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COMBINED USE OF CONTACT LAYER AND FINITE-ELEMENT 

METHODS TO PREDICT THE LONG-TERM STRENGTH OF 

ADHESIVE JOINTS IN NORMAL SEPARATION

A. S. Chepurnenko, S. V. Litvinov,* and S. B. Yazyev
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A new approach to the analysis of the stress-strain state of adhesive joints and the transverse strength of layered 
composites is proposed. It consists in a combined use of finite-element and contact layer methods. Based on 
this approach, the problem of the long-term strength in normal separation of two adhesively bonded disks 
glued together by an epoxy resin, which was previously considered by R. A. Turusov, is solved. The nonlinear 
Maxwell–Gurevich equation is used as the law of adhesion creep. The model constructed by R. A. Turusov does 
not take into account the shear creep strains of contact layer and is based on the hypothesis of linear distribution 
of shear stresses across the thickness of adhesive layer and substrate. It was found that these simplifications 
lead to overestimated tangential stresses. By analyzing the creep law with time tending to infinity, the long-term 
elastic modulus and Poisson ratio of the adhesive are derived and the reliability of their values is confirmed.

Introduction

To analyze the stress-strain state of adhesive joints and the transverse strength of laminated composites, the contact 
layer method is often used. A large number of solutions based on this method belongs to R. A. Turusov [1-14]. The method 
based on the assumption that, between the adhesive and substrate, there is an intermediate layer with properties different 
from those of the contacting pair. The concept of contact layer is described in more detail in [9, 13-15]. The contact layer 
in [1-14] is presented in the form of a brush of short vertical elastic bonds operating only in tension, compression, and 
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shear. This approach makes it possible to obtain a solution based on the existing apparatus of elasticity and creep theories. 
The contact layer method allows one to solve problems on determining the concentration of shear stresses arising at layer 
boundaries and corner points, where the solution based on the classical elasticity theory leads to infinite stresses.

In all the publications mentioned, the solution is carried out by direct integration of differential equations, either 
analytically or numerically. In this case, to obtain the resolving equations, additional simplifications are introduced; in 
particular, the hypothesis of a linear distribution of shear stresses across the thickness of adhesive and substrate. In this 
paper, it is shown that the contact-layer method in combination with the finite-element method (FEM), can be used for this 
purpose, which makes it possible to avoid this simplification and to obtain a more accurate solution. Also, in distinction to 
works [1-14], the contact layer here is endowed with rheological properties.

In essence, close to the approach proposed by the authors is the AEM (Applied Element Method) method, where the 
body is represented as a set of absolutely rigid elements connected by normal and shear springs, responsible for the transfer 
of normal and tangential stresses, respectively, between the elements [16, 17]. Material parameters in the AEM are set by 
assigning an appropriate stiffness to the springs. The distinction from the approach proposed is the fact that the elements 
and springs have a finite stiffness. The AEM method has become widespread mainly in problems of structural calculations 
for the progressive collapse [18-20] and has not been used in the mechanics of polymers and composite materials, with the 
exception of work [17].

We will consider the problem of creep of adhesive joints in two statements. In the first one, the nonlinearity of dis-
tribution of shear stresses across the thickness of layers is neglected, and the solution is performed by the finite-difference 
method. In the second formulation, this nonlinearity is taken into account, and the solution is performed by the finite-element 
method. However, the rheological properties of contact layer are considered in both the statements.

1. Solution disregarding the nonlinearity of distribution of shear stresses across the thickness of adhesive and 
substrate

Let us consider an adhesion joint of two discs subjected to the normal separation. The calculation diagram is shown 
in Fig. 1. This problem was first solved in [9]; however, as already noted, this solution contains some simplifications and 
inaccuracies.

The system of initial equations in [9] is written as
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Here, the subscript 0 points to the substrate, 1 — to the adhesive; h h
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2/ , h h h
1 2

, and 
1 2

 are 
shear stresses in contact layers.

Let us compare formulas (1) with basic relations of the mechanics of deformable solids, which, for axisymmetric 
problems, are written as

a) equilibrium equation
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0 ,	 (2)

b) compatibility equation 
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c) and physical equations
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where t  is the thermal strain, c  is the chemical shrinkage strain, and r  and  are creep strains.
The substrate is assumed elastic, i.e., its creep strains are not taken into account.
An analysis of the first two equations in (1) shows that they have been obtained on the basis of Eq. (2) on the 

assumption that shear stresses across the thickness of substrate and adhesive vary linearly (see Fig. 2). The third and fourth 
equations in (1) were obtained inserting (4) into (3) considering that z q const . Let us dwell separately on the fifth 
equation in (1). We rewrite it as
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Fig. 1. Calculation diagram of an adhesive joint: 1 — substrate, 2 — boundary layers, and 3 — ad-
hesive.
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The expression in the square brackets is the difference between the circumferential strains of contact layer and 
substrate, . Since the radial displacements u  are related to circumferential strains as u r/ , the product r  
is the difference between the radial displacements u  of substrate and contact layer. The ratio u / h  is the shear angle 
of the contact layer, i.e., Eq. (5) can be rewritten as
	 G rz .	

