuss some peculiarities of the two dimensional problem. In the last section we
study System (1.1) with s < 1.

2 Preliminary Estimates

We start this section by recalling all the necessary standard notations. For any positive
numbers a and b we write a < b if there exists a constant C independent of a, b such
that a < Cb. The Fourier transform is defined by the formula

F& =FHE) = / fx)e € dx

on Schwartz functions. By the Fourier multiplier operator ¢ (D) with symbol ¢ we
mean the line F (¢(D) f) = ¢(§) f(&). In particular, D = —id, is the Fourier mul-
tiplier associated with the symbol ¢(§) = &. For any o € R the Riesz potential of
order —« is the Fourier operator |D|* and the Bessel potential of order —« is the
Fourier operator J% = (D)%, where we exploit the notation (£) = /1 4+ £2. The L>-
based Sobolev space H*(R) is defined by the norm || || g« = [IJ* fll;2 , whereas
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the homogeneous Sobolev space H*(R) is defined by Il fllge = IIDI* fll 2. We
also exploit the notation H*°(R) = Nyer H* (R).
Introduce the operator

tanh | D|

: 2.1
D] 2.1

K, = \/(1 + |D|?)

where s is the surface tension. Note that > > 0 is a fixed constant. We implement
the notation K = Ko = +/tanh D/D used in [9]. Its inverse K ~! and K. both have
the domain H'!/?(R) and are equivalent to the Bessel potential J!/2. Below we will
need to compare J, |D| and K ~2 and so we prove the following simple estimates.

Lemma 1 Forany f € L*>(R) it holds that

J—K2)Df||  <II(J = |D)Df;2 < ! g2
|(v-&2)or] . ;

Proof By the Plancherel identity it is enough to check the following inequalities

& 1
~ anhe <) -1l < e
where the middle one is trivial. The rightmost inequality follows from
() — &l = S
(&) + 18]~ 20E1

The leftmost one follows from the tanh-definition via exponents and the obvious

e R RS -

0 < (§)

Throughout the text we make an extensive use of the following bilinear estimates.
Firstly, we state the Kato-Ponce commutator estimate [14].

Lemma 2 (Kato-Ponce commutator estimate) Lets > 1, p, p2, p3 € (1,00) and
P1, p4 € (1, 00] besuchlhat% = % + L= % + ﬁ. Then

P2
ILI*, F1glee SO flm 175~ glliee 4+ 17° FllLes ligllrs 2.2)
for any f, g defined on R.
By the commutator [A, B] between operators A and B we mean the operator

[A, B]f = ABf — BAf. Secondly, we state the fractional Leibniz rule proved in the
appendix of [16].

Lemma3 Leto = o1+03 € (0, 1) witho; € (0,0) and p, p1, p2 € (1, 00) satisfy
R N
P p ' m

1D (f&) = £1DI7g = gIDI° f |, S UDI™ FllLr NIDIglLr (2.3)

for any f, g defined on R. Moreover, the case oo = 0, p» = o0 is also allowed.
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We also state an estimate, firstly appeared in [17] in a weaker form, and later
sharpened in [22].

Lemma 4 Suppose a,b,c € R. Then for any f € H*(R), g € H(R) and h <
H¢(R) the following inequality holds

I fghlipr S W Naallgl e linll me 24
provided that

1

b -~

a—+ —i—c>2
a+b>0, a+c>0, b+c=0.

Proving a global-in-time a priori estimate we will use the following limiting case
of the Sobolev embedding theorem, that in the one dimensional case d = 1 reads as
follows.

Lemma 5 (Brezis-Gallouet inequality) Suppose f € H® (R) withs > 1/2. Then

£l < Cs (14 1f e /log(T+ 1£T0) ) (2.5)

Inequality (2.5) was firstly put forward and proved in H2(R?) in the work by
Brezis, Gallouet [2]. It was extended to more general Sobolev spaces and any dimen-
sion in [3], but in a slightly different form. For the sake of completeness, we provide
here with the proof based on the idea introduced in [2].

Proof Let f € H*(R) with s > 1/2. Then

1 1 =~ !
17 < 5 |l =g/m<R F®lds+o /g

where R > 0 is an arbitrary positive number. In the first integral /; we multiply and
divide fby (1 +& 2) Ve Afterwards, we apply the Holder inequality to get

(L PR a2 NP R g\
Il(R)gE(fR‘f(é)‘ (1+§) dé) fR\/T—SZ
£l 12 /log(1 + R),

nw< L ([ )
2 S o HS >R (1 +§2)s .

Now it is left to choose R depending on f, s. If || f|| gs < 1 then taking R = || f|| ys
we immediately obtain the desired inequality (2.5). In the case || f|lgzs > 1, we
estimate the second integral as follows

) |7 ®)|de =1 (R)+L(R),

<

|~

and similarly,

I 1l s
2n/s — 12R-1/2°

IL(R) <
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and so if s > 3/2 one takes R = || f| 5 again to bound L (R) < (27/s — 1/2)_1
and to come to (2.5). In the last case || f|lgs > land oy = 1/(s — 1/2) > 1, we can
take R = ||f||°;';s to bound /> (R) by the same constant. Note that /1 (R) in this case
is bounded as

1 1
h(R) < — 111172/ log (1411 £115s) < - IS 1l g2 \/as log (1411 £l +),

and so we again obtain Inequality (2.5). O

3 Modified Energy

As we shall see in the proof of the next lemma, a direct use of H°*1/2 x H*-norm as
the energy does not allow us to close the estimates, and so we modify it as follows.
Firstly, for each »r > 0 and s > 1/2 we introduce the norm

2 2 2 —1 2
lIn, U||Hs+l/2 = %Haxnanfl/Z + ”n”fol/Z + K U||Hs71/2» 3.1

x HS
which is obviously equivalent to the standard norm in H*T1/2(R) x H*(R). Such
choice will be convenient later for analysis of dependence of solution on the
capillarity s. Secondly, we define the modified energy

1 1 2
S _ 2 - s—1/2
B o) =5 Il 5 [0 (570) (32)
where the pair (1, v) represents a possible solution of System (1.1). Note that in
the limit case s = 1/2 this quantity coincides with the Hamiltonian given in (1.3),
El/z(n, v) = H(n,v). This gives us a small hint for the choice of the right cubic
modifier that is basically a guess.

