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Based on a 7-pa ram e ter shell model, a nu mer i cal al go rithm has been de vel oped for solv ing the geo met ri cally

non lin ear prob lem of a multilayer com pos ite shell sub jected to a fol lower pres sure and un der go ing large dis -

place ments and ro ta tions. As un knowns, six dis place ments of the outer sur faces and ad di tion ally the trans -

verse dis place ment of midsurface of the shell are cho sen. This al lows one to use the Green–Lagrange strain

ten sor, in tro duced ear lier by the au thors, which ex actly rep re sents ar bi trarily large rigid-body dis place ments

of the shell in curvilinear co or di nates of a ref er ence sur face. A geo met ri cally ex act solid shell el e ment is for -

mu lated, which per mits one to solve the non lin ear de for ma tion prob lem for thin-walled com pos ite struc tures

sub jected to a fol lower pres sure by us ing a very small num ber of load steps.

In tro duc tion

Dur ing the last years, a great deal of at ten tion has been fo cused on the de vel op ment of isoparametric three-di men -

sional fi nite shell el e ments, which give sat is fac tory re sults in solv ing the geo met ri cally non lin ear me chan i cal prob lems of

thin-walled com pos ite struc tures sub jected to fol lower loads [1-3]. Their par tic u lar fea ture is that the ini tial and de formed con -

fig u ra tions of the shell are in ter po lated uni formly in a global Car te sian sys tem of co or di nates, and thus great rigid-body dis -

place ments can be de scribed cor rectly. How ever, the isoparametric shell el e ment is computationally in ef fi cient in cal cu lat ing

com pos ite struc tures loaded with a fol lower pres sure and sub jected to ar bi trarily large rotations, since it requires a rather great

number of loading steps.

An al ter na tive is the geo met ri cally ex act fi nite shell el e ments based on the non lin ear de for ma tion re la tions of 6- and

7-para met ric 3D shell mod els in tro duced in [4-9], which ex actly rep re sent ar bi trarily large rigid-body dis place ments in

curvilinear co or di nates of a ref er ence sur face. The term geo met ri cally ex act means that the ref er ence sur face of the shell is de -

scribed by func tions as signed an a lyt i cally, in par tic u lar, by splines [10-12], which make the ba sis of mod ern CAD sys tems. In

this case, the vec tors of dis place ments of ex ter nal and mid dle sur faces are rep re sented in a lo cal ba sis re lated to the ref er ence

sur face of the shell. This fac tor al lows one to de crease the num ber of load ing steps con sid er ably.
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In the pres ent study, a more gen eral geo met ri cally ex act 7-pa ram e ter bilinear shell el e ment is pre sented for cal cu lat ing 

thin-walled multilayer com pos ite struc tures un der the ac tion of fol lower loads. To strug gle against the emer gence of both the

shear and the mem brane lock ings known in the fi nite-el e ment method (FEM), a hy brid FEM model was used. Ac cord ing to this 

model, the strains and re sult ing dis place ments in side the shell el e ment are ap prox i mated in de pend ently. We should note that

the 6-pa ram e ter model [4-8], pos tu lat ing a uni form dis tri bu tion of the trans verse nor mal strains across the thick ness of layer

pack age, of ten leads to the Pois son lock ing of shell el e ments, while the 7-parameter model is free from this drawback [9, 13,

14].

7-Pa ram e ter Model of a Com pos ite Shell

Let us con sider a thin shell of thick ness h d d= +- +  con sist ing of NL elas tic anisotropic lay ers of con stant thick ness 

hk . We as sume that, at each point of the shell, there ex ists a sur face of elas tic sym me try par al lel to a ref er ence sur face W. As the

ref er ence sur face, we con sider an in ner sur face of some k-layer or an in ter face be tween lay ers and re late it to curvilinear or -

thogo nal co or di nates q1 and q2 , reck oned along the lines of main cur va tures. The trans verse co or di nate q3  is reck oned to ward

the in creas ing ex ter nal nor mal to the sur face W (Fig. 1). Let e1 and e2  be the unit vec tors of tan gents to the co or di nate lines q1

and q2 , a e3 3=  the unit vec tor of the ex ter nal nor mal, Aa  Lamé pa ram e ters, ka  the main cur va tures, d A  the dis tances from

the ref er ence to ex ter nal sur faces W A , r( , )q q1 2  the ra dius vec tor of the ref er ence sur face W, RM ( , )q q1 2  the ra dius vec tor of

the midsurface W M , and RA ( , )q q1 2  the ra dii vectores of the ex ter nal sur faces W A . Here in af ter,  = 1, 2,..., NL; a, b = 1, 2; i, j, l, 

m = 1, 2, 3; A = - +, .

