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The key prob lem fac ing the ap pli ca tion of fi ber-re in forced poly mer (FRP) stay ca bles and ten dons is the an -

chor age. Pot ted (bond-type) an chors have been used more ex ten sively than an chors of any other type. The

main aim in the de sign of an chors is to min i mize the peak shear stress at the FRP rod-pottant in ter face. To this

end, para met ric anal y ses of the stress state in the an chors are car ried out. Since para met ric stud ies can not be

eas ily per formed by the fi nite-el e ment method, an an a lyt i cal model of the an chor is pro posed. The model in -

volves sig nif i cant sim pli fy ing as sump tions and al lows one to ob tain a rel a tively sim ple an a lyt i cal so lu tion for

shear-stress dis tri bu tions at the FRP rod-pottant in ter face. The use of this so lu tion at var i ous bound ary con di -

tions and var i ous geo met ri cal and me chan i cal pa ram e ters of an chor com po nents en ables one to search for

and eval u ate, at least qual i ta tively, dif fer ent meth ods for de creas ing the peak in ter fa cial shear stress in the an -

chor. In this part of the in ves ti ga tion, an an chor con sist ing of a sleeve of con stant thick ness is con sid ered.

In tro duc tion

Ow ing to the good cor ro sion re sis tance, high strength, and ad van ta geous strength-to-weight ra tio, pultruded fi ber-re -

in forced poly mer (FRP) com pos ites have a po ten tial to out per form steel ten dons in a va ri ety of con struc tion ap pli ca tions in

civil and min ing en gi neer ing. For ex am ple, FRP ten dons and ca bles are used as sus pen sion and stay ca bles for bridges and for

strength en ing and re ha bil i ta tion of ex ist ing struc tures [1, 2]. Fur ther more, FRP ten dons have been em ployed to cre ate sup port

sys tems in un der ground in fra struc tures [3] and to re in force ma sonry walls, rail way sleep ers, pontoons, barges, and other

special structures [4-7].

The key prob lem to which the ap pli ca tion of stay ca bles and ten dons is faced is the an chor age. The low ra tios of the

lat eral com pres sive strength and the lon gi tu di nal shear strength to the lon gi tu di nal ten sile strength of FRP ten dons cre ate a

chal lenge for the pres ent an chor age tech niques. For in stance, the con ven tional steel wedge/sleeve an chors used for steel ten -

dons do not cre ate a fa vor able load trans fer sit u a tion, re sult ing in pre ma ture fail ure of the FRP material in the anchorage zone.
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Thus far, many an chor age sys tems have been de vel oped for FRP ten dons. They can be clas si fied into three types:

clamp (fric tion) an chors, pot ted (bonded) an chors, and wedge (self-tight en ing fric tion) an chors [8, 9]. Pot ted an chors have

been used more ex ten sively than an chors of any other type. A pot ted an chor con sists of a me tal lic or non me tal lic sleeve in side

of which sin gle or mul ti ple ten dons or rods are bonded with a pottant. The sleeve can be an chored with a bear ing nut or can bear 

di rectly on the el e ment be ing pre stressed. The pottant can be a poly mer-based ad he sive (usu ally ep oxy), a low-tem per a ture

melt ing me tal lic ma te rial, or a cementitious ma te rial [4]. Pot ted an chors can be suit able for all types of FRP ten dons [4], and

they are most com monly used for post-tensioning ap pli ca tions [8-13]. Cy lin dri cal sleeves are simple to manufacture, and their

quality is easy to control.

The op ti mal de sign of an chors aims to re al ize the max i mum ten sile strength of the rod-like FRP ma te rial. Con sid er ing

steel ten dons, the max i mum strength is reached when the fail ure oc curs within the free length of the ten don, that is, when the

an chor age has no det ri men tal in flu ence. A highly anisotropic ma te rial, such as a pultruded FRP rod with fi bers en tirely or pre -

dom i nantly in the lon gi tu di nal di rec tion, shows a dif fer ent be hav ior: this ma te rial most of ten fails within or near the an chor age

area. The main rea son for such a be hav ior is the sen si tiv ity of the FRP rod to the man ner of its load ing by the an chor. The trans -

fer of forces across the in ter face by the bond be tween the pottant and FRP rod is of fun da men tal im por tance in many as pects of

an chor age de sign. If a force is ap plied to the out side of the sleeve, it will be trans ferred to the rod through the sleeve-pottant and

pottant-rod in ter faces, caus ing non uni form ten sile stresses in the rod and shear stresses in the pottant along the an chor length.

The lon gi tu di nal shear stresses reach a peak mag ni tude at the loaded or in ner end of the an chor. The peak shear stress must be

lower than the bond strength of the in ter face and the co he sive strength of the pottant in or der to pre vent pull-out of the rod.

