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Abstract The version of Marsden-Ratiu reduction theorem for Nambu-Poisson man-
ifolds by a regular distribution has been studied by Ibanez et al. In this paper we show
that the reduction is always ensured unless the distribution is zero. Next we extend the
more general Falceto-Zambon Poisson reduction theorem for Nambu-Poisson man-
ifolds. Finally, we define gauge transformations of Nambu-Poisson structures and
show that these transformations commute with the reduction procedure.
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1 Introduction

The reduction procedure is very useful in dynamical systems, since it gives rise to
another system with less degrees of freedom. The most general reduction theorem
for Hamiltonian systems is the Marsden-Ratiu reduction of Poisson manifolds [15]
(see also [17]). Given a Poisson manifold M and a submanifold N C M, they con-
sidered a canonical vector subbundle E of the tangent bundle T M restricted to N
such that E N T N defines a regular, integrable distribution on N (hence, it defines a
regular foliation F on N). The question was the existence of a Poisson structure on
the quotient N /F from the one on M. In [15], the authors gave a necessary and suffi-
cient condition to ensure this. The Marsden-Ratiu reduction by distributions has been
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reformulated by Falceto and Zambon in [8]. It was shown in [8] that the sufficient
condition for the Marsden-Ratiu reduction theorem always hold unless the distribu-
tion E is zero. Moreover, they observed that the assumptions on the subbundle £ and
the sufficient condition of the Marsden-Ratiu reduction theorem can be weakend to
ensure the Poisson structure on N /F.

In [16], Y. Nambu introduced a generalisation of Hamiltonian dynamics which is
based on ternary operations. To outline the basic principles of Nambu’s generalised
dynamics, L. Takhtajan [19] introduced the notion of Nambu-Poisson manifolds as
n-ary generalisation of Poisson manifolds. Later, Nambu mechanics and properties of
Nambu-Poisson manifolds were extensively studied by several authors from differ-
ent perspectives [2—4, 6, 9, 11]. A Nambu-Poisson manifold of order n is a manifold
M equipped with a skew-symmetric n-ary bracket on C°°(M) which satisfies the
Leibniz rule and the fundamental identity (generalisation of the Jacobi identity).
Like Poisson manifolds, a Nambu-Poisson manifold gives rise to a singular folia-
tion on the manifold. Moreover, a Nambu-Poisson manifold of order n corresponds
to a Leibniz algebroid on the (n — 1)-th exterior power of its cotangent bundle. A
remarkable difference between a Poisson manifold and a Nambu-Poisson manifold
of order greater than 2 is that in the latter case, the associated (Nambu) tensor is
locally decomposable.

Following the Poisson reduction theorem of Marsden and Ratiu, Ibafiez et al. [10]
considered a similar set-up for Nambu-Poisson manifolds and studied the reduction
of Nambu-Poisson manifolds. More precisely, let M be a Nambu-Poisson manifold,
N C M a submanifold and E C T M|y be a canonical vector subbundle of T M
restricted to N such that £ N TN defines a regular, integrable distribution on N.
Similar to the Poisson case, the authors gave a necessary and sufficient condition to
ensure the existence of a Nambu-Poisson structure on N /F from the one on M.

The main aim of the present work is to put it in record in the literature that
most of the results of [8] and their proofs extend in a natural way to the context
of Nambu-Poisson manifolds. To do this, we closely follow [8] to adapt the defini-
tions and methods of the proofs therein to prove the Nambu-Poisson version of the
corresponding results.

We begin with the following observation which is the Nambu-Poisson version
of Lemma 2.2 of [8]. Given a canonical subbundle £ C T M|y of a Nambu-
Poisson manifold M with Nambu tensor I1, either [1*(Ann'E) € TN or E = 0
(cf. Proposition 3.1). Using the sufficient condition of the Marsden-Ratiu version of
Nambu-Poisson reduction theorem [10], we conclude that the reduction is always
ensured if £ # 0O (cf. Proposition 3.4).

Next we show that the more general Falceto-Zambon Poisson reduction theorem
extends naturally for Nambu-Poisson manifolds. More explicitly, we show that the
canonicity of £ and the sufficient condition for the Marsden-Ratiu reduction can be
weakend in an appropriate way to ensure the reduction (cf. Theorems 4.1, 4.2). This
refines the reduction of Nambu-Poisson manifolds considered by Ibafiez et al [10].
The Falceto-Zambon version of reduction theorem involves a smaller subbundle D C
E C TM|y suchthat ENTN C D. We state the Falceto-Zambon version of Nambu-
Poisson map reduction and dynamics reduction (cf. Proposition 4.7, Theorem 4.8),
whose proofs are same as the Marsden-Ratiu case. In the following we also deduce
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the algebraic interpretation of our reduction theorem (cf. Theorem 4.9) and reduction
of subordinate Nambu structures (cf. Proposition 4.11). Motivated from [8] we give
an application of the Falceto-Zambon reduction theorem when the subbundle D C
T M| 1is the restriction of some suitable integrable distribution on M (Section 4.4).

The notion of gauge transformations of Poisson structures associated with cer-
tain closed 2-forms was introduced by Severa and Weinstein [18] in connection with
Poisson-sigma models. Roughly, a gauge transformation modifies a given Poisson
structure by adding to its leafwise symplectic structure the pullback of the globally
defined 2-form. In this note we introduce gauge transformations of Nambu-Poisson
structures (of order n) associated with certain closed n-forms. We show that gauge
equivalent Nambu-Poisson structures on a manifold gives rise to same singular
foliation, and corresponds to isomorphic Leibniz algebroids (cf. Remark 5.1, Propo-
sition 5.2). We believe that gauge transformations of Nambu-Poisson structures will
have connection with Nambu-sigma models, recently considered by B. Jurco and P.
Schupp [12, 13] . Finally, we show that gauge transformations commute with the
reduction procedure (cf. Theorem 5.3).

