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ASSESSING THE EFFECTS OF POROSITY ON THE BENDING,
BUCKLING, AND VIBRATIONS OF FUNCTIONALLY
GRADED BEAMS RESTING ON AN ELASTIC FOUNDATION
BY USING A NEW REFINED QUASI-3D THEORY

B. Fahsi,! R. Bachir Bouiadjra,> A. Mahmoudi,’ S. Benyoucef, ** and A. Tounsi**

Keywords: functionally graded porous beam, quasi-3D shear deformation theory, stretching effect, bending,
buckling, free vibrations, elastic foundation

A new refined quasi-3D shear deformation theory for bending, buckling, and free vibration analyses of a
functionally graded porous beam resting on an elastic foundation is presented. It involves only three unknown
functions, against four or more ones in other shear and normal deformation theories. The stretching effect is
naturally taken into account by this theory because of its 3D nature. The mechanical characteristics of the
beam are assumed to be graded in the thickness direction according to two different porosity distributions. The
differential equation system governing the bending, buckling, and free vibration behavior of porous beams is
derived based on the Hamilton principle. The problem is then solved using the Navier solution for a simply
supported beam. The accuracy of the present solution is demonstrated by comparing it with other closed-form
solutions available in the literature. A detailed parametric study is presented to show the influence of porosity
distribution on the general behavior of FG porous beams on an elastic foundation.
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1. Introduction

The use of structures made from functionally graded materials has been increasing significantly in recent years in various
engineering applications, such as aerospace, biomedical and civil engineering ones. The main characteristic of these materials
is the continuous variation of their properties in one or more directions. This makes it possible to create structures with very
interesting characteristics, such as a high resistance to temperature shocks, low transverse shear stresses, and high strength-to-
weight ratios. With the wide application of FG structures, understanding the behavior of FG beams becomes an important task.

Researchers have investigated the behavior of FG beams using the classical beam theory (CBT), called the Euler—
Bernoulli theory, the first order or Timoshenko theory (FSBT), and higher-order beam theories (HSBTs).

Aydogdu and Taskin [1] studied the free vibration of simply supported FG beams employing the Euler—Bernoulli
and shear-deformation beam theories. Using the Rayleigh—Ritz method, Pradhan and Chakraverty [2] investigated the free
vibration of Euler—Bernoulli and Timoshenko FG beams with different boundary conditions. By means of the finite-element
method and the Euler—Bernoulli beam theory, Alshorbagy et al. [3] studied the free vibration of FG beams. They used the
principle of virtual work to derive the equations of motion. In the same way, Shahba et al. [4] obtained a solution for the free
vibration and stability of an axially FG tapered beam.

It should be noted that the CBT is applicable only to slender beams. For moderately deep ones, this theory under-
estimates deflections and overestimates the buckling load and natural frequencies, because it neglects the effect of shear
deformation [5]. Based on the FSBT, Nguyen et al. [6] proposed an improved first-order shear-deformation beam theory for
the static and free vibration analyses of axially FG beams loaded. The dynamic instability of a functionally graded Timosh-
enko beam on a Winkler foundation was investigated by Mohanty et al. [7] using the finite-element method. Yaghoobi and
Yaghoobi [8] examined the buckling behavior of sandwich plates having FG face sheets and resting on an elastic foundation.

In order to take into account the transverse shear deformation, studies on FG beams were performed invoking a
higher-order shear-deformation beam theory [9]. Based on this theory, Tounsi and his coworkers developed several models
for examining the static and dynamic behavior of FG material structures [10-25].

Bennai et al. [26] presented a hyperbolic shear -and normal- deformation beam theory to study the vibration and
buckling responses of FG sandwich beams under various boundary conditions.

Yaghoobi and Fereidoon [27] presented a simple refined nth-order shear-deformation theory to investigate the mechani-
cal and thermal buckling behavior of FG plates supported by an elastic foundation. Using a refined trigonometric higher-order
beam theory based on the concept of position of the neutral surface, Bourada et al. [28] studied the bending and vibration
behavior of FG beams. Thai and Vo [29] examined the effect of the volume fraction of constituents and shear deformation on
the bending and vibration behavior of FG beams employing different higher-order shear-deformation beam theories. Invoking
various higher-order shear-deformation beam theories and the Rayleigh—Ritz method, Pradhan and Chakraverty [30] studied
the vibration responses of FG beams with various boundary conditions.

In fabrication of FG materials, microvoids or pores can occur in them during the sintering process owing to large dif-
ferences in solidification temperatures between material constituents [31]. Consequently, it is imperative to take into account
the effects of these porosities or imperfections on the global behavior of FG beams.

