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Abstract

The main result of this paper is a sharp upper bound on the first positive eigenvalue
of Dirac operators in two dimensional simply connected C3-domains with infinite
mass boundary conditions. This bound is given in terms of a conformal variation,
explicit geometric quantities and of the first eigenvalue for the disk. Its proof relies
on the min-max principle applied to the squares of these Dirac operators. A suit-
able test function is constructed by means of a conformal map. This general upper
bound involves the norm of the derivative of the underlying conformal map in the
Hardy space H>(ID). Then, we apply known estimates of this norm for convex and for
nearly circular, star-shaped domains in order to get explicit geometric upper bounds
on the eigenvalue. These bounds can be re-interpreted as reverse Faber-Krahn-type
inequalities under adequate geometric constraints.
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1 Introduction
1.1 Motivations and Statement of the Main Result

The Dirac operator defined on a bounded domain of the Euclidean space R? attracted
a lot of attention in the recent few years. Motivated by the unique properties of low
energy charge carriers in graphene, various mathematical questions related to these
Dirac operators have arisen, and some of them have been dealt with very recently.

The question of self-adjointness is addressed, for instance, for a large class of local
boundary conditions in [8] and it covers the particular boundary conditions com-
monly used in the physics literature [2]: the so-called zigzag, armchair, and infinite
mass boundary conditions.

The next step is to investigate the spectral properties of these models. For instance,
the spectrum of the massless Dirac operator in a bounded domain with zigzag bound-
ary conditions is studied in [33]. It turns out that this spectrum exhibits an interesting
behaviour: it consists of the eigenvalue 0, being of infinite multiplicity, and of a
sequence of discrete eigenvalues related to the one of the Dirichlet Laplacian in the
same domain.

The structure of the spectrum of the massless Dirac operator on a bounded domain
with infinite mass boundary conditions has a different flavour. Indeed, the model is
now invariant under charge conjugation, which implies the symmetry of the spectrum
with respect to the origin (moreover, this spectrum is discrete).

Note that infinite mass boundary conditions for the Dirac operator arise when one
considers the Dirac operator on the whole Euclidean plane R? with an “infinite mass”
outside a bounded domain and zero mass inside it. This is mathematically justified
in [5, 34] (see also [4] for a three-dimensional version and [24] for a generalization
to any dimension). For this reason, these boundary conditions can be viewed as the
relativistic counterpart of Dirichlet boundary conditions for the Laplacian.

It is well known that for partial differential operators defined on domains the shape
of the domain manifests in the spectrum. In particular, bounds on the eigenvalues can
be given in terms of various geometrical quantities. In many cases, it is also known
that the ball (the disk, in two dimensions) optimizes the lowest eigenvalue under
reasonable geometric constraints. For example, the famous Faber-Krahn inequality
for Dirichlet Laplacians (formulated in two dimensions) states that

A1(€2) = 1 (D) M

for all Lipschitz domains Q2 C R? of the same area as the unit disk D (see [11]
and [20]); here A1(€2) denotes the first eigenvalue of the Dirichlet Laplacian on €.
In the same spirit, for any convex domain Q C R2, it is proven in [28, §5.6] and
in [12, Theorem 2] that a reverse Faber-Krahn-type inequality with a geometric pre-
factor
1082
2pi|€2]

holds where p; > 0 is the inradius of €2, |€2| denotes the area of 2 and |9 2| stands for
its perimeter. Related upper bounds for the lowest Dirichlet eigenvalue are obtained
e.g. in [26, 27], see also the numerical study [3]. Further spectral optimization results

A(R2) < A1 (D), @)
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for the Dirichlet Laplacian can be found in the monographs [16, 17]; see also the
references therein.

For the two-dimensional massless Dirac operator Dg with infinite mass boundary
conditions on a bounded, simply connected, C?-domain  a lower bound on the
principal eigenvalue is given in [9] and reads in the case of infinite mass boundary
conditions as

21
n1(€2) > il 3)

where 1¢1(€2) is the first non-negative eigenvalue of Dg. This bound is easy to com-
pute and it yields an estimate on the size of the spectral gap. However, it is not
intrinsically Euclidean, because the equality in (3) is not attained on any @ C R2.
It is not yet known whether for Dg, a direct analogue of the lower bound as in the
Faber-Krahn inequality (1) holds.

One should also mention numerous results in the differential geometry literature,
where lower and upper bounds have been found for Dirac operators on two-
dimensional manifolds without boundary (see for instance [6] and [1, 7]). In [30],
manifolds with boundaries are investigated and note that the mentioned CHI (chi-
ral) boundary conditions correspond to our infinite mass boundary conditions. For
two-dimensional manifolds, the author of [30] provides a lower bound on the first
eigenvalue which is actually (3). We remark that upon passing to the more general
setting of manifolds the equality in (3) is attained on hemispheres.

Using the min-max principle and the estimate (2) one can easily show the
following upper bound

92 12
n1(R) < vA1(Q) < ( M(D)> ; “)

201182

cf. Proposition 10. This bound has a concise form, but it is not tight in particular
cases. Especially, for domains that are close to a disk the bound (4) is not sharp, since
n1(D) &~ 1.4347 and /A1 (D) ~ 1.5508.

To our knowledge, there is no upper bound on 11 (€2) expressed in terms of explicit
geometric quantities, which is tight for domains being close to a disk. This is the
question we tackle in this paper for the case of C3-domains. The inequalities that we
obtain can be viewed as natural counterparts of (2) in this new setting and our results
roughly read as follows (see Theorems 23 and 29 for rigorous statements).

Main result for convex domains Let Q@ C R? be a bounded, convex, C3-domain
with 0 € Q2 and let j11(R2) be the first non-negative eigenvalue of the massless Dirac
operator Dg with infinite mass boundary conditions. Then, there is an explicitly given
geometric functional F(-) such that

Fe()p1 () < Fe(Dp)prDr), (&)

where D, is the disk of radius r > 0 centered at the origin and F.(D,) = r holds.
Moreover; the inequality (5) is strict unless Q = D,+ for some r' > 0.
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Definition 1 A bounded, C3-domain  C R?, which is star-shaped with respect to
the origin and which is parametrized in polar coordinates by p = p(¢), is called
nearly circular if

pe = pu(Q) = sup('f)') -1 ©)

Main result for nearly circular domains Ler Q C R2 be a bounded C3-domain,
which is nearly circular in the sense of Definition 1. Let u(S2) be the first non-
negative eigenvalue of the massless Dirac operator Dg with infinite mass boundary
conditions. Then, there is an explicitly given geometric functional F(-) such that

Fs(p1(€2) < Fs@r)pu1(Dy), @)

where D, is the disk of radius r > 0 centered at the origin and Fs(D,) = r holds.
Moreover, the inequality (5) is strict unless Q = ,s for some r' > 0.

The Dirac operator Dg and the functionals F, Fs appearing in (5), (7) are rigor-
ously defined further on, namely, in Definition 4 and Eqgs. 25, 26, respectively. The
main results are then precisely formulated in Theorems 23, 29. Before going any
further, let us comment on the assumptions and inequalities (5), (7).

Remark 2 Even though for convex polygonal domains the Dirac operator Dg, can be
defined in a similar fashion as for C3-domains (see [22]), it will be clear from the
proof that certain smoothness assumption on the domain €2 seems to be crucial for
our results to hold. However, we expect that the smoothness hypothesis on €2 can be
relaxed from C> to C2-smoothness with additional efforts.