Organisation In Section 2 we recall some basic preliminaries on Nambu-Poisson
manifolds and their Marsden-Ratiu reduction. In Section 3 we show that the Marsden-
Ratiu reduction for Nambu-Poisson manifolds is always ensured unless the canonical
vector subbundle is zero. Section 4 is devoted to the version of Falceto-Zambon
reduction theorem for Nambu-Poisson manifolds. Finally, in Section 5 we introduce
gauge transformations of Nambu-Poisson structures and prove Theorem 5.3.

2 Nambu-Poisson Manifolds and M-R Reduction

In this section we recall some basic preliminaries on Nambu-Poisson manifolds [7,
9, 11] and Marsden-Ratiu reduction [10].

2.1 Nambu-Poisson Manifolds

Definition 2.1 Let M be a smooth manifold of dimension m. A Nambu-Poisson
structure of order n (n < m) on M is an n-multilinear skew-symmetric bracket

Loy cnx Pxe® ) — ¢ )

on the space C*° (M) of smooth functions on M satisfying the following:

() Leibnizrule: {f1,..., fu—1. gh} = g{f1, ..., fu—t. K} +{/1. ..., fa—1. g},
(ii) fundamental identity (generalisation of the Jacobi identity):

{gl,.--,gnfl,{fl,-.-,fn}}=Z{fl,m,fkf],{gl,-~-,gn71,fk},-~,fn},

k=1
forall f1,..., fu, &1+, &—1, 8, h € C®(M).
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The pair (M, {,...,}) is called a Nambu-Poisson manifold of order n. In this
paper, by a Nambu-Poisson manifold, we shall always mean a Nambu-Poisson man-
ifold of order n. See [10, 11] for examples of Nambu-Poisson manifolds. A smooth
map between two Nambu-Poisson manifolds of same order n is called a Nambu-
Poisson map if it preserves the corresponding brackets. A Nambu-Poisson manifold
of order 2 is nothing but a Poisson manifold.

Let (M, {,...,}) be a Nambu-Poisson manifold of order n. Since the bracket is
skew-symmetric and satisfies the Leibniz rule, it follows that there exists a skew-
symmetric tensor IT € I'(A"T M) of type (n, 0) such that

Ha@fi,....dfp) =1{f1..... fu},

for all fi,..., fu € C>®(M). In this case, IT is called the corresponding Nambu
tensor and the Nambu-Poisson manifold (M, {, ..., }) is also denoted by (M, IT).
The tensor IT induces a bundle map I1* : A»~'T*M — T M given by

(B, Ty A Aap—1)) = T(@y, ..., an_1, B), Yai, B € T*M.

Given any (n — 1) functions f1, ..., f,—1 € C®(M), the Hamiltonian vector field
associated to these functions, denoted by X 7, ., and is defined by

,,,,, sy = TE@f A Adfuo).

Then the fundamental identity in terms of Hamiltonian vector fields can also be
rephrased as

[Xe.... gn—l’Xfla»-u,fn—l]:ZXfl ----- (81t fidoon furs V8is fj € CZ(M). (1)

The following result describes the local structure of a Nambu-Poisson manifold
[7,9].

Theorem 2.2 Let M be a smooth manifold of dimension m. Then a skew-symmetric
n-tensor I1 € T'(A"TM), n > 3, defines a Nambu-Poisson structure on M
if and only if for all x € M with TI(x) # 0, there exist local coordinates

U; xbo xm et ., x"™) around x such that
IT| _8 ARERWN 9
U= .
ax! ax"

For each m € M, let D,,M C T, M be the subspace of the tangent space at m
generated by all Hamiltonian vector fields at m. It follows from (1) that D(M) defines
a (singular) integrable distribution, called the characteristic distribution of M, whose
leaves are either n-dimensional submanifolds endowed with a volume form or just
singletons.

Remark 2.3 Tt can be shown that, if IT is a Nambu tensor of order >3 and g is any
smooth function, then gIT is also a Nambu tensor [7].
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Let M be a smooth manifold. Consider the bundle
T"(M)=TM & A" 'T*M.
The space of sections of 7" (M) carries a higher order Dorfman bracket [, ], given by

[(X, ), (Y, )] = (X, Y], LxB —ivda), 2

for (X, «), (Y, B) € I'(T"(M)), where L denotes the Lie derivative and i denotes the
contraction operator.
Another characterisation of Nambu-Poisson tensor is given by the following [1].

Proposition 2.4 Let I1 € I'(A"T M) be a skew-symmetric n-tensor on M, and It :
A""'T*M — T M be the induced bundle map. Then

Lr = Graph(IT*) = {(IFFa, ) |o € A" ' T*M} c T"(M)

is closed under the higher order Dorfman bracket [, ] if and only if Tl is a Nambu-
Poisson tensor.

It follows that, if (M, IT) is a Nambu-Poisson manifold of order n, the bundle
A""1T*M — M carries a Leibniz algebroid structure whose bracket is given by

lo, Bin = Lz B — imzpda, 3)
for all o, B € "~ (M) and the anchor is given by the map IT% [1, 20].

2.2 Marsden-Ratiu Reduction

Let (M, {,...,}) be a Nambu-Poisson manifold of order n with corresponding
Nambu tensor I1. Let N C M be a Nambu-Poisson submanifold andi : N < M be
the inclusion. That is, N has a Nambu-Poisson structure such that the inclusion map
i is a Nambu-Poisson map. Therefore, if & € C°*°(M) is such that h|y =0 (that is,

dh € (TN)?), then forany fi, ..., fu—1 € C®(M),

M dfi A Adfu—)(@h)(p) = (fioi,..., fuc1 0, hoiln(p) =0,

forall p € N, where I1* : A"~!T*M — T M is the bundle map induced by IT. Thus,
it implies that l'[j(A”_1 Tl’,“ M) C T, N ,for all p € N. Conversely, if the above rela-
tion holds pointwise on a submanifold N, then N induces a Nambu-Poisson structure
such that the inclusion map is a Nambu-Poisson map. The induced Nambu structure
on N is defined by arbitrary extensions of the functions on N.

