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Abstract This paper is contributed to explore all possible single peakon solu-
tions for the Degasperis—Procesi (DP) equation m; + m,u + 3mu, =0, m =
U — Uyy. Our procedure shows that the DP equation either has cusp soliton and
smooth soliton solutions only under the inhomogeneous boundary condition
limpy oo t = A # 0, or possesses the regular peakon solutions ce I € H! (c
is the wave speed) only when limy .o, u = 0 (see Theorem 4.1). In particular,
we first time obtain the stationary cuspon solution u = v/1 — e=2" € W,;! of
the DP equation. Moreover we present new cusp solitons (in the space of
Wllo’ Ll) and smooth soliton solutions in an explicit form. Asymptotic analysis
and numerical simulations are provided for smooth solitons and cusp solitons

of the DP equation.
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206 G. Zhang, Z. Qiao

1 Introduction

The b-weight-balanced wave equation

m; + myu + bmu, =0, M=1U— Uy (1.1)

was proposed in [8] in 2003, and recently has arisen a lot of attractive attention.
This family is proved to be integrable when b =2,3 by using symmetry
approach [11]. More deeper mathematical attributes on the CH equation
was shown by the constraint method and r-matrix structure [14, 15], inverse
spectral theory [3], Riemann-Hilbert problem [12], and the global conservative
solution [1].

In an earlier paper [18], Qiao and Zhang discussed the traveling wave
solutions for the b =2 equation — the Camassa—Holm (CH) equation [2]
under the inhomogeneous boundary condition limy_,.o 4 = A (A is a non-
zero constant), and found new soliton solutions both smooth and cusped. In
the paper [19], Vakhnenko and Parkes presented the periodic and loop soliton
solutions for the b = 3 equation — the Degasperis—Procesi (DP) equation [6]
from the mathematical point of view. Their solutions were expressed in a
implicit form. Later in [10], Lenells also studied the traveling wave solitary
solutions of the DP equation, which decay to zero at both infinities, but did not
give explicit soliton solutions, either.

An important issue to study both the CH equation and the DP equation is
to find their new solutions through investigating their intrinsic mathematical
structures. The DP equation has Lax pair [7] (therefore is integrable), and
is able to be extended to a whole integrable hierarchy of equations with
parametric solutions under some constraints [13, 17]. Also, the DP equation
admits the global weak solution and blow-up structure [9].

In this paper, we give all possible single peak soliton solutions of the DP
equation

m; + myu + 3mu, = 0, M =U— Uy, (1.2)

through setting the traveling wave mode under the boundary condition u —
A (A is a constant) as x — £o00. Our procedure shows that the DP equation
either has cusp soliton and smooth soliton solutions only under the boundary
condition limy_,.c 4 = A # 0, or possesses the regular peakon solutions only
when limpy,oc 4 = 0 (see Theorem 4.1). In particular, we first time obtain a
stationary cuspon solution of the DP equation. Moreover we present new cusp
solitons and smooth soliton solutions in an explicit form [see formulas (3.7),
(5.11) and (5.16)]. Asymptotic analysis and numerical simulations are provided
for smooth solitons and cusp solitons of the DP equation. In the literature [4],
cusp soliton was also called breaking wave. Due to some complex notations
and definitions, we shift the statement of our main result to Section 4 (see
Theorem 4.1).
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Cuspons and smooth solitons of the Degasperis—Procesi equation 207

2 Traveling Wave Setting

Let us consider the traveling wave solution of the DP equation (1.2) through
a generic setting u(x, t) = U(x — ct), where c is the wave speed. Let § = x — cf,
then u(x, ) = U(&). Substituting it into the DP equation (1.2) yields
(U —c)(U—-U"Y +3U'(U-U") =0, (2.1)
where U’ = Ug, U’ = Ugg, U = U&&g.
If U — U” =0, then (2.1) has general solutions of U(£) = c;e* + e~ with
any real constants ¢, c;. Of course, they are the solutions of the DP equation
(1.2). This result is not so interesting for us. On the other hand, the DP

equation has the well-known peakon solution [8] u(x, t) = U(§) = ce™ =%
(& = xo — ctp) with the following properties

Uo) =c, U(£00) =0, U'6o—) =c, U'tot) = —c, (22)

where U’'(§y—) and U’(&+) represent the left-derivative and the right-
derivative at &, respectively.