Remark 3 The strategy relying on a so-called invertible double discussed in [9, §2]
(see also [10, Chapter 9]) might also yield new upper bounds using the known ones
for two-dimensional manifolds without boundary. We do not discuss it here, first in
order to keep a self-contained and elementary proof and, second, to obtain a result in
terms of explicit geometric quantities: the area |2|, the maximal (non-signed) curva-
ture «, of 32 and of the radii r{ = minycyq |x|, ro = max,cyq |x|. Namely, F; is a
function of all these parameters and the parameter p, introduced in (6) plays a role
in the definition of Fy.

Our main results imply two reverse Faber-Krahn-type inequalities for the Dirac
operator Dg. Indeed, let us denote by & the set of bounded, convex C 3_domains Q
containing the origin and by & the set of bounded, nearly circular C3-domains. Then,

the following holds.

Reverse Faber-Krahn Let § € {c, s} and Q € &; such that F(Q) = r > 0 with
Q # D,.. Then the following inequality holds

n1(€2) < 1 (Dy).
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All the geometric bounds we obtain are consequences of the following estimate
which holds for any bounded, simply connected, C3-domain  c R? with 0 € Q:

1/2
2
@ < [ —Z—= ) llf e D), )
Q| + 772 O
1

where f: D — € is a conformal map with f(0) = 0 and ||f/||H2(JD>) is the norm of
its derivative in the Hardy space #*(D). The equality in (8) occurs if, and only if,
Q = D, for some r’ > 0. This abstract bound is obtained in Theorem 22.

1.2 Strategy of the Proof

The proof is decomposed into four steps. First, thanks to the symmetry of the spec-
trum for the Dirac operator Do we compute the quadratic form of its square and
characterize the squares of its eigenvalues via the min-max principle.

Second, following the strategy of [35], we use a conformal map from the unit disk
D onto the domain €2 in order to reformulate the min-max principle characterizing
the first non-negative eigenvalue.

Third, we evaluate the corresponding Rayleigh quotient for a special test function
that we construct by means of the first mode of the Dirac operator Dy on the unit
disk D.

Finally, it remains to estimate each term in this Rayleigh quotient in terms of
suitable geometrical quantities. However, as the structure of the Dirac operator Dg
is more sophisticated than the one of the Neumann Laplacian investigated in [35],
we have to control several additional terms. One of them involves the norm in the
Hardy space H2(ID) of the derivative of the employed conformal map. We handle
this term using available geometric estimates for convex domains [19] and for nearly
circular domains [13]. In fact, other ways to control geometrically this Hardy norm
are expected to yield new inequalities.

1.3 Structure of the Paper

In Section 2 we rigorously define the Dirac operator Dg and recall known results
about it. Section 3 is devoted to the derivation of a variational characterization for the
eigenvalues of Dg. After precisely stating the main result in Theorem 23, we prove it
in Section 4.

The paper is complemented by two appendices, which are provided for complete-
ness and convenience of the reader. Appendix A is about the eigenstructure of the
disk and Appendix B deals with a geometric result regarding the functional F. on
domains with symmetries.
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2 The Massless Dirac Operator with Infinite Mass Boundary
Conditions

This section is decomposed as follows. In Section 2.1 we introduce a few notation
that will be used all along this paper and Section 2.2 contains the rigorous definition
of the massless Dirac operator with infinite mass boundary conditions as well as its
basic properties that are of importance in the following.

2.1 Setting of the Problem and Notations

Let us introduce a few notation that will help us to set correctly the problem we are
interested in.

2.1.1 The Geometric Setting

Throughout this paper  C R? is a bounded, simply connected, C3-smooth domain.
The boundary of 2 is denoted by d<2 and for x € 92 the vector

v(x) = (1 (x), nk)) ' eR?

denotes the outer unit normal to €2 at the point x € 9. We also introduce the unit
tangential vector 7(x) = (v2(x), —V1 (x))T at x € 92 chosen so that (r (x), v(x)) is

a positively-oriented orthonormal basis of RZ.
We remark that the normal vector field 92 3 x — v(x) induces a scalar, complex-
valued function on the boundary

n: Q2 — T, n(x) ;= vi(x) +iva(x),

where T := {z € C: |z] = 1}.

Let L > 0 denote the length of 92 and consider the arc-length parametrization of
9Q defined as y : [0, L) — R? such that for all s € [0, L) we have y'(s) = t()/ (s)).
In particular, it means that the parametrization y is clockwise.

Furthermore, we denote by

k: 092 — R

the signed curvature of 9€2, which satisfies for all s € [0, L) the Frenet formula
y"(s) = k(v ())v(r (). )
As Q is a C3-domain, the signed curvature is a C'-function on 92 and we set

Ky := sup |k(x)| > 0, (10)
X€0R
where the last inequality holds, because d€2 can not be a line segment. We will also
make use of the minimal radius of curvature defined by

1
re i= —. (11D

Ky

Within our convention, the curvature of a convex domain is a non-positive function.
Finally, d¥ denotes the 1-dimensional Hausdorff measure of 9<2.
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2.1.2 Norms and Function Spaces

The standard norm of a vector & € C" is defined as | |én =3 pq & 2.

The L2-space and the L>-based Sobolev space of order k € N of C"-valued
functions (n € N) on the domain Q are denoted by L?(2, C") and H*¥(Q, C"),
respectively. The L?-space and the L>-based Sobolev space of order s € R of C"-
valued functions (n € N) on the boundary 92 of 2 are denoted by L%(0Q, CM
and H® (02, C"), respectively. We use the shorthand notation L3(Q) := L3(Q,Ch,
L2(3Q) := L2832, C", HK(Q) := H*(Q, C"), and H*(32) := H* (32, C).

We denote by (-, -)q and by || - ||o the standard inner product and the respective
norm in L?(2, C*). The inner product (-, -)q and the norm || - [|5q in L2(d2, C")
are introduced via the surface measure on 9€2. A conventional norm in the Sobolev
spaces H'(Q, C") is defined by [|u|]] o == [IVullg + [ulg-

2.1.3 Self-Adjoint Operators & the Min-Max Principle

Let T be a self-adjoint operator in a Hilbert space (H, (-, -)%). If T is, in addition,
bounded from below then let us denote by t the associated quadratic form.

We denote by Spe (T) and Spy (T) the essential and the discrete spectrum of
T, respectively. By Sp (T), we denote the spectrum of T (i.e. Sp(T) = Speg (T) U
Spg (T).

We say that the spectrum of T is discrete if Sp.g, (T) = &. Let T be a semi-bounded
operator with discrete spectrum. For k € N, A¢(T) denotes the k-th eigenvalue
of T. These eigenvalues are ordered non-decreasingly with multiplicities taken into
account. According to the min-max principle the k-th eigenvalue of T is characterised
by . tu, u]

M(T) = min max .
Lcdom(t) uel\(0) [|u 3,
dim L=k
In particular, the lowest eigenvalue of T can be characterised as
t{u, u]

min 7 -
uedom()\{0} [lu||3,

MOES

(12)

2.1.4 Pauli Matrices

Recall that the 2 x 2 Hermitian Pauli matrices o1, 02, 03 are given by

(01 (0 =i d (10
a] = 10)° o) = i 0 an 03 = 0-1)"
For i, j € {1, 2, 3}, they satisfy the anti-commutation relation

0joi +0i0j = 23,']',

where §;; is the Kronecker symbol. For the sake of convenience, we define o :=
(01, 02) and for x = (x1, x2) | € R? we set

. 0 X1 — ixp
0 X = X101 + X207 = X1+ ixy 0 .
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2.2 The Dirac Operator with Infinite Mass Boundary Conditions

In this paragraph we introduce the massless Dirac operator with infinite mass
boundary conditions on 92, following the lines of [8].