Next consider a Nambu-Poisson manifold (M, {,...,}) together with an inte-
grable distribution £ which induces a regular foliation F, that is, the space of leaves
M/F is a smooth manifold and the projecton map 7 : M — M/F is a sub-
mersion. A natural question arises, when M /F inherits a Nambu-Poisson structure
such that 7 is a Nambu-Poisson map. For that, take any f1,..., f, € C*(M/F).
Then f1 om,..., fy o are the functions on M which are constant along the fibres
of the projection (that is, d(fi o w)|g = 0). In order that 7 is a Nambu-Poisson
map, the function {fj o 7, ..., f, o w} has to be constant along the fibres, that is,

d{fiom,..., fuomhlg =0.
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Both situations above may be viewed as a particular case of Marsden-Ratiu reduc-
tion theorem for Nambu-Poisson manifolds [10]. Let (M, IT) be a Nambu-Poisson
manifold, N C M a submanifold and i : N < M the inclusion. Let E C T M|y be
a subbundle of T M when restricted to N which satisfies the following condition:

e [ := ENTN is aregular, integrable distribution on N. Thus, it defines a regular
foliation F on N, so the space of leaves N := N /F is a smooth manifold with
projection map w : N — N is a submersion.

Note that any function on N whose differential vanishes on F can be extended to a
function in a neighbourhood N’ of N with differential vanishing on E [8]. We assume
that N’ = M has this property. Thus, if C® (M) g denotes the space of functions on
M whose differential vanish on E, the restriction map i* : C*°(M)g — C*®(N)p is
surjective.

Definition 2.5 A triple (M, N, E) with the above properties is called reducible or
Nambu-Poisson reducible if N = N /JF has a Nambu-Poisson structure with the

induced bracket {, ..., }y such that for any f1,..., f, € C®°°(N), and any smooth
extensions Fi, ..., F,, € C°°(M)g of the functions fj om, ..., f, o7, respectively,
we have

T f1seeos fudy = iMF1, ..., Fy).

Definition 2.6 A subbundle E C T M|y is called canonical if for any smooth func-
tions Fi,..., F, on M with differentials vanishing on E, the differential of the
function {F1, ..., F,} also vanishes on E, that is,

Fi,...,F, € C°(M)g = (F\, ..., F,} € C®°(M)g.

The Marsden-Ratiu reduction theorem for Nambu-Poisson manifolds [10] is the
following.

Theorem 2.7 Let (M, {, ..., }) be a Nambu-Poisson manifold of order n with associ-
ated Nambu tensor T1. Let N C M be a submanifold, and E C T M|y be a canonical
subbundle such that F := E N T N is a regular, integrable distribution on N. Then
the triple (M, N, E) is reducible if and only if

M“(Ann'E) C TN + E,
where AnnlE,, ={ne A”*lT];‘Mlivn =0,Yve E,, p e N}.

Note that, Ann'E p is generated by elements of the form oy A --- A a1, where
forallk =1,....,n —L;ax € ES = {a € TfMla(v) = 0,Vv € Ep, p € N}
is the annihilator of E,. When M is a Poisson manifold (that is, when n = 2),
this is the Marsden-Ratiu reduction theorem for Poisson manifolds [15]. We remark
that the singular version of the Marsden-Ratiu reduction theorem for Nambu-Poisson
manifolds has been studied by the author in [5].
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3 Non-zero E C TM |y

In this section, we show that the triple (M, N, E) as described in Section 2.2 is
always reducible provided the canonical subbundle E # 0.
The following is a generalisation of Lemma 2.2 of [8].

Proposition 3.1 Let (M, {,...,}) be a Nambu-Poisson manifold with associated
Nambu tensor I1, and N C M be a submanifold. Assume that E C TM|y is a
canonical subbundle. Then either

N (Ann'E)C TN or E=0.

Proof Suppose there is a point p € N such that I1*(Ann'E ») € T,N. Since
AnnlEp is generated by elements of the form a1 A -+ - A a1, With o; € Eg, for
alli = 1,...,n — 1, there exist functions fi,..., fu—1 € C*(M) with differ-
entials vanishing on E such that TI*(df] A --- A df,_1)(p) ¢ T,N. Hence, there
is a function g € C°(M) with g|y = 0 (that is, dg(p) € (T,N)° ) such that
(MAdfi A -+ Adfu-1)(p),dg(p)) # Othatis, {fi,..., fu-1,g}(p) # O. Since
d(g*) = 2gdg and g vanishes on N, the differential of the function g> also van-
ishes on E. As the bundle E is canonical, we have d{ f1, ..., fu—1, g2}|E = 0. Thus,
d(g{f1, ..., fu=1. &})|e = 0, which implies that

L@ (PI{f1. s foo1.8YP) +iv(d{f1. ..., fa1. 8})(P)g(p) =0,

forall v € E,. Hence, i,(dg)(p) =0, forallv € E,.

Next consider any function 2 € C*°(M) with h|y = 0. Then the differential of
the product function gh vanishes on E, as d(gh)|g = gdh|g + hdg|g and g|y =
0 = h|y. Hence, from the canonicity of E, the differential of the function
{f1,-.., fu—1, gh} also vanishes on E, which then implies that i,,(dh)(p) = 0, for
allve E,. As (TN )¥ is locally generated by the differential of functions vanishing
on N, it follows that E, € T,N. Since the bundle E N TN is a smooth distribu-
tion of constant rank, we must have E C T N everywhere. Thus, for any function
f € C°°(M), the differential of the function fg vanishes on E, because d(fg)|r =

fdgle + gdf|g anddg € (ITN)° € EO. Therefore, d({f1, ..., fu-1, fg})|lg = 0.
This implies that i, (df)(p) = 0, forall v € E, and p € N. This can happen only
when E, = 0, for all p € N, thatis, E = 0. Hence the proof. O

Example 3.2 Let (M, {,...,}) be a Nambu-Poisson manifold of order n with
induced Nambu tensor I1, and N C M a submanifold. Let

E = I*(Ann""'TN),

where (Ann""'TN), = {n € A" 'TiMliypony,_n = 0.Yvi,..., 001 €
T,N, p € N}. Thus, E is (locally) generated by vector fields %(dhy A Adhp—y),
where hp,..., h,_1 are smooth functions with dh; is vanishing TN, for some
i €{l,...,n—1}. The bundle E is canonical as shown in [10].
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Moreover, the bundle E satisfies [1°(Ann' E) € T N. One can also conclude the
same fact by using Proposition 3.1.