Lemma 6 Suppose s > 1/2. Then there exists Cs > 0 such that for any » > 0 and
any functions n, v € C* ((0, T); H*®(R)) solving System (1.1) it holds that

d 2 4
ZE .0 < G452 (In 02y, + 00l )

Proof We have already noticed that E'/2(n, v) is a conserved quantity, which proves
the statement for the limit case s = 1/2.
Assuming s > 1/2 we calculate the derivatives

d
2 el =—%/(J“1/28xn> J-**Vza,%v—m/(f“/zaxn) 75712 anh DOp),

1d

55”””?1&*1/2 = _/ (Js—l/Zn) 7SV v —i/ (Js—l/Zn) 7°=2 tanh D(nv)
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and the derivative of velocity norm

L 1=t [ (1),

—3 /(Js_l/zK_lv)JS_l/zK_ltanhDvZ.

Summing up these derivatives and simplifying the corresponding expression via
integration by parts, we obtain

1d
EZ ”777 ” J+1/2XHX = Il +I2 +I37

where
I = i%/ (J‘_1/2D2tanth) JS712 (),

L= i/ (Js_l/2 tanh Dn) I 2 (v,

Iy = %/ (JS_1/2|D|1/2 sgn Dv) I DI ).

The second integral /> can be estimated with the help of Lemma 4, by setting f =
J¥ tanh Dy, g =n,h =vanda = 1/2—s,b = s —1/2, ¢ = 5. Thus one obtains

2
L S il vl as.

Applying Holder’s inequality to the third integral I3, we get

IS Mol |

2 2
o S ol ol

We would like to point out here that the first integral /| cannot be estimated via the
energy norm (3.1), using only integration by parts or commutator estimates. Turning
our attention to the modifier of energy E*, we calculate its time derivative as follows

%%fﬁ(]“év)zz—l/ <Js 211) J5 2tanth—l%/n<JS7%v> JSf%thanhDr]
_ %/H(Jsf%,o 753 tanh Dv? — %[axv@-**%v)z - 5[tanhp(nu) (JS*%U)Z. (3.3)

Let 14, ..., I3 represent these integrals, respectively. The first summand, that we
notate by Iy, is estimated easily as

o= =i [ n(#730) 2~ tanh Dy < Wl ol

by applying Inequality (2.4).
The third integral in (3.3), notated by I, is estimated in a similar way

2 2 -1,3
o S Inllze Wols |02 S Wllze Nollzoe Nole S Ml gpa 1K 01
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The fourth integral in (3.3) equals

i 1 L/ o 1\2 . 1 1 11
fff(sgnD|D|2v>|D|2 (Jb 211) =71/(sgnD|D|2v) (J* 2v> J*72|D|2v

- % [ (sgnD|D|%v) {lDl% (J‘Y*%v)z 2 (JS’

L=

=
<
~—
~
|
2=
=
<
[E

where the first integral can be treated with interpolation in Sobolev spaces and the

second integral by the fractional Leibniz rule as follows

1 1 1 1 1 1 1
1 -1 T 1 ST ) 3
I7 < lsgn DD 2|l gsm12 17 20l g2 197 2ID|2 0]l 12 + lIsgn DID| 2wl 2 (17772 [DI 2 vll72 S Ivlls-

The last integral in (3.3), that we notate by Ig, is bounded by
1 _ _
Iy < Slnllz2 vl 7~ 20l 7e S Il g 1K 0l

It is left to regard the second integral in (3.3), denoted by /s, and the integral /;
appeared after the differentiation of the energy norm (3.1). Firstly, let us note that

TH2 () = I:Js+l/2’ 77] v S H2y,
J (nﬂ*‘/zv) — [, 9] IV Py g2y,
and so summing [1, I5 together one can easily obtain
L+ 1s= m/ (JH/ZD2 tanh Dn) ([15“/2, n] v — [, n] JH/ZU).
Applying the Kato-Ponce estimate to the first commutator one obtains
[+, m] 0], S W3l 721 2ollrn 4+ 175 20l o ol

Taking p1(s) = ﬁ, pa(s) = % fors € (%, 1) and p; = pp =4incases > 1

one deduces
lvll g2 + lvll g fors € (1/2,1)

JsH2, ]v‘ < .
”[ Y] S Il 0]l gs-1/4 fors > 1

after implementing the Sobolev embedding. Similarly,
L SNl 177 2ol 4 10l 177 20l

i
follows from the Kato-Ponce inequality. Now taking p; = p3
_2_?271 fors € (%, 1) and p; = po = p3 = ps =4 fors > 1 one deduces
<l vl 12 fors e (1/2,1)
, ~ M gs+1/2 Dol e fors > 1

1
=15 P2 = P4 =

7. Js—l/2‘
o)

after implementing the Sobolev embedding.
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Thus applying Holder’s inequality to the sum /1 + I5 one obtains

Ivliz12 + vl fors € (1/2, 1)

I+ Is S slloxnll gs—172 10l gs+12
* M gs=172 W e ol ys1a fors > 1

’

and so

. 2 4
L +1s S 4 ||axrl||1-1x71/2 (||dx7]||H.\-71/2 + ||77||Hx71/2) vl s 5 In, U”HHl/z + x|, U||Hs+1/2

x HS xHs '
Finally, summing Derivative (3.3) with the derivative of square of H LH/ 2 % H'-
norm according to Definition (3.2) we obtain

s

iES(n V=n+...+ I < vl + 3, vll*
s e ~ ’ Hjj—]/sz’T ’ H;S,;H/ZXHS

dt
which concludes the proof. U

In the following obvious statement the non-cavitation condition plays a crucial
role.