Also, it must be lower than the lon gi tu di nal shear strength of the FRP ma te rial to pre vent fail ure of the rod. How ever, even if the 

max i mum shear stress is lower than the shear strength of the FRP rod, it can still cause fail ure of the rod due to the con cen tra tion 

of lon gi tu di nal ten sile stresses at the sur face of the rod at the po si tion of the peak in ter fa cial shear stress [14]. There fore, the

low er ing of the peak in ter fa cial shear stress is one of the main aims in the de sign of an chor ages for FRP rods. The pres ent pa per

is ded i cated to the as sess ment of the in flu ence of var i ous ma te rial and geometric parameters of potted anchors for round FRP

rods on the peak shear stress at the interface between the pottant and rod. 

1. Prob lem State ment

The trans fer of forces across the in ter face by the bond be tween the pottant and the FRP rod is of fun da men tal im por -

tance in many as pects of FRP an chor ages for post-tensioned ap pli ca tions. It should be men tioned that sim i lar prob lems con -

nected with trans fer of ten sile loads to cy lin dri cal bear ing el e ments have also been con sid ered in other ar eas. For ex am ple, such

prob lems are con sid ered in the me chan ics of com pos ites: fi ber/ma trix stress trans fer [15], stress con cen tra tion in uni di rec tional 

com pos ites near a bro ken fi ber [16], and the anal y sis of the “pull-out” test for a sin gle fi ber [17, 18]. The so-called “shear-lag”

anal y sis is used in all these stud ies. The shear-lag anal y sis as a tool for a stress anal y sis in com pos ite ma te ri als is usu ally traced

back to Cox [19]. A de tailed anal y sis of the shear-lag method and a re view of pa pers con nected with the use of this method are

pre sented in [20]. The most fun da men tal math e mat i cal as sump tion of shear-lag anal y sis re quires that, in axisymmetric prob -

lems, the vari a tion in the ra dial dis place ment u with re spect to the ax ial co or di nate z is zero or neg li gi ble, ¶ ¶u z » 0. This as -

sump tion will also be used in the model con sid ered in the pres ent work. The shear-lag equa tions are usu ally easily solved.

When a shear-lag analysis is performed correctly, the results obtained are quite accurate.

The same ap proach was used by R. Tepfers [21], who de vel oped a math e mat i cal model able to pre dict the bond stress

and the stresses in lap-spliced re in forc ing bars and in the sur round ing con crete. The gov ern ing equa tions in this case are very

close to those con sid ered in the present study.

An other group of prob lems that are close to the prob lem con sid ered in this pa per con cerns ad he sive tu bu lar lap joints,

where the ten sile load is trans ferred from one thin tu bu lar shell to an other through a thin ad he sive layer [22-24]. In [22], the

adherends were in ves ti gated by means of the or di nary the ory of bend ing and stretch ing of thin iso tro pic shells. The gov ern ing

sys tem of high-or der lin ear or di nary dif fer en tial equa tions with con stant co ef fi cients was solved nu mer i cally. In [23, 24], the

fi nite-el e ment method (FEM) was used for stress-state cal cu la tions, and both shear and peel stresses were de ter mined. In the
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ex am ples con sid ered, it was shown that, at high ra tios be tween the elas tic moduli of the adherend and ad he sive, the peel

stresses are more than four times lower than the shear stresses.

The sub ject of in quiry in the pres ent study is, in a sense, sim pler than those ad dressed in the above-men tioned pa pers.

A pot ted an chor con sists of a round, solid FRP rod sur rounded by a thick layer of pottant en closed in a thick sleeve. In mod els

con sid er ing the in ter ac tion be tween the rod and ma trix, the outer ef fec tive ra dius of the ma trix cyl in der is de fined as the ra dius

be yond which the rod does not af fect the de for ma tion of the ma trix. This ra dius can de pend on the act ing load. In con trast to

such mod els, the outer ra dius of a pot ted an chor is fixed. In com par i son with the tu bu lar joints men tioned, the join ing el e ments

(sleeve and rod) are thick and have a high cur va ture, which pre vents their ax ial bend ing and al lows one to ne glect the peel

stresses. There fore, the prob lem of load trans fer in a pot ted an chor is more def i nite and some times sim pler than the problems

considered in the above-mentioned publications.

The anal y sis of stresses in pot ted an chors is usu ally car ried out by the FEM [25, 26]. The cal cu la tions have shown that

the dis tri bu tion of stresses in the pottant is highly de pend ent on the an chor con struc tion and ma te rial prop er ties. But para met ric

stud ies can not be eas ily per formed by us ing the FEM. There fore, there is a need for an a lyt i cal mod els, cal i brated to ex per i men -

tal re sults, upon which a ra tio nal ap proach to the de sign of FRP pot ted an chor age sys tems can be based. Such a model is pro -

posed in the pres ent study. It in volves sig nif i cant sim pli fy ing as sump tions and gives an op por tu nity to ob tain a rel a tively sim -

ple an a lyt i cal so lu tion for shear-stress dis tri bu tions at the FRP rod-pottant in ter face. The use of this so lu tion, at var i ous

bound ary con di tions and dif fer ent geo met ri cal and me chan i cal pa ram e ters of an chor com po nents, en ables one to search for and 

eval u ate, at least qual i ta tively, dif fer ent means of de creas ing the peak interfacial shear stress in the anchor and of increasing the

tensile load-carrying capacity.