Studies on the stability and bending behavior of porous FG structures, especially for beams, are still limited in num-
ber [32]. Wattanasakulpong and Ungbhakorn [33] examined the linear and nonlinear vibrations of FG porous Euler—Bernoulli
beams with elastically restrained ends by using the differential transformation method. Ait Atmane et al. [34] studied the free
vibration of such beams by means of a shear-deformation theory. Mouaici et al. [35] presented an analytical solution for free
vibrations of FG porous plates using a shear-deformation plate theory based on the position of neutral surface.

As far as we know, studies on FG porous structures have been performed mainly in the cases of porosity varying across
their thickness. Only Chen et al. [32] has studied the static bending and buckling of FG porous beams, using the Timoshenko
beam theory, with two different porosity distributions and without an elastic foundation.

In this paper, a new refined quasi-3D shear-deformation theory for bending, buckling, and free vibration analyses of
a functionally graded porous beam resting on a Pasternak elastic foundation is presented. The present theory has only three
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Fig. 1. Porosity distributions 1 (a) and 2 (b) [32].

unknowns and three governing equations, but it satisfies stress-free boundary conditions on the top and bottom surfaces of the
beam without a need for any shear correction factor. The displacement field of the theory takes into account the stretching effect
due to its 3D nature. Two different porosity distributions are considered in this analysis, and the mechanical properties of the
FG porous beams are assumed as functions of these distributions. The model is applied to a simply supported beam made of
a porous material. The general solution is obtained, and the results found are compared with those available in the literature.

Numerical examples are given to show the effects of porosity on the buckling, bending, and free vibration of porous
beams resting on an elastic foundation.

2. Effective Material Properties of Porous FG beams

Consider a FG porous beam of thickness # and length L, as shown in the Fig. 1. The beam is assumed to rest on a
Winkler—Pasternak elastic foundation. The mechanical characteristic of the beam varies according to the distribution of
porosity. In the following, two different porosity distributions across the beam thickness are considered [32]:

Porosity distribution 1, with

E(z)=E[1-¢cos(n¢)], G(z)=G [1-¢ycos(x¢)].

(1)
p(z)=p [l—em cos(né)} ,

and Porosity distribution 2, with

E(z)=E, [1—% cos(%g +%H, G(z)=G, {1—% cos(%g +%H,

p(2)=p, {1_6,,, cos(%é’ %ﬂ

2)
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where § =z/h, ey =1-E,/ E, =1-G, /G, (0<g, <1) is the porosity coefficient, and the minimum and maximum Young’s

moduli, £, and E,, are related to the minimum and maximum shear moduli, G, and G, as
G =E/[2(1+v)] (i=0.1)
The porosity coefficient for the mass density is defined as
e, =1-po/p (0<e, <1),

where p, and p, are the minimum and maximum mass densities, respectively.
The relationship between density and Young’s modulus for an open-cell metal foam is [36,37]

2
B _ [p_]
) b1
This equation was used to obtain the relationship

e,=1-1-¢,

where the subscripts “0” and “1” denote the properties of FG material constituents (metal and ceramic).

3. Refined Quasi-3D Theory for Functionally Graded Porous Beams

3.1 Kinematics

The displacement field satisfying the conditions of zero transverse shear stresses (and hence zero strains) at (x, y,

+h/2) on the outer (top) and inner (bottom) surfaces of the beam is given as

0 0
u(x,y,z,t):uo—zg—i-f(z) av:‘ R

W(-x,y,zat) = Wb +g(Z)W5 ’
with

472

f(Z)=Z(1—W} g2)=11"(2),

where u,, vy, w,, and w, are four unknown displacement functions of beam midsurface and » =1.
The kinematic relations are

0 0 0 0
e, =&y +zk + f(2)n,, €. =g'e), v =/1"(2)re +g(2)7s
where
0 _ 0 _ k = _ 0 _
Ex SUpy, & =W, x = TWhaes My T Wos Yz = Wx -

z S

3.2. Constitutive relations

The linear constitutive relations are

0, =016, +0136,, 0, =036, +03¢,, T, =057y

3)

(4)

where (0, ,0,,7,,)and (&,,¢,, v,,) are stress and strain components, respectively. Using the material properties defined

by Egs. (1) and (2), the stiffness coefficients O;; can be expressed as
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E(z)(1-v)
(1-2v)(1+v)’

VE(z2)
(1-2v)(1+v)’

E(2)

O =05 = m

O5 = Oss =

3.3. Equations of motion

The Hamilton principle was used to derive the equations of motion. This principle can be presented in the analytical form