Lemma 7 (Coercivity) Let s > 1/2 and (n,v) € C ([0, T1; H*T1/2(R) x H*(R))
be a solution of System (1.1) for some T > 0. If in addition n satisfies the non-
cavitation condition then
2
E*(n,v) ~ |In, U”H;H/szs .
Corollary 1 (Energy estimate) If the conditions of the previous two lemmas are
satisfied then it holds true that

d
ZE .0 S (142 (E' (L) + E (0. v)?)

with the implicit constant independent of » > 0.

As we shall see below, the non-cavitation condition is convenient to work with
only in the case of high regularity s > 3/2. Then the time interval on which the
condition holds true can be easily estimated through the first equation in (1.1). Our
goal is to study well-posedness in spaces of low regularity as well. So in case of
s < 3/2 we will have to impose a stronger condition, instead of non-cavitation,
namely smallness of the initial data norm, that we can control in time with the help
of the Hamiltonian conservation, as the following lemma demonstrates.

Lemma 8 There exists a constant H > 0 independent of the surface ten-
sion » > 0 such that for any ¢ € (0,H] if a pair u = (n,v) €
C ([0, T1; HSTYV2(R) x H*(R)), having initial condition |u(0)|l g1 12 < €/2,
solves System (1.1) then ||u(t)||H}1{X1_11/z < € for any time t € [0, T].%

Proof We use a continuity argument. We simply write

1
2 2
lull® = E”M(I)HHLXHUZ'
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Then there exists C > 0 independent of > > 0 such that

o

lull>(1 = Cllull) < H@) < ul*(1 + Cllul),

where u = u(z) is a solution of (1.1) defined on some interval. Take H = (2C)~ !,
any 0 < € < H and a solution with ug = u(0) having |lug|| < €/2. By continuity
[lu|| < € onsome [0, T.] and so

lull < V2H@) = v/ 2H(g) < ,/”—zce/ze e

Hence the function u satisfies that ||u(¢)| does not reach the level € at any time . [

2 3
< lnlizz lvllgs < Cllull”,

and so

As a consequence of the lemma we can control |||z~ for any s > 1/2 in time,
admitting only small initial data, by the inequality

1
Inflzee S {1+ — ) 0. vl e

which guarantees non-cavitation, in particular.

4 Uniqueness Type Estimate

Suppose that we have two solution pairs 11, vy and 7, v of System (1.1) on some
time interval. Define functions 6 = n; — 12, w = v; — v2. Then 6 and w satisfy the
following system

0; = —0yw — i tanh D(Bvy + nw),
(4.1)

w, = —i tanh D(1 + >D?)0 — i tanh D((v] + v2)w)/2.

We need an a priori estimate similar to one obtained in the previous section for the
difference of solutions. For this purpose we introduce the difference energy

»x 1 1 12
B vr ) = S1600 + iy +5 [ (7 h0) @)

Lemma9 Let ny, vy, n2, v2 € C! (0, T); H*®(R)) be solutions of System (1.1) for
some T > 0ands > 1/2. Their difference is denoted by (6, w). Let0 < r < s—1/2.
Then

d
B G v v S (U I B + o1+ o2l ) (16120 + Nl )

dt

where the implicit constant depends on s, r, s.
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Proof We follow the same arguments as in the proof of Lemma 6. The derivative of
squared norm

1d
100312 + 5 o Nl = —x/ (J’+%9) JHgw— i%/ (J’+%0) J7+3 tanh D(6v2)

» d
2 dt
—m/ (J’+%9) J7+% tanh Dy w) —i/(ﬂw)ﬂ tanh D

. r rn2 i r r
—l%/(.] w)J" D tanh DO — E/(J w)J" tanh D(vy + v2)w

:h+o(

2 2
1O Er lwll g + o2l gr+12 101 e + Il 101 a7 lwllar + lve + v2llgs lwlig )
H

where
I = i%/ (J’_%Dé’) Jr+%(’71w)-

In the case r > 1/2 we have the commutator estimate

[+ m]w

1 1
U P sl

S 10xm s Lol S Imllgsezlwliar,

L2

and so
1 1
h=ix / (4726) 2w + O (Imllgsrn 6l grerelwlar) . (43)

For r € (0, 1/2) we apply the Leibniz rule

1 1 1
1D 3 Grw) = wiDr gy = i Dy w|

L S oy 1012w Ly S Il il

where pp > 2issuch that oo = r — 1/2 + 1/p> > 0. The last estimate is due to
Sobolev’s embedding. Operator J/*2 — | D|"*2 is bounded in L2. Thus

1 1
= m/ (4772 D0) IDI 2 (mw) + O (Il g2 161 gzl )

| | 1 ]
:i%[(]’*§D9>w|D|’+7’“+i”/ (1'7709) DI 2w+O (Il gs+12 101 grer2 lwllar)

where the first integral can be estimated by interpolation in Sobolev spaces. In the

second integral the fractional derivative |D|" +3 can be approximated by J" +3 1o
come again to (4.3) now for0 < r < 1/2.
Differentiation of the energy modifier gives