Remark 3.3 Let (M, {, ..., }) be a Nambu-Poisson manifold of order n with associ-
ated tensor I1. Consider the Leibniz bracket {, };; on the space of (n — 1) forms on
M given by (3). This bracket satisfies

{dfin---Ndfa_1,dgi A+~ ANdgu—1}n

n—1
= dgi Ao AdUfiL . fact g} A Adgac, “
i=1

for all f1,..., fu—1,81,...,8n—1 € C®°(M). Let N C M be a submanifold, and
0 # E C TM|y be a canonical subbundle. Since Ann'E is generated by elements
of the form dfy A --- Adf,—1, where fi, ..., f,—1 are smooth functions on M with
differentials dfj vanish on E, it follows from (4) and the canonicity of E that the
sections of the subbundle (Ann'E) — N are closed with respect to the bracket
defined by (3). Moreover, from Proposition 3.1, the anchor IT¥ maps (Ann'E) to
T N.Hence, (Ann'E) — N is a Leibniz subalgebroid of A»~'T*M — M.

AnnlEC—— s ATy

NC M

We have a different Leibniz algebroid structure on A"~ !T*M — M associated to
any Nambu-Poisson manifold of order n, given by Ibafiez et al [11]. The Leibniz
bracket as defined in [11] also satisfies (4). Thus, in this case, the bundle (Ann' E) —
N is a Leibniz subalgebroid of A"~!T*M — M.

Combinding Theorem 2.7 and Proposition 3.1, we get the following result which
is analogous to Theorem 2.2 of [8].

Proposition 3.4 Let E C T M|y be a canonical subbundle such that F == ENTN
is a regular, integrable distribution on N.

1. IfE #0, then (M, N, E) is reducible.
2. IfE =0, then (M, N, E) is reducible if and only if I*(A"~'T*M) C T, N, for
all p € N, that is, if and only if N is a Nambu-Poisson submanifold.

Remark 3.5 1t follows from Proposition 3.4 that the triple (M, N, E = 0) is reducible
if and only if N is a Nambu-Poisson submanifold. If E’ is any canonical subbundle
such that E N TN = 0, the Nambu-Poisson structures on N induced by E and E’
are the same, as N is a Nambu-Poisson submanifold.
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A Nambu ring is an associative, commutative ring R with a skew-symmetric n-
multilinear bracket

L....,.]:Rx---xR—=>TR
—— ———

n copies

which satisfies the Leibniz rule and the fundamental identity. A subring of R is called
a Nambu subring if it is itself a Nambu ring under the induced structure.

Let R be a Nambu ring and Z be an ideal of it. Given a Nambu subring N, the
quotient A//(N N Z) inherits a Nambu ring structure [14].

Remark 3.6 Let E C T M|y be a canonical subbundle. Then the induced Nambu-
Poisson structure on C*°(N/F) = C*(M)g/(C>*(M)g N I) given by Proposition
3.4, is just the quotient Nambu structure as above, where Z is the ideal of smooth
functions on M vanishing on N.

4 Falceto-Zambon Reduction

In this section, we study the version of Falceto-Zambon Poisson reduction the-
orem for Nambu-Poisson manifolds, and subsequently we deduce the algebraic
interpretation of our main result and reduction of subordinate Nambu structures.
Our approaches here closely follow the work of Falceto and Zambon for Poisson
manifolds [8].

4.1 Falceto-Zambon Reduction

In the Marsden-Ratiu reduction theorem for Nambu-Poisson manifolds, the induced
bracket on C°°(N) is given as follows. For any f1, ..., f, € C*(N), choose any

arbitrary extensions Fi,..., F, € C®(M)g of fi om,..., f, o mw. The bracket
{,..., )}~y on C®(N) is then defined by
{fi..... fuly =1"{F1, ..., F). (5)

Note that the function on the right hand side of the above expression is in C*°(N)r.
To prove that the above bracket is well defined, one uses the fact that given any two
extensions F, and F, of f, o m, the differential d(F, — F}) annihilate both TN and
E, thus, annihilate TN + E. On the other hand,

N%dFi A---AdF,_1) € T*(Ann'E) C TN + E.

Thus, it follows that the bracket is independent of the chosen extensions. This inde-
pendence is even valid if there is a subbundle D C T M|y suchthat F € D C E and
satisfying [1°(Ann' E) C T N + D. To verify the fundamental identity of the reduced
bracket, one observes that the canonicity of £ may be weakend. More precisely, we
only need the fact that if Fy, ..., F,, € C®°(M)g, their bracket {Fy, ..., F,} is in
C® (M) p. One can also improve the reduction by adding a multiplicative subalgebra
B C C*°(M)g such that the restriction map i* : B — C°°(N)p is surjective.
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With the above observations, we have the following Nambu-Poisson version of
Falceto-Zambon reduction theorem (compare with Theorem 3.1 [8]).

Theorem 4.1 Let (M, {,...,}) be a Nambu-Poisson manifold with associated
Nambu tensor T1, and N C M be a submanifold. Let E C T M|y be a subbundle
(may not be canonical) such that F := E N T N is a regular, integrable distribution.
Assume that D is a subbundle of T M |y satisfying F € D C E and

*(Ann'E) C TN + D. (6)

Moreover, let B € C*°(M)E be a multiplicative subalgebra such that the restriction
map i* : B — C°(N)r is surjective and

{B,...,B} S C®(M)p )

holds. Then (M, N, E) is reducible.

Proof Let fi,..., fu € C®(N) = C°(N)F be any functions on N and choose
their arbitrary extensions Fi, ..., F, in B. Then the bracket {, ..., }y on C*°(N) is
defined by (5). Suppose there is another extension F, € B € C®°(M)g for f,. Then
the differential of the function (F,, — F)) annihilates TN + E.