However, such a relationship between shear stresses and shear strains is valid only for an elastic material. Let us 
assume that the contact layer is viscoelastic, i.e., the total strain is the sum of elastic and creep strains,

	 rz rzG
.  	 (6)

The hypothesis that the contact layer is viscoelastic was introduced in order to take into account the shear creep, since 
the final resolving equation in [9] does not contain shear creep strains of layers, although, in this problem, shear stresses are 
present in all layers and determine the strength of the adhesive joint.

Expressing from (6) the tangential stresses in terms of strains, we obtain
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The final resolving equation for the shear stress in the contact layer, derived from the first four equations in (1) and 
Eq. (7), takes the form
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Fig. 2. Distribution of shear stresses across the thickness of adhesive and substrate in model [9] and 
by the FEM.
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In [9], the last two terms are absent from the right-hand side of the final resolving equation. The author of work [9] 
apparently neglected the first of the indicated terms, and the second term appears owing to the shear creep, which was not 
taken into account in [9].

Let us consider further boundary conditions. It follows from symmetry of the problem that 0  at r � = 0. For normal 
stresses, we take boundary conditions in the form
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Based on (9) and the first four equations in (1) and (7), the boundary condition for the tangential stresses at r R  can 
be written as
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In [9], condition (10) has the same form, but there are no terms containing f R t( , ) , and the shear creep strain rz  is 
absent from the expression for Q r t( , ) .

2. Methodology of finite-element implementation of the problem

As already mentioned, using the finite-element method, it is possible to obtain a solution taking into account the 
nonlinear distribution of shear stresses across the thickness of adhesive and substrate. The adhesive and substrate are 
modeled by triangular axisymmetric finite elements, and the contact layer — by rods resisting only z  and rz  stresses. 
The finite-element model of the joint is shown in Fig. 3, where the finite-element mesh is shown schematically. Here we 
use a nonuniform division, with condensation at the corner point, at which the highest shear stresses arise; bi  is the width 
of the area represented by each bar.

When solving the problem by the finite-element method without using a contact layer, owing to the thickening of 
the mesh, the maximum stress increases indefinitely.

The strains of the finite element (FE) of the contact layer (Fig. 4) are determined as follows:
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Relations (11) can be written in the matrix form
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 is the vector of nodal displacements.
The relationship between stresses and strains in the contact layer, taking into account the creep, can be written as
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Fig. 4. Scheme of the finite element of the contact layer.
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Fig. 3. Finite-element model of the adhesive joint: 1 — substrate, 2 — rods of the contact layer, and 
3 — adhesive.
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The potential deformation energy of FE of the contact layer is described by the relation
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The width of the area represented by an i th rod is defined as
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Here, ri 1  and ri 1  are coordinates of the nodes at the junction of the contact layer with the adhesive (substrate) 
adjacent to the i th node. For r � = 0 and r R�  ( i = 0 and i n ), the products rbi i  are defined as
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Initially, formulas (13) and (14) were obtained when the distributed load was reduced to nodes from the condition 
that its work is equal to the work of equivalent concentrated forces.

The stiffness matrix of FE of the contact layer based on (12) is defined as

	 [ ] [ ] [ ][ ]K rb h B D Bi i i
T

2 .	

We will not consider here the construction of FEM equations for a triangular FE of the axisymmetric problem; 
this procedure is described in detail, for example, in [21]. Finally, after applying the principle of minimum total energy, 
the problem is reduced to the system of equations

	 [ ]{ } { } { },K U F F 	

where { }F  is the vector of external nodal loads and { }F  is the contribution of creep strains to the load vector.
For the FE contact layer, the vector{ }F  based on (12) is written as

	 { } [ ] [ ]{ }.F rb h B Di i i
T

2 	

The calculation was performed step by step, with the elastic problem solved at the first step. Using the calculated stresses, 
the growth rates of creep strains are determined, and then the creep strains at the next step were found by the Euler method.