For the ra dii vec tores of the mid dle and ex ter nal sur faces of the shell, we have 

R r aI Iz= + 3    ( , , )I = - +M ,
(1)

z d- -= - ,   z d+ += ,   z z zM = +- +1

2
( ).

wherefrom fol low the for mu las for base vec tors (see Fig. 1)

a r ea a a a= =, A ,   g R ea a a a a
I I IA c= =, , (2)
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Fig. 1. Ge om e try of a shell.



c k zI I
a a= +1    ( , , )I = - +M .

Let us as sume that the tan gen tial and trans verse dis place ments are dis trib uted across the shell thick ness ac cord ing to

the lin ear and square laws, re spec tively [15], i.e.,

u N ua a= å A A

A

,   u L uI I

I
3 3

= å      ( , , )I = - +M , (3)

where ua q qA ( , )1 2  and u
3 1 2
A ( , )q q  are the tan gen tial and trans verse dis place ments of the ex ter nal sur faces; u

3 1 2
M ( , )q q  is the

trans verse dis place ment of the midsurface; N A ( )q3  and LI ( )q3  are the Lagrange poly no mi als of the first and sec ond de grees,

re spec tively:

N
h

z- += -
1

3( )q ,   N
h

z+ -= -
1

3( )q ,

(4)

L N N N- - - += -( ),   L N NM = - +4 ,   L N N N+ = -+ + -( ).

In this case, L zI J( ) = 1 if J I= , and L zI J( ) = 0 if J I¹ .

In tro duc ing dis place ments (3), with ac count of Eqs. (4), into the de for ma tion re la tions of the three-di men sional elas -

tic ity the ory and as sum ing that all com po nents (ex cept for the trans verse tan gen tial ones) of the Green–Lagrange strain ten sor

vary lin early across the thick ness of the layer pack age [9], we come to the strain re la tions of the 7-parameter shell model 

e eab ab
= å N A A

A

,    e e33 33
= å N A A

A

,

(5)

e ea a3 3=
)

,    
)
e e ea a a3 3 3

1

2
= +- +( ).

Here, e q qij
A ( , )1 2  are the strains of ex ter nal sur faces of the shell, which are de ter mined by the for mu las

2e l l l l
ab a ab b ba a b
A A A A A A A= + + åc c i i

i

,   2
3 3

e b l b l
a a a a a
A A A A A A= + + åc i i

i

,

(6)

2 2
3 3

e b b b
3

A A A A= + å i i
i

,

where

laa
a

a
a

aa a ab b a
A A A A A=

æ

è
çç

ö

ø
÷÷ + + +

1
3A

u B u B u k u
,

   ( )b a¹ ,

l
ba

a
b

a
aa b ab a

A A A A=
æ

è
çç

ö

ø
÷÷ + -

1

A
u B u B u

,

   ( )b a¹ ,
(7)

l
a

a a
aa a a3 3 3

1A A A A=
æ

è
çç

ö

ø
÷÷ + -

A
u B u k u

,

,     B
A A

Aab
a b

a b=
1

, ,
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bi i i i
h

u u u- - += - + -
1

3 4( )M ,   bi i i i
h

u u u+ - += - +
1

4 3( )M ,  u u ua a a
M = +- +1

2
( ).

De for ma tion re la tions (5)-(7) are rather at trac tive from the view point of their use in the FEM, since they ex actly rep re -

sent ar bi trarily large rigid-body dis place ments [9]. An other ad van tage of these strain re la tions is that they al low one to over -

come the so-called Pois son lock ing (ar ti fi cial over es ti ma tion of shell ri gid ity in the trans verse di rec tion) [14].

