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Abstract In the paper we consider an Ising model with four competing in-
teractions (external field, nearest neighbor, second neighbors and triples of
neighbors) on the Cayley tree of order two. We show that for some parameter
values of the model there is a phase transition. Our second result gives
complete description of the periodic Gibbs measures for the model. We also
construct uncountably many non-periodic extreme Gibbs measures.
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1 Introduction

Lattice spin systems are a large class of systems considered in statistical
mechanics. Some of them have a real physical meaning, others are studied as
suitably simplified models of more complicated systems. The structure of the
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142 N.N. Ganikhodjaev, U.A. Rozikov

lattice plays an important role in investigations of spin systems. For example, in
order to study the phase transition problem for a system on Z¢ and on Cayley
tree there are two different methods: Pirogov-Sinai theory on Z“, Markov
random field theory and recurrent equations of this theory on Cayley tree. In
[2-6] for several models on Cayley tree, using the Markov random field theory
Gibbs measures are described.

In the paper we investigate a model with four competing interactions on the
Cayley tree.

The paper is organized as follows.

In Section 2 we give definitions of the model, Cayley tree and Gibbs
measures.

In Section 3 we reduce the problem of describing limit Gibbs measures to
the problem of solving a nonlinear functional equations.

Section 4 devoted to describe translation-invariant Gibbs measures. We
show that two (minimal and maximal) of translation-invariant Gibbs measures
are extreme in the set of all Gibbs measures.

In Section 5 we study periodic Gibbs measures and show that our model
admits only translation-invariant and periodic with period two (chess-board)
Gibbs measures.

In the last section we construct uncountably many non-periodic extreme
Gibbs measures.

2 Definitions

Cayley tree  The Cayley tree I'* (see [1]) of order k > 1 is an infinite tree, i.e. a
graph without cycles, from each vertex of which exactly k + 1 edges issue. Let
I'* = (V, L, i) where V is the set of vertices of I'X, L is the set of edges of I'*
and i is the incidence function associating each edge / € L with its endpoints
x,y e V.Ifi(l) = {x, y}, then x and y are called nearest neighboring vertices
and we write [ =< x, y >. The distance d(x, y), x, y € V on the Cayley tree is
defined by the formula

d(x, y) = min{d|x = x¢, X1, ..., X4—1, Xg = ¥ € V such that the pairs
< Xg, X1 >, ..., < X4_1, Xq > are neighboring vertices}.
For the fixed x° € V we set
W, = {x € V]d(x, x°) = n}, V= {x e Vld(x,x°) < n},
L, ={l=<x,y>€e Lix,ye V,}.

A collection of the pairs < x,x; >, ..., < x4-1,y > is called a path from
x to y. We write x < y if the path from x° to y goes through x. We call the
vertex y a direct successor of x, if y > x and x, y are nearest neighbors. The set
of the direct successors of x is denoted by S(x), i.e.

Sx)={ye W,ldx,y)=1}, xe W,
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On Ising Model with Four Competing Interactions on Cayley Tree 143

We observe that for any vertex x # x°, x has k direct successors and x° has
k+1.

The vertices x and y are called second neighbor which is denoted by
> x,y <, if there exists a vertex z € V such that x, z and y, z are nearest
neighbors. We will consider only second neighbors > x, y <, for which there
exist n such that x, y € W,,. Three vertices x, y and z are called a triple of
neighbors and they are denoted by < x, y, 7z >,if < x, y >, < y, 7 > are nearest
neighbors and x,z € W,, y € W,,_;, for some n € N. The fixed vertex x° is
called the 0-th level and the vertices in W,, are called the n-th level.

It is known [5] that there exists a one-to-one correspondence between the
set V of the vertices of the Cayley tree of order k > 1 and the group Gi of
the free products of k + 1 cyclic groups of the second order with generators
ap,ay, ..., k41 -

Let us define a group structure on the I'* as follows. Vertices which corre-
sponds to the ‘words’ g, h € Gy, are called nearest neighbors and are connected
by an edge if either g = ha; or h = ga; for some i or j. The graph thus defined
is a Cayley tree of order k. Consider a left (resp. right) transformation shift on
Gy defined as : for g, € G we put

Tg h = goh(resp.Tg,h = goh) Vh € Gy.