)
[GU+sU, -5K+5W)dt =0, (5)
|
where SU is the variation of strain energy, 60U is the variation of potential energy of elastic foundation, 6K 1is the variation
of kinetic energy, and 6 is the variation of the work performed.
The variation of strain energy of the beam is expressed as

L+h/2
sU=[ [ (0,86, +0. 86, +7, 6y, )dvdtz ©)
0-h/2

Inserting Eqgs. (3) and (4) into Eq. (6) and integrating it across the plate thickness, we have

L
SU = [{N,8e) + M, 8k, + Ron, + Ryde? + Osy+, +Ks5' | dx . (7)
0

The stress resultants N, M, P, Q, and R are defined as

hi/2
(N, ML R)= [ o,(Lzf(D) (i=1),
—h/2
h/2
(K.0)= [ o/(f'(=)g()d (i=9), ®)
—h/2
hi/2
R= [ o8(2)dz, (i=3).
—h/2

Using Eq. (4) in Eq. (8), the stress resultants of FG beams can be related to the total strains as
— 0 0 -
N; = Aijej +Bijkj + Cijnj +E-jgz , (=1,

M, =Bye} +Gyk; + Hym, + Kj €2, (i=1),

j©z>

_ 0 0 :
Pi—Cy-sj+H,~jkj+Ly.nj+Oug (i=1),

ijz>

0 =0;7)+P ¥, (i=5, K =0;7)+S7, (i=9),

_ 0 ' 0 .
R; —Fijgj +Kl-j kj +Oijnj +Uijsz, (i=3),

where 4., B, C;

i» By, Gy, etc., are beam stiffnesses, defined as

h/2

(4.8, Fy )= | 0y(L /() g(2))e

—h/2
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h/2

(GyoHyo Ky o1y )= | 0(2.5 (20,222, /7 (2)

—h/2
hi/2
(0.8 .05.8;)= [ 0;(f(2)2'), € (2),(2) (), /() ez
—h/2
hi2
Uy = [ 0”@
—h/2

The variation of kinetic energy is expressed as
L ¢+h/2 . .
0K = Io I—h/z [p(u5u + WSW)]dxdz
L
oK = Io (LyiiyOuy + Lywyowy, + 1, (i 0wy, — Wy, Suy) —14 (i, Sw, =W Ouy)—I3(Wy . +Wy  JOW 9)

+s (W OWs + W Owy) —Iew  Owg + [ (Wdw +Wowy) + Igw S wy) }dx

S,xx
where the inertia terms are defined by the equations

hi/2

(holpsIs LI, Do I Ig) = [ p(2)[ 12,25, (22 £(2). £2(2).2(2), 87 (2) | e

—h/2
The variation of the work done can be expressed as

05
SW = —J. q5wdx+J~ N( 6ij dx, (10)

where ¢ is the transverse load and N, is the axial force.
The variation of potential energy of the elastic foundation can be expressed as

8Up =[! (kw—k,V2w)5w dx. (11)

where k,, and k, are the stiffness of Winkler foundation and the shear stiffness of the elastic foundation, respectively.
Inserting expressions for 6U , 6U,, W ,and 6K from Egs. (7), (9), (10), and (11) into Eq. (5), integrating it by
parts, and collecting the coefficients of u, v, w,, and w, the following equations of motion of the beam were obtained:

Suy: Nl,lelu0 Izwb +1,w o s

5Wb: Ml,xx+q+NO5W,xx_kw’(wb_y*ws)+kp(wb,xx y* sxx) [lwb +12ii0,x_[3Wb,,nv+[5ws,xx+17ws’
(12)
Owg: =R 405, +Ks —Ry—y*q+ Noow, +y*k,(w, —y*wy)

N

+ 1wy, + Tgw, .

S,xx

=Y ¥k Wy e =Y F Wy o) = =iy  + 1530y = LW,

4. Solution Procedure

To solve Egs. (12) analytically, the Navier method was used under specified boundary conditions. The displacement
functions satisfying the equations of simply supported FG beams were assumed in the form of Fourier series:
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10, U, cos(ax)e™

Wyt = 2 AW, sin(ax)e ¢, (13)