2. The o ret i cal Anal y sis

2.1. De scrip tion of the model. It is sug gested to sim u late the pot ted (bond-type) an chor age for round com pos ite rods

with a sim ple model. The sys tem to be mod eled con sists of an in ner cy lin dri cal FRP rod, an in ter me di ate cy lin dri cal layer, and

an outer sleeve, con nected with each other in a way ex clud ing slip ping and loaded in ten sion. The ma te ri als of all the com po -

nents are lin early elas tic. Ex ter nal forces P are ap plied to ei ther of sleeve ends and to the loaded end of the rod (Fig. 1a, b). The

anal y sis is based on the hy poth e ses that (i) the stress states in the rod and sleeve are one-di men sional, (ii) plane cross sec tions in

the rod and sleeve re main plane af ter load ing, and (iii) the in ter me di ate cy lin dri cal layer is loaded only in shear and is not sub -

jected to ten sile and peel stresses. The aim is to es ti mate the shear stresses at in ter faces of the cyl in ders. The va lid ity of this
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Fig. 1. Load ing schemes (1, 2, and 3) con sid ered: a ten sile force at z = 0 (a); a com pres sive

force at z l=  (b); an ar bi trary lo ca tion of the load point (c).  1 — locknut.



model will be ver i fied by solv ing the prob lem with the use of FEM. Here af ter, the sub scripts R, I, and S will re fer to the in ner

cy lin dri cal rod, the in ter me di ate pot ted layer, and the outer sleeve, re spec tively.

The prob lem state ment is partly sim i lar to that pre sented in [8], where the outer sleeve was as sumed to be per fectly

rigid. This study con tains a dis crep ancy con nected with the as sump tion that the ax ial dis place ment of the outer rigid sleeve is

equal to zero. This sim pli fi ca tion is un nec es sary, and, as will be seen later, a more ac cu rate prob lem state ment does not cause

con sid er able difficulties.

Let us as sume that the shear force per unit length, T, act ing on the outer sur face of unit length of the in ner rod and on

the in ner sur face of the sleeve is pro por tional to the rel a tive dis place ment of the rod and sleeve:

T k w w= -( )R S , (1)

where k is a co ef fi cient, which can be de ter mined the o ret i cally (as will be shown later) or ex per i men tally; ( )w wR S-  is the rel a -

tive ax ial dis place ment of the rod and sleeve caused by their elon ga tion and by shear de for ma tion of the in ter me di ate layer.

Con sid er ing the bal ance of forces act ing on a small el e ment of the rod (Fig. 2), we can write that

dF

dz
TR = , (2)

where z is de fined as shown in Fig. 1b. The dif fer en ti a tion of Eq. (1) gives

dT

dz
k

dw

dz

dw

dz
= -

æ

è
ç

ö

ø
÷

R S  . (3)

The ax ial dis place ments of the rod and sleeve are re lated to ten sile stresses by Hooke’s law:

dw

dz

F

E S
R

R
R

R R

= =e ,    
dw

dz

F

E S
S

S
S

S S

= =e . (4)

In Eqs. (4), FR,S, ER,S, and S R,S are the nor mal forces, the moduli of elas tic ity, and cross-sec tional ar eas of the rod and 

sleeve, re spec tively. Sub sti tut ing Eq. (2) into Eq. (3), we obtain

d F

dz
k

F

E S

F

E S

2

2
R R

R R

S

S S

= -
æ

è
çç

ö

ø
÷÷ . (5)

2.2. An ex ter nal force ap plied to the outer end of the sleeve. For load ing con di tions cor re spond ing to Fig. 1a, the

equa tion of to tal bal ance of forces has the form
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F F PS R+ = . (6)

From Eqs. (5) and (6), it fol lows that

d F

dz
F k

P

E S

2

2

2R
R

S S

- = -a , (7)

where

a 2 1 1
= +

æ

è
çç

ö

ø
÷÷k

E S E SR R S S

 . (8)

Equa tion (7) is very sim i lar to the gov ern ing equa tion oc cur ring in all stud ies on the me chan ics of com pos ites us ing

the shear-lag anal y sis (see the above-men tioned pa pers). The main dif fer ences are in the value of the shear-lag pa ram e ter a and

in the co ef fi cient on the right-hand side of the equa tion. Add ing up the gen eral so lu tion of the cor re spond ing ho mo ge neous

equa tion and a par tic u lar so lu tion of Eq. (7), we obtain the expression for FR

F A z B z
kP

E S
R

S S

sinh cosh= + +( ) ( )a a
a 2

,
(9)

and us ing Eq. (2), the ex pres sion for T

T
dF

dz
A z B z= = +R cosh sinha a a a( ) ( ).

(10)

The con stants A and B are found from the bound ary con di tions

FR = 0  at  z = 0,   F PR =   at  z l= . (11)

Af ter solv ing sys tem (11), we ob tain

A
kP

E S

l

l

P

l
= - ×

-
+

a

a

a a2

1

S S

cosh

sinh sinh

( )

( ) ( )
,    B

kP

E S
= -

a 2
S S

.