Then the set of all left (resp. right) shifts on Gy is isomorphic to the group Gy.

The model The Ising model, which was originally regarded as a ferromagnetic
model, has found some applications in many other physical, biological and
chemical systems, and even in sociology. The model that considered in [8] is
a natural generalization of the Ising model, and a model of the similar form
has recently been investigated by Monroe [15, 16] to understand the physical
aspects associated with the Husimi tree or the Kagome lattice. On a similar
note, the topic of statistical mechanics on non amenable graphs is a modern
growing field [2, 14]. In the same paper [8], we have presented the exact
solution of an Ising model with competing restricted interactions and zero
external magnetic field on the Cayley tree I'? for order 2.

In this paper we consider the Ising Model with four competing interactions
on the Cayley tree which is defined by the following Hamiltonian

Ho)=-J; ) o@o(o@—J Y o@o(y) —

<X,y,Z> >X,y<
—Ji Y ooy —a)y o) (1)
<X,y> xeV

where the sum in the first term ranges all triples of neighbors, the second sum
ranges all second neighbors, the third sum ranges all nearest neighbors and the
spin variables o (x) assume the values +1. (See [1] for models with competing
interactions, and see [2, 14-16] for the physical motivation underlying the study
of these models.)
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144 N.N. Ganikhodjaev, U.A. Rozikov

Remark 1f one consider the Hamiltonian with all possible triple (without
condition x, z € W,)) and second neighbors (without condition x, y € W,,) then
the problem of describing of limit Gibbs measures becomes a difficult problem.
Note that interactions defined in (1) depend on the chosen origin x°, another
choice of x” would give different interactions. Thus the tree-spin interactions
are not translation invariant.

The various partial cases of this model have been investigated in numerous
works, for example, the case J3 = o = 0 was considered in [15, 16] and [8]. In
[8], the exact solution of an Ising model with competing restricted interactions
with zero external field was presented. The case J = o = 0 was considered
in [7, 16], and [17]. In [7], the exact solution was found for the problem of
phase transitions. In [17] it is proven that there are two translation—invariant
and uncountable number of distinct non-translation—invariant extreme Gibbs
measures. In [9] the phase transition problem was solved for « =0, J - J;-
J3 #0andfor J; =0, a-J-J; #0aswell.

In the paper we will consider the case J - J; - J3 -« # 0.

Gibbs measures Let A be a finite subset of V. Assume Q(A) is the set of all
configuration on A, that is the functions {o (x), x € A}. Let o (V \ A) be a fixed
boundary configuration. The total energy of configuration o (A) € Q2(A) under
condition o (V' \ A) is defined as

HoM[EWV\A)==T3 Y o@o(yo@ —J Y o@a(y) -

<X,y,2> > X,y <
X, y,z€A xX,yeA
—Ji ) ooy —a) o) —
<X, y> XeEA
X, yeA

-5 ) ocWo(yo(z) -

xéx,‘};A,z¢Aor
xeAyeAz¢A

-7 > sy -1 Y, oc@F(. ()
;g‘A,;gA )fexz{;ﬁzx

When all boundary points {5 (y), y € V' \ A} are fixed as +1, we have the
positive boundary condition and when they are fixed as —1, we have negative
boundary condition. The free boundary condition corresponds to the case
when the last three sums in the above are absent, that is formally all boundary
points are fixed as 0.

The partition function Z (@ (V \ A)) in volume A under boundary condi-
tiona (V' \ A)) is defined as

Zy= ), exp(—=BHE(A)G(V\A)),

o (A)eQ(A)
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where B = 1/kT is the inverse temperature. Then the conditional Gibbs
measure i, in volume A under boundary condition o (V' \ A) is defined as

exp(=BH(a (A)[T(V\ A))

palo (D)) = Zn

®)

3 The Functional Equation

There are several approaches to derive the equation solutions of which de-
scribes the limit Gibbs measures for lattice models on the Cayley tree. One
approach is based on properties of Markov random fields on Cayley tree [23]
and [18]. Another approach is based on recurrence equations for partition
functions [7, 12].

