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Abstract

We prove that for every semigroup of Schwarz maps on the von Neumann algebra
of all bounded linear operators on a Hilbert space which has a subinvariant faith-
ful normal state there exists an associated semigroup of contractions on the space
of Hilbert-Schmidt operators of the Hilbert space. Moreover, we show that if the
original semigroup is weak™ continuous then the associated semigroup is strongly
continuous. We introduce the notion of the extended generator of a semigroup on
the bounded operators of a Hilbert space with respect to an orthonormal basis of the
Hilbert space. We describe the form of the generator of a quantum Markov semi-
group on the von Neumann algebra of all bounded linear operators on a Hilbert space
which has an invariant faithful normal state under the assumption that the generator
of the associated semigroup has compact resolvent.
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1 Introduction

It is known that, under certain assumptions, semigroups on von Neumann algebras
or their preduals give rise to associated semigroups on Hilbert spaces. Moreover,
these associated semigroups often have stronger continuity properties than the orig-
inal semigroups. For example, in [35, Equation (2.1)] it is stated that if (7;),;>¢ is a
quantum Markov semigroup on a von Neumann algebra A which has an invariant
faithful normal state, and if (/C, 7, §2) is the GNS triple associated to that state, then
there exists a strongly continuous semigroup (7;) ¢>0 of contractions on K such that

T (n(A)R2) = n(T,(A)2 forall Ae Aandt > 0. (1)

Since the proof of this statement is not included in [35] we provide a proof here (see
Remarks 2 and 9). Other results which give rise to semigroups on Hilbert spaces
starting from semigroups defined on spaces of operators can be found in literature.
For example, in [34, Footnote of Theorem 6] it is proved that every strongly continu-
ous semigroup (7;),>¢ of positive isometries on the real Banach space of self-adjoint
trace-class operators on a Hilbert space gives rise to a strongly continuous semigroup
(Vi)i>0 of isometries on the Hilbert space such that 7; is given as a conjugation by
V; forall t > 0. In [19, Theorem 3] it is proved that, under appropriate assumptions,
weakly continuous semigroups on B(#) (where # is a separable Hilbert space) give
rise to corresponding semigroups of unitaries on some associated Hilbert space. In
[31, Theorem 3.3.7] the author produces a strongly continuous group of unitaries
associated with a norm continuous semigroup on the space of trace-class operators
on a related Hilbert space.

In this work we prove a result similar to the result stated above in (1) (Theorem 2).
More precisely, we prove that every semigroup of Schwarz maps on B(#H) (where
H is a Hilbert space) which has an invariant faithful state gives rise to an associated
semigroup (7;);>¢ of contractions on the space of Hilbert-Schmidt operators on .
Our map is “more symmetric” than the one provided by (1) (see the comments fol-
lowing Remark 2). We introduce the notion of the extended generator of a semigroup
on bounded operators on a Hilbert space with respect to an orthonormal basis of the
Hilbert space, and we explicitly describe how the generators of (7;);>0 and (T});>0
and the extended generator of (17),>¢ are related. We apply these descriptions to a
quantum Markov semigroup (7;);>0 haxing an invariant faithful normal state under
the assumption that the generator of (7;);>0 has compact resolvent, which allows
us to describe the form of the extended generator (and thereby the generator) of the
semigroup (7;);>0 with respect to an orthonormal basis, and thereby the generator
itself (see Theorem 4).

1.1 Structure

e In Section 2 we establish formal notation and definitions, and give some
historical notes on the terminology.

e In Section 3 we consider several constructions arising from faithful, positive, nor-
mal functionals. In particular, in Section 3.1 we prove that every faithful positive
normal functional on B(H) induces a canonical bounded linear map from 5(#)
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to S»(H). This map is used in Theorem 1 to prove that for every bounded lin-
ear Schwarz map on B(#), which has a subinvariant faithful positive functional,
there exists a corresponding contraction on Sp(#). In Section 3.2 we consider
an alternate construction for such induced maps using the GNS construction, and
then compare and contrast the two methods.

e In Section 4 we recall the basic notions of continuity for semigroups, as well as
formalize the definition of a semigroup’s generator and its generator’s domain.
In Section 4.1 we introduce the notion of an extended generator, which can be
defined on a larger domain while still agreeing with the usual generator on all
finite subspaces. Theorem 2 relates the domains and actions of the generator, the
extended generator, and the generator of the semigroup induced on Sy (H).

e In Section 5 we investigate the applications of Theorem 2 in the study of quantum
Markov semigroups (QMSs), for which the exact form of the generator is known
if the generator is bounded (see [28] and [36]). In Section 5.1, we describe the
form of a QMS generator in the case that the generator of the semigroup induced
on Sp(H) has compact resolvent.

2 Preliminaries

We first fix some notation. If H is a Hilbert space, let (B(H), || - ||0) denote the space
of all bounded linear operators on H. For 1 < p < oo, let (S,(H), || - |Ip) denote
the Schatten- p space of operators. In particular, (Sy(H), || - ||2) denotes the space of
Hilbert-Schmidt operators on H and (S1(H), || - ||1) denotes the space of trace-class
operators on H. Let (-, -)s,(3) denote the inner product in S(H). If L is a linear
operator which is not necessarily bounded, then D(L) will denote the domain of L.

We adopt the convention that functional will always mean bounded linear func-
tional. Usually the functionals that we will consider will be faithful, positive, and
normal, so this convention will help us to cut down the number of adjectives.

We would like to recall the Schwarz inequality and define the Schwarz maps. The
classical Cauchy-Schwarz inequality states that |[(y, x)| < ||y]||lx]| for all vectors
x, y in a Hilbert space. This inequality is extended to |¢ (y*x)| < ~/¢ *Y)/P (x*x)
for all x, y in a C*-algebra A, where ¢ is a positive functional on A (see [33, The-
orem 4.3.1]). The last inequality can be further extended to (T (y*x))*T (y*x) <
1T (y*y)|T (x*x) if T is a completely positive map from a C*-algebra A to the C*-
algebra B(H) of all bounded operators on a Hilbert space H (see [5, Lemma 2.6]). If
in the last inequality one assumes that .4 is unital and 7 is unital, then by replacing
y by the unit we obtain

TxX)*T(x) < T(x*x) forallx e A. 2)

A similar inequality was proved by Choi [11, Corollary 2.8] who proved that if A is
a unital C*-algebra and T is a 2-positive unital map from A to A then T (x*)T (x) <
T (x*x) for all x € A. Choi calls the last inequality “Schwarz inequality”. Similar
inequalities appear in [32, Theorem 1] and [40, Theorem 7.4]. Since a positive linear
map T on a C*-algebra A satisfies T (x*) = T (x)* for all x € A, the last inequality
is equivalent to (2). Following [41, page 14], we say that a bounded linear operator T’
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on a C*-algebra A is a Schwarz map if Inequality (2) is satisfied. The advantage of
Inequality (2), versus the inequality proved by Choi, is that Inequality (2) implies that
T is positive. Be warned that Inequality (2) is not homogeneous for 7', and therefore
by scaling the operator 7 by a positive constant the above inequality is affected.

Next we recall the definition of invariant functionals and we define the notion of
subinvariant positive functionals on a C*-algebra. If X is a Banach space, T : X — X
is a bounded linear operator, and w is a functional on X, then w is called invariant
for T if

w(Tx) =w(x) forallx € X.

If Aisa C*-algebra, T : A — A is a positive bounded linear operator, and w is a
positive functional on .4, then we will say that w is subinvariant for 7' if

w(Ta) < w(a) foralla € Awitha > 0.