On the other hand, since each F, € C®°(M)g, we have dFy A --- AdF,_1 €
Ann' E. Therefore,

NYdFi A---AdF,_) e T*(Ann'E)C TN + D C TN + E,

which implies that i*{F, ..., F,_1, F, — F,/} = i*(II*(dFi A---AdF,_1),d(F, —
F,")) = 0. Thus, by skew-symmetry, the bracket is independent of the chosen exten-
sions of its entries. Hence, the bracket { f1, ..., f,}n is well defined. The property of
skew-symmetryness and the Leibniz rule of this bracket follows from thatof {, ..., }.

To prove the fundamental identity of this bracket, we need the following obser-
vation. Let {fi, ..., fn}ﬁ be any extension of {fi, ..., fy}n~ in B. Then from the
definition of the bracket {11, ..., fu} N, it follows that the functions {F7, ..., F,} and

{fi,-., fa}s agreeson N.Thus, d({Fy, ..., Fa}={fi, ..., fa}§) € (TN)°. More-
over, since the function {F}, ..., F,} is in C*°(M) p, and the function { f1, ..., fn}g
isin B € C*®(M)g, we have d({Fl, R O el Ui T fn}g)h) = 0. Thus, the
differential of the function ({F1, ..., F,} —{f1,..., fn}g) annihilates both TN and
D, hence, annihilates T N + D. Thus, it follows from condition (6) that the bracket of
(n — 1) functions of C*°(M)g with the above difference function is zero. Therefore,

for any g1, ..., gn—1 € C*(N),

{81, s gt U1 fudndn = MG, o Gt A1 s FR)
= i*{Gy1,...,Gp_1,{F1, ..., Fy}}.

Thus, the fundamental identity of the bracket {, ..., }y follows from thatof {, ..., }.
O
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By choosing smaller D, we get better improvement of the reduction problem.
Taking D = F and B = C*°(M)Eg, we get a slight improvement of the Marsden-
Ratiu reduction theorem (cf. Theorem 2.7) for Nambu-Poisson manifolds.

Theorem 4.2 Let (M, {,...,}) be a Nambu-Poisson manifold with associated
Nambu tensor T1, and N C M a submanifold. Let E C T M|y be a subbundle (may
not be canonical) such that F := E N T N is a regular, integrable distribution on N
and that

G ifFy,..., F, € C®(M)g are smooth functions on M, then
{F1,..., Fa} € C®(M)p.

(i)  Moreover,
*(Ann'E) C TN. (8)

Then (M, N, E) is reducible.
Remark 4.3 In the above theorem, condition (ii) is equivalent to the following:

locally there exists a frame of sections X; of F and for any extensions of them to
vector fields on M such that

n—1
Lx, Iy SEA N\ TMlv.
This follows from the formula of the Lie derivative

(Lx,ID@Fy,...,dF,) = X;(II(dFy,...,dF,))

- Z NdF;,...,dX;(F),...,dF,)
k=1

= X;({Fi,.... Fa) = Y _(Fi..... Xi(F0), ..., F).
k=1

Indeed, if Fy,..., F, € C®°(M)g and {Fy,..., F,} € C°®°(M)p, the first term
of the right hand side vanishes. Moreover, in the right hand side, each term of the
summation vanishes on N as X; (Fy)|y = (Xi,dF;) = 0 and IT1*(Ann'E) ¢ TN.
Therefore, we have

(Lx, I dFy,...,dFy)|n =0,
which implies that
n—1
Lx, DIy SEA N\ TMly.

Corollary 44 Let (M, N, E) be a triple satisfying conditions of Theorem 4.2, so
that it is Nambu-Poisson reducible to (N, I1y). Then

M(@*ay, ..., 7%ay) 0i =Ty (ag, ..., 0p) 07

and

dr o T (*ay A Ay 1) = (M) (a1 A -+~ Aay_1) o,
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—

for any ay,...,a, € QYUN) and any extensions mw*ay, ..., n*a, € Q' (M) of
T*wy, ..., 7*a, vanishing on E.

Motivated from the examples of [8] here we provide examples where the assump-
tions of Theorem 4.2 are satisfied but E is not canonical.

Example 4.5 Consider the manifold M = R* with the Nambu structure IT = w% A

% A a% of order 3. Let N = {w = 0} be the submanifold of xyz-plane and E = R%.
The bundle E is not canonical. Indeed, the functions f| = x, fo = yand f3 = 2

which are in C®° (M) g, whilst their Nambu bracket

( | . ] o ad N ]
x,v,z} =i wW— A—A— | =w,
Y, 2 dxAdyndz ax oy " a7
is not in C®°(M) g, butin C*°(M)r, since F = E N TN = {0}. The bundle E also
satisfies condition (8) as IT vanishes at points of N.

One can extend the preceding example to the case of Nambu structure of higher
order.

Example 4.6 Take M = R"*+* with the Nambu structure [T = Xn+1 % A %

of order n. Take N = {x,41 =0} and E = Rﬁ. The bundle E is not canonical as
in the previous example and also satisfies condition (8) as IT vanishes at points of N.

If we take N’ = {x,41 = --+ = xp4x = 0},the hypothesis of Theorem 4.2 also
holds. Therefore, the Nambu structure can also be reduced.

Similar to the Marsden-Ratiu version of Nambu-Poisson map reduction and
dynamics reduction [10], one can state the Falceto-Zambon version as follows. The
proof of these results are same as the Marsden-Ratiu case.

Proposition 4.7 (Reduction of Nambu-Poisson map) Let the tuples
(Mj,Nj, Ej, D;, Bj) satisfies the conditions of Theorem 4.1, thus (M;, N;, E;)
are Nambu-Poisson reducible, for j = 1,2. Let ¢ : M1 — M> be a Nambu-Poisson
map such that $(N1) S Ny, ¢p«(E1) C Ep, and ¢*By C By. Then ¢ induces a
unique Nambu-Poisson map q3 : N1 — Ny such that 7wy o ¢l = (]3 o .

Let M be a Nambu-Poisson manifold of order n. Then a submanifold N C M is
conserved for the functions Fy, ..., F,—1 € C*M), if XF,. F,_,(x) € TyN, for
allx € N.