Here we shall use the Markov random field method.

Let & : x — R be a real valued function of x € V. Given n =1, 2, ..., con-
sider the probability measure 1" on {—1, +1}" which defined by

M(n)(an) = Z;1 eXP{ — BH(o,) + Z hxa(x)}~

xeW,

Here, as before, 8 = 1/kT and 0, : x € V,, — 0,(x) and Z, is the corre-
sponding partition function

Zp= > exp{—,BH(&n)+th5(x)}.

,€Q(Vy) xeW,

The consistency condition for ™ (0,), n > 1is

Z I'L(n) (On—l ’ U(n)) = /\‘L(nil) (Gn—])5 (4)

o™

where 0™ = {0 (x), x € W,,}.

Let Vic Vo C...,U2,V, =V and ui, s, ... be a sequence of the prob-
ability measures on ®"1, ®"2, ... satisfying the consistency condition, where
® = {—1, +1}. Then, according to the Kolmogorov theorem, (see, e.g. [21]),
there is a unique limit Gibbs measure u; on 2 such that for everyn =1, 2, ...
and o, € ®"" the following equality holds

nloly, = an)) = 1™ (o).

The following statement describes the conditions on £, which guarantee the
consistency condition of measures 11 (oy,).

Proposition 1 The measure " (0,,), n = 1,2, ... satisfies the consistency condi-

tion (4) if and only if for any x € V the following equation holds:

L ( 020,052 11) 4 ) (e + €M) 4 9293)
— 1o i
2 g * 91292 —l— 91 93 (62}1«V —|— ezhz) + 9262(hy+hz)

hx = (5)

@ Springer



146 N.N. Ganikhodjaev, U.A. Rozikov

287, 287

here S(x) ={y, z}, < y, X,z > is a ternary neighbor and 0, = e”"’', 0, = e*F’,

6 = e?hls, 04 = e,

Proof Necessity. According to the consistency condition (4) we have

L
ZIZexp{—ﬁHnl(omHﬁJl Y. oWEm +o@)+
nosm xeW,_q,
Y.z €8

+ BT Y, oo@+BT Y o®o(e(D)+

xeW,_ 1, xeW,_1.
v,z €8x y.z2€8x)
+ ) Bao+ Y th(X)}
XEW,,,] )CEW,,,]

:eXp{_,BHn—l(Un—l)"' Z hxa(x)}

xeW,

Consequently we have

Zzn: > [T eptplio@em) +o() +Bloo@) +

oM xeW,_;

+ BJ30 (x)o (y)o(z) + Bao (x) + hyo (y) + h0(2)}
= l_[ exp{hyo (x)}.
XEW,,_|

Assume x € W,_; and S(x) ={y, z}, o ={0(y),0(z)}. Since o™ =
Urew,_ 0", we get
Zn—]

n

[T D explBlic)(@(y) +0(2) + BIo(y)o(2) +

xeW,, (,;”)

+ B30 (x)0 (y)o (2) + Bao (x) + hyo (y) + h.0(2)}

= 1_[ exp{ho(x)}. (6)
xeW,
]
Now fix x € W,,_; and rewrite (6) for the cases o(x) = 1 and o (x) = —1. If
o(x) = 1, we have
N= > expplilc(y) +0(2)+Blo(y)o(2) +

a"={o(y).0(2)}
+ BJ30(y)o(2) + Ba + hyo (y) + hyo(2)}

= exp{hx};