The ra dii vec tores of ex ter nal sur faces of the de formed shell can be pre sented in the form 

R R uA A A= + , (8)

u eA A= å ui
i

i .
(9)

Dif fer en ti at ing equal i ties (8) and (9) and tak ing into ac count Eq. (2), we come to the ex pres sions for the base vec tors

of ex ter nal sur faces of the de formed shell

g R g ua a a , a
A A A A= = +, , (10)

wherefrom fol lows the for mula for the unit vec tor of the nor mal to the ex ter nal sur face of the de formed shell

n
g g

g gA

A A

A A=
´

´
1

1 2

1 2
.

(11)

Tak ing into ac count the known for mu las of dif fer en ti a tion of the base vec tors e i  with re spect to the co or di nates qa

[16] and the rep re sen ta tions for dis place ment vec tors (9), we have 

u e,a a alA A= åA i
i

i . (12)

Us ing re la tions (2) and (10)-(12), we ar rive at the sought-for for mula for the nor mal vec tor 

n eA

A

A= å
1

h
h i

i
i ,

(13)

h l l l l
1 21 32 31 2 22
A A A A A A= - +( )c ,   h l l l l

2 12 31 32 1 11
A A A A A A= - +( )c ,

(14)

h l + l l l
3 1 11 2 22 12 21
A A A A A A A= + -( )( )c c ,   h h h hA A A A= + +( ) ( ) ( )

1
2

2
2

3
2 .

We should note that for mu las (13) and (14) are of great im por tance in con struct ing a geo met ri cally ex act el e ment of a

com pos ite shell un der the ac tion of a fol lower load, since they are em ployed in re cal cu lat ing the ex ter nal load at each step of the 

New ton–Raphson it er a tion pro cess. It is pre cisely this fac tor that al lows us to con sid er ably re duce the number of loading steps.

Geo met ri cally Ex act Hy brid Bilinear El e ment of a Com pos ite Shell

In [4, 6, 12], a fam ily of geo met ri cally ex act bilinear 6-pa ram e ter shell el e ments based on the in tro duc tion of dis place -

ment-in de pend ent strains has been de vel oped. Gen er al iz ing this method to the 7-pa ram e ter model and tak ing into ac count dis -

tri bu tion (5), we can write
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e
ab ab
AS A

A

A= å N E ,   e
33 33
AS A

A

A= å N E ,   e
a a3 3
AS = E , (15)

where E
ab

q qA ( , )1 2 , E
33 1 2
A ( , )q q , and E

a
q q

3 1 2( , ) are the dis place ment-in de pend ent strains of ex ter nal sur faces of the shell.

Since func tional vari ables of dif fer ent types are in tro duced in con struct ing a hy brid el e ment, in de pend ent ap prox i ma -

tions must be used for them on each fi nite el e ment [17]. For dis place ments, we em ploy the stan dard bilinear approximation

v v= å N r r
r

,
(16)

v = - - - + + +[ ]u u u u u u u1 2 3 1 2 3 3
M T ,   vr r r r r r r r

u u u u u u u= - - - + + +[ ]1 2 3 1 2 3 3
M T ,

where vr  are the col umns of nodal dis place ments; N r ( , )x x1 2  are the bilinear shape func tions; x qa a a a= -( )d lel el  are the

nor mal ized curvilinear co or di nates of the el e ment; da
el  are the cen ter co or di nates of the el e ment; 2la

el  are the lengths of sides of

the el e ment. Here in af ter, r = 1 4, .

For the in de pend ently in tro duced strains, we have even sim pler ap prox i ma tions:

E Q E= å ( ) ( )
,r r

r r r r r r

1 2

1 2 1 2 1 2
1 2x x ,

E = - + - + - + - +[ ]E E E E E E E E E E11 11 22 22 33 33 12 12 13 232 2 2 2 T ,

E00
11

00
11

00
22

00
22

00
33

00
33

00
12

002 2= - + - + - + -[E E E E E E E E
12

00
13
00

23
002 2+ E E ]T ,

(17)

E01
11

01
11

01
33

01
33

01
13
012= - + - +[ ]E E E E E T ,

E10
22

10
22

10
33

10
33

10
23
102= - + - +[ ]E E E E E T ,   E11

33
11

33
11= - +[ ]E E T ,

Q01

1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0

=

0 0 0 0

é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

 ,   Q10

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0

=

0 0 0 1

é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

 ,  Q11

0 0

0 0

0 0

0 0

1 0

0 1

0 0

0 0

0 0

0 0

=

é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

 ,

where Q00  is the 10 ´ 10 unit ma trix. Here in af ter, r1, r2  = 0, 1.