Let us now assume that U is neither a constant function nor satisfies U —
U” = 0. Then (2.1) can be changed to

(U _ U//)/ B 3U’

U-U" c¢c-U 23)
Taking the integration twice on both sides leads to
Uy =U*- (C_C—ZW + Cy, (2.4)
where C; # 0, C; € R are two integration constants.
Let us solve (2.4) with the following boundary condition
lim U= A, (2.5)

E—>+to0
where A is a constant. Equation (2.4) can be cast into the following ODE:

(U — A?[(U —c+ A)? —cA]

U')* = 2.6
) T 26)

The fact that both sides of (2.6) are nonnegative implies
(U—-c+A?—cA>0. (2.7)

If cA > 0, we denote
By =c— A+ +cA, B, =c— A —+CcA. (2.8)
Apparently, B; > B,.

3 Smooth Solution and Weak Solution

Let C*(Q2) denote the set of all k times continuously differentiable functions

on the open set . Ll’fw (R) refers to be the set of all functions whose restriction
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208 G. Zhang, Z. Qiao

on any compact subset is L” integrable. H, (R) and WZIO’CI(R) stand for
H) (R)={uel} (R)|u'eLl} (R)} and W, (R) = {ue L} (R)| u' €L} (R)},
respectively.

Definition 3.1 A function u(x, f) = U(x — ct) is said to be a single peak soliton
solution for the DP equation (1.2) if U satisfies the following conditions

(C1) U(é) is continuous on R and has a unique peak point, denoted by &,
where U (§) attains its global maximum or minimum value;

(C2) U() e C}(R — {&)) satisfies (2.6) on R — {&y};

(C3) U (&) satisfies the boundary condition (2.5).

Without losing the generality, from now on we assume &, = 0.
Lemma 3.2 Assume that u(x,t) = U(x — ct) is a single peak soliton solution of

the DP equation (1.2) at the peak point & = 0. Then we have

a) ifcA <0, thenU(0) =c¢;
b) ifcA >0, then UQ) =corU(0) = By orU(0) = B,.

Moreover, we have the following solutions classification:

(1) ifU(0) # ¢, then U(&) € C*(R), and u is a smooth soliton solution.
(2) ifU©)=cand A #0, then u is a cusp soliton and U has the following
asymptotic behavior

UE) —c =gl + O(E), £ —0;

U'(€) = 1/21[g]"sign(&) + O(1), £ — 0

where ) = :I:\/Zlc — AIWA? —cA. Thus U(§) ¢ H (R).
(3) ifU(0) = cand A = 0, then u gives the regular peaked soliton ce™*=<!,

Proof (3) is obvious. Let us prove (1), a), b) and (2) in order.

(1) If U(0) #c, then U() # ¢ for any £ € R since U(¢) € C*(R — {0}).
Differentiating both sides of (2.4) yields U € C*(R).

a) WhencA < 0,if U(0) # ¢, by (1) we know that U is smooth and U’(0) =
0. However, by (2.6) we must have U(0) = A, which contradicts the fact that 0
is the unique peak point.

b) When cA > 0, if U(0) # c, by (2.4) we know U’(0) exists. So, U’(0) =0
since 0 is a peak point. But, by (2.6) we obtain U(0) = B; or U(0) = B,, since
U(0) = A contradicts the fact that 0 is the unique peak point.

(2) If U(0) = c and A # 0, then by the definition of the single peak soliton
we have A # ¢, thus (U —c+ A)> —cA doesn’t contain the factor U — c.
From (2.6) we obtain

U-A
U-c

U' =sign(c— A) V(U = ¢+ A)? — cAsign(). (3.1)
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Cuspons and smooth solitons of the Degasperis—Procesi equation 209

_ sign(c—A) _ 1
Let h(U) = (U—A)\/(U—c-',-A)Z—cA’then h(c) = PRy geyt and
/h(U)(U —0)dU = fsign(’;‘)d’;‘. (3.2)