The lon gi tu di nal nor mal force (9) in the rod now is ex pressed as

F
P

l
l l z zR

sinh
sinh sinh sinh=

+
× - - +

1

1

b a
b a a a

( )
[ ( ( ) ( ( ))) ( )] ,

where b =
E S

E S
R R

S S
.

The lon gi tu di nal nor mal force in the sleeve is 

F P FS R= -  T
dF

dz
A z B z= = +R cosh sinha a a a( ) ( ).

The shear force per unit length in the in ter me di ate layer is 

T
dF

dz

P

l
l z z= =

+
× - +R

sinh
cosh cosh

1 b

a

a
b a a

( )
[ ( ( )) ( )] . (12)

2.3. An ex ter nal force ap plied to the in ner end of the sleeve. Let us con sider the case where a com pres sive force is

ap plied to the in ner end z l=  of the sleeve (Fig. 1b). It this case, equi lib rium equa tion (6) for the con tact re gion reads

F FS R+ = 0, (13)
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and Eq. (7) be comes ho mo ge neous:

d F

dz
F

2

2

2 0R
R- =a . (14)

The so lu tion of Eq. (14) has the form

F A z B zR sinh cosh= +( ) ( )a a . (15)

The shear force is de ter mined as be fore:

T
dF

dz
A z B z= = +R cosh sinha a a a( ) ( ). (16)

The con stants A and B, found from bound ary con di tions (11), have the val ues

A
P

l
=

sinh ( )a
,   B = 0.

The lon gi tu di nal nor mal and shear forces are cal cu lated us ing Eqs. (4), (5), and (13):

F P
z

l
R

sinh

sinh
=

( )

( )

a

a
,   T P

z

l
= a

a

a

cosh

sinh

( )

( )
,   F FS R= - . (17)

The relations for the ten sile force FR  and shear force per unit length, T, in the gen eral form (9), (10) or (15), (16) will

be used in var i ous de sign mod els in the fol low ing anal y sis. 

2.4. Ar bi trary lo ca tion of the load point. The re sults ob tained may be used to clar ify the ef fect of lo ca tion of the load 

point along the sleeve of con stant thick ness on the stress state in the an chor. Such a vari able load point z l= 1 (see Fig. 1c) can be 

re al ized, for ex am ple, through a lock ing bear ing nut mov ing along the thread on the sur face of the sleeve.

In this case, the so lu tion on the in ter val 0 £ £z l1 is sim i lar to (15), (16):

F A z B zR1 sinh cosh= +1 1( ) ( )a a , (18)

T A z B z1 1 1= +a a a acosh sinh( ) ( ).

The form of so lu tion on the in ter val l z l1 £ £  is sim i lar to (9), (10):

F A z B z
kP

E S
R2

S S

sinh cosh= + +2 2 2
( ) ( )a a

a
,

(19)

T A z B z2 2 2= +a a a acosh sinh( ) ( ).

The bound ary con di tions are

FR1 = 0  at  z = 0,   F FR1 R= 2   at  z l= 1,
(20)

dF

dz

dF

dz
T TR1 R= =2

1 2( )  at  z l= 1,   F PR2 =    at  z l= .

The third con di tion in (20) is the re sult of con ti nu ity of the lon gi tu di nal dis place ment at the point z l= 1 and of ho mo -

ge ne ity of the in ter me di ate cyl in der. Since w wS S21 =  and w wR R21 = , w w w wR S R2 S21 1- = -  and T T1 2=  [see Eq. (1)], and

there fore 
dF

dz

F

dz
R1 R= 2  [see Eq. (2)].
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Af ter sub sti tut ing re la tions (18) and (19) for FR1 and FR2  into Eq. (20) and solv ing the sys tem of equa tions, we ob tain

the fol low ing re la tions for shear forces in the in ter me di ate cyl in der and, us ing Eqs. (6) and (17), for the nor mal forces FS1 and 

FS2  in the sleeve when an ex ter nal force P is ap plied to the sleeve at the point z l= 1:

T
P z l l

l
1

1 1

1
=

+

+

a a b a( -

b a

cosh cosh

sinh

( )[ ( )) ]

( ) ( )
   (0 1£ £z l ), (21)

T
P l l z z

l
2

1
=

- +

+

a b a a a

b a
1[ ( ) ( ( )) ( )]

( ) (

cosh cosh cosh

sinh )
   (l z l1 £ £ ), (22)

F
P z l l

l
S

sinh cosh

sinh
1

1 1

1
= -

+

+

( )[ ( )) ]

( ) ( )

a b a( -

b a
   (0 1£ £z l ), (23)

F
P

l
l z

l
S2

cosh
cosh cosh

cosh cosh
=

+
- +

( ) ( )
( ) ( )

[ ( )

1 b a
a a

b a ( ) ] ( ( ))

( )

a a

a

l l z

l
1 1+ -é

ë
ê

ù

û
ú

sinh

sinh
 

 (l z l1 £ £ ).
(24)