Definition 4 The massless Dirac operator with infinite mass boundary conditions is
the operator D, that acts in the Hilbert space L%(Q, C?) and is defined as

Do = —i(o - V)u = —i(0101u + 020,u) = (_g N —20'31> u
Z

dom (Dg) = {u = (u1,u2)" € H'(Q,C?): uzlse = (muilsa},

(13)

where 8, = 1(8; —i3;) and 3z = 1 (8 + ;) are the Cauchy-Riemann operators.

Remark 5 The operator Dg defined in (13) coincides with the operator D, intro-
duced in [8, §1.] where one chooses n to be a constant function on the boundary
n := n(s) = m. Note that we implicitly used the convention that (7 (x), v(x)) is a
positively-oriented orthonormal basis of R? for all x € 9.

The following proposition is essentially known, we recall its proof for the sake of
completeness.

Proposition 6 The linear operator Dq defined in (13) satisfies the following
properties.

(i) Dg is self-adjoint.
(1) The spectrum of Dgq is discrete and symmetric with respect to zero.

(i) 0 ¢ o(Dg).

Proof (i) The self-adjointness of Dg, is a consequence of [8, Theorem 1.1] where one
chooses n =  (see Remark 5).

(ii) The discreteness of the spectrum for Dg follows from compactness of the embed-
ding H'(Q, C?) — L%*(Q, C?). Regarding the symmetry of the spectrum, one can
consider the charge conjugation operator

C:=ueC®— o (14)
and notice that dom (Dg) is left invariant by C. Hence, a basic computation yields
DoC = —CDagq,

which implies that if # € dom (Dg) is an eigenfunction of Dg associated with
an eigenvalue p then Cu € dom (Dg) is an eigenfunction of Dg associated with
the eigenvalue —u, which proves the symmetry of the spectrum. In particular the
spectrum of Dg consists of eigenvalues of finite multiplicity accumulating at -c0.
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(iii) This statement is a consequence of [9, Theorem 1] where we picked n = ; cf.
Remark 5. ]

Our main interest concerns the principal eigenvalue of Dg defined as
no = n1(Q) :=inf (Sp (Do) N R+) > 0.

We emphasize that the value pq completely describes the size of the spectral gap of
Dg around zero and that (5) and (7) provide upper bounds on its length for convex
and nearly circular domains, respectively.

Remark 7 In [9, §3], keeping the notations of [8, §1.], the massless Dirac operator
with infinite mass boundary conditions is defined as a block operator Dy & D, and
acts on L2(Q2, C* = L*(Q,C?) & L%(2, C2). One easily checks that 03Dgo3 =
—Dy. Hence, D, = Dg is unitarily equivalent to —Dg. Thanks to the symmetry of
the spectrum stated in Proposition 6 (ii), we know that Dy @ D, has also symmetric
spectrum and that if u1 (Do & Dy ) denotes the first non-negative eigenvalue of Do &
Dy we have w1 (Do @ Dr) = p1(€2).

In addition, the authors of [9, §3], discuss the case of the so-called armchair
boundary conditions. This operator acts in L?(£2, C*) and up to a proper unitary
transform, they show that it rewrites as

L 0 —Dgq
Mg = <—DQ 0 )

on the domain dom (Dg) @ dom (Dg). One can check that Sp (Msz'z) = Sp (Dé) and
thus, our results also apply to armchair boundary conditions.

Let us conclude this paragraph by mentioning the following essentially known
proposition in the special case of 2 = ID. For the sake of completeness, its proof is

provided in Appendix A.

Proposition 8 The principal eigenvalue up := w1(D) of Dy is the smallest non-
negative solution of the following scalar equation

Jo(w) = Ji(w),

where Jo and J| are the Bessel functions of the first kind of orders 0 and 1, respec-
tively. Moreover, in polar coordinates x = (r cos(0), rsin(9)), an eigenfunction

associated with up is
_( Jo(upr)
o(r0) = <iei0]1(M]D)V) ’

wherer € [0, 1) and 6 € [0, 27).

Remark 9 An approximate numerical value of up is up =~ 1.434696.
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3 A Variational Characterization of u(S2)

In this section we obtain a characterization for pg = ©1(2). Let us briefly outline
the strategy that we follow. First, we compute the quadratic form for the square of
the operator Dg,. The self-adjoint operator Dé is positive and its lowest eigenvalue
is equal to ué. Therefore, it can be characterised via the min-max principle, which
gives a variational characterization of uq.

Proposition 10 The square of the principal eigenvalue g of Dg can be charac-
terised as

1
/Qwu@z@@dx - 5/99 (rc|ulz)dZ

2
e = n
uedom(Dg)\{0} / |1,¢|2 dx
2
Q

In particular, /Lé < Aq, where Lq is the lowest eigenvalue of the Dirichlet Laplacian
on 2.

Remark 11 With the conventions chosen in Section 2.1.1, if 2 is a convex domain we
have « < 0 and the boundary term in the variational characterization is non-negative.

In order to prove Proposition 10 we state and prove a few auxiliary lemmata. The

first lemma involves the notion of tangential derivatives. Remark that by the trace
theorem [23, Theorem 3.37] there exists a constant C = C(£2) > 0 such that

Ivlaall m3rzpa) < Clvll g2

for all v € H%(S2). Thus, the tangential derivative given by
2 1/2 d

d;: H*(2) > H'/~(09), ;v 1= d—(v oY),
s

is a well-defined, continuous linear operator. Hence, we define the tangential
derivative of u = (u1,uz) " € H*(S2, C?) by

deu = (drur, druz) | € H'2(0Q, C2).
The tangential derivative is related to the square of the Dirac operator via the next

lemma, which is reminiscent of [18, Eq. (13)]. However, we provide here a simple
proof for convenience of the reader.

Lemma 12 Foranyu € H2(S2, (C2), one has

I —i(o - Vyullg, = | Vullg — (i030:u, 1),
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Proof Using an integration by parts (see [15, Theorem 1.5.3.1]) we get for any
function v € H?(),

/alvaz_vdx = —/ 5812vdx+/ (ialv)VQdE,
Q Q 02

fal_vazvdx = —/ ialzvdx—i-/ (Vorv)vidX.
Q Q 90

Dividing the difference of the above two equations by 2i we obtain

R </ Z)lvaz_vdx> = l/ B((d1v)v2 — (d2v)v1)dE
Q 2i Jae

1
=— [ v(t-Vv)dE == | V0,vdZ.
2i a0 2i IQ

(15)

Let u € H?(Q,C?). Using the explicit expression of i(oc - V) and performing
elementary Hilbert-space computations we get

lio - Vyuld = 13112 — idualfy + 19101 + idau1 I3,
= [IVuilIg + IVuallg + 2%[@1u1, idau1) 90 — (112, 1d2u2)a0 ]
= [IVullg + 23[@1u1, dunag — @ruz. Hua)se]-
Employing identity (15) we obtain
lio - Vyullg, = 1Vulg — (o301, 1),

which proves the claim. O

To obtain a convenient expression for the quadratic form of the operator D2, we
will make use of the following density lemma.