Inserting A(U) = h(c) + O(U —¢) into (3.2) and using the initial condition
U(0) = ¢, we obtain

h
MW -+ 0w - = kel (33)
thus
U—c==% | [&]2(1+ OWU — ) = £ | ——[g]12(1 + OU — o))
h(c) h(c)
(3.4)
which implies U — ¢ = O(|£]'/?). Therefore we have
2
UE) = Cﬂ:,/mlél”2 + O(€]) = c + A" + O(E)), £ — 0,
[ 2
A== m Zi\/2|C—A|\/A2—CA,
and
U'€) = (1/2)r[E| " sign€) + O(1), & —0.
So, U ¢ H,'OC(R). O
Let us rewrite (2.6) in the following form
[U' (U -0 = (U — A (U —c+ A)? —cAl. (3.5)

Then, we have the following proposition.

Proposition 3.3 If u(x, t) = U(x — ct) is a single peak soliton for the DP equa-
tion (1.2), then U must be a weak solution of (3.5) in the distribution sense. In
this sense we say u is a weak solution for the D P equation (1.2).

Proof By the asymptotic estimates in Lemma 3.2, we have U'(U —c¢) is
bounded, which implies [U'(U — ¢)]*> € L} , thus the left hand side of (3.5)

does make sense. Since U is bounded, tlf{é right hand side of (3.5) is also
in L} . Thus we may define the distribution function L(U) = [U"(U — ¢)]* —
(U — A)’[(U — ¢ + A)? — cA]. By the definition condition (C2), we know that
suppL(U) C {0}. Thus L(U) must be a linear combination of Dirac function
8(¢) and its derivatives. However the previous analysis shows L(U) € L}UC(R).

Therefore L(U) = 0. O
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210 G. Zhang, Z. Qiao

If u € H', the DP equation (1.2) can be equivalently cast into the following
nonlocal conservation law form [1, 4]

L00) = -+ ity + (1 — 93! (%Lﬂ) _o. (3.6)

However, if u ¢ H', (3.6) is no longer equivalent to the DP equation (1.2).
Actually, through a direct calculation we can verify that the following function
(a stationary cusp soliton)

u(x,t)y =1 —e2x e Wh! (but ¢ H") (3.7)

satisfies the DP equation (1.2) for any x # 0. However, the solution (3.7) does
not solve the nonlocal conservation system (3.6) because

L) = e Msign(x).

Therefore it is impossible to find the cusp soliton of the DP equation (1.2)
through investigating (3.6). Therefore, we conclude this section with the
following remark.

Remark 3.4 The nonlocal DP equation (3.6) is equivalent to the standard DP
equation (1.2) under the H'-norm instead of Wllo’l norm. In fact, the regular
peakon u(x, t) = ce”*~“ € H' (c is the wave speed), which is a stable solution
of the CH equation [5], also satisfies both the nonlocal equation (3.6) and
the DP equation (1.2). But u(x, /) = v/1 — e-2* € W,;! is a solution of the DP
equation (1.2) in the sense of our definition, but does not satisfy the nonlocal
DP equation (3.6).

4 New Single Peak Solitons
Lemma 3.2 (3) gives a classification for all single peak soliton solutions for
the DP equation (1.2). In this section we will present all possible single peak

soliton solutions and find some explicit solution in the case of specific ¢ and A.
We will discuss three cases: cA =0,cA >0andcA < 0.

41Casel:cA =0

(1) If A =0, then the only possible single peak soliton is the regular peakon
soliton.

(2) If A #0andc =0, there is the following stationary cusp soliton solution

u(x,t) = AV1 —e2l ¢ Wi,
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42 Casell: cA > 0

By virtue of Lemma 3.2 any single peak soliton for the DP equation (1.2) must
satisfy the following initial and boundary values problem (IBVP)
2
U = gy = Y= AW = BY)U = By)
U -0
U(0) € (¢, By, B); (4.1)
lim U(£) = A.

[€]—=00

g(U) > 0 and the boundary condition (2.5) imply
U>B,, or UK<B,,

and
(A= B)(A— By >0. (42)
By (2.8), (4.2) is equivalent to
(c—A)(c—4A) > 0. (4.3)
Since A # 0, introducing the constant @ = ¢/ A yields
(@—D@-4) >0, (44)
which implies:
O<a<l; o > 4; oa=1; o =4.