For the re sult ing pres sures [9]

H S N dk

hk
k

ab ab
qA A= òå 3 ,   H S N dk

hk
k

33 33 3
A A= òå q ,  H S dk

hk
k

a a
q3 3 3= òå

(18)
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we as sume a sim i lar ap prox i ma tion:

H Q H= å ( ) ( )
,r r

r r r r r r

1 2

1 2 1 2 1 2
1 2x x ,

H = - + - + - + - +[ ]H H H H H H H H H H11 11 22 22 33 33 12 12 13 23
T ,

H00
11

00
11

00
22

00
22

00
33

00
33

00
12

00
12

= - + - + - + -[H H H H H H H H +00
13
00

23
00H H ]T , (19)

H01
11

01
11

01
33

01
33

01
13
01= - + - +[ ]H H H H H T ,

H10
22

10
22

10
33

10
33

10
23
10= - + - +[ ]H H H H H T ,   H11

33
11

33
11= - +[ ]H H T ,

where S ij
k  are com po nents of the Piola–Kirchhoff sym met ric strain ten sor of a kth layer.

In tro duc ing the dis tri bu tions of (3), (5), and (15) and fi nite-el e ment ap prox i ma tions (16), (17), and (19) into the

Hu–Washizu mixed variational prin ci ple [18] and em ploy ing the stan dard pro ce dure of the mixed FEM model, we de rive the

fol low ing equi lib rium equa tions for the element:

E Q B R V Vr r r r r r r r1 2 1 2 1 2 1 2= +( ) ( )T ,   H Q DQ Er r r r r r r r1 2 1 2 1 2 1 2= ( )T ,
(20)

1

3
2

1 2
1 2

1 2 1 2 1 2 1 2

r r
r r

r r r r r r r r p
+å + =

,

( ) ( )B R V Q H G VT A A .

Here, V v v v v= [ ]
1 2 3 4
T T T T T  is the col umn of nodal dis place ments of an el e ment of size 28 ́  1; Br r1 2  are 10 ́  28 ma tri ces, con -

stant in side the el e ment, de scrib ing the lin ear com po nents of Green–Lagrange strain ten sor (6); R r r1 2  are three-di men sional 10 

´ 28 ́  28 ar rays, con stant in side the el e ment, de scrib ing the non lin ear com po nents of the Green–Lagrange strain ten sor (6) (in

this case, R Vr r1 2  is a 10 ́  28 ma trix); pA  is the pres sure dis trib uted over one of the ex ter nal sur faces W A , and there fore the

sum ma tion with re spect to the A in the last equa tion of (20) is not re quired; G VA ( ) is a 28 ́  1 col umn, which ini tially de pends

on the nodal val ues of the nor mal nir
A  to the ex ter nal sur face of the de formed shell and fi nally, in view of re la tions (7), (13),

(14), and (16) — on the nodal dis place ments uir
A ; D is the ma trix of elas tic co ef fi cients of the lay ered com pos ite, whose el e -

ments are de ter mined from the for mu las

D C N N d
ijlm
s s

ijlm
k

hk

s s s s

k

1 2 1 2 1 22
3= òå - - - + +( ) ( ) q    (s1, s2  = 0, 1),

(21)

D D D Da b a b a b a b3 3 3 3
00

3 3
01

3 3
112= + + ,

where C
ijlm
k  are the ri gid i ties of a kth layer.

We should note that the sys tem of equa tions (20) was de rived on the as sump tion that the met rics of the ex ter nal shell

sur faces are equiv a lent to the met rics of the midsurface; an an a lyt i cal in te gra tion [6-9], which is the pre rog a tive of a geo met ri -

cally ex act shell el e ment, was also performed.
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To solve the non lin ear sys tem (20), we will use an in cre men tal ap proach. Let us con sider two de formed (not nec es sar -

ily close to each other) states of the shell and mark the quan ti ties de scrib ing the pre vi ous state of the shell with a left su per script 

t  and those be long ing to the sub se quent state with a left su per script t t+ D , i.e., 

t t tp p p+ = +D DA A A ,   t t t+ = +D DV V V,
(22)

t t r r t r r r r+ = +D DE E E1 2 1 2 1 2 ,   t t r r t r r r r+ = +D DH H H1 2 1 2 1 2 ,

where DpA , DV, DEr r1 2 , and DHr r1 2  are in cre men tal vari ables.