Lemma 13 dom (Do) N H2(2, C?) is dense in dom (D) with respect to the norm
-l

Proof Thanks to [15, Theorems 1.5.1.2, 2.4.2.5, and Lemma 2.4.2.1] we know that
there exists a bounded linear operator E: H'/2(3Q2, C?) — H' (2, C?) such that for
any v € H'/2(92, C?) one has (Ev)|3q = v and E(H3/2(Q, (Cz)) c H*(Q, C?).

Let u € dom (Dg). Since H?(R2, C?) is dense in H' (2, C?) with respect to the
norm || - ||1,q, there exists a one-parametric family of functions (u;), € H 2(Q,CY
satisfying lime ¢ |lue — u||1,o = 0. In particular, one has

lim Jlugloe — ”|3S2||H1/2(39,(c2) = 0.
e—0

Now, consider the functions

1
Ve =ty — E (5(12 +io30 - V)Ms|652> .
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Note that as defined v, € dom (Do) N H 2(§2, C?). Hence, we have

1 .
lu —vellh,@ < llu —ugllh,o + HE (5(12 +io30 - V)”e|8$2>
1,Q

3

1 ,
=lu —uell1,0 + HE <§(12 +io30 - v)(uelaq — Mlasz))
1,Q

where we have used that %(12 +io30 - v)u = 0 on 92 as u € dom (Dg). Finally,
using the continuity of E: H'2(5Q, C?) — H'(, C?) and the fact that the mul-
tiplication operator by the matrix-valued function Q2 > x +— %(12 + io30 - v)

is bounded in H'/2(3%2, C?) we obtain that lim,_o |u — ve|l;.o = O and as by
definition v, € dom (Dg) N H2(S2, C?), we obtain the lemma. O

Finally, we simplify the expression of || — i(o - V)u ||%2 obtained in Lemma 12 for
the special case of functions satisfying infinite mass boundary conditions.

Proposition 14 The identity

2 ) 1
IDoullg = IVullg — E(W’ u)aq
holds for all u € dom (Dg).

Proof Let u € dom (Dg) N H*(2, C?) be arbitrary. By Lemma 12 we get,
blu] := [Doullg — 1Vullg = —(i030cu, u)yq = i(dcuz, u2) g — i(deur, u1) g

The boundary condition u3|sq = (im)u1|sq and the chain rule for the tangential
derivative yield

blu] = i(n/ul +no;uq, nul)m - i(Z)Tul, ul)BQ = i((Ui + ivé)ul, nul)m.

The Frenet formula (9) implies v; = kvy and v{ = —«v,. Plugging these identities
into the above expression for b[u] we arrive at
blu] = —(K(Ul +iv)uy, nul)m = —(Knul, nul)m
1
= —(KM], ul)m = —E(KM, u)aq,

and the claim follows using the density of dom (Do) N H2(2, C2) in dom (Dg) with
respect to the || - |1, g-norm (see Lemma 13). O]

Proposition 14 yields the following characterization of up.

Corollary 15 The square of the principal eigenvalue up of Dp satisfies

1 1 2
J1(upr)
i [ (do0uor? + iunr?) rar+ [ g 4 syun)?
0 0

r

2

I’L]D) = 1

/ (Jo(upr)? + Ji(upr)?)rdr
0
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Proof Let v be as in Proposition 8. By definition we have Dpv = upv, which implies
IDpvll3,

2
vl

2
Up =

Using the representation of ||D]D>v||]]2) following from Proposition 14 and the explicit
expression of v in polar coordinates given in Proposition 8, one gets the claim. [

Proof of Proposition 10 By Proposition 14 the quadratic form of Dé is given by

1
qelul = |Vu| — SGeu.wng,  dom (ge) = dom (Dg).

The spectral theorem implies that Sp (D) = {u*: u € Sp (Dg)}. Hence, the low-
est eigenvalue of Dé is /J%z Finally, the min-max principle (12) yields the sought
variational characterization. The inequality ué < Mg follows from both varia-

tional characterizations for pug and Ag, combined with the inclusion HO1 (€, (Cz) C
dom (Dg). [

4 Main Result and its Proof

The method of the proof is inspired by a trick of G. Szeg6 presented in [35]. His
aim was to show a reversed analogue of the Faber-Krahn inequality for the first non-
trivial Neumann eigenvalue in two dimensions and to do so, he used a suitably chosen
conformal map between the unit disk and a generic simply connected domain.

Throughout this section, we identify the Euclidean plane R? and the complex
plane C. Recall that @ C R? stands for a bounded, simply connected, C-domain.

In the following, we consider a conformal map f: D — €. Up to a proper trans-
lation of €2 if needed and without loss of generality, we can assume that f(0) = O.
Remark also that f'(z) # 0 forall z € D.

As Q is C3-smooth, the Kellogg-Warschawski theorem (see [14, Chapter II, The-
orem 4.3] and [29, Theorem 3.5]) yields that f can be extended up to a function in
C?(D) denoted again by f with a slight abuse of notation. This extension satisfies
the following natural condition f(T) = 02 and the mapping

[0,277) 3 6 — n(d) = f(?)
is a parametrization of 92 (see [14, Chapter II, §4.])

4.1 A Transplantation Formula

The first step in order to obtain the desired inequality is the following proposition
that provides an upper bound on the principal eigenvalue pg.

Proposition 16 Let @ C R? be a bounded, simply connected C3-domain and let
f: D — Q be a conformal map such that f(0) = 0. Then one has

) N+ Ny + N3
MQgTs
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where N3 = 21 Jo(up)? and

1
N = 271#%»/ (Jo(rup)* + J{ (rpp)?)rdr,
0

1J 2 2
N = ( [ Mdr) ( / K(n(9>)2|n’<9)|2de>,
0 r 0
1 2
D:= / ((Jovm)zwl(mmz) / |f’<re‘9>|2d9)rdr.
0 0

Proof First of all, note that each term /\f] (for j = 1,...,3) as well as D are well
defined. In particular, the first integral appearing in A3 is finite because

Ji(r) ~ %, when r — 0;

see [25, Equation (10.7.3)].
Second, observe that the composition map
Vi H(Q,C%) - H'(D,C?),  Viu:=uof,
defines an isomorphism from dom (Dg,) onto the space
Lo:=Vy (dom (DQ))
T 1 2 io 0 (16)
={v=(,1)' € H (D, C): n(") =in(n®))vi()}.

Indeed, as f is a conformal map, it is clear that Vs (H'(Q, C?)) = H' (D, C?). Now,
let u € dom (Dg). The boundary conditions read as follows
wa(©) =in(n@))ur(n®) < (@0 f)E”) =in(n®)wio )
= VaunaE®) =in(n®) (V).