2.5. Sim u lat ing the shear stiff ness of the in ter me di ate (pot ted) cyl in der. Be fore an a lyz ing the re sults ob tained, it is 

nec es sary to ex am ine the gov ern ing pa ram e ters of the prob lem more care fully. Let us con sider the in ter me di ate pot ted cyl in der

to es ti mate the value of k in Eq. (1) the o ret i cally. For ap prox i ma tion of this pa ram e ter, we will ex am ine the stress state of a thick 

in fi nitely long hol low cyl in der loaded with con stant shear stresses t0  and t i  at its outer and in ner sur faces, re spec tively; the

stress t i  is aligned with the pos i tive di rec tion of the z-axis, but t0  has the op po site di rec tion. In our case, the shear stresses sat -

isfy the re quire ment t t0 0r ri i= , i.e., the cyl in der is not loaded with a lon gi tu di nal nor mal force. This type of load ing was also

con sid ered in [26, 27] by us ing stress func tions of a par tic u lar type. Em ploy ing the re sults of these stud ies and tak ing into ac -

count that T ri i= -t p2 , we ob tain the sim ple re la tion

k
G

r ri
=

2

0

p I

ln ( )
,

where G
E

I
I

I

=
+2 1( )m

 is the elas tic shear modulus of the in ter me di ate pot ted cyl in der. This ex pres sion for k must be in serted

into re la tion (8). In tro duc ing the dimensionless pa ram e ter a a= l and vari able z z l= , we have

a
p

b2 2

0

21 1 2
1= +

æ

è
çç

ö

ø
÷÷ = × × +l k

E S E S

G

E r r

l

SiR R S S

I

R Rln ( )
( )

( )

ln ( )
= ×

+
×

G

E r r

l

ri

I

R R
2

2 1

0

2b
,

where b =
E S

E S
R R

S S

, and r ri = R  is the ra dius of the rod.

Us ing the ad di tional dimensionless pa ram e ters jE G E= I R , jr ir r= 0 , and jL l r= R , we fi nally ar rive at the re la -

tion for a in the form

a j
j

j
b= +L

E

r

2
1

ln
( ), (25)

which will be used in all sub se quent cal cu la tions and anal y ses. 
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3. Para met ric Anal y sis  

3.1. An a lyt i cal study. In ac cor dance with the aim of this in ves ti ga tion, let us an a lyze the in ter fa cial shear stresses. We 

nor mal ize the shear stress t
p

R =
T

R2
  at the sur face of FRP rod to the mean ten sile stress in the rod s

p
m

P

R
R =

2
 in its fully

loaded part, namely t
t

s
R

R

R

( )
( )

z
z

m

= . The re la tion cor re spond ing to load ing of the sleeve ac cord ing to scheme 1 (Fig. 1a), where 

an ex ter nal ten sile load is ap plied to its outer end [nor mal ized re la tion (12)], has the form

t
j b

a

a
b a aR1
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If an ex ter nal com pres sive force is ap plied to the in ner end of the sleeve (scheme 2, Fig. 1b), then
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First, let us an a lyze scheme 1 and com pare shear stresses at the in ner (z = 1) and outer (z = 0) ends of the rod in side the

an chor. The dif fer ence be tween these stresses is
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As may be seen from Eq. (28), t tR1 R1( ) ( )1 0 0- <  if b > 1 (the rod is stiffer than the sleeve in ten sion). If  b < 1 (the

sleeve is stiffer in ten sion), t tR1 R1( ) ( )1 0 0- > . If the ten sile stiffnesses of the sleeve and rod are the same (b = 1), the shear

stresses at both ends of the rod are equal (the most fa vor able sit u a tion). Thus, the ra tio of rod and sleeve stiffnesses plays an im -

por tant role in the dis tri bu tion of shear stresses at the rod surface.

Sub sti tut ing ex pres sion (25) for a in the nu mer a tor of Eq. (26), we obtain
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If jL ® ¥, then a ® ¥, and we see that the max i mum value of tR  re mains lim ited when the length of an chor l grows

in fi nitely. At b < 1 (a stiff sleeve), the max i mum shear stress oc curs at z = 1 and 
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At b > 1 (a soft sleeve), the shear stresses are max i mum at z = 0 and 
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Now, let us turn to scheme 2, where a com pres sive lon gi tu di nal force is ap plied to the in ner end of the sleeve. It is ev i -

dent [see Eq. (27)] that the shear stress is max i mum near the force point z = 1. It is in ter est ing to com pare the max i mum shear

stresses for both the load ing schemes, as sum ing that all other pa ram e ters of the sys tem are the same. If b > 1,

t
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(29)
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If b < 1, 
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(30)

As may be seen from Eqs. (29) and (30), for all val ues of the pa ram e ter b (the ra tio of ten sile stiffnesses of the rod and

sleeve), the max i mum shear stress is al ways higher in the load ing scheme where the ex ter nal force is ap plied to the in ner end of

the sleeve (scheme 2).