.....

Theorem 4.8 (Reduction of dynamics) Let the tuple (M, N, E, D, B) satisfies the
conditions of Theorem 4.1, thus (M, N, E) is reducible. Let Hy, ..., H,_1 € B C
C®(M)Eg be a family of functions for which the submanifold N is conserved. In
addition, assume that the flow ¢; of X, ... u, , preserves the subbundle E and that
¢;B C B. Then ¢, induces Nambu-Poisson diffeomorphisms b on N and br is the
flow of the Hamiltonian vector field Xp, .. n where h; € C°(N) are uniquely

»Mp—1’
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determined by h; om = H;|n, fori = 1,...,n — 1. Moreover, the vector fields
(XH,,...H, )N and Xy, . p,_, are w-related.

.....

4.2 Algebraic Interpretation of Theorem 4.1

An algebraic formulation of the Marsden-Ratiu reduction theorem for Nambu-
Poisson manifolds (cf. Theorem 2.7) is given as follows. Let Z be an ideal of a Nambu
ring R and B C R be a Nambu subring such that

(B,...,B,BNT}CT.

Then there is an induced Nambu ring structure on 5/(5 N Z).
In the next, we will give the algebraic interpretation of Theorem 4.1 which is
similar to Proposition A.1 of [8].

Theorem 4.9 Let R be a Nambu ring and I be an ideal of R. Let B C D be
multiplicative subalgebras of R having the same images under the projection map
R — R/ZL. Moreover, suppose that

{B,....,.B,DNI}cCT )

and
{B,...,B} CcD. (10)

Then B/(BNXI) inherits a Nambu ring structure with its bracket is determined by the
following diagram

Bx---xB D
B B _ D
Bz X "XBaz ' B — DT

Proof The bracket on B/(B N 1) is well defined because of conditions (9) and (10).
The induced bracket on B/(B N Z) is of course skew-symmetric and satisfies the
Leibniz rule as so does the bracket on R. To cheque the fundamental identity of the
bracket, consider any g1, ..., g,l Lflseoo, fu€B/(BN I) and arbltrary represen-

tationsﬁ,...,g;:l,ﬂ,.. fneBofthem Then{fl,.. , fx} and { f1,.. fn

represents the same element, therefore, their difference { fl, vy fut = f], R fn}
liesinBNZCDNTI.
Thus, we have

g, ogn—1t. {f1, o b = {81, gnm1, {fl,n o}l (modDNI)
={gl,...,g,,,l,{f],...,fn}} (mod DNI).

Hence, the bracket on /(B N ) satisfies the fundamental identity. O
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Remark 4.10 Theorem 4.1 can be recovered from the above algebraic formulation
by taking R = C*(M),Z = {f € C*M)|fIn =0}, B=Band D = C*(M)p.
In this case, conditions (6) and (7) become conditions (9) and (10), respectively.

4.3 Reduction of Subordinate Nambu Structures

Let the tuple (M, N, E, D, B) satisfies the conditions of Theorem 4.1, that is, there
is a subbundle D C T M|y satisfying F € D C E and

*(Ann'E) C TN + D.

Moreover, B € C*(M)g is a multiplicative subalgebra such that the map i* : B —
C®(N)F is surjective and {B,...,B} € C®(M)p. Let F1,..., Fx (k < n—2)
be any fixed functions on M. Then there is an induced Nambu-Poisson structure of
order n — k on M, called the subordinate Nambu structure with subordinate functions
F1, ..., Fr and is defined by

{flv’"vfnfk}Flka Z{Fla”"Fk’ .f]a"".fnfk}v

for any fi,..., fu—x € C°°(M). The Nambu tensor I1f,..r, of this subordinate
Nambu structure is given by

(T py g ) (dfy A - Adfyg—r) = TIFAFL A - AdFg Adfi A -+ Adfa_i—1).
Observe that
(T F,..r)*(Ann) E) C TI*(Ann'E) ¢ TN + D,

where (AnniE), = {n € A" T Mli,u = 0,Yv € Ep},for p € N,if the
differentials d F1, ..., d Fy are vanishing on E. Thus, condition (6) holds for this
subordinate Nambu structure if Fy, ..., F € C*°(M)g . If Fy, ..., Fy are also in B,
that is, they lie in the same multiplicative subalgebra, then condition (7) also holds
for the subordinate Nambu structure. In that case, the subordinate Nambu structure
{,....}F.F, is also reducible.

Thus we have the following result.

Proposition 4.11 Let the assumptions of Theorem 4.1 hold and let F, ..., Fy be any
fixed functions on M. If Fy, ..., Fy are in B, then the subordinate Nambu structure
{,....}F.F, is reducible.

4.4 Application

In this subsection, we give an application of Theorem 4.1 where the subbundle D C
T M|y is the restriction of some suitable integrable distribution on M. We recall the
following definition from [8].

Definition 4.12 Let M be a manifold, N C M a submanifold andi : N — M

the inclusion. Let E € T M|y be a subbundle such that F := E N TN is a regular,
integrable distribution on N. If 6p is an integrable distribution on M with F C D :=
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Oply C E, then 6p is said to be compatible with E if the restriction map
¥ C®M)ENC®(M)g, > C®(N)F

is surjective.

In order to provide some examples we need the following proposition which is a
generalisation of Proposition 4.2 of [8].

Proposition 4.13 Let (M, {, ..., }) be a Nambu-Poisson manifold with associated
Nambu tensor T, N C M a submanifold, and i : N — M the inclusion. Let E, Op
as in the above and 0p is compatible with E. If

N*Ann'E) CTN + D (11)

and for any section X € I'(Op),
n—1
(LxMIn S EA N TMy, (12)
then (M, N, E) is reducible.

Proof Take B = C*°(M)g N C*(M)g,, in Theorem 4.1 . As 6p is compatible with
E, the map i* : B — C°(N)r is surjective. Moreover, the condition (6) is given.
To show that B satisfies condition (7), that is, {B, ..., B} € C*(M)p,take any
Fi,...,F, e B=C®M)gNC>®(M)g, and X € I'(6p).