@ Springer



On Ising Model with Four Competing Interactions on Cayley Tree 147

and if o (x) = —1, then

D= Y exp(-BLi(c(y) +0(2) + Blo(Mo ()} +
o"={o(y),0(2)}

+ BJ3o(y)o(z) — Pa + hyo (y) + h.0(2)}
= exp{—hy}.
So that
T = expl2h) ")
The numerator N of the left-hand side is equal to
N =expBJi +BJ +BJs+ Ba+hy+h;) +
+exp(=BJ — BJ3 + Ba — hy + h;) +exp(=BJ — BJ3 + Ba + hy, — h;) +
+exp(—28J1 + BJ + BJs + pa — hy, — h),
while the denumerator D is equal to
D =exp(—2pJ1 + B+ BJ3s — Ba+h,+h;) +
+exp(—BJ — BJ3 — Ba — hy + h;) +exp(—=BJ — BJ3 — Ba + hy, — h;) +
+exp2BJ1 + BJ + BJ3 — Ba — hy — hy).
Then the equality % = exp{2h,} implies (5).

Sufficiency. Assume that (5) is valid. From (7) we get

> explBlic()(0(y) +0(2) + Blo(y)o(2) +

o ={o (y).0(2)}
+ BJio(X)a(y)o(z) + Bao(x) + hyo(y) + h.o(2)}
= a(x) exp{o (X)hy},

where o (x) = £1. This equality implies

[T Y explliow@() +0@)+Blo(y)o) +

XeWn-1 6" =(0 (y),0(2))

+ BJ30 (x)a (y)o (2) + Bao (x) + hyo (y) + h.0(2)}
= [] atexpioh. (8)

xeW,y

Denoting A, (x) = [],ew, , a(x), we have from (8)

anlAnflle(n_l)(o—nfl) =Zy Z M(m (O’nfla O_(n)).

o
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As 1™, n > 1is a probability, we have

2> 1P (onr. 0 ™)) =D u Vo) = 1.

Op-1 g™ On—1

From these equalities we get Z,_| A,,_1 = Z,, which means that (4) holds.

According to Proposition 1 the problem of describing the Gibbs measures is
reduced to the description of the solutions of the functional Eq. 5.

Denote Q = {—1, +1}". Note that any transformation S of the group Gy
induces a shift automorphism $:Q—->Q by

(So)(g) =0(Sg), ge Gy, oeQ.

By G\ we denote the set of all shifts on Q. We say that a Gibbs measure x on
Q is translation - invariant if for any 7" € Gy the equality u(7T(A)) = u(A) is
valid for all A € F, where F is a standard o -algebra of subsets of €2 generated
by cylinder subsets.

4 Translation-invariant Gibbs Measures: Phase Transition

The analysis of the solution of (5) is rather tricky. It is natural to begin with the
translation-invariant solutions where 4, = h is constant for all x € V. In this
case from (5), we have

929293u + 260 1u + 6,65
9 92 + 2919314 + 92142

)

where u = ¢*".

Note that if there is more than one positive solution for Eq. 9, then there
is more than one translation-invariant Gibbs measure corresponding to these
solutions. We say that a phase transition occurs for model (1), if Eq. 9 has more
than one positive solution. The number of the solutions of Eq. 9 depends on the
parameter 8 = kT The phase transition usually occurs for low temperature.
If it is possible to find an exact value of temperature 7* such that a phase
transition occurs for all 7 < 7% then T* is called a critical value of temperature.

Finding the exact value of the critical temperature for some models means
to exactly solve the models.

Proposition 2 [0 > 3,6, > and

92 3;

\/922(9;* + 207 — 3) — 467 — 86,06, — \/922(9;‘ +207 — 3) — 407 — 80,0, — 46707
26016>

) \/922(9;‘ +207 — 3) — 407 — 80,6, + \/922(9;‘ + 207 —3) — 467 — 86,6, — 40763
2016>

<63 <

)

n01, 62, 603) < 607 < (61,62, 63)
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then Eq. 9 has three positive roots u} < uy < uj. Here

1 076:05u7 + 201u; + 6205

(01, 62,03) = —
i1, 62, 63) U; 01292+29103ui+02ui2

where u;, i = 1, 2 are the solutions of

026305u* + 46,0,u° + 65(367 — 607 + 402)u® + 46,6,03u + 076363 = 0. (10)

Proof Denote

Flu) = 91292931«!2 + 261u + 6,05
020, + 260105u + Ohu?