=i : :
we ] ", sin(ax)e’™

where U,,, W,,,,and W,

sm

are arbitrary parameters to be determined, @ is the eigenfrequency associated with an mth eigen-
mode, and a = mx/l . The transverse load g was also expanded in a Fourier series as

o0

q= qu sin(ax) , (14)

m=1

where q,, =4q,/(mr) (m=1,3,5, ...) for a uniformly distributed load of density ¢, .
Inserting Eqgs. (13) and (14) into Eq. (12), the following problem was obtained:

ki ko ks my My Mg U, 0

2
kiy ky kyy|—@7 | my, my my Wom 1= 4m ) (15)
ki kyo ks mys  Mpy  Mi3 Wem -v*q,

where y* =—g(h/2) and
- 2 _ 3 _ 3 _ 4 2 2
ki ==Apa”, ky=Bhao, ky=-Cho +Fsa, ky =-Gha” -k, —k,a”+Na,
kyy = Hyat =K + y*k, +y"‘kpoc2 +goN,a?,
ks :_L110‘4 +20130‘2 _<Q;5 +Ps'5)0‘2 —Uss —y* (kw+kpa2)+g02Noa2a
2 2 2
my =1, my=Lo, my=-Io, my,=-I-La", my=Ia"-1;, my;=—Ilca" —I.

The solution of problem (15) allows one to calculate the bending responses, the critical buckling load N, , and the
natural frequencies of FG porous beams.

5. Results and Discussion

In this section, various numerical examples are presented and discussed to verify the accuracy of the present quasi-3D
theory in predicting the bending, buckling, and free vibration responses of simply supported nonporous and FG porous beams
of length / and thickness /.

The material properties adopted here are as follows.

Metal (aluminum, Al): E, = E,, = 70 GPa, v =0.3, and p, = p,, = 2702 Kg/m°.

Ceramic (alumina, AL,O,): E, = E, = 380 GPa. v =0.3,and p, = p, = 3960 Kg/m’.

For convenience, the following nondimensional parameters are introduced:

AP0~ 2 E ] E? 4 k,I*
gy LAl o o 1P Gl L) [ Lhigokel Bl g Kl g el
EI h \E, 2 2) gt EI EI ?El

To validate our results, they were compared with literature data. For this purpose, the fundamental natural frequen-

cies, the midspan deflection, and the parameter of buckling loads of isotropic homogeneous beams on an elastic foundation
predicted by the present quasi-3D model are compared in Tables 1-3 with those found by Ying et al., Ait Atmane et al.,
Chen et al., and Venkateswara and Kanaka [38-41].

In Table 1, the fundamental frequencies of isotropic homogeneous beams obtained by the present method are compared
with those determined by Ying et al., [38] and Ait Atmane et al. [39], and a good agreement is seen to exist between them.
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TABLE 1. Comparison of the Parameter @ of Fundamental Frequency of Isotropic Homogeneous Beams Resting on an
Elastic Foundation

I/h =120 I/h =15 I/h =5
K K /7
w » [38] | [39] | Present [38] | [39] | Present [38] | [39] | Present
0 0 3.14145  3.14214  3.14148 3.13227 3.13093  3.13421 3.06373  3.04842  3.07701
1 3.73587  3.73629  3.73585  3.72775 3.72700 3.72621  3.66645 3.65989  3.64655
2.5 429689 429716 429683  4.28886  4.28845  4.28517 422319 4.22492  4.18246
10? 0 3.74823  3.74864  3.74825  3.74012  3.73937 3.74080 3.67882  3.67243  3.68172
1 4.14357  4.14388  4.14355  4.13558  4.13508  4.13412  4.07200 4.07127  4.05578
2.5 4.58227 4.58249 4.58222 4.57410 4.57383 4.57084 4.50278 4.50972 4.47007
10* 0 10.02403 10.02405 10.02399 9.99583  10.00663 10.00452 7.34081  7.55257  7.76049
1 10.04812 10.04814 10.04808 10.01971 10.03065 10.02834 7.34095  7.55257  7.76049
2.5 10.08393 10.08395 10.08389 10.05520 10.06635 10.06376 7.34116  7.55257  7.76049
TABLE 2. Comparisons of the Midspan Deflection w of Isotropic Homogeneous Beams Resting on an Elastic
Foundations under a Uniform Load
% % I/h =120 I/h =15 Ilh=75
w P [38] | [40] | Present [38] | [40] | Present [38] | [40] | Present
0 0 1.30229 1.30229 1.30218 1.31527 1.31528 1.30840 1.42024 1.42026 1.35992
10 0.64483 0.64482 0.64483 0.64830 0.64835 0.64853 0.67451 0.67820 0.68126
25 0.36611 036611 0.36612 036735 0.36742 0.36836  0.37667 0.38170  0.38980
10 0 1.18057 1.18056  1.18048 1.19134 1.19140 1.18582  1.27731 1.28259  1.22991
10 0.61333  0.61332 0.61333 0.61649 0.61656 0.61673  0.64025 0.64639  0.64678
25 0.35567 0.35566  0.35568 0.35684  0.35692 0.35780 0.36568  0.37206 0.37818
10? 0 0.64007  0.64007  0.64005 0.64343  0.64377 0.64217 0.66848 0.69610  0.65950
10 0.42558 0.42558 0.42559 0.42716 0.42741 0.42744 0.43881 0.45926 0.44373
25 0.28285 0.28284 0.28286 0.28360 0.28380 0.28428 0.28944 0.30516 0.29791