We have the formula for the Lie derivative

LxID)dF1,...,dFy) =X{F, ..., E}) — Z{Fl,...,X(Fk), R S
k=1

Note that, if (LxII)|y C E A /\”71TM |y, then the left hand side of the above
expression vanishes on N. Moreover, in the right hand side, each term of the sum-
mation vanishes, as X(Fy) = (X,dFy) = 0 (since X € I'(Bp) and F; €
COO(M)QD). Thus, we have (X{F}, ..., F,})|ny = O,thatis (X, d{F1, ..., F,})|n =
0. Since X|y € D = 6p|n, the differential d{Fy, ..., F,} vanishes on D. That

is, {F1,..., F,} € C*®(M)p. Hence, by Theorem 4.1, the triple (M, N, E) is
reducible. O]
Example 4.14 Consider M = R* with the Nambu structure IT = % A % A a% of order

3. Take the submanifold N = {z = 0} and £ = D = 6p|y, where 6p = R%. Then
fp is compatible with E, and since TN + D = T M|y, condition (11) also holds.
Moreover, we have £ » IT = 0. Therefore, by Proposition 4.13, the triple (M, N, E)

is reducible.
Note that in this example the condition [T%(Ann'E) C TN is not satisfied, since
M*(dx Ady) =& ¢ TN.

The next example shows that conditions in Proposition 4.13 are not necessary in
order to obtain a reduced Nambu structure.
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Example 4.15 Consider M = R* with the Nambu structure IT = w 33)‘ A % A %= of

order 3. Take the submanifold N = {w = x}and E = R%. Then a dlstrlbutlon 6p
as in Proposition 4.13 does not exist. Indeed, if 6p exists, it has to be one dimensional
because of ENTN C 6p|ny C E and condition (11). For any vector field X which
restricts to 5% on N, we have (CxTD)(p) = X(W)(P) g A g5 A i = 55 A s A ot

at the point p € N, but this is not in E A /\” ! TM|y. Thus condltion (12) is not
satisfied. However (5) defines the Nambu structure {x, y, z} = x on N.

5 Gauge Transformations and Reduction

In this section, we consider the concept of gauge transformation of Nambu-Poisson
structures and show that gauge transformation commute with the reduction proce-
dure.

5.1 Gauge Transformations

Let (M, IT) be a Nambu-Poisson manifold of order n > 3 and take a closed n-form
B € Q" (M). Consider the subbundle

Ta(Ln) = {(ITPa, & + iz B) | € A"~ T*M}.
LetB:TM — A""'T*M, X + iy B be the induced bundle map. If the bundle map
Id+BoTl' : A" 'T*M — A" 'T*M (13)

is invertible, then T (L) is the graph of a map l'[n(ld +Bo oH-1: At m —
TM. Next we will show that the map TT*(Id + B o T1¥)~! is skew-symmetric,
thus, given by a skew-symmetric n-tensor field, denoted by 7 (IT). If IT(x) = 0
for some x € M then [15(Id + B o o5t o AITPM — Ty M is the zero
map and hence skew-symmetric. If T1(x) # O then there exists a local coordinate

U;xt, ... x", x" ... x™) around x such that
Iy = 9 A A 9
U= oxl xn

(cf. Theqrem 2.2). For any locally defined (n — 1)-form o of the form o = dx’! A
- Adx=1 with {iy, ..., in—1} € {1, ..., n}, we have IT°a = 0. Therefore,

(Id—'—EO Hﬁ)_l(d.xil AR /\dxi”—') = dxil R /\dxin—l’
for {i1,...,in—1} € {1,...,n}. Hence,
M(Id + B o TIH) " 1(dx't A - A dxin-1) = 0.

On the other hand, if ¢ = dx! /\~--A47x\k/\~-~Adx” forsome k € {1, ..., n}, we
have

(Id+BoTl®)(dx' A- - AdxEA- - -AdX™) = dx' A - -AdxEA- - Adx"+(=1)"*i o B.
ax
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Suppose B is locally of the form B|y = bdx! A--- Adx™ + B’ withb € C*®(U) and
B’ is an n-form defined on U containing local expressions other than dx' A Adx".

In that case iLkB = (=D*1bdx' A--- Adxk A - Adx" + B”, where B” is an
dx

(n — 1)-form containing terms dx'! A --- A dx»=1 with {i1, ..., i,_1} ZA{l,...,n}.
Therefore,

(Id + BoTF)(dx! A Adxk A--- Adx™)

=+ D" Bldx" Ao Adxk A~ Adx" + (=1 FB.

Since TT#(B”) = 0 we have

dx' A AdXE A Adx" — (—1)""‘B”>
[1+ (=D 1b]
=dx' A AdxKE A AdX,

(Id+Bo nﬁ)<

which implies that

ME(Id + BoTl®) (dx' A--- AdxE A - Adx™)
1 —
—  Tdx' A AdxE A Adx™)
(14 (=D)~1b]

G .
[14 (=Dr—1b] oxk
Therefore, in any case,
(dx?, TI?(I1d + B o TIH) " 1(dx™t A --- A dxin-1))
= —(dx"1, TI*(Id 4+ B o TIH) ' (dx™' A -+ Adx2 A dx))
holds. This shows that the map I1*(1d + Bo M%)~ ! is skew-symmetric. The skew-
symmetric n-tensor field 7 (IT) € I'(A"T M) is completely determined by
Te(I)? = N*(Id + B o TIH) !,
and, in this case,
Ts(Ln) = Graph(Tp(ID?) = Ly
Moreover, Tp (L) is closed under the higher order Dorfman bracket, as
[(MFa, & + iz B), (FB, B + inzg B)]
= (M, *B], Lrizo B + Lrzainzg B — inzpda — imzpdinzg B)
= ([, I*B), {o, BIn + iz zpy B)  (since B is closed)
= (M¥{a, B, (o, B + iz, gy B)-

Therefore, it follows from Proposition 2.4 that 75 (IT) is a Nambu-Poisson tensor on
M. The Nambu tensor 7 (IT) is called the gauge transformation of IT associated with
the n-form B, and the Nambu structures IT, 7p(IT) are called gauge equivalent.