If H is a Hilbert space, then a functional @ on B(#) is called normal if and only if it
is positive and continuous in the w* topology. This is equivalent to the fact that there
exists a unique positive operator p € S;(H) such that

w(x) = Tr(px) forall x € B(H) 3)

where Tr denotes the trace. The positive functional w associated to the positive trace-
class operator p via (3) is denoted by w,,. If @ is a state (i.e. unital positive functional)
on B(H) then w is normal if and only if the positive trace-class operator p which
satisfies (3) has trace equal to 1. Note that if  is a Hilbert space and T : B(H) —
B(H) is a bounded linear operator, then a normal positive functional w, (for some
positive trace-class operator p) is invariant for 7 if and only if

T'(p) = p,
where 7T denotes the Banach dual operator of T restricted to Sy () (viewed as a
subspace of the dual of B(#)). Also, if H is a Hilbert space and T : B(H) — B(H)

is a positive bounded linear operator, then a normal positive functional w, (for some
positive trace-class operator p) is subinvariant for 7 if and only if

T'(p) < p.

If H is a Hilbert space, recall that a positive functional w on B(#) is faithful
provided that w(x) > O for all x > 0. It is worth noting that B(#) has a faithful
normal functional if and only if H is separable (see [6, Example 2.5.5]).

3 Constructions Using Faithful, Positive, Normal Functionals

We extensively use the next proposition, so we want to give it along with a proof.

Proposition 1 Let H be a Hilbert space and p € S|(H) be positive. Then the
following are equivalent:

(i) the positive normal functional w,, is faithful,
(ii) the operator p is injective,
(iii) the operator p has dense range.
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Proof [(i) = (ii)]. Suppose w,, is faithful. Let & be a nonzero element of H and
Py, be the orthogonal projection onto the span of 4. Then P}, is a positive non-zero
operator on H. Hence, since w,, is faithful,

1

||h“2||p”2h||2,

0 < wp(Py) =Tr(pPy) = Tr(p' 2 Py Pup'/?) = | Pup'/?|15 =

and so p!/2h # 0. By using the same argument with /4 replaced by p!/?h, we have
that ph # 0. Thus, p is injective.

[(i) = (iii)]. Assume that p does not have dense range and let P be the orthog-
onal projection to Range(p)L. Then P is a positive non-zero operator on , and so
w,(P) > 0. However, Pp = 0, and so

w,(P) = Tr(pP) = Tr(Pp) = Tr(0) = 0

which is a contradiction. Thus, p has dense range.
[(iii) = (i)]. Let A € B(H) and suppose w,(A*A) = 0. Then

0=w,(A*A) =Tr(pA*A) = Tr(p' 2 A*Ap'?) = || Ap'?|I3. )

Hence Ap'/? = 0, and therefore Ap = 0. Since p has dense range, this implies
A = 0. Thus, w, is faithful.

[(ii) = (i)]. Assume that p is injective and let A € B(#) such that w,(A*A) = 0.
Equation (4) implies that Ap'/? = 0 and hence p!/?A* = 0, thus pA* = 0. This
implies pA*x = 0 for any x € H, and since p is injective we have that A*x = 0 for
all x € H, and so A = 0. Thus, p is faithful. O

Remark 1 Note that in the proof of [(i) = (ii)] of the above proposition, we proved
that (i) implies that pl/2 s injective. Since pl/2 = pl/4pl/4 we immediately obtain
that p!/4 is injective. Since p3/* = pl/2pl/4 we obtain that p3/4 is injective as itis a
composition of two injective maps. Further, since an operator is injective if and only
if its adjoint has dense range, and ,01/ 4, ,01/ 2 and ,03/ 4 are self-adjoint, we have that
pl/4, p1/2 and p3/4 have dense range.

3.1 Inducing Maps on S>(H)

Let H be a Hilbert space and fix p € S;(#H) which is positive. Define
ip : B(H) = B(H) by i,(x)= p 4 xpl/4,

The next proposition summarizes the properties of the map i,,. It is useful to first
recall that for any Hilbert space H the following set inclusions hold:

S1(H) € S2(H) € B(H).
Proposition 2 Let p € S1(H) be positive such that w, is a faithful positive
functional. Then the following statements are valid:

(@) The map i, is injective.
(b) The map i, preserves positivity.
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(c) The restriction i,|s, (1) of ip to S2(H) is a contraction from Sy (H) into S (H).
(d) The map i, is a contraction from B(H) onto a dense subset of Sx(H).

Proof To prove (a), let x € B(#) and suppose i, (x) = 0. By Remark 1 we have that
pl/*is injective. Therefore, since p/4xpl/* = 0, we obtain that xp'/* = 0. Further,
since ,01/ 4 has dense range, (by Remark 1 again), we obtain that x = 0. Thus i, is
injective.

To prove (b), let x € B(H) where x > 0. Let h € H. Then

(h,ip()h) = (b, p' xRy = (p'/*h, xp'/*h) > 0

since x > 0. Thus i,, maps positive operators to positive operators.

To prove (c), first note that for p,q,r > 1 with 1,1, } = 1 and for x €
Sp(H), y € S4(H), and z € S, (H), two applications of Holder’s inequality give that
lxyzllt < lxllpllyliglizll-. From this we obtain that for y € Sp(H) with [|y]l2 < 1
we have

1/4

1/4” 1/4 1/4.

. 1/4
lipl = 1074y 41 < 1o allyl2le*la = Noll*Iyll2llo ™ < ol

To prove (d), first notice that i,(x) € Sy(H) for all x € B(H) since

lip@)I3 = 10" xp 413 = Tr (020 2x)
< 20 2xlly < o' 2x* allp 2 x1l
— Tt ((p]/zx*)*(pl/zx*))l/zTr <()01/2x)*('01/2x))1/2
=Tr ()c,ox*)l/2 Tr (x*,ox)l/2 < 00.

Lety € So(H) such that y L i,(x) for all x € B(#), (where the orthogonality is
taken with respect to the Hilbert-Schmidt inner product). Then, for all x € B(H), we
have

0 = (i,(x), Vs, = (0" *x0"*, V)5,
= Tr(p'*x*p"/*y) = (x, p"*y0' ") s, 30)-

Therefore p'/4yp!/* = 0. Since p'/# is injective, we have that yp'/4 = 0 and, since
p'/# has dense range, we have that y = 0. Therefore i o has dense range.
To see that ||i, : B(H) — S2(H)|| < 1, let x € B(H) and notice that

lip)ll2 = sup [{ip(x), y)s,30l = sup | Tr(ip(x)*y)l

yeS(H) yeSy(H)
yl2<1 Iyla<1

= sup |T(p'fyp M) < sup 10 0 P lIx s
yeS(H) yeSy(H)
yl2<1 lyl2<1

= lipls,x) : S2(H) = Si(F)lllIxlloe < llxlloc,

where we used part (c) for the last inequality. O

@ Springer



Math Phys Anal Geom (2020) 23: 10 Page7 of30 10

Definition 1 Let H be a Hilbert space and p € S;(H) be a positive operator. If 7" :
B(H) — B(H) is a bounded linear operator, we define the operator T : i,(B(H)) —
ip(B(H)) by

?(p1/4xp1/4) =p AT (x)p"* forall x € B(H).

Note that T depends on p but, for simplicity, we chose notation which does not
reflect this dependence.

The following theorem was first proven in [7]. For the convenience of the reader
we provide a proof of it here.

Theorem 1 Suppose H is a Hilbert space and p € Si(H) be a positive operator
such that w, is a faithful positive functional on B(H). Let T : B(H) — B(H) be
a bounded linear operator which is a Schwarz map such that w, is a subinvariant
functional for T. Then the corresponding operator T can be extended to all of Sy(H)
as a contraction from Sy(H) to Sr(H).