We have

0,(6763 — 1)u* + 6,05(6) — 1)u + 6, (67 — 63)
(026> + 20,63 + 6u2)’

F7) = 26, (621 + 26,631 + 626,)  x

) = 26,

k]

x (= 2616,(0767 — 1)u® — 30305 (0} — 1)u® + 60,6,(63 — 07 )u+
+ 0765(03 (05 — 1) — 407 + 463)).
Denote
A =20,6,(6765 — 1); B =30365(6) — 1);
C = 60,6,(67 — 0}); D = 670;(05 (65 — 1) — 467 + 463).

It is easy to see that under conditions of the proposition we have A > 0,
B >0,C>0,D > 0. Equation f’(u) = 0 is equivalent to Au’® + Bu?> — Cu —
D = 0, one can easily prove that the last equation has unique positive solution,
say u,. Thus fis convex for u < u, and concave for u > u,. Consequently there
are at most three solutions. On the other hand, it is easy to see that (9) has more
than one solution if and only if there is more than one solution of the equation
uf'(u) = f(u) which is equivalent to Eq. 10. Now consider (10), which can be
rewritten as

1\’ 0
0703 (u + —) + 46,6, (ﬁ + —3) + 365 — 0105 + 467 — 20707 = 0.
u 63 u
Denote
u 03
o) = 40,0, —+— ).
93 u

1 2
V) = 63(0F +207 — 3) — 6762 (u+ ;> _ 402,

A simple analysis of these functions show that under conditions of the propo-
sition the Eq. 9 has three positive solutions. This completes the proof. O
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Thus by Propositions 1 and 2 we can formulate the following

Theorem 3 Assume the conditions of the Proposition 2 are satisfied then for the
model (1) there are three translation-invariant Gibbs measures [y, s, 13 Le.
there is phase transition.

Note that u; (u3) corresponds to positive (resp. negative) boundary condi-
tion. The boundary condition corresponding to w, unclear.

The following Proposition 4 describes a useful property of general (non
translation-invariant) solutions /, to (5).

Proposition 4 Assume the conditions of the Proposition 2 are satisfied and h, is
a solution of (5), with u, = e*", then

uy <uy < uj, xeV (11)

where uf < u} are solutions of (9).

Proof ltis clear that u, > 0, for any x € V. For u, v > 0 denote

91292931/[1) + 91 (u + v) + 9293
020, + 0163 (u + v) + uv

F(u,v) = 64

The Eq. 5 can be rewritten as u, = F(u,, u;).
Observe that under conditions of the Proposition 2 the function F(u, v) is
increasing with respect to # and v on (0, co). Hence we conclude that

0304

92 < F(u,v) < 9 0504,

for all u,v > 0. Now we consider the function with u, v € (9;34,020203) By

similar reason as above we get
006,
f ( - 4) Flu,v) < f(626564).
1
where f(u) = F(u, u). Repeating this argument one gets

66
£ ( 2 4) < F(u,v) < f™(626364),

1

for all n > 1. Here f™ is n-th iteration of the map x — f(x). The sequence
o (9129394) is decreasing and bounded below by u3. Its limit is a fixed point
of f and thus equal to uj. This proves that u, < uj. The lower bound for u, is
similar and gives uj. ]
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Using Proposition 4 by similar argument as in the proof of Theorem 12.31
of [10] one can prove the following

Theorem 5 Assume conditions of Proposition 2 are satisfied then translation-
invariant measures |1y, 13 (see Theorem 3) are extreme.

Remark The problem of extremality for measure u, is a difficult problem.
Usually (see [3, 24]) such measure which corresponds to unordered phase is
extreme for the temperature T € (T}, T.] where T is the critical temperature
of phase transition and T, is a (second) critical temperature (0 < T, < T¢).

5 Periodic Gibbs Measures
In this section we study a periodic (see Definition 6) solutions of (5).

Definition 6 Let K be a subgroup of Gy, k > 1. We say that a collection (of
functions) & = {h, € R' : x € Gy} is K-periodic if hy, = h, for all x € Gy and
ye K.