Remark 5.1 Since the map (13) is an isomorphism, it follows that gauge equivalent
Nambu-Poisson structures gives rise to same characteristic distribution.
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More generally, gauge equivalent Nambu-Poisson structures corresponds to iso-
morphic Leibniz algebroids.

Proposition 5.2 Let T1 be a Nambu-Poisson structure of order n on M, and Tg(I1)
be the gauge transformation of Tl associated with the n-form B. Then the Leibniz
algebroid structures on A"~ 'T*M — M associated to the Nambu-Poisson tensors
I and Tp(I1) are isomorphic.

Proof Consider the bundle isomorphism (Id + B o IT%) : A"~ 1T*M — A""'T*M,
given by @ > & + igz, B, for @ € A""!'T*M. This map commute with the
corresponding anchors, as

¥ = T3(IN* o (Id + B o TT%).
For any «, 8 € A" 1T* M, we also have

{(Id + B o II*)(), (Id + B o I*)(B)} 7,y

= LyymyatBona1d + B o TI)B — i75 My (1a+Bonzpd ((Id + B o IT)a)
= ﬁnnaﬂ + L‘znnainuﬂB — inuﬂda — il’Iﬁﬂdil'ItaB
= {o. B + in(ap, B = (Id + B o T¥){e, Blpy.

Hence the proof. O
5.2 Gauge Transformation Commutes with Reduction

Theorem 5.3 Let (M,{,...,}) be a Nambu-Poisson manifold with associated
Nambu-Poisson tensor T1, N C M a submanifold andi : N — M the inclusion. Let
E C TM|n be a subbundle (may not be canonical) such that F := ENTN is a
regular, integrable distribution on N and that

1) ifFy,..., F, € C®(M)g are smooth functions on M, then
{F1,.... F,} € C®(M)p.
(i) Moreover,

M (Ann'E) C TN.
Let B be a closed n-form on M such that the map defined in (13) is invertible and that

a) B:TM — A" 'T*M maps B(TN) C Ann'E,
b) B projects to an n-form B € Q"(N) on N.

Consider the gauge transformation of T1 associated with the n-form B, and let the
Nambu structure be denoted by Tg(I1). Then (M, Tp(I1)) reduces to a Nambu-
Poisson manifold (N, Tp(I1)) which is same as the gauge transformation of the
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reduced Nambu-Poisson manifold (N, I1) associated with the n-form B, that is, the
following diagram

M. —— (M, TR(D))
(N T~ (N, Tp(I) = Tp(I)

Is commutative.

Proof First we will show that the Nambu-Poisson tensor Tg(IT) satisfies the condi-
tions of Theorem 4.2. Since IT*(Ann'E) ¢ TN and B(TN) C Ann'E, it follows
that,

(Id + BoTl?) : A" 'T*M — A" 'T*M
maps (Id + B o I®)(Ann'E) C Ann'E. As (Id + B o TI%) 1s an isomorphism,
Id + Bo I1*)(Ann'E) = Ann'E. Therefore, for any 1 € Ann'E,
Te(M () = NI°(Id + B o 1)~ () € I*(Ann'E) € TN.

Moreover, for any F1, ..., F, € C®°(M)Eg, we have

{F1,.... Fidyn = (Tg(ID*(AFi A -+ AdF,—1), dFy)
= (MPUd+ BoT Y dFy A---AdF,_}),dF,).

Therefore, for any V € I'(T M) with V |y € F, we have
ddF, ..., Fadan)s Vv

= (‘Cl'[ﬁ(ld+§ol'lj)*1(dF]/\--~AdF,,_1)dF")(V)|N
= [El'ln(ld-i-gol'[:)*l(dFl/\-~AdF,,,1)V(F")
—dF,((P(Id + Bo 1) ' dF A+~ AdFy_1), VD)]In = 0.

This shows that, {F1, ..., Fy}7,m) € C°(M)F. Thus, the Nambu structure 7p (IT)
is reducible by Theorem 4.2.
Moreover, since B is closed, the n-form B € Q"(N) on N is closed. The bundle
map
Id+Boll": A" 'T*N - A" 'T*N

is invertible and the inverse is given as follows. For any f1,..., f, € C*®(N), let
Fi, ..., Fy € C°(M)g be arbitrary extensions of fj om, ..., fy o7 fron N to M.
If the inverse (Id + B o Hﬁ) YdFy A -+~ ANdF,_y) is locally given by the sum
ZH ’’’’’ it Hj  j,_dHj N---ANdH;j,_,for some locally defined functions H;’s on
M with differentials vanishing on E, then the inverse (/d + E oINH A A A
dfn—1) is locally given by by the sum > Rji.joydhjy N---Ndhj,_,, where
h;’s are restriction of H;’s on N.

Jlsees Jn—1
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From the reducibility of Nambu structures IT and 7 (IT), we have

{fisooos flmom = {Fi,..., Fy)oi, (14)
{fieeoos falmnon = {Fi,.... F))pn o, (15)

Therefore, for any x € N,
{1, fadpa ((x))
= (Ta(@F@fi A~ Adfy). dfy) @)
= (¢ + B o)~ @fi A+ Adfam). dfa) ()

= > (hj g OF@dhj A Adhy,_) dfy) (T (x))

Jlsewosn—1

= > oAy b S ()
JlseesJn—1

= Z (Hj...j, 1 {Hjyo oo Hj, s FpD (X)) (by (14))
JlsewosJn—1

= > (Hj.j, JPW@Hj A AdHj,_ ), dF,)(i(x))
Jlsewosn—1

- (nﬁud 4 Boll) " dF I A AdF,_)), an>(i(x))
= (To(MF@Fy A+ AdFuo0) dF )G @) = {F1, o Bt Falyym G )).
Thus by (15), it follows that

{f],...,fn}@on ={f1,...,fn}7'§(ﬂ)0ﬂ.

Since  is surjective, we have TgIl = Tp(I1). Hence the proof. O
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