Proof Since w), is a faithful normal functional on B(#), we have that H must be
separable (see the comment above Proposition 1), so let (ex)r>0 be an orthonormal
basis for H which diagonalizes p and let P, = ZZ:O lex){(er|. Note that p and its
positive powers commute with each P,. Define the linear subspace A=xp'?:x ¢
B(H)}andthemap T : A — Aby T (xp'/?) = T (x)p'/2. Further, for n € N, define

the map 4, : S2(H) — S2(H) by
Ap(x) = Pnpl/2xp_l/2Pn forall x € Sy(H)

(note that p'/2 is not invertible but p~ /2P, is a bounded operator). Then, for any
x € B(H), we have

1T G (DI = 14T 413 = Tr (01T )70 2T () p ")
= lim T (o!2T ()" Pap 2T (0)p" 2012, )
n—oo
= i (T 1/2,A T 1/2>
nggo x)p n(T(x)p )32(7'[)
— lim (T (xo!/? o172
= lim (Txp'?), 2, (xp )>$2(H)

= i ( V2 T* AT ‘/2> 5
o P ) P ©)

where we will see later on why T* is well-defined.

Define A : A — Aby A(xp!/?) = p!/2x, which is well-defined since p!/? has
dense range (hence, for x, y € B(H), xp'/?> = yp!/? implies x = y). Let B = {xp :
x € B(H)}. We make the following three claims:

@) T is a contraction on A. Therefore 7 can be extended to a contraction on
S»(H) since A is dense in Sy (H)).
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(i1) A% is positive. Therefore, by [37, Lemma 1.2], we have
o~ _~ T 1/2
A, T < (T*AnT) . (6)
(ili) 7*A2T < A% on B. Thus,
TE A2 1/2 2172
(T AnT) < (AHV2 = A, )

Hence, by combining (6) and (7), we obtain ?*Anf < AonB.

Assume for the moment that the above claims (i), (ii), and (iii) are true. By replacing
x by xp'/2, in (5) we obtain that

ITGoep'PNI5 = Tim {xp, T*A4,T (xp)

n—00 n Sr(H)
< {xp, Alx (x 172y 1/2>

(xp, Axp)) s,y = (xp, P S0
- Tr (,ox*pl/z 1/2) :Tr( 34k p1/4 5174y 3/4)
— (VA 34 1/ 3/4> = i, (xp /2|12

<p T A P lip(xp™ /)2

and so T is a contraction on ip (B(H)p'/?). We now show that ip (B(H)p'/?) is dense
in Sp(H). Let y € S»(H) such that y L ip(B(’H)pl/z). Then, for any x € B(H) we
have that

0 = (ip(xp"?), V)s,30) = Tr(ip (xp/H)*y)
— Tr(pl/4 1/2x* 1/4y) ( 1/4 3/4>

X, 0" yp Sr(H)
and hence p'/*yp3/* = 0. Since p'/* is injective, we then have that yp3/* = 0 and,
since ,03/ 4 has dense range, we obtain that y = 0. Therefore i,(B(H) ,01/ 2) is dense

in S>(H). Since T is a contraction on i i o (B(H) p'/2), we can extend it to a contraction
on S>(H). This finishes the proof of the theorem pending verification of claims (i),
(i), and (iii), as well as the fact that T* is well-defined.

First, we prove claim (i), i.e., that T is a contraction on A. Let x € B(H). Then

ITxp" )13 = 1T 213 = (T@)p"2, Tx)p" sy
= Tr(p">T (x)*T (x)p"/?) < Tr(p'>T (x*x)p'/?)

since T is a Schwarz map. Further,

Tr(p'?T (x*x)p"?) = Tr(pT (x*x)) < Tr(px*x) = Tr(p"2x*xp"/?)

_ (X,Ol/z,xpl/2>82(’H) ||x,01/2||%.

Therefore ||f(x,01/2)||% < ||xp1/2||%, and so T is a contraction on A. Hence, T can
be extended to a contraction on S3(H) since A is dense in S3(H) (this also shows
that 7* is well-defined).

For claim (ii), i.e., that A,zl is positive, first note that since p commutes with P, we
have

A,%x = P,,,oxP,,p_an forall x € S(H)
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(note that p is not invertible but ,0_1 P, is a bounded operator). Indeed, if x € Sy (H)
then

A2x) = (5 Papx P P =T (x* Papr Pap T )
<x nx S5 (H) X, LpnPXEpp n S(H) L\X LppXLpp n
=Tr (pl/zpnxPnpil/zpnPnpil/zpnx*Pnpl/z)

=Tr ((pl/ZanPnp—l/ZPn)(pl/ZanPnp—l/2pn)*) >0

and so A,% is positive. By [37, Lemma 1.2], we then have that
T* AT < (T*A2T)'/2, ®)
It is left to prove claim (iii), i.e., that f*Aﬁf < A? on B. Indeed,

JT*AXT > :<T 12) )12 27 (xp1/2 1/2>
<XP AT (o 5P % AT o 5P ) S

= (T !0, PmT(xp”z)p”anp“Pn)s »
2

=Tr (pl/zT(xp”z)*Pin(xpm)p”anp_lPn)

Te (T (xp ) PaT (xp" /2P, )

N

Tr pT(xp‘/2)T(xp1/2)) (see below) )

N

Tr(pT ((x,ol/z)(xplﬂ)*)) (T is a Schwarz map)

N

i
(
(
Tr (,0 (x,o]/z)(x,ol/z)*) (w, is subinvariant for T')

Tr (pxpx*) =Tr (px(xp)*) =Tr ((xp)*,ox)
Tr ((xp)*Az(xp)) (since A2(x,0) = pXx)

= (xp, Az(xp)>

SH)
This completes the proof as long as we justify the inequality (9). Indeed, we have that

the inequality Tr(P,A* P, A) < Tr(A*A) holds in general for any A € S>(H), since
if (ex)k>1 is the orthonormal basis of H used to define each P,, then

Tr(P,A* P,A) =

M2

<ek, PnA*P,fAek>

~
I
_

n
(PyAPyer, PyAer) = Z (P, Aey, P,Aey) ,
k=1

o

»
I
-
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and further

n n n

Y (PuAey, PyAer) = ) [IPyAekl® < Y IIPIP | Aex
k=1 1 k=1

~
Il

| Aex||* = Tr(A*A).

WK

<

x~
Il

1

3.2 An Alternate Construction

There is another situation where a bounded operator on a C*-algebra gives rise to a
corresponding operator on a Hilbert space, and we would like to mention this in the
next remark.

Remark 2 Let A be a unital C*-algebra and w be a faithful state on .A. Consider the
GNS construction of A associated with w. Let I be the Hilbert space associated with
the GNS construction, 7 : A — B(K) be the *-representation of A into the C*-
algebra of all bounded operators on /C, and §2 denote the cyclic element of the Hilbert
space /C for the representation 7, (i.e. the subspace {7 (a)(£2) : a € A} is norm dense
in /) which is equal to the unit of .4 viewed as an element of K. Let T be a bounded
operator on A which is a Schwarz map. Assume that  is subinvariant for 7'. Define
an operator 7 on the dense subspace {7 (a)(£2) : a € A} of K with values in K by

T (@) (2)) = 7(T(@))(2) foralla € A.

Then T is a contraction (hence it extends to ).

Proof Since w is faithful, the quotient that is usually associated with the GNS con-
struction does not take place, and the elements of .4 belong to K. Let (-, -),, denote
the inner product in K and || - ||, denote the norm of K. Then since w is faithful, we
have that for a, b € A, {(a, b),, = w(a*b) and hence ||(7r(a))(.(2)||g) =w(a*a).