1d —1 \2 . L 1 . o1 R S
oV m(] 2w) =—i m(] 2w>] 2 tanh DO — i m(] Zw)J 2 D“ tanh DO

. ) 1 2 ; 2
_%‘/m (J"%w) J"%tanhD(vl +v2)w—5/8xv1 (J"%w) — %/tanhD(mvl)(Jr—%w)

=h+0O (Hm e 101 gr=12 lwll gpr-12 + (L + N llas) (lotllas + lvallas) “w”%p) ,
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where
I = —i%/ (472D8) J(m s 2w = —i%/ (77 4D6) mrw
_1 1
1000120 (10l 17 Fwlleon + 1l 172wl )

. _1 1
= —l%/ (Jr 2D9) n1]’+2w + O (”7]1||Hx+l/2||9||Hr+l/2”wul—1")

2
2s—1
fors e (%, 1) and p; = pp = p3 = ps =4 fors > 1. Summing I, together with I

following from the Kato—Ponce inequality with p; = p3 = ﬁ, P2 = ps =

calculated in (4.3) we conclude the proof. O

Corollary 2 (Energy estimate for difference) If in addition to the conditions of the
previous lemma we assume non-cavitation for n then

d
TE v v) S (L I + o1l + 12l ) B G v v,

Proof Non-cavitation implies coercivity for E” and the rest is obvious. O

Remark 2 The restriction s > 1/2 appeared in the lemma and its corollary is incon-
venient. It comes from the loss of Hamiltonian structure of System (4.1). This results
in the fact that we can obtain only a weak solution in case s = 1/2 and probably not
unique.

5 Parabolic Regularisation

For application of the energy method we need to do a parabolic regularisation of the
view
N + vy + i tanh D(nv) = —su|D|"n,

) ) (5.1)
v; + i tanh D(1 + »>D“)n + i tanh Dv°/2 = —»u|D|Pv

where ;1 € (0, 1). We want to prove solution existence for (5.1) for any given u, by
the contraction mapping principal and so p should be big enough. However, we also
do not want to spoil our energy estimates, and so p should be small enough. As we
shall see below, this bounds us to p € (1/2, 1]. Here the left number comes from the
following lemma.

Lemma 10 Foranys > 1/2, u > 0and p > 1/2 there exists a finite positive bound
C(T), tending to zero as T — 0, such that

T
[ e croeen]], ar < carisicen s,

for any functions f, g defined on [0, T)]. Here eitherr = s + 1/2 orr = .
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Proof In the case r = s > 1/2 the statement is obvious due to boundedness of
exp(—ut|D|P) and the algebraic property || fgllgs S I f Il gs llgll s - Hence C(T) =
¢s T with some constant cg depending only on s.

Otherwise we use

He_ﬂf‘Dlp (fg) H o < HS — e_#tlglp (§>1/2 HLOC ||fg||H)71/2
where in the case r = s = 1/2 by the Holder inequality we have

I f8llgr—12 =18l < W fllgaliglips SN Mgva lghgs S 0 gs 18l as

and in the case r = s + 1/2 we obviously have

I f&llgr-12 S N g gl g -

It is left to check that the L°°-norm above is locally integrable. Indeed, we can
estimate the function at £ € [0, 1] and at £ > 1 separately

e*lﬁlflp(%-)l/z < max {21/4’ sup 21/4521,,em|5|} < 21/4 hax {1’ (Zpe,ut)fﬁ}
21

that is an integrable function with respect to time over any bounded interval for p >
1/2. The integral of this function over [0, T'] defines the bound C(T). O

With Lemma 10 in hand we can prove the local well-posedness in H*+1/2(R) x
H*(R) with s > 1/2 for System (5.1) by the fixed-point argument. Diagonalization
has the matrix form
itK,.D) 0

_ exp(—
S(t) = exp(—»ut|D|IP)K < 0 exp(it K, D)

)/c—l, (5.2)

where . | X
1 1 -1 1 K
K=— , K'=— .
Al k) =50 %)
with K, defined by (2.1). For any fixed ug = (170, vo)’ € X* = HH/2(R) x HS (R)

the function S(¢)ug solves the linear initial-value problem associated with (5.1). Let
X7 = C([0, T]; X*) and regard a mapping A : X3 — X7 defined by

t
A, v; o) (1) = S(t)ug + / S(t — t')(—i tanh D) (UZ’/’2> AHd'.  (5.3)
0

Then the Cauchy problem for System (5.1) with the initial data u¢ may be rewritten
equivalently as an equation in X7, of the form

u = A(u; ug) 5.4)

where u = (n,v)T € X7.

Lemma 11 Lets > 1/2, p > 1/2, u € (0, 1) and ugp = (no, UQ)T € X5, Then there
isT =T(s, p, » W, lluollxs) > 0, decreasing to zero with increase of the norm of
ug, such that there exists a unique solution u = (1, T e XxT of Problem (5.4).