Definition 7 A Gibbs measure is called K-periodic if it corresponds to K-
periodic collection A.

Observe that a translation-invariant Gibbs measure is G-periodic.

We give a complete description of periodic Gibbs measures i.e. a character-
ization of such measures with respect to any normal subgroup of finite index in
Gy.

Let K be a subgroup of index r in Gy, and let Gi/K = {Ky, Ky, ..., K;_1}
be the quotient group, with the coset Ky = K. Let g;(x) = |51 (x) N K;|,i =0,
L,...,r=1; N(x) = {j:q;j(x) #0}|, where Si(x) ={y € Gi:{x,y)}, xe Gy
and |-| is the number of elements in the set. Denote Q(x) = (qo(x),
q1(X), ..., gr—1(x)).

We note (see [19]) that for every x € Gy there is a permutation 7w, of the
coordinates of the vector Q(e) (where e is the identity of Gy) such that

e Q(e) = Q(x). (12)

It follows from (12) that N(x) = N(e) for all x € Gy.
Each K— periodic collection is given by

{hy ="h; for xe K;, i=0,1,...,r—1}.
For k = 2 by Proposition 1 and (12), h,, n =0, 1, ...,r — 1, satisfies

1
hn = E log F(e2hﬂu(i)’ 62/77rn(/>)7 (13)
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152 N.N. Ganikhodjaev, U.A. Rozikov

where F(u, v) is defined in proof of the Proposition 4 and x,, is permutation of
Q(e) forx € K,,, i, j € QO(e).

Proposition 8 Suppose the conditions of Proposition 2 are satisfied then
F(u,v) = F(h,v) ifand only ifu =h (F(u,v) = F(u, h) if and only if v = h).

Proof Follows from monotonity of F with respect to u (resp. v). O

Let Gj be the subgroup in G, consisting of all words of even length. Clearly,
Gj is a subgroup of index 2.

Theorem 9 Let K be a normal subgroup of finite index in G,. Then each
K— periodic Gibbs measure for model (1) is either translation-invariant or
G;— periodic.
Proof We see from (13) that

F(e"mo, ehm0) = F (M), ehmn), (14)
Foranyi, j i, j € Q(e),n =0, 1,...,r — 1. Hence from Proposition 8 we have

i) = M) = oo = Moy
Therefore,
he=hy,=h, if x,ye€ Si(2), z e G
hy=hy =1, if x,ye 8(2), 7€ G\ Gj.

Thus the measures are translation-invariant (if 4 =1[) or G%— periodic (if

h #1). This completes the proof of the theorem. O

Let K be a normal subgroup of finite index in G,. What condition on K will
guarantee that each K—periodic Gibbs measure is translation-invariant? We
put [(K) = KN{ay, az, as}, where a;, i =1,2,3 are generators of G,.

Theorem 10 If I[(K) # @, then each K— periodic Gibbs measure for model (1)
is translation-invariant.

Proof Take x € K. We note that the inclusion xa; € K holds if and only if
a; € K. Since I(K) # 0, there is an element a; € K. Therefore K contains the
subset Ka; = {xa; : x € K}. By Theorem 9 we have h, = h and h,,, = [. Since x
and xa; belong to K, it follows that &, = hy,, = h = I. Thus each K— periodic
Gibbs measure is translation-invariant. This proves Theorem 10. O

Theorems 9 and 10 reduce the problem of describing K— periodic Gibbs
measure with /(K) # @ to describing the fixed points of f(u) = F(u, u) (see
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(9)) which describes translation-invariant Gibbs measures. If 7(K) = @, this
problem is reduced to describing the solutions of the system:

u= f(v),

15
{vzfm) (13)

with

91209293I/t2 + 291” + 9293

u) = .
T = O g, 2003 +

Evidently the positive roots of the equation
ff@) —u _
f) —u

describe the periodic (non translation-invariant) Gibbs measures.
As we are looking for positive roots (16) has the following form:

(16)

070, (07620307 +20,0304+0>)u> + 05(010704+260760,07 +2076,+40704 — 6304)u +
+ 070, (0:6567 + 20,64 + 076,) = 0, (17)
The discriminant A of (17) is equal to
A = —4607050; (01020, + 2)05 + A0F — 40765 (0,0, + 26y),
where
A= —07(360} + 60} — 1)05 — 4070,(1 + 67) (1 + 07)65+
+ 407 (070 + 0} — 207)07 + 160;04(1 + 67)0, + 160}6;.