This implies the inclusion of the set on the right-hand side of (16) into Lg.
The reverse inclusion is proved in the same fashion. Thus, using the variational
characterization of Proposition 10 we obtain

1
[Vu|? dx——/ Klu|?,dx
/sz RigC? 2y @

2
no = f
uedom(D)\{0} / Iulézdx
| i a7)
/ Vol gty — 5 / K (n®)|v(n(0)) |2 1n'©)|d6
. D 2 Jo
= inf )
veLlo\{0}

/ [(x1 + ix2) 8ol £/ (x1 + ix2)[*dx i dx
D
where we used that the L?-norm of the gradient is invariant under conformal

transformations.
Now, consider the test function v, € Lg defined in polar coordinates as

. Jo(rum)
0 (r0) = (in(nw))fl (rmm)> ‘
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Plugging this test function into the variational characterisation (17) of ,u%z we get

2

1 27
/IVv*|§z®Czdx— —/ K (1(0))1vx(n(0)) 12,11 (6)]d6
Mé§ D 0 )
f s x1, x2) 21 £ (x1 + ix2) |Pdx dxa
D

Let us compute each term in the right-hand side of the previous inequality. First, we
have

1
/ V0,2 ot = 23 / (40m)? + J{run)? ) rar
D 0

1 2 2
+ ( / Mdr)( / |n’<n<0>>|2|n’<0>|2d9>
0 0

=N, 1+ N 2.
Second, we obtain

1

2
-3 /0 K (n(0))[va(1(©)) 2210 (0)1d6 = —Jo(r up)? /B T = —27 Jo(rpup)* Wy,

where W, is the winding number of y. As y is an arc-length clockwise parametriza-
tion of 92, we have W), = —1. It implies

1 2
—5/0 i (n() v+ (1)) 1?1 ©)]d6 = N.
Finally, a straightforward computation yields

/ vy (x1 + ix2) 2| £/ (x1 + ix2)[*dx1dxy = D.
D

4.2 The Faber-Krahn-Type Inequality: Rigorous Statement & Proof
4.2.1 Hardy spaces, Conformal maps and Related Geometric Bounds

Recall that for any holomorphic function g: D — C one defines its norm in the
Hardy space 72(ID) as follows

2 1/2
1 i i9)|2d0
lgllz2m) = sup —/ lg(re .
HAD) 0<r<l1 2w 0

By definition, g € 72(D) means that llgll32y < oo. If the holomorphic function
g: D — C extends up to a continuous function on I, then g € H2(DD) and

1 o 1/2
02
=(— do .
gl m) (271/0 lg(e™)] )
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Further details on Hardy spaces can be found in [32, Chapter 17].
Recall that any conformal map f: D — Q with f(0) = 0 can be written as a
power series
f@ =) et (18)
neN
for some sequence of complex coefficients ¢, € C,n € N.
The following proposition can be found, e.g., in [21, §3.10.2].

Proposition 17 (Area formula) The area of 2 is expressed through the coefficients
cn € C of the conformal map f as

o0
Q=7 nlcl.
n=1

Recall that the origin is inside 2 (i.e. 0 € €2) and that the radii rj, o, and r. are
defined as
ri = min |x|, ro := max |x|, e = —. (19)
xR xeIQ Ky
It is obvious that r, > r; and it can also be checked that r, > r.. In general there is
no relation of this kind between r; and r.
The next proposition is a consequence of the Schwarz lemma (see Koebe’s
estimate in [14, Chapter I, Theorem 4.3]).

Proposition 18 The derivative of the conformal map f at 0 and the radius r; defined
in (19) satisfy
|f'(O)] = le1] = i

Next, we provide the geometric bound on || f/ 1242y that is a consequence of [19,
Theorem 1]. To this aim, we define for a, b € (0, +00) the function ® as

me)n0) i 4 by

20
, ifa=>. 20)

Q=

®(a,b) == {

Proposition 19 (Kovalev’s bound) Ler Q2 C R2 be a bounded, convex, C3-domain
and let f: D — Q be a conformal map such that f(0) = 0. Then one has

£ 32y < suplf (@] < reexp 2(ro — re) @ (ri, re))
zeD

with ® defined as in (20).

Remark 20 To recover Kovalev’s bound in Proposition 19 from [19, Theorem 1], set
A= (o)~} exp (—2(ro — rc)®(ri, rc)) and remark that for the rescaled domain A2
the radii R; = min,epe) x| and R, = maxyepg) x| as well as R, the minimal
radius of curvature of A€2, satisfy

Ri=Ari, R.=Arc, R.=Arc.
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Hence, with our choice of A we obtain
1 1 1
(Ro — R)P(R;, Re) + E log(Re) = (ro — ro)®(ri, re) + E log(re) + E log(x) = 0.

Thus, by [19, Theorem 1], there exists a conformal map g: D — AQ with g(0) =0
and sup_ g | g ()| < 1. Because any conformal map from D to A2 that fixes 0 is
a composition of g with a rotation, any conformal map / from D to A2 such that
h(0) = 0 also satisfies sup, 5 |h'(z)| < 1.

Now, consider h(z) := Af(z) for all z € D. As defined /4 is a conformal map from
D to A2 and /£ (0) = 0. Thus, we have

1 > sup |h'(2)| = Asup|f'(2)].
zeD zeD

Finally, we provide a bound on || /|| (o for nearly circular domains that follows
from [13, Equation 2.9] with p = 2.

Proposition 21 (Gaier’s bound) Ler Q C R? be a bounded, C* and nearly circular
domain in the sense of Definition I with p, € [0, 1). Let f: D — Q be a conformal
map such that f(0) = 0. Then one has

1/2
1 I3y < ro (%) "
1-— P

4.2.2 An Abstract Upper Bound

First, we formulate our main result for general simply connected domains. This
estimate involves the norm || f 1242y of the conformal map f: D — €.

Theorem 22 Let Q C R? be a bounded, simply connected, C3-domain with 0 € .
Then the following inequality holds

i

1/2
2
@ < [ —Z— ) llf g D),
Q| + 772 HD)

where (11(2) and 111 (D) are the principal eigenvalues of the massless Dirac opera-
tors Dq and Dy, respectively. Moreover, the above inequality is strict unless 2 is a
disk centred at the origin.

Proof Throughout the proof we set u = w1 (D) > O for the principal eigenvalue of
Dp. The proof relies on the analysis of each term appearing in Proposition 16.