If the ten sile stiff ness of the sleeve is in fi nitely high (b ® 0), ex pres sions of shear stresses, (26) and (27), for schemes 1 

and 2 co in cide. As would be ex pected, the lo ca tion of the ex ter nal force ap plied to a rigid sleeve has no ef fect on the dis tri bu tion 

of shear stresses in the in ter me di ate cyl in der. Ra tio (30) is equal to unity, and the max i mum shear stress (at z = 1) is given by the 

expression

t t
j

j
aR1 R2 coth( ) ( )

ln
( )1 1

1

2

2
= = E

r

.

3.2. Nu mer i cal study. First, let us con sider the re sults cal cu lated by the FEM. The an a lyt i cal model pre sented in -

volves sig nif i cant sim pli fy ing as sump tions. To eval u ate the ac cu racy of shear stresses cal cu lated by the model pro posed, the

stress state in the an chor was cal cu lated by means of the FEM. Ow ing to sym me try of the prob lem, it suf fices to model only one

quad rant of the an chor con fig u ra tion. Ex ter nal forces were ap plied to a cross sec tion of the com pos ite rod far from the an chor -
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scheme 1 (Fig. 1a).



age zone and to the outer end of the sleeve (scheme 1, Fig. 1a). The FEM pro gram used three-di men sional 8-node isoparametric 

el e ments.

The val ues of geo met ri cal and ma te rial pa ram e ters were as fol lows: ra dius of the FRP rod rR  = 0.004 m; ra dii of the

sleeve rsi  = 0.0065 and 0.0125; rso  = 0.0175 m; length of the an chor l = 0.250 m; length of the rod out side the an chor, lfree  =

0.100 m.

The me chan i cal prop er ties of an chor com po nents were as fol lows. Car bon FRP rod (IM7/3501-6): E z  = 160 GPa, 

E Er = q  = 10 GPa, G Gzr z= q  = 5 GPa, Grq  = 3 GPa, n n qzr z=  = 0.01875, and n qr  = 0.52. Steel sleeve: E = 200 GPa and nS =

0.35. Pot ted cyl in der: E = 3 GPa, n = 0.30 (ep oxy pottant), E = 26 GPa, and n = 0.22 (cementitious grout).

Dis tri bu tions of the lon gi tu di nal ten sile stress in the car bon FRP rod, ep oxy-pot ted cyl in der, and steel sleeve are pre -

sented in Fig. 3. As may be seen, they are prac ti cally uni form, and the ten sile stresses in the pottant are very small. Thus, the re -

sul tant lon gi tu di nal forces in the in ter me di ate cyl in der are very close to zero, and the use of equi lib rium equa tions (6) and (13)

is jus ti fied. These re sults con firm the va lid ity of the assumptions made in Sect. 2.1.

A com par i son of dis tri bu tions of the nor mal ized (re lated to the mean ten sile stresses in the rod) in ter fa cial shear and

peel stresses ob tained by both the meth ods are pre sented in Fig. 4, where the dis tri bu tions are dis played only to the point 1 mm

dis tant from the in ner end of the pot ted cyl in der to avoid sin gu lar i ties. The max i mum nor mal ized stresses in re la tion to the
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thick ness of the pot ted cyl in der are shown in Fig. 5. A com par i son shows a good agree ment be tween the so lu tions for shear

stresses given by the closed-form the ory and the FEM mod els; the hoop and peel stresses are sev eral times lower than the shear

stress and are not crit i cal from the view point of load-car ry ing ca pac ity. This con clu sion is true prac ti cally for the en tire vol ume

of the in ter me di ate cyl in der, ex cept for a nar row zone near its in ner edge. The stress state in this zone falls into the cat e gory

called the end ef fect, which is one of the most fun da men tal prob lems in the me chan ics of ad he sive joints [23, 29]. The de ter mi -

na tion of stress con cen tra tions at the edge of a bonded cyl in der is dif fi cult even when the FEM is used and calls for fi nite el e -

ments of a spe cial type [30, 31], par tic u larly if the bonded cyl in der has a square end, as in our case. This prob lem is be yond the

scope of our pa per. Let us only re mark that none of the an a lyt i cal so lu tions known can ac cu rately de scribe the stress state in this 

zone. In prac tice, the un avoid able pres ence of a fil let at the end of the pot ted (bond-type) cyl in der mod i fies the stress dis tri bu -

tion and de creases the stress con cen tra tion in the edge zone.

Thus, the as sump tions ac cepted do not lead to qual i ta tive dif fer ences be tween the shear-stress dis tri bu tions cal cu lated

by the FEM and the model sug gested. There fore, the re la tions ob tained can un doubt edly be used for eval u at ing, at least qual i ta -

tively, the in flu ence of pot ted an chor pa ram e ters on the peak interfacial shear stress.

A wide spec trum of ma te ri als may be cho sen for com po nents of the an chor age sys tem: steel, brass, stain less steel,

wound FRP, ce ment tubes wrapped with CFRP, and cor ru gated steel tubes for the sleeve, poly es ter, ep oxy, ex pan sive

cementitious ma te ri als for the pottant, and car bon, aramid, or glass FRP for the com pos ite rod. Tak ing into ac count such a va ri -
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ety of ma te ri als and their pos si ble com bi na tions, the fol low ing ba sic val ues of pa ram e ters were cho sen: b =
E S

E S
R R

S S

 = 0.1, 0.5,

1.0; jE
G

E
= I

R

 = 0.01, 0.1. The geo met ri cal pa ram e ters corresponded to the anchor considered in [10]:

jL l r= R  = 30; jr ir r r r= =0 0 R  = 3.125.