For every a € A we have

IT @ @), = 7T @) = o(T@)*T (@) < (T (a*a))
(since w is positive and T is a Schwarz map)
< w(a*a) (T > 0is a Schwarz map; w is subinvariant for T')
= 7@ @I,
which finishes the proof. O

Notice the similarities between Theorem 1 and Remark 2. Both refer to a bounded
operator on some C*-algebra where a positive linear functional is fixed, and they each
conclude the existence of an associated contraction on some Hilbert space. But there
are three key differences between Theorem 1 and Remark 2. First, Theorem 1 refers
to an operator on B(H) for some Hilbert space H (which is necessarily separable
since B(H) is assumed to admit a faithful normal state), while Remark 2 assumes
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that the operator is defined on a general C*-algebra. Second, the state w, which is
mentioned in Theorem 1 is normal since it is defined via the trace-class operator
p, while there is no such assumption in Remark 2 (the normality of the state w in
Remark 2 does not make sense in general since A is simply assumed to be a C*-
algebra and not a von Neumann algebra as it is assumed in [35, Equation (2.1)]).
Third, the Hilbert space that is used in Theorem 1 is the space S;(H) which does
not depend on the positive linear functional, while the map i, which maps B(H) to
S2(H), does depend on the positive linear functional. On the other hand, the Hilbert
space that is used in Remark 2 (i.e. the GNS construction associated to the faithful
state w of the C*-algebra .4) depends on the state, while the *-representation 7 of
the von Neumann algebra which is associated with the GNS construction does not
depend on the state. Notice also that the combinations of the Hilbert spaces with
the representations in Theorem 1 and Remark 2 are very similar. More precisely, for
a,b € B(H) we have that i, (a), i,(b) € S2(H) hence

(ip(a),ip(b)) s,y = Tr(ip(a)*ip (b))
= Tr(p4a* ' p 4bp' 1%y = Tr(a*p'2bp'/?).

On the other hand, if we assume for the moment that the C*-algebra A4 that appears
in Remark 2 is equal to B(H) for some Hilbert space #, and the faithful state @ on
the C*-algebra A is given by w(a) = Tr(pa) for some positive trace-class operator
p on H, then the inner product of two elements a, b € A via the GNS construction is
given by

{a,b)y = w(a*b) = Tr(pa*b).

Thus the combination of the inner product with the representation that is used in
Theorem 1 is slightly more “symmetric” than the combination of the inner product
with the representation that is used in Remark 2. The reader of course will notice the
difference between the complexity of the proof of Theorem 1 and that of Remark 2.
The extra intricacies in the proof of Theorem 1 is the price we pay in order to achieve
the extra symmetry in the combination of the inner product and the representation as
discussed above.

Remark 3 The assumption that “e is subinvariant for 7~ cannot be omitted in
Remark 2.

An example where w is not a subinvariant functional for 7 but all the other
assumptions of Remark 2 are valid is presented in Remark 11.7 of [43].

Remark 4 Note that if H is a Hilbert space, T : B(H) — B(H) is a bounded pos-
itive linear operator, and w is a subinvariant positive faithful functional for 7', then
w/w(1) is a subinvariant faithful state for 7' (here 1 denotes the identity operator on
‘H). Thus, instead of assuming the existence of subinvariant positive faithful function-
als, we henceforth simply assume the existence of subinvariant faithful states. Our
subsequent results thus remain valid if the assumptions of the existence of subinvari-
ant faithful states are replaced by the assumptions of the existence of subinvariant
positive faithful functionals.
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4 Semigroups of Schwarz Maps
We first recall some basic definitions about semigroups.

Definition 2 Let X be a Banach space. A one-parameter family (7;),>¢ of bounded
operators on X is a semigroup on X if T34 = T;T; forall t,s > 0,and Ty = [
where [ is the identity operator on X. We say the semigroup (7;);>0 on a Banach
space X is

— uniformly continuous if the map t+ — 7; is continuous with respect to the
operator norm.

—  strongly continuous if for all x € X the map ¢ — T;x is continuous with respect
to the norm on X.

— weakly continuous if for all x € X and all x* € X* the map ¢t — x*(T;x) is
continuous.

— weak™ continuous if X is a dual Banach space X = Y* and for all y € Y and
x € X the map ¢t — (T;(x))(y) is continuous.

If H is a Hilbert space and X = B(#) then the semigroup (7;);>0 on the Banach
space X is WOT continuous (where this acronym stands as usually for the weak
operator topology) if for all 41, hy € H and x € B(H) we have that the map ¢ >
(h1, T;(x)h») is continuous.

It can be shown that a semigroup on a Banach space is strongly continuous if
and only if it is weakly continuous (see [4, Thm. 3.31]). If (7});>0 is a uniformly
continuous semigroup on a Banach space X then its generator is defined as the
operator norm limit

T =1
L = lim
t—0 t

This limit exists and it defines a bounded operator on X. If we do not assume the
uniform continuity of the semigroup, then the definition of the generator is given
next:

Definition 3 Let (7;);>0 be a strongly continuous semigroup (resp. weakly continu-
ous, resp. weak™® continuous), on a Banach space X (of course, when we assume that
the semigroup is weak® continuous we assume that X is a dual Banach space). We
say an element x € X belongs to the domain D(L) of the generator L of (7;);>0, if
. Ti(x) —x
m--=-=2 =

li

10
t—0 t (10)

converges in norm (resp. weakly, resp. weak™) and, in this case, define the generator
to be the generally unbounded operator L such that

T (x) —

L(x) = lim #

t—0

forall x € D(L) an

where the last limit is taken in the norm (resp. weak, resp. weak™) topology of X.
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Since a semigroup on a Banach space is strongly continuous if and only if it is
weakly continuous, it is natural to ask whether the limits (10) and (11) can be replaced
by weak limits and end up with the same D(L) and L. It turns out that this is indeed
the case (see [4, Proposition 3.36]). We will make use of this fact in the proof of
Theorem 2.

4.1 The Extended Generator L, ) of (T});>¢

We now wish to extend the definition of the generator to include some cases where
the limit (11) does not exist. We first require the following notation:

Definition 4 Let H be a Hilbert space and (%,,),en be an (countable or uncountable)
orthonormal basis of H. We let MI(;’”) denote the set of all complex N x N matrices

with rows and columns indexed by N. We view a matrix L € Ml(\il") as a linear map
L : D(L) — CV acting on H as follows: denote L = (Ln.m)n.me N, and define
D(L) C H as the set of all vectors h = Y, _n(hm, h)h, € H such that the series
ZmeN Ly, {hm, h) converges for all n € N. Then

L(h) = <Z Ln,m<hm,h>) :
neN

meN

This is in particular the natural matrix multiplication of L against 2 written as a
column vector.

The following definition is given as the minimal requirements for the outputs of
L to be considered as linear maps in the sense given above for a fixed orthonormal
basis (h,)uen of H.

Definition S Let 7{ be a Hilbert space and (,),en be a (countable or uncountable)
orthonormal basis of H. Let (7;);>0 be a semigroup of bounded operators on B(H).
To define the extended generator L,y of (7;);>0 with respect to the basis (h,),en
we first define its domain as the linear subspace of all x € B(H) such that the
function

[07 oo) EN g (hn» T‘t('x)hn‘l>

is differentiable at O for every n, m € N; thatis, D(L,)) is the linear subspace of
all x € B(H) such that the limit

T, —
lim (h,,, Mhm)
t—0 t

exists for every n,m € N. In general D(L,)) can be the zero subspace, but if
the semigroup is WOT continuous then D(L,)) is WOT dense in B(H). Define
the extended generator Ly,) of (T¢)¢>¢ (with respect to the orthonormal basis
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(hp)nen) to be the map with domain D(L,)) whose range elements are matrices
Lpy(x) € Mg'") with entries given by

. T;(x) — x
[L(hi)(x)]n,m = lim <hna d _hm> .
t—0 t

Next we want to compare the generator of a semigroup on 3(#) with respect to an
orthonormal basis of # to the usual generator. Since the definition of the generator
depends on the continuity of the semigroup, in the next remark we will consider a
weak™ continuous semigroup on B(#) for some Hilbert space H. The reason that
we choose the weak™ continuity versus any other continuity assumption is because it
is the weakest and the most natural among all continuity assumptions that appear in
Definition 2.