From the standard phase analysis and Lemma 3.2 we know that if U is a single
peak soliton of the DP equation, then

U-A U—-B, .
U =- U-B 4.5
U—c( 1) U—Blﬂgn(g)’ (4.5)
and
_ | max(c, By), if  U(0) is a minimum,
v = { min (¢, B»), if U(0) is a maximum. (4.6)
Let

_ U-c U—B1
() = U —-A)U-B)\U-B,’ (“7)

then taking the integration of both sides of (4.5) leads to

/h(U)dU = —|£|.
After a lengthy calculation of integral, we obtain (« # 4,1i.e.c #4A)

c—4A

INT,(U) — K = HU) — K,

(4.8)
@ Springer
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212 G. Zhang, Z. Qiao

where
B B
INT; (x) = In % —x—+/(x = B)(x— By, (4.9)
INTZ(X):ln‘ (A — B)(x— By)+(A — By)(x — B))+2,/(A— B))(A — By)\/(x — B))(x — By) ‘

x—A
(4.10)

and K is an arbitrary integration constant. Thus we obtain the implicit solution
U defined by

HU) = —|§1 + K, (4.11)

where H(U) is very complicated. But its derivative A(U) is simple so that we
may get all single peak soliton through our monotonicity analysis [18].
Apparently,

=57

INTl(Bl)ZINTl(Bz)ZlIl y INTQ(B])IINTQ(Bz)ZlIﬂB]—Bz|

So, for U(0) = B, or B,, the constant Ky = H(U(0)) is defined by

c
Ky = — | sign(A
0 (stgn( )+ c—4A c—4A

—A — A
) InveA — | S22 eR, (4.12)

and for U(0) = c,

Ky = sign(A — ¢)INT (c) — c_dA

INT,(c) € R. (4.13)

421 Caselll:0 <o <1

1. If A>0,then B, < B; <c < Aand U > B,. By standard phase analysis,
we have

U@) =c, c<U~< A,
and

HU) = INT\(U) — | ——

INT, (D). (4.14)

H(U) is strictly decreasing on the interval [c, A), thus
H\(U) = Hljc.4WU) (4.15)
will give an single peak soliton. Apparently,

Hl(C) = K(), L}EDA Hl(U) = —0OQ. (416)

Therefore U, (§) = H 1—1 (—1&| + Kp) is the solution satisfying
Ui(0) =c, EEIEOOU@):A,
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Cuspons and smooth solitons of the Degasperis—Procesi equation 213

and
U (£0) = £o0.

So, U, (§) is a kind of cusp soliton solution.
2. If A<O0,then By > B, > ¢ > Aand U < B,. A similar analysis gives

H(U) = —INT,(U) — ‘:INTZ(U) (4.17)

is strictly decreasing on the interval (A, c]. Thus
H\(U) = H|a.qU) (4.18)

has the inverse denoted by U, (§) = Hl_1 (—1&| + Kop). U, (§) gives a kind of
cusp soliton solution satisfying

U 0) = c, Jim U@ = 4, U} (40) = Foo.

422 Case ll1.2: a > 4
1. If A >0, thenc > 4A and
A< B, <c< By, U(0) = B,, A < U< B,.
Since H(U) is strictly increasing on the interval (A, B;],
Hy(U) = H|(a,8,)(U) (4.19)

gives a smooth soliton solution. Moreover, U,(§) = H, Y(—|&] + Ko) is the
unique soliton satisfying the IBVP (4.1) with U,(0) = B, and U;(0) = 0.
2. If A <0, thenc <4A and

B2<C<B1<A, U(O)IBl, 31<U<A

Through a similar analysis, we know that the strictly increasing on the
interval [B;, A)

Hy>(U) = H|p,,4)(U) (4.20)
gives a smooth soliton solution U,(§) = H, Y(—&] + Ko) satisfying the
IBVP (4.1) with U,(0)= B, and U,(0)= 0.

423 Casell.3: o =1
In this case A = ¢, (2.6) becomes
U = —/U? — AZsign(A)sign(&), U(doo) = A.

A direct calculation shows that there is no solution for the above boundary
condition.
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214 G. Zhang, Z. Qiao

424 Casell4: 0 =4

If A>0, then Bj=5A,B,=A,B, <c< Bj and if A <0, then B =
A, B, =5A, B, < ¢ < Bj. For both subcases, there is no single peak soliton.