The denominator D Let us start by analysing the denominator D. To do so, we will
need the following claim, whose proof is postponed until the end of this paragraph.
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Claim A The function r +— H(r) := r[Jo(;Lr)z—i— J1(,ur)2] is monotonously
increasing on the interval (0, 1).
Recall that

1 2
D= / ((Jo(m)2 + Ji(r)?) f |f/(rei9)|2d9>rdr.
0 0

Parseval’s identity gives

27

/ |f/re®)Pd0 =2 > " nPle |2 = 2wl [P 4 21 Y nPlen[Fr

0 neN n>2

The denominator D rewrites as
D = 27|cy] / H(r)dr+27'[/ > nPlealH (r)r?" 2dr. 1)
n>2
First, we handle the term
z _/ Zn len |2 H (r)r?2dr.
n>2
Remark that as n2|c,,|2r2”_2 > 0 forall r € (0, 1) we have
=) nleal® ( / H(r)fn(r)dr) with f,(r) = r2*2.
n>=2

Now, as for all n > 2, f, is increasing on (0, 1) as well as H by Claim A, applying
Chebyshev’s inequality we get

> > nlea / fu(r)dr < / H(r)dr)

n>2

= Z |cn (/ H(r)dr) /1 n|cn (/ H(r)dr)
2n n>=2

n>2

Note that the above inequality is strict unless ¢, = 0 for all n > 2, which occurs if,
and only if, Q2 is a disk centred at the origin. Using the area formula of Proposition 17
this inequality turns into

Q| — wler > !
7> "0 | H@)dr. (22)
2
T 0

Plugging (22) into (21) and applying then Proposition 18, we get

1 1
D> (|Q| +n|cl|2>[ H(r)dr > <|sz| +7rri2)/ H(r)dr. (23)
0 0
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Again we stress that the above inequality is strict unless €2 is disk centred at the
origin. Thus, it only remains to show Claim A. Differentiating the function H and
using the identities

Jo(x) = —Ji(x), Ji(x) = %(Jo(x) — L(x)), x(Jo(x) + Jr(x)) = 2J;1(x),
we get
H'(r) = Jo(r)* + J1(ri)* — rp [Jo(r) Jy (rin) + J1(r ) Jo(r pn)]
= Jorm)? + J1rw)? — 201 rp)? = Jo(r)* — Ji(rpp)*.

Taking into account that Jo(s) > Ji(s) for all s € (0, u) we get the claim.

The numerator N> Recall that

! J 2 2
A= (/0 #do ( /0 Kz(”l(@))ln/(@)lzde) _

By definition, for all & € (0,27) we have x*(n(6)) < 7 and moreover we get
I (0)] = | f(€?)]. It yields

1 2
Ji(rp)
No <2711 13 p ( [0 — dr> : (24)

Combining all the estimates together Thanks to Proposition 16 we know that

N+ MNo + N3
—
Using (23), (24) as well as the explicit expressions for A/; and A3 we obtain

(11(@)° <

2nmax{1,,<3||f’||

2
(1) < T i (D)} (11 (D))*.

Cauchy-Schwarz inequality and the total curvature identity yield

1 2w ) .
> / (@21 f ()28
7 Jo

1 2 ) . 2
m(/o K(f(e'e))lf/(e"’)|d9> = 1.

21 £/012
277.'/(* ”f ”HZ(D) (MI(D))z
Q| + 7r? ’

2 2
K* ”f/”HZ(D)

Hence, we end up with

(11(2)” <

By taking the square root on both hand sides of the previous equation we get the

claim. Note that the above inequality is strict unless €2 is a disk centred at the origin.
O
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4.2.3 Bounds for Convex and for Nearly Circular Domains

Now we use available estimates on || f” |2 (D) to derive geometric bounds on w1 (£2).
First, we define the functional F. that appears in (5):

Q| + 7r?

Fe(2) := ( o

2
) exp (— 2(ro — re) @ (ri, 1)), (25)

where @ is as in (20) and the radii rj, r, and r. are given in (19). In particular, when
ri # r¢ the functional F, simply rewrites as

1
Q+mrt\? =
R(Q):(' |+ rl) (L) .
2 T

Remark that ®(a, b) > 0 for any a, b € R,.. Furthermore, the functional F; has the
following properties.

(a) Forany Q and all @ > 0 one has F;(¢Q2) = aF.(L2).
(b) One has for any 2

< -
21

1
Q| +7r?\’ 12|
T

Fe() = (

and, in particular, F.(D,) = \/@ =r.

(¢c) ¢ is not invariant under translations. Indeed, for 2 = ID, we have r, = r; =
re = 1 and F.(2) = 1. However, if one picks 2 = D + (%, 0), then one has
ri= %,roz %,rczland

1
1/5\2
fc(9)=§(§) ~0.198.

Now, we have all the tools to rigorously formulate our main result for convex
domains. This result is just a simple consequence of Theorem 22, in which || f” l122()
is estimated via Proposition 19 and the scaling property rui(D,) = wi(D) is
employed.

Theorem 23 Let Q C R? be a bounded, convex, C3-domain such that 0 €  and let
the functional F.(-) be as in (25). Then the following inequality holds
Fe(@)p1(2) < Fe(Dp)pu1(Dy),

where 1 (2) and 1 (ID,) are the principal eigenvalues of the massless Dirac opera-
tors Dg and Dp,, r > 0, respectively. Moreover, the above inequality is strict unless
Q is a disk centred at the origin.

Remark 24 Condition (a) implies that the family
&e(r) := {Q is a bounded, convex C>-domain: Fe(Q) =r}, r > 0.
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is non-empty and contains “many” domains.

Corollary 25 Let the assumptions be as in Theorem 23. Then the following inequal-
ity

p1(€2) < i (D)
holds provided that F.(2) = r and that Q # D,.

Note that thanks to property (c) we know that F; is sensitive to the choice of
the origin. Stated as it is, Theorem 23 can still be slightly optimized, because the
principal eigenvalue itself is clearly insensitive to translations of 2. Thanks to (b),

we have
112 — y| 1Y
Fe(Q—-y) < =,/—
T T

and hence Theorem 23 immediately yields the following corollary.

Corollary 26 Let the assumptions be as in Theorem 23. Then the following inequal-
ity holds

n1(£2) < w1 (D),

’
Fr(€2)
where F}(2) := SUPycq Fe(2 —y).

Stated this way, the upper bound in the right hand side of the inequality in Corol-
lary 26 is translation invariant. However, the upper bound is no longer expressed
in term of simple geometric quantities. Nevertheless, if the domain € has some
extra symmetries, one can find explicitly y, € €2, which maximizes the function
y > F(2 — y). This is the purpose of the following proposition, whose proof is
postponed to Appendix B.

Proposition 27 Let Q be a bounded, convex C3-domain, which has two axes of sym-
metry A1 and Aj that intersect in a unique point yn € R, then Fo(2 — yp) =
FE(S).

Proposition 27 immediately yields the optimal bound that one can obtain in Corol-
lary 26 whenever 2 has two axes of symmetry. For example, let 0 < b < a and take
for 2 the ellipse of major axis 2a and minor axis 2b defined as

2 2
X X
Q= s Ter?: —L —2<1.
{(X 1, X2) P
One easily finds 7. = a~'b? and by Proposition 27 the optimal choice of y € Q to
minimize F (2 — y) is given by y = 0. Hence, r; = b and r, = a and we obtain

1
b b2 2 2 b2
FAQ) = sup Fo(R—y) = Fo(Q) = (“ hi ) exp (—2<1><b,a—1b2)“—).
yeQ 2 a

Remark that as a > b > 0 we have F}(R2) < +ab.
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Remark 28 We also observe that for the ellipse 2, C R? centred at the origin with
a=1+xandb = ﬁ for some x > 0 one has

2+2x+x2 )1/2< 1 >8+8x+4x2

-7 +0(x?) ot
=1——x x%), x— .
2 4+ 4x + 2x2 1+x 2

Fe(Q2y) = <
Thus, the upper bound in Theorem 23 is reasonably precise if x > 0 is small, in
which case the ellipse €2, is close to the unit disk. On the other hand, F.(2y) decays
super-exponentially for x — oo and in that regime the obtained upper bound on
©1(€2) is very rough.