Remark 5 Let H be a Hilbert space, (T;);>0 be a weak™ continuous semigroup of
bounded operators on B(#), and let L denote its generator. Let (%,),<y be a (count-
able or uncountable) orthonormal basis of H, and let L,y denote the generator of
(T7)s>0 with respect to (h,),en. Then D(L) € D(L,)), and for every x € D(L)
we have L(x) = L,)(x), by which we mean the matrix of L(x) with respect to
(hy)nen and the matrix L, )(x) are equal.

Indeed, for fixed x € D(L) and every i, h’ € H we have that

< T,(x) —x ,> ,
h,——h'})— (h, L(x)h’) ast — 0. (12)

In particular,

lim <h mhn» = (hp, L(x)hy)

t—0

forevery n,m € N. Thus x € D(L,)).

Notation: If N is a nonempty set, then we denote by I, (V) the set of all finite
subsets of N.
Notation: Let # and X be Hilbert spaces with H C K and let A € B(#H) and
B € B(K). We shall denote by
A = pry(B)
the fact that
A = PyBly
where |7, denotes the restriction to H and Py : K — ‘H denotes the orthogonal

projection from /C onto . The operator B is called a dilation of the operator A
and the operator A is called a compression of the operator B.

Remark 6 Let H be a Hilbert space with (countable or uncountable) dimension
N, (hn)nen be an orthonormal basis of H, (T;);>0 be a semigroup of bounded
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operators on B(#), and let L, denote its generator with respect to (h,),en. For
x € D(L,)) and F € I1g, (V) there exists a unique operator
L,y (x)F : Span(hp)ner — Span(h,)ner

satisfying

. Tt ()C) - X, / /

11rr(1) h, — h')={(h, Lp,)(x)ph") forall h, h" € Span(hy)ner, (13)

11—
or equivalently

Li(x)—x

PISpan(hy)ne (f) — Lp,y(X)F —0 ast—> 0. (14)

B(SPan(hn)neF)

Indeed, fix FF € Ilga(N). From Definition 5, L,,y(x)F : Span(x,),er —
Span(x,),ecF is uniquely defined by
. Ii(x) —x .
(L@ P10 = Y7 i, —=——hn) b Yy i =Y (i ).

t
n,meF meF

(15)

Then (13) is obvious from Definition 5 and (15). The equivalence of (13) and

(14) then follows for any finite subset F of N, since all linear Hausdorff topologies

on the space of linear operators on Span(h,),cF are equivalent. Thus the WOT on
Span(h,,),crF in (13) can be replaced by the B(Span(h,),cF) topology.

Remark 7 Let ‘H be a Hilbert space with (countable or uncountable) dimension N,
(hy)nen be an orthonormal basis of H, (T;);>0 be a semigroup of bounded opera-
tors on B(H), and let L), denote its generator with respect to (h,)en. Fix x €
D(L1,))- Then the family (L 1, (x) F) Ferg, (v) is compatible in the following sense:
If G C F are two finite subsets of N then prgpan ), (L) (X)F) = Ln,) (x)G-

Indeed, this is obvious from (15).

Remark 8 The generator of a semigroup with respect to an orthonormal basis that
we defined above is related to the form generator which was defined by Davies [13]
and was further studied in [3, 9, 10, 20, 29, 30, 39], and [38]. If (T});>0 is a weak”®
continuous semigroup on B(?) for some Hilbert space #, then a form generator is
the map ¢ : K x B(H) x K — C where K is a dense linear subspace of #, defined by

T, —
o(h,x,h) = <h, 1irr(1) yh» forevery h, i € K and every x € B(H).
t—
Note that if (h,),cn is an orthonormal basis of H and C denotes the linear span of
(hp)nen then the form generator coincides with the generator with respect to (i) en
if the domain of the generator with respect to (h,),cn is equal to B(#H). Here we
assume that the domain of the generator with respect to an orthonormal basis is a

linear subspace of B(H), not necessarily equal to B(H).

We require a few more definitions in order to state the next result.
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Definition 6 Let # be a Hilbert space, w be a state on B(H) and (7}),>0 be a semi-
group of positive operators on B(H). We say that w is a subinvariant state for the
semigroup (7;);>0, if and only if w is subinvariant for 7; for every ¢ > 0.

Definition 7 The Moore-Penrose inverse or pseudoinverse x(~1 of x € B(H) is
defined as the unique linear extension of (x| N(X)J_)_l, the inverse as a function, to

DY) = Rx) + R(x)*

with N (x™D) = R(x)*, where N'(x) and R(x) denote the nullspace and range of
x, respectively. Letting P and Q denote the orthogonal projections onto A/ (x) and
R(x), respectively, it can be shown (see e.g. [17]) that xD s uniquely determined
by the relations

xDx=71—P and xxV = Q|D(x(_1)).

Notation By i o we mean the map from B(H) to the space of linear maps on H
defined via

1/4)(—1) 1/4)(—1).

Ip-n(x) = (p x(p

Now we are ready to state the next result.

Theorem 2 Let H be a Hilbert space, (T;);>0 be a semigroup of Schwarz maps
on B(H), and let p € S\(H) be such that w, is a faithful state on B(H) which is
subinvariant for the semigroup (T;);>0. Then there exists a unique semigroup (T;);>0
of contractions on Sy (H) such that

Ti(i,(x)) = ip(T;(x)) forall x € B(H). (16)

Moreover, if (T;);»0 is weak*- continuous then (T,),>0 is strongly continuous. Let
L denote the generator of (T;);>0, let L denote the generator of (T,);>0, and let
L, denote the generator of (1;);>0 with respect to (hy)nen, where (hy)yen is an
orthonormal basis of H consisting of eigenvectors of p. Then x € D(L) implies
ip(x) € D(L), and moreover

L(ip(x)) = ip(L(x));
conversely, i,(x) € D(Z) implies x € D(L,)), and moreover
L,y () = i1 (L(ip(x))). (17)
Proof The operators 7~} are well-defined by Theorem 1. Uniqueness comes from (16)
and the fact that i, (B(H)) is dense in S>(H). It is easy to see that Tyy = T; T and

that 7o = 1 on i,(B(H)), and the density of i,(3(7{)) implies these hold on all of
So(H).
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For the continuity statement, it suffices to assume that (73);»0 is weak*-
continuous and show (Tz)z>0 is strongly continuous on i,(B(H)), since i,(B(H))
is dense in S>(H) and Tt is a contraction on S>(H) for all ¢ > 0. To this end, let
x € B(H). Then
1T, Gip(x)) = ip()I3 = 1o T, (x)p"* = p4xp' /4|13

= 1p"* )03 + ||p”4xp”4||%
—(pxpt, p AT () 0" ) 5,200
—( AT (x) 4, p! Axp!/4
1T Gip N3 + i () 113
=29 "%, o AT (001 5,00

2lip ()13 = 29t (1r (0" x"p 44Ty ()04 )
— 0 (tr(p1/4x*p1/4p1/4 1/4 —,01/4)(*,01/4,01/47}(x)p1/4)>
2R (tr (pl/zx*p]/z(x - T,(x)))) -0

since p!/%2x* p!/2 is trace-class. Therefore (T,) ¢>0 18 a strongly continuous semigroup
of contractlons on Sy (H).
To prove the final statement, first assume that x € D(L). Then
Ti(x) — x
weak® — lim % = L(x). (18)

t—0

Sr(H)

N

Notice that for every y € S>(H) we obtain, by Proposition 2(c), that
p'/4y*pl/* € S| (H) and therefore the map B(H) > z — Tr(zp'/*y*p!/*) € C s
weak™® continuous. Thus (18) implies