In sert ing Eqs. (22) into Eqs. (20) and as sum ing that the lat ter are valid for an “in stant of time” t, we come to an in cre -

men tal form of the equi lib rium equa tions for the fi nite el e ment of the shell un der the ac tion of a fol lower pressure:

D D DE Q B R V R V) Vr r r r r r r r t r r1 2 1 2 1 2 1 2 1 22= + +( ) (T ,

D DH Q DQ Er r r r r r r r1 2 1 2 1 2 1 2= ( )T ,
(23)

1

3
2 2

1 2
1 2

1 2 1 2 1 2 1 2 1 2

r r
r r

r r r r t r r r r r r

+å + +
,

{ ( ) [R V Q H B RD T ( )] }t r r r rV V Q H+ D DT 1 2 1 2

= + + -( ) ( ) ( )t t t tp p pA A A A AD DG V V G V .

The so lu tion of in cre men tal equa tions (23) is ob tained ac cord ing to the New ton–Raphson method by pre sent ing the it -

er a tive pro cess in the form

D D DV V V[ ] [ ] [ ]$n n n+ = +1 ,    D D DE E Er r n r r n r r n1 2 1 2 1 21[ ] [ ] [ ]$+ = + ,
(24)

D D DH H Hr r n r r n r r n1 2 1 2 1 21[ ] [ ] [ ]$+ = +    (n = 0, 1,...).

Sub sti tut ing re la tions (24) into Eqs. (23), linearizing the re sult ing equa tions, and ex clud ing the in cre men tal strains 

D $ [ ]Er r n1 2  and the in cre men tal re sult ing strains D $ [ ]Hr r n1 2 , we come to the re solv ing FEM sys tem of equations 

K V FD D$ [ ] [ ]n n= , (25)

where K K K K= + +D H L  is the tan gen tial ri gid ity ma trix of the shell el e ment, and DF[ ]n  is the col umn of the right-hand

sides, which are cal cu lated as

K L D LD
T=

+å
1

3 1 2
1 2

1 2 1 2 1 2

r r
r r

t r r n r r t r r n

,

[ ] [ ]( ) ,

K Q H Q H RH = +
+å2
1

3 1 2
1 2

1 2 1 2 1 2 1 2 1 2

r r
r r

r r t r r r r r r n r r

,

[ ]( )D ,

K
G

V
V VL

A A
A

= - +
¶

+( ) ( )[ ]t t np pD D
¶

, (26)
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DF L D L R[ ]

,

[ ] [ ][( ) (n

r r
r r

t r r n r r t r r n= - -
+å
1

3 1 2
1 2

1 2 1 2 1 2T r r n1 2 DV [ ] )

+ + + + -2 1 2 1 2 1 2( ] ( ) ( )[ ] [ ]Q H )R V G V Vr r t r r r r n t t n tp pD D DAA A p tAG VA ( ), (26)

t r r n r r r r t nL B R V V1 2 1 2 1 22[ ] [ ]( )= + + D ,  D Q Q DQ Qr r r r r r r r r r1 2 1 2 1 2 1 2 1 2= ( ) ( )T T .

Note. The ri gid ity ma tri ces KD  and KH  are sym met ric. The sym me try of the sec ond ma trix can be re vealed by us ing

the re sults ob tained in [9]. How ever, the ri gid ity ma trix KL , cor re spond ing to the ac tion of a fol lower load, is gen er ally asym -

met ric [1, 19]; there fore, the so lu tion of the sys tem of lin ear al ge braic equa tions (25), (26) is per formed by the mod i fied Gauss

method for banded ma tri ces [1]. We should also men tion that the in cre men tal re sult ing strains at an nth step of the it er a tive pro -

cess are cal cu lated by the for mula

Q H D B R V V Vr r r r n r r r r r r t n1 2 1 2 1 2 1 2 1 22 1D D D[ ] [ ] [{[ ( )]= + + - n]

- - -( ) }[ ] [ ]R V Vr r n n1 2 1 1D D  ,   DV 0[ ]0 = ,   DH 0r r1 2 0[ ] = ,   n = 1, 2, ... .