In what follows we assume that Q2 is a nearly circular domain in the sense of

Definition 1. Now, we define the functional that appears in (7):

1

QI+ 7r2\ 2 re (1 —,0*)1/2
fg Q = -t —_— . 26
s(&) ( 2 ) o \ 1+ p« (26)

The functional F; shares common properties with .

(a) For any nearly circular 2 and all « > 0 one has F(a2) = aFs(L2).
(b) One has for any nearly circular Q2

1
Q 2\ 2
Fo(Q) < M < @
o 2 Vo
and, in particular, Fs(D,) = ”?Til =r.

(c) Fsis also not invariant under translations.

Now, we have all the tools to rigorously formulate our main result for nearly cir-
cular domains. This result is also a simple consequence of Theorem 22, in which
Ilf /”'HZ(D) is now estimated via Proposition 21.

Theorem 29 Ler Q@ C R? be a bounded, C? and nearly circular domain in the sense
of Definition 1 with p, € [0, 1) and let the functional Fs(-) be as in (26). Then the
following inequality holds

Fs(@u1() < F@p)p1(Dy),

where 1 (2) and 1 (ID,) are the principal eigenvalues of the massless Dirac opera-
tors Dg and Dp,, r > 0, respectively. Moreover, the above inequality is strict unless
Q is a disk centred at the origin.

Remark 30 Condition (a) implies that the family
E(r) = {Q is a bounded, nearly circular C3-domain: Fs(2) = r}, r>0.

is non-empty and contains “many”’ domains.
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Corollary 31 Let the assumptions be as in Theorem 29. Then the following inequal-
iy

p1(2) < pi(Dy)
holds provided that Fs(2) = r and that Q2 # D,.
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Appendix: The Massless Dirac Operator with Infinite Mass Boundary
Conditions on a Disk

The goal of this Appendix is to prove Proposition 8. Namely, we are aiming to
characterize the principal eigenvalue up and the associated eigenfunctions for the
self-adjoint operator Dp on the unit disk

D= {x € R?: |x| < 1}.
The material of this appendix is essentially known (see for instance [36, App. D]).
However, we recall it here for the sake of completeness.

A.1 The Representation of the Operator Dy in Polar Coordinates

First, we introduce the polar coordinates (r, #) on the disk D. They are related to the
Cartesian coordinates x = (xy, xp) via the identities

[ x1(r,0) _ _ _ o
x(r,@)—<x2(r’0)>, where x;=x1(r,0)=rcosf, xp=xp(r,0)=rsind,

forallr € I:= (0, 1) and 6 € T. Further, we consider the moving frame (€;ad, €ang)
associated with the polar coordinates

dx cos deraq —siné
€rad () = d_r = (sin@ ) and eang(e) =@ < cos O > .
The Hilbert space Lgyl(]D), (Cz) = Lz(]I x T, C2; rdrd®) can be viewed as the tensor

product L%(]I) ® L*(T, C2), where L%(]I) = L%(I; rdr). Let us consider the unitary
transform

Vi LD, C%) — L2, C»,  (Vv)(r,0) = u (rcosd, rsinb),

and introduce the cylindrical Sobolev space by
HL,D,C:=v (Hl(]D), <c2)) - !v € L2,(D, CY): 30, r~ (3gv) € L2, (D, (Cz)}
We consider the operator acting in the Hilbert space Lgyl (D, C?) defined as

Dp := VDpV~!, dom(Dp) = V (dom (Dp)). 27)
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Now, let us compute the action of 5]13) on a function v € dom (65)) Notice that there
exists u € dom (Dp) such that v = Vu and the partial derivatives of v with respect
to the polar variables (r, #) can be expressed through those of u with respect to the
Cartesian variables (x1, x) via the standard relations (for x = x(r, 6))

(0,v)(r, 0) = sin 6 (dru)(x) + cos B (dr1u)(x),

=1 (Bpv)(r, 0) = cosH(du)(x) — sinH(dju)(x),

and the other way round
(31u)(x) = cos6(d,v)(r, 6) — sin g L0
(B0 (x) = sin6(@v)(r, ) + cos § QSO

Using the latter formule we can express the action of the differential expression
—i(o - V) in polar coordinates as follows (for x = x(r, 6))

o1ur(x) —idhuy(x)
(=i(o - Vu)(x) = — (31M1(x) + |82u1(X)>

_ i€ @) 0) —iePr (@) (1. 0)
'e(arvn(r,e)+|e0r—‘(aev1><r,9) '

Note that a basic computation yields

0 efle
O - erpd = cosboy + sinfoy = (ei9 0 ) . (28)
Hence, the operator DND acts as
~ . v — o3Kv
Dpv = —i(0 - end) | v+ —— |,
2r
dom (B5) = {v € Hiy(D, C): v2(1,6) =ie?vi(1,0)] (29)

where K is the spin-orbit operator in the Hilbert space L?(T; C?) defined as
K= —2idy + o3, dom (K) = H'(T, C?). (30)

Let us investigate the spectral properties of the spin-orbit operator K.

Proposition 32 Let the operator K be as in (30). Then the following hold.

(1) Kis self-adjoint and has a compact resolvent.
(i) Sp(K) = {2k + l}jez and Fi := ker (K— (2k + 1)) = span (q&,j, &y ), where

n 1 eik9 _ 1 0
b = E 0 and ¢, = E citk+1o ) -
(i) (0 -ea)dy = ¢ and o3¢ = ;"

Proof (i) The operator K is clearly self-adjoint in L?(T, C?), because adding the
matrix o3 can be viewed as a symmetric bounded perturbation of an unbounded self-
adjoint momentum operator H'(T, C?) 5 ¢ — —i¢’ in the Hilbert space L>(T, C?).
Asdom (K) = H LT, C?) is compactly embedded into L%(T, C?) the resolvent of K
is compact.
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(i) Let¢ = (¢, »~)T € dom (K) and A € R be such that K¢ = A¢. The eigenvalue
equation on ¢ reads as follows
i
(@) =5 GF g™
The generic solution of the above system of differential equations is given by
" (0)—Aiexp< 9) AL eC.

Hence, the periodic boundary condition ¢*(0) = ¢*(2) implies that the eigenval-
ues of K are exhausted by A = 2k + 1 for k € Z and that {q),:r, ¢, )} is a basis of
Fk.

(iii) These algebraic relations are obtained via basic matrix calculus using (28). [

We are now ready to introduce subspaces of dom (ISH/)) that are invariant under its
action. The analysis of Dp reduces to the study of its restrictions to each invariant
subspace.