Moreover, for any R > 0 there existsa T = T (s, p, », i, R) > 0 such that the
flow map associated with (5.4) is a real analytic mapping of the open ball Br(0) C
X* to X7.
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Proof We need to show that the restriction of A on some closed ball By, with
the center at point S(f)ug is a contraction mapping. Note that ||S®)ulys <

llexp(—sept|D|P)ullys . Hence by Lemma 10 for any 7, M > 0 and u,uj, uy €
By C X3 hold

lA@) = Stuollxy < CDullk; < CAONM + llugllx)?,

IAG) = A2 x5 < CT)llur—uallxs Qs +luallxs) < 20T M+l x) lur —ua llxs

and so taking M = |lug||xs one can find a T > 0 such that .4 will be a contraction
in the closed ball Bj;. The first statement of the lemma follows from the contraction
mapping principle. Smoothness of the flow map can be proved in the same spirit
applying the implicit function theorem instead, and so we omit it. Some details can
be found in [9]. O

By a standard argumentation, see for example [11], one can show that
if u = @@l e X% is the solution of Problem (5.4) then u €
c! ((O, T); H*"1(R) x HS_3/2(R)) and it solves the regularised system (5.1) as well
with the initial data ug € X*. Clearly, in order to be able to use the following energy
and a priori estimates, one has to pick up a smooth initial data. The justification is
discussed briefly in Section 7.

Lemma 12 Suppose s > 1/2. Then there exists Cy > 0 such that for any » > 0 and
any functions n,v € C' (0, T); H*®(R)) solving System (5.1) with u € (0, 1) and
p € (1/2,1] it holds that

d 2 4
EES(W v) < Cs(1 + %) (”Uv U”Hffl/szS + lIn, U”HE;H/ZXH-Y) .

In other words, the parabolic regularisation (5.1) does not spoil the energy
estimate. Note that C; > 0 does not depend on s, i, p.

Proof Following the proof of Lemma 6 one arrives at

d -~ ~
EES(TL Ww=h+h+hH+...+1, (5.5)
where
8 2, 2, | “1pe2y |
T NP VRO IR N P et
~ ” 2
L= _7" / (#7120) D17y - %/L/n (457120) P71 S sell e 0
for p < 1 and the rest integrals Iy, ..., I3 are the same as in Lemma 6. O

As was noticed at the end of Section 3, one has to make sure that the modified
energy is coercive. An effective way to do it at the low level of regularity is to con-
trol ||n]| . via the energy conservation. One can get the same controllability for the
regularised problem via the energy dissipation due to the following result.
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Lemma 13 Suppose n,v € c! ((0, T); H®(R)) solve System (5.1) with »x > 0,
€ (0,1)and p € (1/2, 1]. Then there exists §(p) > 0 independent of the viscosity
W and the capillarity s such that H(n, v) is a non-increasing function of time t
provided ||n(t) | 2 + lv(®)]l g1/2 < 8 holds for any moment t.

Proof Hamiltonian (1.3) has the derivative

2
— 2 -1
MO0 = =l = — [ K| 1=

where the rest integrals

1
I =fnv|D|”v, L= Efvlelpn

are of no definite sign. One has to check that 1, I; are absorbed by the first and third
norms.
Firstly, we rewrite /] in the form

i= [ 1DPRauIRs = [ (1D = vlDIy ~ D10 DI

2
+ [ (ipr2n) wippo s [ (1p1r2)”

Applying the Holder inequality and the fractional Leibniz rule (2.3) for |D|P/?
with L?-norm to the first integral, Lemma 4 to the second integral and the Holder
inequality to the third integral, one obtains

1 s |ipiee=t) o) o
~ L L L?
2
p/2 r/2 p/2
+ |11 welgn 1017720 il 101720
Using the Sobolev embedding H'/* <> L#*, one finally obtains
2
2 2 2
s 12| wlge 101720 i 1012

The second integral I can be treated by the Holder inequality as follows

1 1
i =5 [ (1D1722) D12 < 3 |ipi22| i1,

L2’

Here the first norm is estimated with the help of the Leibniz rule in the way

2

S vl o

’

2
l1or202] . 5 o], + v
L? L? L4

|D|P/2v‘

+ HlDlp/2+1/4v

H2

where we have used Lemma 4 and the embedding H'/4 < L*. Thus

o], 00

<
L] S vl ge .

@ Springer



23 Page 18 of 27 Math Phys Anal Geom (2020) 23: 23

Eventually we obtain

2
2 -1
LIEREARS (Ilnllm/2 + & UHHM) max {[Inll 2 . [vllg12}

that concludes the proof. Note that the implicit constant here does not depend on
. O

As a simple corollary with the proof similar to that of Lemma 8 one obtains the
following.

Corollary 3 There exists a constant § > 0, depending only on the parabolic regu-
larization power p, such that if a pairu = (n,v) € C! ((0, T); (HOO(R))z), having
initial condition |luol| g1 172 < 8/2, solves System (5.1) then ||u(t)|| g1 g1z < 6
for any time t. 3 g

The dependence of § on the parabolic regularisation power p is unimportant since
below we stick only to the case p = 1.

6 A Priori Estimate

We have an a priori global bound for solutions of both systems (1.1) and (5.1) in
HY'(R) x HY2(R) due to Lemma 8 and Corollary 3, respectively. Our aim is it to
obtain estimates in H*t1/2(R) x H*(R) with s > 1/2.

Lemma 14 (A priori estimate) Suppose s > 1/2 and » > 0. Let
(1, v) € € (10, 7% HF2®) x H\®) N €' (0. 7%; (HER)?)

be a solution of System (1.1) (or of the regularised system (5.1) with u € (0, 1) and
p = 1) defined on its maximal time interval of existence and satisfying the blow-up
alternative

T* < 4+oo implies IEHTI* In(), v(t)||Hi+1/szs = +o00. 6.1)

Suppose that its initial data (1.2) either satisfies the non-cavitation condition for
s > 3/2 or has small enough H}{ x HY?-norm for s < 3/2. Then there exists
To < T* such that

sup In(@), vl ys+172, e < C im0, voll ys+172, 4, (6.2)
1€[0.Tp] H,, x HS H,, x HS
for some C > 0 independent of s, ji. The time of existence Ty is a non-increasing
function of the surface tension » and of the initial data norm ||no, vol| B2
bl

s "