3. Results and discussion

The calculation was carried out for an adhesive joint in which aluminum was the substrate and an EDT-10 epoxy 
resin the adhesive. The following initial data were used: R = 12 mm, E0 = 2 . 105 MPa, E1 = 2867 MPa, h0 = 1.2 mm, 
h1 = 0.1 mm, 0 = 0.33, 

1
0 37. , and G h/ = 9600 MPa/mm. The generalized nonlinear Maxwell–Gurevich equation 

was employed as the EDT-10 creep law, where creep strains are presented as the sum of spectrum components:
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When solving practical problems, as a rule, one or two members of the spectrum are limited [22-24]. The growth rate 
of creep strains was related to stresses by the equation
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Here, ( )
*fij s  are stress functions; s  is the relaxation viscosity, determined by the formulas
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where p r z / 3  is the average stress; E s  is the modulus of high-elasticity; 0s  is the initial relaxation 
viscosity; ms  is the modulus of creep rate; ij  is the Kronecker symbol. The subscripts pp  correspond to the principal 
stresses. Note that rz rz2 . More details of the creep law can be found, for example, in [25].

In calculations, two members of the spectrum of relaxation times were taken into account with the following 
rheological parameters of EDT-10: E 1 = 2071 MPa, E E

2 1
0 1. , m1 = m2 = 3.19 MPa, 

0 1

9
8 95 10

.
.  MPa·s, and 

0 2

10
8 72 10

.
.  MPa·s. The calculation by the FEM was performed using a program developed by the authors in the 

Matlab package. Equation (8) was solved by the finite-difference method (FDM) in combination with the Euler method.
In Fig. 5a, graphs of the time-dependent maximum tangential stresses in the contact layer (at r R� ) are plot-

ted at q = 10 MPa. In the first case, the obtained by the FDM were equal to 2.24 MPa at t = 0 and to 3.18 MPa at 
t = 50,000 h. When using the FEM, the stresses were 1.84 MPa at t = 0 and 2.65 MPa at t = 50,000 h. Qualitatively, 
according to both the methods, the stresses grew during the creep process, but this result is of limited nature. The 
horizontal section of the graph given by the FEM corresponds to the instant of time when the “senior” component 1  
of the spectrum of EDT-10 relaxation time decays. Then the “younger” component 2  began to manifest itself. When 
using the model used in [10], at this moment in time, there arose a slight drop in stresses, which grew further. The same 
graph is shown in Fig. 5b in the logarithmic scale.

The deviation of the results is due to the fact that, in the model used in [9], a linear distribution of shear stresses 
across the thickness of the adhesive and substrate is assumed. When calculating by the FEM, it was found that the distri-
bution of stresses across the substrate thickness was highly nonlinear. The shear stress in the substrate as a function of r  
and z  at t = 0 is shown in Fig. 6. Due to the pronounced edge effect, only the area immediately adjacent to the point 
r R�  is shown. In the adhesive, the stress distribution across its thickness was close to linear.
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To control the correctness of the results, let us analyze Eqs. (15) - (17) at t → ∞. If at the end of the creep 
process the stresses and deformations tend to a finite value, then, at t → ∞, the growth rates of all creep strains and, 
hence, the corresponding stress functions, have to be equal to zero:

	 ( ) ( ) ( ) .
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From (18), one can find the creep strains at t → ∞ by the formulas
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In the absence of temperature effects, the total strains at t → ∞ can be written as
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Equations (19) can be presented in the form
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Here, E  and   are the long-term elastic modulus and long-term Poisson ratio. Thus, in order to obtain a solution 
at the end of creep, it is sufficient to replace the constants E  and  in the elastic solution by E  and  . Figure 7 shows 
shear stresses in the contact layer along the radius at t = 0 and t → ∞ obtained by the indicated method using the FEM 
in combination with the contact-layer method. As in the previous graph, only the area in the immediate vicinity of the 
dangerous point is shown. At the end of the creep process, the maximum tangential stresses were 2.66 MPa, which prac-
tically coincides with the value indicated earlier for t = 50,000 h. Note that neglecting the shear creep strains in the 
contact layer leads to an overestimation of the tangential stresses at the end of creep. In this case, they were 3.57 MPa. 
The corresponding graph is also shown in Fig. 7. Thus, in general, creep strains increase the shear stresses, but their shear 
component partially reduces the stresses.

Conclusion

The presented calculation example shows the high efficiency of using the FEM in combination with the contact-
layer method. In contrast to the solution obtained [9] using the finite-difference method, the FEM allows the mesh to be 
thickened at the point where the maximum stresses arise. On the basis of the approach proposed, it is found that neglecting 
the shear creep strains in the contact layer leads to an overestimation of the maximum shear stresses at the end of creep. The 
hypothesis of a linear distribution of shear stresses across the thickness of adhesive and substrate also overstates their values.

The reliability of the results of the work is confirmed by the results obtained by an analysis of the Maxwell–Gurev-
ich equation at t → ∞ and calculations using the long-term constants of the material found.
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