43 CaseIll: cA <O

In this case, U(0) = ¢ (see Lemma 3.2). Let us separate two subcases to discuss:
1c<0<Aand(2)c <0< A.
(H)IfA<0O<c,wehavec < U < A and
U-A
U-c

U = -

V(U = ¢+ A)? — cAsign(&). (4.21)
Let
X=U-c+A, p=A, qg=2A-c, r=+—cA,
then (4.21) becomes

X—-—p dX
X)ydX = = —sign(&)d§. 422
JO0X = 5= s = —sign(€)de (422)
Integration of both sides of (4.22) gives
F(X)=-|§|+ K (4.23)

where

F(X)=In(X+v X2 —cA) —

(c—A) QA—c) X —cA+/(c—A)(c—4A)VX2—cA
— [ln‘ ‘—HnZ]
(c—4A) Xtc—2A

(4.24)

F(X) is strictly decreasing on the interval [A,2A —¢) and limy_o4—
F(X) = —o0. Define

Fi(X) = Flia2a-o(X). (4.25)

Then
Fi(X) = Ko — ], (4.26)

where

Ko = F(X(0)) = F(A) = In(A + VA2 —cA) +

c— A

+ In2A ++v4A2—cA)+In2| e R. (4.27

«/(C—A)(C—4A)|: ( ) ] ( )

Since F is a strictly decreasing function from [A,2A — ¢) onto (—o0, Ko] we
can solve for X uniquely from (4.26) and obtain

UE) = F ' (Ko— |E]) +c— A. (4.28)
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Cuspons and smooth solitons of the Degasperis—Procesi equation 215

It is easy to check that U satisfies

U) =c, ‘Sl‘im UE)= A, U'(0+) = oo, U'(0-) = —oc0.
Therefore, the solution U defined by (4.28) is a cusp soliton solution for the
DP equation.

2)If A <0<c,wehave A < U < cand

U-A
U = 5 V(U = ¢+ A)? — cAsign (). (4.29)
—c

Similarly, we get a strictly decreasing function F(X) on the interval (2A —
¢, A] satisfying:

FX) =6+ K (4.30)
where F(X) is defined by equation (4.24). Let
Fi(X) = Floa—c a1(X), (4.31)

then F is a strictly decreasing function from (2A — ¢, A] onto [Kj, 00) so that
we can solve for X and obtain

UE) = F ' (1§ + Ko) + ¢ — A. (4.32)
It is easy to check that U satisfies
U) =c, ‘El‘im UE) = A, U'(0+) = —o0, U'(0—) = +o0.
Therefore, the solution U defined by (4.32) is also a cusp soliton solution for

the DP equation.
Let us summarize our results in the following theorem.

Theorem 4.1 Assume that the single peak soliton u(x,t) = U(x — ct) (without
losing the generality, we assume 0 is the unique peak point of U) of the DP
equation (1.2) satisfies the boundary condition (2.5). Then we have

(1) if A =0, the single peak soliton u(x, t) is only the following peakon
ulx,t) = U(x — ct) = ce ¥,
with the properties:
U©) =c, U(£o0) =0, U'(0+) = —c, U0-)=c;
(2) ifA#O0 leta=c/A, then

(a) if 1 < a < 4, there is no soliton for the DP equation (1.2);
(b) ifa <0(cA < 0), the single peak soliton can be uniquely expressed
as (see Figs. 1 and 2)
u(x, ) = U(x — ct) = F; (Ko — sign(A)|x — ct]),
@ Springer
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a0 s 0 s
Fig. 1 2D graphic for a cusp soliton with A = 1, ¢ = —1

with the property:
U@ =c, U'(0+) = sign(A)oo,
U(£oo) = A, U'(0—) = —sign(A)oo,

where F and Ky are defined by (4.25) (if A > 0), (4.31) (if A <0)
and (4.27) respectively. In this case, the single peak soliton is a cusp
soliton.