Proposition 33 There holds
Cyl (]D) (C2> ~ L2(I) ® LX(T, C*) = @rezss
where &, = L%(]I) ® Fi and L%(H) := L2(I; rdr). Moreover; the following hold true.
(i) Foranyk e Z,
dpu = 6]5)1,{, dom (dy) := dom (6]5)) N &

is a well-defined self-adjoint operator in the Hilbert space .
(i) Foranyk € Z, the operator dy. is unitarily equivalent to the operator dy in the
Hilbert space L*(1, C?) defined as

0 4 kL
d, = dr r ,
b (—i% +ik 0

dom(dk)_{u—(u+,u )i g uly, K G g p 2y (1)—|u+(1)} 31)
(i) Sp(Dp) = Sp (Dp) = Usez, SP (d)

Proof (i) Let us check that dy, is well defined. Pick a function # € dom (5]]3)) N &.
By definition, u writes as

u(r,0) = ui (e ) +u_(r)g; (0),

and, since u € Hll(}D) C?), we have U, uly, Kuy, k“u_ € Lz(]I) Applying the
differential expression obtained in (29), we get

B5u0) (1, 6) = =i(0 - exaa) (B0 + 552 ) u(r, )
=[—iug(r)—@u,(r)]¢k O)+[—itd, (1) + Ry ()] (0.
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It yields 5]1/) (dom (Dp) N &) C &. It is now an easy exercise to show that dy is
self-adjoint.
(ii) Let us introduce the unitary transform

We: & — L2, CY), (W) () = ((u(r, ), ) 2. ey Wy ) 60 p2ncny) -

Foru € & itis clear that we have || Wyu|l 2 c2) = llull ;2 (.c2) and we observe that
r i\t eyl W

di = Widi W', dom (di) = Wi (dom (di)) -

(iii) The first equality is a consequence of (27), while the second one is an application
of [31, Theorem XIII.85]. O

A.2 Eigenstructure of the Disk

Before describing the eigenstructure of the disk recall that C denotes the charge con-
jugation operator introduced in (14). It is not difficult to see that C is anti-unitary and
maps dom (di) onto dom (d_(k+1)) for all k € Z. Furthermore, a computation yields

Cd_4+1C = —d;. (33)

In particular, C 2 — 1,, which also reads C~! = C. Combined with (33) and as the
spectrum of dy is discrete one immediately observes that

Sp (di) = —Sp (d—@+1)) - (34)
Hence, we can restrict ourselves to k > 0.
Lemma 34 Let k € No. Let dy, be the self-adjoint operator defined in (31). Then for
all k € N the following hold.
(i) dom (dx) C dom (dp)

(i) Ndkull}s g ) > Idoul 7 g o) for all u € dom (di).

Proof Letk € Nand u = (uy, u_)T e dom (dg). It is clear that u € dom (dp) and
that for integrability reasons #(0) = 0. Hence, we have

2
H”/+ - ]f”+| %u+‘ L2(D)

2 a3 / 1 2
LAD) 2k (”*’ 7u+)L§(H) tk

2 /

Lo = ([
z H”CFHi;(]I) — 2kN fol u’ uzdr
= e 2 — Kfo (s Py

= [ |z — s (P

(35)
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Analogously, we get

2 2
l k+1 ’ 1 f,r 1
‘M* T u“ L2(I) z ‘u* + ’u_‘ L2(I) +2kR (u*’ ’u_>L,2.(11)
2
1
= w4 |, Ky uPyar (36)
2
A R RO
T lL2m

Combining (35) and (36) with the boundary condition u_ (1) = iu4 (1) we get

2
2 /2 ’ 1 2 2
L A P u_+;u_‘L%(H)+k(|u_(1)| — lup (P

= lldoull35 o, +k (lu—(DI = lus (D) = lldoul1 75y co)-

O
Now, we have all the tools to prove Proposition 8.

Proof of Proposition 8 As a direct consequence of Lemma 34 and the min-max
principle, we obtain that
pi(dy) > 1 (dg) = .
Thus, by Proposition 33 (iii) and Eq. 34, in order to investigate the first eigenvalue of
Dp, we only have to focus on the operator dy.
Let ©# > 0 be an eigenvalue of dy and u be an associated eigenfunction. In
particular, u = (u4,u_)" € dom (d3) and we have

_//_E_ 2
0=(d0+u)(do—u)u=< e TR )
2

Hence, we obtain
uy(r) = ayJo(ur) +byYo(ur) and u_(r) =a-Ji(ur) +b_Y(ur),
with some constants a4, b+ € C and where J, and Y, (v = 0, 1) denote the Bessel
function of the first kind of order v and the Bessel function of the second kind of
order v, respectively. Taking into account that
4 4
. 21 v/ 2 . 4y 2__

Jm rPlfl=27. lim rner=2;.
(see [25, §10.7(1)]), the condition u € dom (dg) implies b+ = 0 or, in other words,

uy(r) =ayJo(ur) and wu_(r) =a_Ji(ur).

Now, as u satisfies the eigenvalue equation dou = pu we get u’, = ipu_ and the
identity
a_pJy(ur) =ipag Jy(ur)

holds for all € L. In particular, we obtain a_ = ia4 which gives
Jo(ur)
= . . 37
v <|J1(ur) 37)
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Now, the boundary condition u_ (1) = iu4 (1) reads as

Jo(n) = Ji(w), (38)

which gives the eigenvalue equation, whose first positive root is the principal eigen-
value of Dp. An eigenfunction of Dy corresponding to the eigenvalue pup is given in
polar coordinates by

w(r, ) =u® ¢, = L ( Jo(rup) )

V27 i€’ Ji(rup)
where ¢, is as in Proposition 32 (ii), u is as in (37) (with a; = 1) and up is the
smallest positive root of (38). O]

Appendix B: Proof of Proposition 27

Step 1. Forany z € S, the map Q 3 y — |y — z| is continuous. Hence, the maps
defined as

ri=Q3y~ inf |y —z|, ro:=Q>3y+— sup |y —zl,
7€092 7€

are continuous on  as well and they attain their upper and lower bounds.
In particular, there exist y;j, yo € €2 such that

ri(yi) =m€g(ri(y), 7o (Yo) =mi£ro(y)-
ye yeQ

Step 2. Assume that  has an axis of symmetry A. By Step 1 there exist y;, yo €
such that ri(y;) = SUPycq ri(y) and ro(yo) = infyeq 7o(y). Our aim is to
show that yj, yo can be both chosen in A. Let us suppose that yi, yo ¢ A
and define the reflection R : @ — € with respect to A. Remark that
Ray; and Rpy, also satisfy ri(Rpyi) = max, . ri(y) and ro(RAyo) =
min g ro(y). Set Vi = éyi + %RAyi and y, := %yo + %RAyO. As Q is
convex we have yi, ¥, € Q. Also by convexity of 2, we get

1 1 ~
E]D)ri(yi)(yi) + EDri(yi)(RA)’i) = Dy i) C Q, (39)
where I, (y) denotes the disk of radius » > 0 centred at y € R2. Now, (39)
implies 7;(¥;) = ri(y;) and we obtain r{(%;) = max, g 7i(y).

Similarly, by convexity of €2, we get

1 1 ~
EDro(yo)(yo) + EDro(yo)(RAyo) = Dy, (yo) Do) D L.

In particular, (o) < miny <g "o(y) and we have equality in this inequality.
Step 3. Suppose now that €2 has two axes of symmetry A and As. Let yy € Q be

the unique point of intersection of these axes. Thanks to Steps 1 and 2 for
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all y € Q we necessarily have rj(y) < ri(ya) and ro(y) = ro(ya). Next,
define the function

1
Q|+ 7rf )’

G(@r1, ) = o

exp 2(re —r)®(r1, 7)), 11 <r,re <.

Remark that G is a non-decreasing function of r; whereas it is a non-
increasing function of r,. Now, we have

Fe(Q—y) =G (), 10(y) <G Ti(yi), r0(Vo)) = Fe( — ya).

Hence, F}(Q2) = Supyco Fe( —y) = Fo(2 — yp), by which the proof is
concluded.
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