T;
Tr (p1/4y*p1/4L> =0 T <p1/4y*,01/4L(x));

that is,
T:(x) — x t%O
<y,p”4’—p”4> <y P L(x )p”“) :
4 S2(H) S
and hence,
T, (pY4xpt/*y — pl/4xpl/4 t—0
<y, 5 (v L) 19)
t S (H)
S (H)

By [4, Proposition 3.36], we obtain that p4xpl/* e D(Z) and Z(p1/4x,o1/4) =
PVAL() /A

Conversely, by the Spectral Theorem there exists an orthonormal basis (h,),cn of
H formed by eigenvectors of p. Let L j,,) denote the generator of (7;),>0 with respect
to (hy)nen. Let x € B(H) and assume that p!/*xp!/4 € D(L). Then we have that

Ti(p4xp'/*y — p'Axpl/* 1o
t

L(p"*xp'*)  in Sa(H),
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and hence

T _ ~
/4 t(xz oA 20 T VA1) in Sy(H). (20)

We will prove that x € D(L,)). Indeed, we have that

T — ~
<h,p1/4—t(xi xp]/4h’> 28 (n Lo xp )

for all h,h' € H, so for any n,m € N we may set h = (p1/4)(’1)hn and b/ =
(pY/*=Dh,, to obtain

_ T (x) = -
<(p1/“>< Vi, p! 1 === —=p M (o' ”hm>

t—0 — g —
= (D ki, Lo xp ) (0 H D h).

Noting that (p/4)* = p/4, ((pV/*)D)* = (p1/*)D and p!/ 40/ Dhy = hy
for all k € N, this implies

T;(x) — x 0 i~ B
<hn, ! l hm> 5 (s (0HEVL (0 A xp (04 V).

Because this limit exists for all n, m € N we have x € D(L,,)), and moreover
L)) = (0 /H DL x4 (14D,
O]

Remark 9 Since the proof of (1) is not included in [35], we want to mention that its
proof follows from our Remark 2 in a similar way that our Theorem 2 followed from
our Theorem 1 (even the proof of the strong continuity of the semigroup (7;) >0 fol-
lows the exact same argument as the proof of the strong continuity of the semigroup
(Tt)¢>0 that appeared in Theorem 2). Moreover, the assumptions that the faithful state
is normal and invariant for the semigroup and that the operators of the semigroup are
completely positive that are mentioned in [35] for (1) are not needed for its proof,
because such assumptions were not used in Remark 2. Instead, for the validity of (1),
one merely needs to assume that the faithful state is subinvariant for the semigroup
of Schwarz maps. Note also that, unlike (1), Theorem 2 relates the generators of the
two semigroups.

5 Applications to Quantum Markov Semigroups
and Their Generators

Since quantum Markov semigroups (QMSs) are semigroups of completely positive
maps on von Neumann algebras (and hence 2-positive maps and hence Schwarz
maps), we naturally obtain applications of Theorem 2 in the study of QMSs. The
existence of invariant normal states for QMSs has been discussed in [22] and [24].
Sufficient conditions for a semigroup to be decomposable into a sequence of irre-
ducible semigroups each of them having an invariant normal state are given in [42]
(see top half of page 608, Theorem 5 on page 608, and Proposition 5 on page 609).
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There are many results in the literature of semigroups which depend on the existence
of invariant faithful normal states (for example, see [21, 25-27], and [8]) and this
assumption is often taken for granted as being physically reasonable. QMSs have
been extensively studied since the 1970s with the exact form for the generators being
one of the topics which has garnered a fair amount of attention. See for example [1, 3,
12, 14, 28, 30, 36], and [38]. The generator of a QMS is a generally unbounded oper-
ator defined on a weak™ dense linear subspace of 5(#). If the generator is bounded
then the semigroup is uniformly continuous and the exact form of the generator was
found in [28] and [36]. In this section, given a Hilbert space H and a QMS on 5(H)
having an invariant faithful normal state we study the associated semigroup of con-
tractions on Sy (H). In particular, in Theorem 4 we describe the extended generator
(and hence generator) of such a QMS under the assumption that the generator of the
associated semigroup on S»(7#) has compact resolvent.

Definition 8 A quantum Markov semigroup (QMS) on 5(#), (for some Hilbert
space H), is a weak™*-continuous one-parameter semigroup of bounded linear opera-
tors acting on B(H), such that each member of the semigroup is completely positive
and identity preserving.

Remark 10 If H is a Hilbert space and (7;);>0 is a QMS on B(#) which has a
subinvariant normal state @, for some p € Si(#H), then w, is in fact an invariant
state for (7;);>0. Indeed for every ¢ > 0,

Te(T, (p)) = Tr(T, (p)1) = Te(p Ty (1) = Tr(p1) = Tr(p),

which together with T,T(,o) < p implies that T,T(,o) = p.

Usually the notion of complete positivity applies to maps on C*-algebras. In par-
ticular, if the C*-algebra is equal to 5(?) for some Hilbert space #, then the notion
of complete positivity becomes equivalent to the following: A map T : B(H) —
B(H) is completely positive if and only if for every n € N, x1, ..., x, € B(H) and
hl,...,hn 67‘[,

n

> (hi T xj)hj) > 0. 21)

i,j=1
Note that (21) makes perfect sense even if the map 7 is not defined on a C*-algebra,
as long as 7 is defined on a Banach *-algebra S of operators on a Hilbert space
‘H. For example, S can be equal to S;(H) and 7 can be a bounded linear operator
from S to S. We make this extension of the notion of complete positivity in the next
definition.

Definition 9 Let H be a Hilbert space and S be a Banach *-algebra of bounded
linear operators on . A bounded linear map 7 : S — S will be called completely

positive if foreveryn e N, x,...,x, e Sand hy, ..., h, € H, (21) holds.

This terminology will be used in the next result.
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Proposition 3 Let (T3);>0 be a weak*-continuous semigroup of Schwarz maps on
B(H) for some Hilbert space H which possesses an invariant faithful normal state
w, for some p € S\ (H). Then the operators T, are completely positive for all t > 0
if and only if the operators Ty constructed in Theorem 2 are completely positive for
allt > 0.

Proof First, assume T; is completely positive for + > 0, and let xy, x2,...,x, €
B(H) and hy, ha, ..., h, € H. Then

n
> (i T (050 0101 ) )
i, j=1

n
= 2 ("0 T (0 45 0 ) 04 ) > 0
i,j=1
since T; is completely positive. Further, since the map i, from Proposition 2 has
dense range, T; is completely positive on Sy (H).
Conversely, assume 7; is completely positive for + > 0, and let r > O,
X1,%X2,...,x, € B(H)and hy, hy, ..., h, € H. Then
n n
S (o he Tt ) = D7 (g T i 4)hg) > 0
i,j=1 i,j=1

since T, is completely positive. Because the map p!/# has dense range, this is
sufficient to show 7; is completely positive. O

For the next result, recall the notion of conditionally completely positive maps
introduced by Lindblad in [36]. A linear operator L : D(L)(C B(H)) — B(H) is
called conditionally completely positive if for all n € N, for all ay,a3,...,a, €
B(H) such thata;kaj € D(L)foralli,j=1,2,...,n,thatforall iy, hy, ... h, € H
with }"_, a;(h;) = 0, we have that

n

> " (hi. L@faj)h;) > 0.
i,j=1

The next result is known for uniformly continuous semigroups. For example, see [20,
Proposition 3.12 and Lemma 3.13], or see [18, Proposition 2.9]. In fact the known
proof works for a more general setting as the next result indicates.

Theorem 3 Let S be a Banach *-algebra of operators acting on a Hilbert space H.