The it er a tive pro cess is con tin ued un til the ful fill ment of the in equal ity 

U U U[ ] [ ] [ ]n n n+ - <1 e  ,
(27)

where U is the global vec tor of nodal dis place ments, K  is the Eu clid ean norm in the space of dis place ments, and e is the cal cu -

la tion ac cu racy re quired, which is spec i fied a pri ori.

Nu mer i cal Re sults

As a first ex am ple, we con sider an iso tro pic ring (Fig. 2) (E = 2.1 ×107  and n = 0.3) and a two-layer com pos ite ring 

(EL = 2.5 ×107 , ET  = 106, GLT  = 5 ×105 , GTT  = 2 ×105 , and n nLT TT= = 0.25) un der the ac tion of a nonuniformly dis trib uted

fol lower pres sure p p e( ) ( cos )j j= -0 1 2 . The geo met ri cal pa ram e ters of both rings are r = 100, h  = 1, and b  = 20. The sub -

scripts L and T cor re spond to the re in force ment and trans verse di rec tions of the com pos ite ma te rial. The thick ness of lay ers of

the com pos ite ring are as sumed to be the same, i.e., h h1 2= = 0.5, but the re in force ment di rec tions in the in ter nal and ex ter nal

lay ers co in cide with the cir cumfer ential and longitudinal directions, respectively.
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Fig. 2. A ring un der the ac tion of a fol lower load.



Ow ing to sym me try of the prob lem, we con sider only a quar ter of the ring and use uni form 18 ´ 1 fi nite-el e ment

meshes. The cal cu la tions were car ried out with the help of GEX7P4F and GEX7P4 geo met ri cally ex act bilinear shell el e ments

de vel oped with and with out ac count of the fol lower load, which ad di tion ally al lowed us to model a plane stress state. Fig ure 3

shows the load–de flec tion curves ob tained at dif fer ent val ues of the ec cen tric ity e. As nondimensional load pa ram e ters, 

p p r Ebh0 0
3 312=  was cho sen for the ho mo ge neous ring and p p r E bh0 0

3 312= L  for the com pos ite one. The dots il lus -

trate the data ob tained in [19] by an a lyt i cally solv ing the bend ing prob lem for an iso tro pic ring [20]. As is seen, the re sults of

cal cu la tions with and with out ac count of the fol lower pres sure con sid er ably dif fer at large de flec tions and small val ues of ec -

cen tric ity. In Ta bles 1 and 2, the trans verse dis place ment u
3
M  at the points A and B ob tained by us ing dif fer ent num bers of load
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TABLE 2. Transverse Displacement u u r3 3
= M  at the Points A and B of the Two-Layer

Composite Ring at e = 1 and p0  = 0.4

El e ment
NStep = 1 NStep = 5 NStep = 10

u3( )A -u3( )B NI ter u3( )A -u3( )B NI ter u3( )A -u3( )B NI ter

GEX7P4F 0.3647 0.8798 7 0.3647 0.8798 24 0.3647 0.8798 50

GEX7P4 0.3529 0.8831 6 0.3529 0.8831 18 0.3529 0.8831 30

TABLE 1. Transverse Displacement u u r3 3
= M  at the Points A and B of the Homogeneous

Ring at e = 1 and p0  = 3

El e ment
NStep = 1 NStep = 5 NStep = 10

u3( )A -u3( )B NI ter u3( )A -u3( )B NI ter u3( )A -u3( )B NI ter

GEX7P4F 0.3660 0.8407 7 0.3660 0.8407 25 0.3660 0.8407 50

GEX7P4 0.3554 0.8220 6 0.3554 0.8220 18 0.3554 0.8220 30

0.2 0.4 0.6 0.8 1.00

3

2

1

-p0

0.1

à

M-u (B)/r3

0.5
e = 1.0

b

0.2 0.4 0.6 0.8 1.00

0.4

0.3

0.2

0.1

-p0

M-u (B)/r3

0.1

0.5

e = 1.0

Fig. 3. Re la tions be tween the load  and de flec tion –u
3
M  with (     ) and with out (- - -) ac count of

the fol lower load for the ho mo ge neous (a) and the two-layer com pos ite (b) rings. (l) — data