Proof We closely follow the arguments in [12] since we have essentially the same
energy estimates. The main difference lies in the control of coercivity of the mod-
ified energy (3.2) for small s. Let hg, Hy define non-cavitation of o according to
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Definition 1. Regard h = ho/2 and H = Hy + hg/2. If the wave 7 satisfies the non-
cavitation condition associated with ., H then there exist positive constants co(h),
Co(H) such that

E (777 U) CO ||77: U” s+1/2

) HS

2
co lIn, U||Hj~:r1/2><

by coercivity of the energy. These constants depend only on hg, Hy. They are used to
define the time set

1€[0,T]

T= {T € (0,77 = sup |In@), vl ys+172, y, < 3v/Co/co lIno, voIIH;+1/2XHS}

that is non-empty and closed in (0, 7*) by the solution continuity. Moreover, for
= sup7 we have either T < T*andso T € T or T = T* = +0oc by the blow-up
alternatlve (6.1). Introduce Tp = min{T}, T»} with

1 1
Thn=————Ilog |1+ )
Ci(1+ ») 1+ C1(1 + 39)Co 1m0, ”O”if“ﬂxm
h
0 fors > 3/2
7y =4 €2 (1m0, voll e, e + 0, 001 1) ,

1 otherwise

where C1, C, are two big positive constants to be fixed below in the proof. The idea
is to show that these constants can be chosen, independently on the initial data, in
such a way that Tp € 7 or equivalently 7o < 7.

Assume the opposite 7' < Tp. Firstly, we will check that the non-cavitation condi-
tion holds on [0, T']. Indeed, in the low regularity case s € (1/2, 3/2] it is assumed
smallness of the initial data and so H) x H'/?-norm of the solution stays small
with time evolution by Lemma 8 and Corollary 3. In particular, the wave satisfies the
non-cavitation condition. For s > 3/2 one can estimate n using the first equation in
System (1.1) (or in System (5.1)) as follows

t
n(x, 1) = no(x) +/ dn(x, har’,
0
where
[19:mll oo < 10Vl Lo + ltanh D(v)|[Loc + 220 [[| D]l 00
S 10l gs—1 4 Il gs—1 10l gs—1 =+ 3¢ 10571l g1
with the implicit constant independent on ¢ € (0, 1), obviously. Hence

HS

2
19l Loe S 0. voll yss172, o + 10, V0N ov1/2

uniformly on (0, f] C T. Thus we have

t
H/ 9 (x, tdt
0

<T sup 18m@)llp <
L te(0,7]
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for big enough C» since T < T,. As aresult the non-cavitation
h—1=ho/2-1<n<Hy+hy/2=H

holds on R x [0, ?]. Without loss of generality one can assume that for s < 3/2 the
non-cavitation of 5 is governed by the same constants &, H.

Let E(t) = E*(n,v)(t) be the energy defined by (3.2) and Ey = E(0). For
System (1.1) (or for System (5.1)) we have the a priori energy estimate given in its
differential form by Corollary 1. It can be rewritten in the form

E /< 1
(H——E) \C( +%)—

A straightforward use of Gronwall’s inequality gives

E®)(1- Eo eC+591 < Eo eC+501
14+ Ey 14+ Ey

for any ¢ € [0, T] with ¢ depending only on 7, s. Note that

eCU+2)1 <14
1+ Ci(1 4+ »)Ey

forany C; > cand 0 <t < T < T1. In particular,
Ey eC(H_%); < (Ci(1 + %))_1 + Ey
1+ Eg = 1+ Eg
if in addition Cy(1 + ») > 1. Thus
1 24 Ci(1+x)Ey

E() < — <E <
( Eg ec(1+;4)z)7 1 1+ (C1(1+ ) — 1)Ey
1+Eo

<1

2Ey

if in addition C1(1 + s2) > 2. As a result setting C; = max{2, c} we have
(@), vl yst172, s < V2C0/co 1m0, voll ystirz, g

forallz € [0, 7]. Taking into account T < T*and continuity of the solution one can
find T < T’ < T*, Ty such that on [0, 7] holds

||77([)’ U(I)HH;H/ZXHS < 2\/ CO/CO ”nOs vO”H::—I/zXHS

which contradicts the definition of T. Therefore, we showed that Ty < T concluding
the main part of the proof.

It is left to specify the dependence of Ty on the initial data and the surface tension.
From its definition one can see that Tj is non-increasing as a function of the initial
data norm for each s > 0 fixed. One can also see straightaway that Tp is non-
increasing as a function of ¢ for each (1o, vo) and s > 3/2 fixed. To the same
conclusion one can easily come in the case s < 3/2, taking into account that the
smallness assumption imposed on the initial data norm is s»-independent according
to Corollary 3. O

Studying the low surface tension regime in the last section, we will appeal to the
following remark.
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x H*S
To(K) < Ty(s¢). Thus To(K) and the smallness parameter of HII< x H'/2-norm of
the initial data ug = (179, vg) can serve as bounds independent of s instead of the
corresponding bounds given in the statement of the lemma.

Remark 3 Suppose that > € (0, K]. Then ||u0||Hs+1/z < ||”0||HS+1/2st and
»x K

Lemma 15 Suppose s > 1/2, s > 0 and functions n,v € C'((0, T); H®(R))
solve System (1.1) (or the regularised system (5.1) with u € (0, 1) and p = 1). Then
if s < 1 the following holds true

d
TE0.0) < Coll420) (14 [0l + I vl i) 100120

and if s > 1 then

)

x H*S

d . 2 2
TE(0.0) < G149 (L4 0 e ) 01,

Moreover, the constant Cy does not depend on , L.