1. Let (7/)i>0 be a WOT continuous semigroup on S and let L be its generator. If
T: is completely positive for all t > 0 then L(a*) = L(a)* for alla € D(L) and
L is conditionally completely positive.
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2. Let (T)i>0 be a uniformly continuous semigroup on S with generator L. If
L(a*) = L(a)* forall a € S and L is conditionally completely positive, then T;
is completely positive for all t > 0.

Proof The proof of (2) immediately follows from [20, Proposition 3.12 and Lemma
3.13]. To prove (1), suppose aj, az,...,a, € S such that a;"aj e D(L) for all
i,j=1,....,nand hy, hy, ..., h, € Hsuchthat >\, a;(h;) = 0. Then,
n n 1
D (i Liataphy) = Tim > —(hi, (T, = D(afaph;)

i,j=1 i,j=

. 1 5
= lim ;(hi, Ty(afaj)h;) (smce Zai(h,-) = 0)

+
=0t i=1
>0
since T; is completely positive for all ¢ > 0. O

Corollary 1 Let H be a Hilbert space and (1;);>0 be a QMS on B(H) which pos-
sesses an invariant faithful normal state w, for some p € Si1(H). Let L be the
generator of the strongly continuous semigroup (7}),>0 0[ contractions on Sr(H)
defined in Theorem 2. Then L(a*) = L(a) foralla € D(L) and Lis conditionally
completely positive.

Proof The proof follows immediately from Proposition 3 and Theorem 3(1). [
5.1 The Form of L) when the Resolvent of Lis Compact

In this subsection we consider the form of the extended generator L ;,) when the
resolvent of L is compact, by which we mean that (L — A~ is compact for some

A in the resolvent set of L (equivalently all A in the resolvent set, by the resolvent
identity). Notably, this assumption implies L is necessarily unbounded if # is infinite
dimensional, since the composition of bounded with compact is compact but / =
(L — A)(L — 1)~ is not compact. More information about operators on a Hilbert
space with compact resolvent can be found in Theorems XIII1.4.1 and XII1.4.2 of [15].
Examples of such operators are the diagonal operator with eigenvalues 1, 2, 3, .. ., or
the Laplacian on a bounded domain of R¥.

We will make use of the following two notations:

Notation: Let 7 be a Hilbert space and w, z € Sy(H). Define My, @ 7 : So(H) ®
H— S (H) ® H by

k k
My ®2 (in ®hi) =Y xiw®z(h).

i=1 i=1
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Notation: Let # be a Hilbert space and ¢ € H such that |e|| = 1. Define 7, :
S (H) @ H — S2(H) ® H by

k k
T, (Zx,- ®h,») =) Ixi(h) (el ®e.
i=1

i=1

We are now ready to state the main result:

Theorem 4 Let H be a Hilbert space, (T;);>0 be a QMS on B(H) having an invari-
ant faithful normal state w, for some p € S1(H), and L be the generator of (T;);>o.
Let (T;)r>0 be the strongly continuous semigroup of contractions on S(H) defined
in Theorem 2 and let L be its generator. Assume that the generator L has compact
resolvent. Then the following assertions are valid:

(a) There exist complete orthonormal families (a,),eN and (by)nen of self-adjoint
elements in Sy(H) and a sequence of positive scalars (Ay)neN With A, — 00
as n — oo (if H is infinite dimensional) such that

Z=I+an|an)(bn| (22)

n=1

where the sum converges in the SOT (if it is infinite), i.e. for every x € D(Z)
we have that L(x) = x + Y o | An{(bn, X)an with Y, | Ay (bn, x)|? < 0.

(b) By the Spectral Theorem there is an orthonormal basis (hy),eN of H which
consists of eigenvectors of p. Let L, denote the generator of (1);>0 with
respect to (hy)nen. Then

Ly =T+ haliycn(@n))ip(bn)l (23)

n=1

where the sum converges in the SOT (if it is infinite). We note that
|ip<71)(an))(ip (by)| has domain B(H) for all n, since

i 1 @) o () = i (Bu). X)i 1) (@) = (B ip ()i 1 ()

and by, i,(x) € S2(H). Explicitly, for every x € D(L,)) and every i, j € N
we have that

o0

(hi, [Ln,)()]hj) = (hi, xhj) + Z)“n<bn9 ip(X))hisi,-0(an)h;).
n=1

(c) We have

o0
I=— an(b,,, ,01/2)ip<—1) (an),
n=1

where the sum converges in the SOT (if it is infinite).
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(d) Forall e € H with |e| = 1 we have that the operator Z&e CSHH)QH —
S>2(H) ® H is positive, where the operator L, . is defined by

o0
Lo.=(d+ T)) (Z A Mp, ® a,,) (Id+T.) (24)

n=1

where 1d stands for the identity operator on Sy(H) ® H and the sum converges
in the SOT (if it is infinite).

‘We note that the sum in (22) is finite if and only if H is finite dimensional. Indeed,
if L is bounded with compact resolvent then H is finite dimensional, as remarked
in the preamble of this subsection. The proof of Theorem 4 is at the end of this
subsection, after the following three results:

Lemma 1 Let H be a separable Hilbert space and A be an invertible linear operator
on Sy (H) with dense domain which is closed under adjoints. If A satisfies A(a*) =
(A(a))* for all a € D(A), then D(AT) and D(A™"Y) are closed under adjoints,
AT ") = (ATb)* for all b € D(AT), and A=Y (c*) = (A~ (e)* for all ¢ €
D(A™h.

Proof Leta € D(A) and b € D(AT). Then

[(A(a), )| = [((A@@™))*, b*)| = [(b, A(a™))]|

|
(AT (B), a*)| = [{a, (AT(B)*)| < llallll(AT (B))*]],

and so b* € D(A") by definition. As before,
(a, AT(b")) = (A(a), b*) = (a, (AT (b))*),

and since D(A) is dense this implies AT(b*) = (AT(b))* for all b € D(AT). Further,
for every ¢ € D(A™D) there exists an a € D(A) such that A(a) = c. Since A is
star-preserving we have that A(a*) = c¢*. Then, by definition, (A~!(¢))* = a* =
A~ (e). O

Lemma 2 Let H be a Hilbert space and A be a compact and self-adjoint linear
operator on Sy(H). Then A satisfies A(a™) = (A(a))* for all a € Sy(H) if and
only if

A=Y dlxn)

n=1

with ()2 € R and (x,);2, an orthonormal basis of S2(H) consisting of self-
adjoint operators.
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Proof If A is compact and self-adjoint, then the Spectral Theorem implies there is an
eigensystem decomposition

o0
A= Aulyn) (ol
n=1

with ()2, € R and (y,)52; an orthonormal basis of S>(H). Because A is self-
adjoint and star-preserving, we have that A(y,) = A,y, implies A(y;) = A,y,. Thus,
every eigenspace of A is self-adjoint. Let E be an eigenspace of A corresponding
to a fixed eigenvalues, and consider the orthonormal basis ( ynj)j.v: C ( y,,)f;’; | of
E. Because E is self-adjoint, from (yn;, yn,) = (y;fj, V) = 8jk it follows that

(y,fj)?’: | 1s an orthonormal basis of E. Define self-adjoint operators aj = y,; + Y:f,-
andanyj = i(yn; — y;fj) foreach 1 < j < Nsothat E = Span(aj)illl. We follow
the Gram-Schmidt process and set b; = a; and recursively define

k—1

(bj, ax)
bkzak— b;
jX_; (bj,bj) "’

to produce a sequence of N many orthogonal operators which span E (the remaining
N many operators produced by the Gram-Schmidt process become zero). Straight
forward calculation reveals that (a;, ai) is real for every 1 < j, k < 2N, and hence
(bj, ay) is real for every 1 < j, k < 2N. Each by is thus self-adjoint as a real com-
bination of self-adjoint operators, and the set (by) 11{V:1 can therefore be normalized to
a set of self-adjoint orthonormal operators (x j)yzl which span E. Replacing y, with
xp in the original eigensystem decomposition for each eigenspace E, we have

o0
A=) hulxa) xal,
n=1
as desired. ]

Lemma 3 Let H be a Hilbert space and L be a bounded linear operator on Sy (H)
which has the form (22). Then L is conditionally completely positive if and only if for
some (equivalently all) normalized vector e € H, the operator Lg . defined on the
Hilbert space Sy(H) @ H, by (24), is positive.