First, let us con sider the ten sile load ing of the sleeve at its outer end (scheme 1, Fig. 1a). It is sug gested ini tially that the 

compliances of the outer sleeve and the in ter me di ate bond cyl in der can be var ied over a suf fi ciently wide range. The fol low ing

re sults were ob tained us ing re la tion (26). The im pact of the sleeve stiff ness in ten sion on the shear-stress dis tri bu tion at the in -

ter face be tween the rod and the in ter me di ate cyl in der is il lus trated in Fig. 6. The re sults ob tained con firm the con clu sions

drawn from the the o ret i cal anal y sis. That is, if the stiff ness of the sleeve de creases (b in creases), the shear stress near the in ner

end (z = 1) de creases. At b = 1, the shear stresses at both ends of the an chor age zone are equal. At b > 1, the max i mum value of

the shear stress is shifted from z = 1 to z = 0. The use of com pli ant sleeves is gen er ally more fa vor able for in creas ing the

load-car ry ing ca pac ity of a bonded an chor in load ing scheme 1, be cause the de creased val ues of the peak shear stress at the in -

ner end of the rod de crease the con cen tra tion of the lon gi tu di nal nor mal stress in cross sec tions near the point z = 1 [14]. How -

ever, the de sign of a sleeve more com pli ant than the ten don in volves a prob lem. Since the sleeve must have a higher ten sile
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load-car ry ing ca pac ity than the ten don, it must be made of a strong ma te rial, usu ally with a high modulus of elas tic ity, or have a

large cross-sec tional area. It is pos si ble that such con tra dic tory re quire ments (high strength and low com pli ance) may be re al -

ized by us ing spe cial sleeves made of a low-modulus, high-strength CFRP or sleeves whose low compliance is achieved by

structural means.

Other ways of de creas ing the peak shear stress in the rod are con nected with in creas ing the an chor length or with in -

creas ing the thick ness and shear com pli ance of the in ter me di ate cyl in der. The in flu ence of an chor length in the case of a stiff

sleeve (b = 0.1) is il lus trated in Fig. 7. Length en ing the an chor de creases the peak shear stress to a cer tain limit, as was pre dicted

by the pre vi ous the o ret i cal anal y sis. This limit is seen more clearly in Fig. 8. Prac ti cally, for all val ues of b, vari a tions in the

shear stress at z = 1 ter mi nate at jL > 25-30. There fore, if the in ter me di ate pottant cyl in der is made of a lin early elas tic ma te rial, 

very long an chors have no ad van tage: no fur ther re duc tion in the peak shear stress at the in ner end of the rod can be ob tained af -

ter reach ing a cer tain crit i cal length (this sit u a tion is sim i lar to that in ad he sive joints [29] and has also been ob served in the con -

text of aramid-FRP prestressed tendons with steel sleeves and a cementitious grout [32]).

A more ef fec tive means of re duc ing the peak shear stress in the FRP rod is to re duce the shear modulus of the in ter me -

di ate pot ted cyl in der (Fig. 9). As can be seen, a de crease in the shear modulus by a fac tor of ten de creases the max i mum shear

stress by a fac tor of three. How ever, the use of this ap proach must be as sessed very care fully, since a re duced shear modulus is

usu ally con nected with a reduced shear strength.
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An in crease in the ra tio be tween ra dii of the in ter me di ate cyl in der also de creases the max i mum shear stresses at the rod 

sur face (Fig. 10). How ever, this de crease is lim ited, be cause in creas ing this ra tio more than 2.5-3.0 times is in ef fec tive (Fig.

11).

We now pro ceed to load ing scheme 2, which en tails an ex ter nal com pres sive force on the in ner end, b, of the sleeve

(Fig. 1b). In this case, the shear stresses on the rod sur face are de scribed by re la tion (27). The im pact of (z = 1) on the

shear-stress dis tri bu tion is less ev i dent than in scheme 1 and is op po site to that in scheme 1: greater val ues of b (less stiff

sleeves) lead to higher peak shear stresses, which do not change their lo ca tion (z = 1), as shown in Fig. 12. Greater val ues of b

also lead to greater dif fer ences be tween the stress dis tri bu tions in schemes 1 and 2 (Fig. 13). It can also be seen that the load ing

ac cord ing to scheme 1 sig nif i cantly de creases the peak shear stress near the in ner end of the rod. The fact that the dis tri bu tion of 

shear stress de pends on the method of load ing was no ticed in ex per i ments with pot ted an chors [10] and in pull-out tests of

fibers [17].

Next we will con sider the case where the ex ter nal force is ap plied to a point be tween ends of the sleeve (scheme 3, Fig.

1c). The rel a tive shear stresses in the re gions to the right and left of the ap plied force are again ob tained by trans form ing Eqs.