TABLE 3. The parameter N, of Buckling Load of an Isotropic Homogeneous Beam with //h =20 Resting on an Elastic

Foundation
K /7
K Theory L4
v 0 | 0.5 | 1 2.5
[41] 9.8696 14.804 19.739 34.544
[39] 9.81258 14.73869 19.66476 34.44275
Present 9.82890 14.73743 19.64580 34.37000
1 [41] 9.9709 14.907 19.841 34.645
[39] 9.91372 14.83983 19.76591 34.54388
Present 9.92996 14.83848 19.74685 34.47105
102 [41] 20.002 24.937 29.871 44.676
[39] 19.92681 24.85284 29.77884 44.55658
Present 19.93403 24.84240 29.75062 44.47435
10* [41] 1023.1 1028.0 1032.9 1047.7
[39] 1020.41776 1025.33582 1030.25385 1045.00769
Present 1019.55088 1024.44386 1029.33669 1044.01427

Table 2 compares the midspan deflections of isotropic homogeneous beams obtained by the present model with those
found by Ying et al. [38] and Chen et al. [39]. As is evident, there is no significant distinctions between the solutions, except
for deflections of the beams with /% = 5, where slight differences are seen. This is due to the fact that the theories used in [38,
39] does not take into account the normal deformation (&, =0), which has a very great influence on short beams.
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Fig. 2. The nondimensional fundamental frequency © versus [/h of an isotropic ceramic beam
(without a porosity) (1) and FG beams with porosity distributions 1 (2) and 2 (3) resting on an
elastic foundation.
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Fig. 3. The nondimensional fundamental frequency © versus {/h of FG beams with porosity dis-
tributions 1 (a) and 2 (b) resting on Pasternak foundations with K, =0(1),2(2),4 (3), 6 (4), 8 (5),
and 10 (6).

Table 3 compares the parameter N, of buckling load of an isotropic homogeneous beam resting on an elastic foun-
dation (//h =20) given by the present theory with the results found by Venkateswara and Kanaka [41] and Ait Atmane et al. [39],
and a close agreement is seen to exist between them.

In Fig. 2, the nondimensional fundamental frequency as a function of the ratio //h is presented for two porosity
distributions and for an isotropic homogeneous beam without an elastic foundation. Two conclusions can be drawn from this
figure. First, a growth in /// increased the fundamental dimensionless frequency in all the three cases studied. Second, the
homogeneous beam (without a porosity) had a higher frequency than the porous ones.

Figure 3 plots the nondimensional fundamental frequency o versus / /h of FG porous beams on an elastic foundation
for different values of the Pasternak parameter K, and porosity distributions 1 and 2.

Figure 4 illustrates the effect of Winkler and Pasternak parameters on the midspan deflection @ of isotropic (without
a porosity) and porous beams As is seen, the midspan deflection tends to decrease as these parameters grow.

The effect of elastic foundation parameters on the buckling loads N, is presented in Fig. 5. It can be seen that N, is a
linear function of both parameters. We should also note that, in the case of Pasternak foundation, the buckling load is very little
influenced by the state of the beam (porous or not), contrary to the case of Winkler foundation, where clear differences between

buckling loads are seen in the three cases considered (ceramic beam and porous beams with porosity distributions 1 and 2).
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Fig. 4. Midspan deflection w of an isotropic beam (ceramic) (1) and FG beams with porosity dis-
tributions 1 (2) and 2 (3) versus K, (a) and K, (b).
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Fig. 5. Buckling loads N, versus the foundation parameters K, (a) and K,, (b) for an isotropic
(ceramic) beam (1) and FG beams with porosity distributions 1 (2) and 2 (3).

6. Conclusion

A new refined quasi-3D theory has been proposed for bending, buckling, and free vibration analyses of perfect and
imperfect FG beams. Two different porosity distributions were considered for calculating the mechanical properties of the
beams. The stretching effect was naturally taken into account in the mathematical formulation of the theory. The Navier solution
was used for the simply supported beams. Numerical examples showed that the theory proposed gave solutions well agree-
ing with literature data. The effects of porosity distribution and slenderness ratio on the midspan deflection, the fundamental
frequency, and the critical buckling load were also discussed.
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