Using simple analysis one can see that (17) has two positive solutions if

0, <1, 02>12_91912, 01?<94<92<, (18)
where
. —40% — 0707 + \/ 462 + 02602 — 62)° — 166062
b= 4030,
and
A2 > 646/°056, (616264 + 2) (616 + 264), (19)
0; <07 <07, (20

where 05 are solutions of A = 0.
Therefore, the following theorem is proved:

Theorem 11 Assume (01, 6,, 05, 0,) satisfied conditions (18) (20) then for the
model (1) there are two G5— periodic Gibbs measures ", 5"
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Remark

1. By construction measures u}*, 4> are non translation-invariant, but

periodic with period 2 (= index of normal subgroup).
2. For 6, = 1 the condition (19) can be rewritten as (see [9])

29] 291 2 29]
1 —362)(6% + 1 <92——><92——> (92+ ) 0
( 1)( 1 ) 2 1 3912 2 1 912 2 1 912 >

This factorization gives more simple formulation of the conditions (18)—(20)
i.e. for 6, = 1 conditions (18)—(20) can be reduced to

26,
> —’
1 — 367

1 - +
0<b < —, H 0y <03 <0;.

V3

6 Non Periodic Gibbs Measures

In this section we consider the case of phase transition (i.e. assume that the
conditions of Proposition 2 are satisfied). We show that functional Eq. 5 admits
uncountably many non periodic solutions.

Take an arbitrary infinite path 7 = {x* = x¢, x1, ...} on the Cayley tree of
order 2. There is (see [4, 20]) one-to-one correspondence between such paths
and real numbers ¢ € [0; 1]. We will map the path 7 to a function A" : x €
V — h7 satisfying (5). Path 7 splits Cayley tree I'? into two parts '} and I'3.

Function /7 is defined by

M

X

logu*, if x e I'?
{ gu 1 1)

logus, if x eI

Denote

1 026,032 + 01 (€™ + €*) + 6,05
P(x,y) = - log (94 5 )
2 91 60, + 0,05 (e2x + e2y) + 9262(x+y)

Proposition 12 Following inequality holds:

[D(x1,y) — P(x2, )| < v (01, 0, 63)|x1 — X2,

where

I/ (O1f T 0205)(Oof + 0103) — 01 /(0102051 + 1) (BsF + 6,62)]
y (61, 62, 03) = max -
teluiaz] A/ (011 + 0,03)(Orf + 0103) +6,+/(0,0,03t + 1) (031 + 6,6,)

Proof The function ®(x, y) can be rewritten as

Ae** + B

1 1
CD(X, y) = 510g94 + Elog m,
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where A, B, C, D depends on 6, 6,, 03 and y. It is easy to see that

, [VAD — ~BC]
[P (xS —F———F—x
~NAD+ v BC
This completes the proof. O

With the help of Proposition 12 it is easy to prove the following Theorem 13,
similar to Theorem 3 of [20]:

Theorem 13 For any infinite path &, there exists a unique function h™ satisfying
(5) and (21).

In the standard way (see e.g. [4, 20]) one can prove that functions #*® are
different for different ¢ € [0; 1].

Now let u(f) denote the Gibbs measure corresponding to function A7,
te[0;1].

Using Theorem 5, similar to analogous theorem of [4] we obtain the
following

Theorem 14 For any t € [0; 1], there exists a unique extreme Gibbs measure
w(t). Moreover, the above Gibbs measures ;, i=1, 3, are specified as ((0) = 3,

p(l) = pr.

Because measures u(r) are different for different ¢ € [0; 1] we obtain a
continuum of distinct extreme Gibbs measures.
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