Proof The estimates obtained while proving Lemmas 6, 12 need to be refined for
s > 1/2 as follows. We stick to the notations used in the corresponding proofs. Recall
Identity (5.5) and note that / 1, L+ 1s, I3, I, I3 need not to be refined. So it is left to
reconsider only the integrals I, I», 14, I7.

Note that by Lemma 4 we have

L <

15—1/2UH

]5—1/20‘

]s—l/sz

s—1/2
. e 110l s + 3¢ il e D]

2
S A +59) In vl seps—12 I, U“H;H/ZX,,; :

In order to refine /7 we need to estimate

H (sgnD|D|1/2v> JS_I/ZUHLZ < H (sgnD|D|1/2v)

Js—l/ZU‘

H LP1 LP2
following from Holder’s inequality with py(s) = ﬁ, p2(s) = % fors € (%, 1)
and p; = pp = 4incase s > 1. Implementing the Sobolev embedding and gathering
the rest of /7 one obtains

I < ”U”%F lv]l 12 fors € (1/2,1) '
~ lvll gs—1/4 fors >1

It turns out that /5 and /4 should be estimated together in order to make sure that
the constant Cs in the statement does not depend on s. Summing I and I4 one
obtains

bh+1L=i / (Js—l/ztanh Dn) (JS—I/2(nU) _ nJS—l/ZU) )

Firstly, we regard the case s > 3/2 and appeal to the Kato-Ponce inequality (2.2)
to estimate the commutator above as

[t

-3/2 s—1/2
Lo S 8enllo 177 vl e + 1757 2y 2 v o

@ Springer



23 Page 22 of 27 Math Phys Anal Geom (2020) 23: 23

Taking p1(s) = ﬁ, pa(s) = ﬁ fors € (% 2) and p; = pp =4incases > 2
one deduces
vl 12 + [l fors € (3/2,2)

L4 1 S Il
H2 N ol gro-sia + llvll oo fors >2

Secondly, in the case s = 3/2 the commutator is estimated straightforwardly as
s—1/2
|01,

2
L+ 3 ||77||Hs—|/2 lvll gs—172 -

Finally, regarding the left case s € (1/2,3/2) we firstly approximate the Bessel
potential J5~!/2 by the Riesz potential | D|*~!/2 in the commutator as

S Il lvllge + il vl g,

and so

H <J,571/2 _ |D|,§71/2> () — 1 (Js—l/Z - ‘Dls—l/Z) v

, Sl vllzee + linllz2 vl

and then appealing to the Leibniz rule (2.3) we obtain

[1DI=1200) — 1D~ 20| vl

o5 o

Hence for s € (1/2,3/2) the sum of I and 4 is estlmated as

DL+14 S ||77||HA 172 (”U”LOO + ||U||L2)«
Thus gathering all the parts one obtains

L Dol + . vl g1 fors € (1/2,1)

htb+h+. 5 S A+ vl p { s s 1
o ors >

2
L+ n, U||H;-{+1/4st,l/4

which are the desired estimates. O]

Knowing coercivity of the energy E*, controlled either by the smallness or by the
non-cavitation of the initial data, one can deduce from the lemma that the time of
existence depends only on ||ng, vol| HEH s where 1/2 < s’ < 5. Taking into

account the boundedness of |5, v]| H1 <HI/2 holdmg true at least for small initial
data, one can get a stronger result thanks to the Brezis-Gallouet limiting embedding
(2.5). In order to exploit it we need the following Gronwall inequality.

Lemma 16 (Gronwall inequality) Let y be an absolutely continuous positive func-
tion defined on some interval [0, T]. Suppose that almost everywhere

< Aylogy

where A > 0 is constant. Then there exists C > 0 independent of T such that

y(t) <exp (CeA’) .
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Proof Denote the right hand side by z(#) = exp (CeA’ ), where we take C > 0 such
that z(0) > y(0). Regard the derivative

/ / /
y yzi—yz y y
(_> =" SAZlg”,
Z Z Z Z

where the latter is less than zero at least for r = 0. So the fraction y/z decreases and
stays always below the unity. O

Corollary 4 (Persistence of regularity) In the conditions of the a priori estimate
lemma 14 the following holds true

1m0, v s,y < eXp (ceC(mm)

provided s < 1, and if s > 1 then
! 2
(@), vl yss1r2, s < W0, Voll ystiza g exp (C(l +0)t+C(+ %)/0 lIn, leH;ﬂmxHHM)

where the constant C > 0 does not depend on s, . In particular, the maximal time
of existence T* = 400 provided ||no, voll g1 x g1/2 is small enough.

Proof The statement is obvious for s > 1. Suppose s € (1/2, 1). By Lemma 8 and
Corollary 3 the norm |5 (), U(I)||H’1{XH1/2 stays bounded with time. Hence from the
Brezis-Gallouet inequality (2.5) one deduces

lv@llLee S 1+1og B+ v@)as) -

Thus applying Lemma 15 and taking into account that E* is coercive one obtains
d
B S U459 (1+1og(3+E%)) .