Fig. 2 2D graphic for a cusp soliton with A = —1, ¢ =1
@ Springer
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Fig. 3 2D graphic for a cusp soliton with A =8, ¢ =5

(©

(d)

(e)

ifa =0 (c =0), there is the following stationary cusp soliton

u(x, ) = Ay1— e 24 € Wil

if 0 <« < 1, the single peak soliton (see Figs. 3 and 4) of the DP
equation (1.2) can be uniquely expressed as

u(x, ) = U(x — ct) = Hy'(—|x — ct| + Ky),
with the property:
U©) =c, U'(0+) = sign(A)co,
U(+oo) = A, U'(0—) = —sign(A)oo,

where H, and K are defined by (4.15) (if A > 0), (4.18) (if A <0)
and (4.13) respectively. In this case, the single peak soliton is a cusp
soliton.

if a >4, the DP equation (1.2) has the following traveling soliary
wave solutions (see Figs. 5 and 6)

u(x, t) = U(x —ct) = Hy ' (—|x — ct| + Ko)
with the properties:
U@©)=c— A+sign(A)VcA, U(foo) = A, U'0) =0,

where H, and K, are defined by (4.19)(if A > 0), (4.20)(if A > 0)
and (4.12) respectively. In this case, the soliton solution is smooth.
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1

Fig. 4 2D graphic for a cusp soliton with A = —8, ¢ = -5

5 Explicit Solutions

In the previous section we constructed all possible single peak soliton solutions
in our main theorem (Theorem 4.1). But, usually it is very hard to find an
explicit formula of the solution based on the implicit functions H(U) we

Fig. 5 2D graphic for a smooth soliton with A =1, ¢ =5
@ Springer
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-1.14
-1.21

-1.34

-1.54
-1.67

-1.74

-10 -5 0 5
X

Fig. 6 2D graphic for a smooth soliton with A = —1, ¢ = -5

10

obtained. However, in some specific cases, we do have explicit solutions. For

this purpose, let us rewrite (4.5) as follows

U-c U - B, o
U — AU B U—Bsz_ sign(&)ds.

Let
y_ [U=B _ [A-Bi
U - B, A-B,
then
B, — B, 2(B, — By XdX
U=By,————2,  dU= :
PTXT (X2 1)

and (5.1) is converted to

dXx dXx N dX ax . (&)de
"\X~Ta X+a) T x11 xoa1 T IR
where
c— A
r=—-—.
a(Bz — A)
Taking integration on both sides, we arrive at
X—apr X+1
— Cpe ¥,
X t+a X—l‘ 0

(5.1)

(5.2)

(5.3)
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where Cj is a positive constant.
In the following, we try to find explicit formulas of cusp soliton and smooth
soliton for some specific number r.

Casel 0 <o =c/A <1 Inthis case, the solution U is a cusp soliton.

1. If A > 0, then we have
0<c< A, B, <Bi<c<U<A, U@) =c,
therefore
0<X<a<l

Equation (5.3) becomes

a—-X\"(1+X\
(52 (1) =
where
_(a—X(O)>’<1+X(O)> X0 = A—+JcA
" \a+x0)) \1=x0 )" YA+ VA

For general 7, (5.4) is not algebraically solvable. But, a specific value of r
may make (5.4) solvable for X. To this end let us write r as follows
A—c -«
y = = s 0 <o < 1
(c—A)(c—4A) 4 -«
A simple analysis shows that the range of ris 0 < r < 1/2.
2. If A <0, asimilar analysis yields

X >a>1,
and
X—a\ /X+1 _ g
<X+a) (X—l>_coe ’ (5-5)
where
_<X(O)—a>’(X(O)+1) X(0) = A—+JcA
"\ x0)+a) \x0-1)" VNV A+ VA

The range of ris 0 < r < 1/2.

Notice that r = 1/2 corresponds & =0 (¢ =0). In this case, there is an
explicit stationary cusp soliton

u(x, ) = Av'1 — e 21,

If taking r = 1/3, then we obtain

11 — 24/10sign( A
c=5/84. a= Vg”g”( ) x©=

26 + \/Esign(A)
3 9
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Cuspons and smooth solitons of the Degasperis—Procesi equation 221

and
X -a)(X+1?=bE X +a)(X —1)°, (5.6)
where
b(€) = Coe .

Equation (5.6) is able to be algebraically solvable. But that is a very compli-
cated procedure. We omit it here.