(21) and (22), re spec tively. The rel a tive forces F F PS S1 2 1 2, ,=  in the sleeve are ob tained from Eqs. (23) and (24). In such a

load ing, one part of the sleeve is com pressed and the other one stretched. The rel a tive com pres sive FS1 and ten sile FS2  forces

cre ated in the rod for load ing po si tions 0 1< <l  1 (l l l1 1= ) are given in Fig. 14. As seen, at cer tain val ues of l1 (0.78 for jE  =

0.01 and 0.935 for jE  = 0.1), the forces to the left (FS1 = –0.42) and right (FS2  = 0.58) of the load point do not de pend on the ra -
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tio b be tween ten sile stiffnesses of the rod and sleeve. It is also seen that the lo ca tion of the load point when the ten sile and com -

pres sive forces are equal to half the ap plied load is about l1 = 0.83 at jE  = 0.01 and about l1 = 0.95 at jE  = 0.1. Thus, by chang -

ing the lo ca tion of the load point or by de creas ing the sleeve thick ness and mak ing it more com pli ant, one can sig nif i cantly

increase its longitudinal load-carrying capacity. 

The rel a tive peak in ter fa cial shear stress be tween the rod and pottant (at z = 1) as a func tion of lo ca tion of the load

point are pre sented in Fig. 15a, b. As seen, a shift of the load point from z = 1 to lower val ues de creases the shear stresses sig nif -

i cantly only for rel a tively com pli ant sleeves, whose stiffnesses is of the same or der of mag ni tude as that of the com pos ite rod.

There is a wide range of l1 within which the lo ca tion of the load point does not have a no tice able in flu ence on the max i mum

shear stresses (0 £ £l1  0.5 at jE  = 0.01 and 0 £ £l1  0.8 at jE  = 0.1). There also ex ist lo ca tions of the load for which the re la tion

be tween sleeve and rod stiffnesses does not prac ti cally in flu ence the peak in ter fa cial shear stress (l1 » 0.845 at jE  = 0.01 and 

l1 » 0.95 for at jE  = 0.1).

The shear stresses on the rod sur face at the cross sec tion cor re spond ing to the load point  z = l1 are usu ally lower than

those at the in ner end z = 1 of the sleeve (com pare Figs. 15 and 16). This is also clearly seen in Fig. 17, where the dis tri bu tions

of shear stresses along the rod sur face are pre sented for the case where the ex ter nal force is ap plied at the mid point of sleeve

length (at z = 0.5). As may be seen from a com par i son with the data pre sented in Fig. 16, the max i mum shear stresses in this

case are lower than the max i mum shear stresses in the an chor where the sleeve loaded with a com pres sive force at z = 1 and are

prac ti cally equal to those in the sleeve loaded with a ten sile force at z = 0.

Con clu sions

The re sults ob tained dur ing the anal y sis of the model of pot ted bond-type an chors with a sleeve of con stant thick ness

lead to the fol low ing prac ti cal con clu sions.

1. The com pli ance of the sleeve sig nif i cantly af fects the shear-stress dis tri bu tion at the sur face of the FRP rod.

2. The ef fect of com pli ance of the sleeve de pends on the ax ial lo ca tion of the ex ter nal load on the an chor. An in crease

in the com pli ance de creases the peak shear stress at the in ner end of the rod when the sleeve is loaded with a ten sile force at its

outer end and in creases the peak stress at the in ner end of the rod when the sleeve is loaded with a com pres sive force at its inner

end.

3. In all the cases con sid ered, the max i mum shear stress is higher when the sleeve is loaded at its in ner end.

4. Length en ing the an chor de creases the max i mum shear stress to a cer tain limit. In the cases con sid ered, vari a tions in

this stress prac ti cally come to a stop as soon as the rel a tive length ex ceeds the values 25-30.

5. An ef fec tive means of re duc ing the peak shear stress is di min ish ing the shear modulus of the pot ted in ter me di ate

cyl in der. A de crease in the shear modulus by a fac tor of ten de creases the max i mum shear stress by a factor of three.
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6. An in crease in the ra tio be tween ra dii of the pot ted in ter me di ate cyl in der also de creases the peak shear stress, but

this de crease is lim ited. In creas ing this ra tio more than 2.5-3.0 times is ineffective.

7. The load-car ry ing ca pac ity of the sleeve can be in creased by shift ing the load point from ei ther end of the sleeve to

in ter me di ate sections.

8. Shift ing the load point from the in ner end of the sleeve to its mid point de creases the peak shear stress sig nif i cantly

only in the case of rel a tively com pli ant sleeves, whose stiff ness is of the same or der of mag ni tude as that of the com pos ite rod.

There is a wide range of load-point po si tions within which the lo ca tion of the point does not have a no tice able in flu ence on the

peak shear stress.

Us ing some mod i fi ca tions of the model pro posed, the load-car ry ing ca pac ity of pot ted an chors with sleeves of vari -

able thick ness, multipotted an chors, and an chors with an elas tic fric tion bond be tween the pottant and rod will be stud ied in fur -

ther investigations.
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