As a result, after the application of the previous lemma with y = 3 + E*, we have
the estimate
E® <exp (CeC(H")’) ,

which again due to coercivity of E¥ leads to the first inequality of the corollary after
renaming the constant. O

7 Proof of Theorems 1 and 2

With the a priori estimate (6.2) in hand we can reapply the local existence Lemma
11 for the regularised problem (5.1) with © € (0, 1) and p = 1 in order to obtain
solutions u* = (n*, v*) on the time interval [0, Ty] defined by Lemma 14. Conver-
gence of u”* as u — 0 follows from an adaptation of Lemma 9 to the difference
energy (4.2) with n; = npfi,v; = v (j = 1,2)and 0 < po < py < 1.
The proof repeats the arguments of Lemma 9 and Lemma 13. Moreover, using the
Gagliardo—Nirenberg interpolation one can obtain that u* converges to some u in
C ([0, Tol; H/2(R) x H"(R)) as u — O for any 0 < r < s. This u is a
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solution of (1.1) in the distributional sense. Furthermore, to prove persistence u €
C ([0, Tol; HSH/2(R) x HY (R)) , justify all the previous steps and obtain continuity
of the flow map one has to regularise the initial data (1.2) as ug = (10 * e, V0 * Pe),
where pe is an approximation of the identity parametrised by 0 < € < 1 [1, 13]. An
application of the Bona—Smith argument in a straightforward standard way [1, 15,
20] results in the persistence and continuous dependence. We omit further details.

8 The Two-Dimensional Problem

In this section we comment briefly on adaptation of the proof for the two dimensional
case. Firstly, we define the energy norm

2 2 1412
s %”Vn”Hs—I/Z + ||77||Hs—1/2 + K V||Hs—1/2st—|/2 (8.1)

2
lIm, V||HL+1/2><HY><H

and the modified energy

2
Js_l/zv‘ , (8.2)

ES(n,v) = ! I, viI> 41 1
’ 2 VD T S 2 s ms T )

and then notice that it is coercive provided the wave n either satisfies the noncav-
itation condition or has small H'-norm. Note that the latter does not imply the
first one, since now we do not have embedding of H' to L>. The smallness of
H ;1{ x H'? x H'2-norm can be controlled by the energy conservation. Indeed, by
Holder’s inequality and the Sobolev embedding the cubic part of Hamiltonian (1.6)
is estimated as

2 2
/77|V| dx S Inll 2 ||V||H1/2XH1/2 s

and so repeating the arguments given in the proof of Lemma 8 we arrive at the con-
clusion that the small enough initial data stays small through the flow. For s > 2 the
noncavitation preserves locally-in-time due to the first equation in (1.4).

The assumption V x vo = 0 is needed to correctly define the semigroup associated
with the regularised linear problem. Indeed, instead of Semigroup (5.2), for the two
dimensional problem we have

€X —ltK% D 0 -
s<z)=exp(—wtlD|”)’C( : 0 - exp(irK IDI))’C -
where
1 Kl D, Kl Dy 1 (1 21@D|D 2’(‘D|D
K= 27D =1p | » K= | TDlz
V2 D D ﬁ L= -
K%m K I_l)2‘ ,{D] 2K,.D;

with K,, defined by (2.1). Note that X~! is well defined on the subspace of

HsT1/2 (Rz) x (H* (}Rz))2 with the curl free second coordinate. Moreover, it is easy
to show that the condition V x v = 0 preserves through the flow. The energy esti-
mates and the rest of the proof of Theorem 3 can be done in exactly the same manner
as in the one dimensional case, and so we omit further details.
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9 The Low Capillarity Regime

This section is devoted to analysis of the solution dependence on the surface tension
» € (0, 1]. It allows, for instance, to validate that solutions of Systems (1.1), (1.4)
with »z = 0, that are known to exist [9], do indeed approximate solutions of the
same systems when » < 1. We restrict ourselves to the one dimensional case. The
extension to the two dimensional situation is straightforward.

Theorem 4 Lets > 2 and

u* = (", v%) e C ([o, T1 B2 (R) x HS(R)) nc' ((0, T): H~'(R) x HS_3/2(]R))

be the solution of Problem (1.1), (1.2) for each » € (0,1]. Then u* con-
verges to the solution u = (n,v) of Problem (1.1), (1.2) with » = 0 in
C ([0, T1; HS"V2(R) x H*(R)) as » — 0.

Proof By the Bona-Smith argument it is enough to prove the statement for the
smooth initial data ug = (ng, vo) with ng, vo € H*(R). Moreover, it is enough
to prove convergence in C ([0, T, LZ(R) x H/? (R)). Without loss of generality
we can assume that T' coincides with 7j defined in Lemma 14. Note that it can be
regarded as independent of s € (0, 1] according to Remark 3. Moreover, we can
assume that on the same time interval [0, T'] the solution u, corresponding to the zero
surface tension, also satisfies (6.2) with the same constant C and s = 0.

Define functions 6 = n* — n, w = v>* — v. Then 6 and w satisfy the following
system

0; = —0yw — i tanh D(Ov + n*w),
w; = —i tanh DO — i 3D tanh Dn** — i tanh D((v* + v)w)/2.
Introduce the norm

2 2 2 —1 2
16, wI? = 16wl 12 = 10072 + 1K w2,

and calculate its derivative

1d
S5 16, wi? = —i/@tanhD(@v—i—n”w) —m/ (K*lw) K~ D?tanh Dy
i _ _ B
fif(K 'w) K~ tanh D(W* + v)w) S 10132 [0l + 1612 | K~ w] 0] 0

2
oK (0 + )

o 0 e + [ K0

Thus we have

d
10wl S 10wl (|17, v | e g+ 10l ) + V7 [0 e o
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and so applying the a priori estimate (6.2) one deduces

d
10wl S ol 3, o (16, Wl + /7).

Taking into account that at the initial time moment 6(0) = w(0) = 0, one easily
obtains

16), wOll < V/5C luoll 2, 12 (50 (€ ol g5, 1) = 1)

that tends to zero as > — 0 uniformly with respect to ¢ € [0, T']. This concludes the
proof. O
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