Case2 o =c/A >4 In this case, the solution U is a smooth soliton.

1. If A > 0, then we have

c>4A >0, A<U~< B, <c< By, U(0) = B,,
X>a>1, X(0) = o0,
and
X—a\ [ X+1 a—1
= e Il = 1 . (587
<X+a) (X—l) R e <r<oo. (57)

Let us choose r = 2, then

and (5.7) becomes
X - X+D = X+a)*(X-1. (5.8)

Substituting a = 3+Tﬁ into (5.8), we obtain

14+4/5 7435 14 el

3 2 _ _
X — 2+ V5bX*+ 5 X+ 5 b =0, =T
(5.9)
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222 G. Zhang, Z. Qiao

With the help of Maple it is easy to check (5.9) has the following real root

7435
X@E)=|-—5 b+
1/3
38 +17/5 2445 51742315, 521423345
N +«/—b3+ +«/'Jr +231V5,, 5214233V5
27 27 54 54

7 17
B +33f5b+38+27 ﬁb3_

1/3
245 517+231V5 ) 521 +2334/5 2++/5
_\/+«/—Jr +231V5,, 52142335 2445

27 54 54 3 b.

(5.10)

Hence, we obtain an explicit formula of the smooth soliton solution
(see Fig. 7)

25
ueg)=A |:(4— V5) - W\g__l} , A >0, (5.11)

where X (&) is defined by (5.10).

Fig. 7 2D graphic for a smooth soliton with A =1, ¢ =5
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2. If A <0, then we have

c<4A <0, A>U=> B >c> B>, U(0) = By,
0<X<a<l, X(0) =0,
and
a—-X\ [1+X il a—1
= , =,/—, 1 . (512
(a—I-X) <1—X> e r p— <r<oo. (512)

Let us take r = 2, then

3-45
c=5A, a= \/_
2
In a similar way, we obtain
1—-+/5 7—345
X+ (V5 -2)bX% + ZIX+ 5 */_b =0, (5.13)
where
1 — el
alpnp=ri (5.14)
B
v'I.'IE
-1.3§
1.5
-1.6?
-'I.?E
20 10 (; 10 20

Fig. 8 2D graphic for a smooth soliton with A = —1, ¢ = -5
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Solving (5.13) leads to

X = {— 7-35, 438 17ﬁb3+

3 27

1/3

25 S17-231V3, 5212335

5 VS Vi | 4
27 54 54

7—35 38 — 174/5
_ b b3—
+‘{ 3 Tt

1/3
2-5 517-2315, ) 521 —233V5
B f+ V5., V5, N
27 54 54

2—4/5
245

b,
3

(5.15)
where b is defined by (5.14) and w = _*Hzﬁi_

Thus we obtain another explicit form of smooth soliton solution (see Fig. 8)

2V5

where X (&) is defined by equation (5.15).
If we take r = 3, then

35 19 + 24/70sign(A)
c= §A, a= 5 .

We can repeat the above procedure to get explicit soliton solutions corre-
sponding to r = 3. This is left for reader’s practice.

6 Conclusions

In this paper, we investigate the DP equation under the inhomogeneous
boundary condition. Through the traveling wave setting, the DP equation is
converted to the ODE (2.6), which we solve for all possible single soliton
solutions of the DP equation. Actually, the ODE (2.6) has a physical meaning
and can be cast into the Newton equation U”?> = V(U) — V(A) of a particle
with a new potential V(U)

4cA(c— A) A(c+ A)(c — A)?

2
Vi =U"+ U-c (U —c)?
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Cuspons and smooth solitons of the Degasperis—Procesi equation 225

In the paper, we successfully solve the Newton equation U”? = V(U) — V(A)
and give a single peak cusp [including a stationary cusp soliton, see (3.7)] and
smooth soliton solutions in an explicit formula [see (5.11) and (5.16)]. Our
smooth solutions (5.11) and (5.16) are orbitally stable, but we do not know
if our new cuspon (4.32) and the cuspon, defined by equation (4.18), are stable.
Very recently, we found a new integrable equation with no classical (smooth)
soliton, only possessing weak solutions, such as cuspons and W/M-shape peak
solitons, see the details in paper [16].
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