[19] ob tained by an a lyt i cally solv ing the bend ing prob lem for an iso tro pic ring [20].



steps, NStep, is pre sented, and the to tal num ber of it er a tions, NI ter, nec es sary for achiev ing the spec i fied ac cu racy e = 10
–6

  ac -

cord ing to the cri te rion of con ver gence (27) is shown. We should mark off two im por tant re sults: first, the so lu tion of bend ing

prob lems for iso tro pic and com pos ite rings un der the ac tion of a fol lower pres sure is pos si ble with out the use of the in cre men tal 

ap proach (NStep = 1) and re quires only seven it er a tions, and, sec ond, the num ber of load ing steps does not affect the calculated

values of displacements, which confirms the efficiency of the geometrically exact shell elements constructed. 
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Fig. 5. Re la tions be tween the load p0  and de flec tion u
3
M  with (     ) and with out (- - -) ac count

of the fol lower load for the rub ber-cord to roid al shell.

TABLE 3. Transverse Displacement u
3
M  (mm) at the Points A and B of the Cross-Ply

Rubber-Cord Toroidal Shell at p0  = 1 MPa

El e ment
NStep = 1 NStep = 5 NStep = 10

u3
M A( ) u3

M B( ) NI ter u3
M A( ) u3

M B( ) NI ter u3
M A( ) u3

M B( ) NI ter

GEX7P4F 3.3409 2.5721 5 3.3409 2.5721 20 3.3409 2.5721 40

GEX7P4 3.3057 2.5649 5 3.3057 2.5649 16 3.3057 2.5649 31

o120

A

x1

x3

R0

q3

O

O1

Bo-120

o90

q1

Rp0

Fig. 4. Sche matic sketch of a cross-ply rub ber-cord to roid al shell. 



Now, let us con sider a four-layer cross-ply rub ber-cord to roid al shell of cir cu lar cross sec tion, loaded with a pres sure 

p0  uni formly dis trib uted over its in ner sur face (Fig. 4). This shell will be used for mod el ing a di ag o nal tire. The ini tial char ac -

ter is tics of the el e men tary rub ber-cord lay ers are [21] EL  = 510.45 MPa, ET  = 6.91 MPa, GLT  = 2.33 MPa, GTT  = 1.77 MPa,

and nLT  = 0.46. Let the shell thick ness be h = 4.8 mm, the thick ness of a rub ber-cord layer hk  = 1.2 mm, and the ori en ta tions of

rub ber-cord lay ers g gk
k= - -( )1 1 , where g = 45° and k = 1 4, . As a ref er ence sur face, we as sume the shell midsurface formed by

ro ta tion of a part of the cir cum fer ence of ra dius R = 50 mm. The dis tance from the ro ta tion axis to the equa tor of midsurface 

R0 = 250 mm; the cross sec tions of the shell with the co or di nates ±120° are rigidly clamped.

Cal cu la tion re sults for the tire un der the ac tion of fol lower and con ser va tive loads were ob tained by us ing reg u lar 24 ́

1 fi nite-el e ment meshes at e = 10–6 (see Ta ble 3 and Fig. 5). As is seen, the data in Ta bles 1 and 3 agree in a qual i ta tive sense

with each other. In par tic u lar, the so lu tion of this prob lem for a di ag o nal tire can also be found with out us ing the in cre men tal

ap proach. How ever, here the in flu ence of the fol lower load does not ap pear so noticeably (see Figs. 3 and 5).

In the fol low ing in ves ti ga tion, the pres ent au thors are go ing to gen er al ize the re sults ob tained and use them for cal cu -

lat ing a rub ber-cord shell of rev o lu tion in the pres ence of uni lat eral restrictions.

This study was fi nan cially sup ported by the Rus sian Fund for Ba sic Re search (Pro ject No. 08-01-00373) and the Min -

is try of Ed u ca tion of Rus sian Fed er a tion (Pro ject ¹ 2.1.1/660).
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