Proof First note that I + A is conditionally completely positive if and only if
A is (as is easily verified), so for simplicity we may assume instead that L =
Z,iozl Anlan){bnl. -

We will start with the forward direction and supgose L is conditionally completely
positive. Let e € H with |le|| = 1. Since W = {}_;_, yi ® h : yi € Sa(H), b} € H}
is dense in Sp(H) ® H, in order to verify that Z@,,e > 0 it is enough to consider
an element w = Zf-‘zl yi ® h; € W and verify that (w, Z®,ew)® > 0, where
(-, )@ will denote the inner product of S>(H) ® H. (The reason that we chose & to
denote a generic element of H is because we have used 4, to denote the orthonormal
eigenvectors of p in the statement of Theorem 4). We will denote the inner product
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of Hby (-, ). Fix w = Y5, yi @ b} € W and let v = — Y"5_ y;(h}). Define
Ye+1 = |v){e| and hy | = e. Then Zf:ll yi(h}) = 0 and, since L is conditionally

completely positive, we have that

k+1
0< > i, LOTFy)h))n

i,j=1
k+1 oo

= Y > ha T} yiba) (B} an(W))n
i,j=1n=1
k+1 oo

= DY v ®hj, yiby @ an(l))e
i,j=1n=I1
k+1 oo

= > Y (e M, @at; @)
i,j=1n=I1 ®
k+1 00 k+1

= <Zyi ® hi, (anMbn ®an) Zyj ®@Hh; >
i=1 n=1 j=1 ®

Notice that
k+1 k k

D i @hf+ i1 @By =w— Y yi(hp) el ® e
i=1 i=1

k
—w-T, (Z i ® h;> = (1d = T)(w)
i=1

where /d denotes the identity operator on S2(H) ® H, which finishes the proof of
the forward direction. ~

For the other direction, suppose that Lg , > O for some e € H with |le] = 1.
Letk € N, yi, ...,y € Sa(H) and /), ..., h}, € H such that 35_, y;(h}) = 0. Let
w=Y"*_, i ®h, € Sy(H) ® H. Then,

Zyz' ® h.
i=1

0 < (w, Lg.e(w))s (25)
- <w (Id — T,)* (Z AnMp, ® an) (Id — Te)(w)>
neN ®
= <(Id —T)w, (Z AnMp, ® an> (Id — Te)(w)> ) (26)
neN ®

Notice that

k
T,(w) =T, (Zyi ®h;> =
i=1

k

Zyi(h§)> (el @ e =10){e|] ® e = 0.

i=1
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Hence Inequality (25) gives

<Id(w), (Z AnMp, ® an) Id(w)>
®

neN

o
N

k
= Z<yi ® hiy AnMp, ® an(y; ®h/]~)>
®
i,j=lneN

k
= Y v ®hlLyiba ® an(h))g
i,j=1neN
k
= D > M Tr(y by, an (W) y
i,j=lneN
k+1 -
= > (i, LGy
i,j=l1

Therefore L is conditionally completely positive. This completes the proof. [

The proof of Lemma 3 reveals the following:

Remark 11 Let A= {Y"*_, v @ h} € B(H) @ H : Y*_, yi(h}) = 0}. Then

— For every w = Zf-‘zl yi ® h; € B(H) ® H there exists yy41 € B(H) and
h).., € M such that 2?11 yi ®h € Aand (Id = Ty )(w) = Yy @k
— If abounded operator L on H has form (22) then L is completely positive if and
only if the operator Y oo | AyMp, ® ay : S2(H) @ H — S2(H) @ H is positive.
— Forevery e € H we have A C ker T,.

We are now ready to present the

Proof of Theorem 4 Since ;E generates a strongly continuous semigroup of contrac-
tions, we have that A € p(L) for all A > 0 by the Hille-Yosida Generation Theorem
(e.g.}"heorem 3.5 of [16]). Further, D(L) is dense in Sz("t[) by Theorem 3.1.16 of [6]
and L is star-preserving by Corollary 1, and so K := (L — I)"!is star-preserving
by Lemma 1 as the inverse of a star-preserving map with dense domain. Because L
has compact resolvent by assumption, we have that K is furthermore compact. Thus,
KT K is compact, self-adjoint, and star-preserving, and so Lemma 2 implies

o0
K'K =" 02 [va)(val,
n=1
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where {crnz}nEN are the nonzero eigenvalues of K'K corresponding to the system
{vn}nen of self-adjoint orthonormal eigenoperators. This notation is chosen so that,
following Section 2.2 of [17], the singular value expansion of K can be written

00
K = Zo’n|un><vn|y
n=1

where {u,},en are self-adjoint orthonormal eigenoperators of K KT given by the
relation o, u, := Kv,. By Theorem 2.8 of [17] we have that

o0

~ 1
L—T=K"D =YY" —|v,)(unl,

and hence

1
L=1+Y —lv)ul,
=t Opn

proving (22). Equation (23) follows from (22) and (17). Part (c) is valid since L(I) =
0, hence L;,)(1) = 0, and hence

I+Z)\n ns P p( v(ap) =0.

Part (d) follows from Lemma 3; indeed, (Tt) >0 is a completely positive semigroup
by Proposition 3, and so Lis conditionally completely positive by Theorem 3. [

Remark 12 Let H be a finite dimensional Hilbert space, and let (7;),>0 be a QMS on
B(H). Then (T;);>0 possesses an invariant faithful normal state [23, Theorem 4.2]
and so Theorem 4 applies. The sum in (23) is finite, and hence by linearity/conjugate
linearity we can write

Layy = 1+ Maliycnla) —a) )iy —by)
n

=1+ Z)\.’/nlip(—l)(Cm))(ip(dm)'s

m

where ¢, € {a},a; : n},dy € {b),b, : n},and A, € {£A, : n}. In particular,

¢m,dm = 0and A), € R. Thus, for every x € B(H),

i -0 () ip(dm)|x = (ip(dm), X)ip-1) (cm)
= (p*dup'* x)p ey p 1 *

_ p*1/4\/aTr<p1/4dmpl/4x) @p71/4
— /4 ’_cmTr< /—dmp1/4xp1/4 /—dm) emp~ /4

Now, fix any orthonormal basis (Ey ) of B(?). Then for every A € B(H) we have

Tr(A) = Y ExAE].
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Thus,
Tr (\/dmpl/4xpl/4‘/dm> = Z Exvdup'*xp"*/d, E},
k
and so
Lp,)(x) =x+ ZA;np71/4./cn,Ek\/dmp]/4xp1/4\/de}f«/cmp71/4.

m,k

By defining y; = p~'/*./c Ex</dup'/* and X to be the corresponding 1), we
obtain
L,y (x) =x + Y Apyexy}.
[
Moreover, since L ,)(1) = L(I) = 0 we obtain as in the proof of Theorem 4(c) that

I+ deyeyi=0.
¢

Thus
1 1 !/ * / %k 1 %
L, (x) = x4 2l + Z/\eyzxyz = ZM Yexy, — E{yeyg,x}
¢ ¢

which resembles the standard GKSL form developed in [28] and [36], except with
Hamiltonian part zero and without the demand that the jump operators y, are trace-
less. A comparison of such GKSL form to the standard GKSL form, including
conversion between the two, is discussed in section 2.1 of [2].
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