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The ap pli ca bil ity range of tough ness- and strength-based cri te ria for pro gres sive crack ing of a trans verse

layer in a cross-ply com pos ite lam i nate sub jected to ten sile load ing is con sid ered. Us ing a de ter min is tic crack -

ing model, ap prox i mate re la tions for the crack den sity as a func tion of stress are de rived for ini ti a tion- and

prop a ga tion-con trolled types of crack ing. The mas ter-curve ap proach is ap plied to pro gres sive crack ing in

glass/ep oxy lam i nates. The ac cu racy of es ti ma tion of lam i nate stiff ness re duc tion by us ing crack den sity mas -

ter curves is eval u ated.

1. In tro duc tion

The elab o ra tion of a model for ini tial dam age ac cu mu la tion, i.e., for cross-ply crack ing, in lam i nated com pos ites has

at tracted con sid er able re search ef fort, as ex em pli fied by re views [1-4]. The pres ence of trans verse cracks as such is usu ally not

crit i cal to the load-bear ing ca pac ity and struc tural in teg rity of the com pos ites, the prin ci pal con cern be ing the stiff ness re duc -

tion as so ci ated with crack ing. A num ber of mod els re lat ing the stiff ness char ac ter is tics of a fi ber-re in forced com pos ite to the

crack den sity (CD) in its plies have been created [5, 6]. How ever, in or der to eval u ate the stiff ness re duc tion upon given

loading, the corresponding CD has to be determined.

The crack ing of a trans verse ply in a com pos ite lam i nate sub jected to ten sile load ing has been first con sid ered in a sys -

tem atic man ner in the 1970s [7-10] based on glass-fi ber-re in forced com pos ites. It was shown that the pro gres sive crack ing

could be de scribed by us ing a strength cri te rion for the re pet i tive fail ure of a trans verse ply [7, 10, 11]. Con trarily, the strength

cri te rion com plied with the crack on set strain (COS) only for a rel a tively thick trans verse ply, fail ing to pre dict the pro nounced

thick ness de pend ence of COS for thin trans verse plies ac cu rately cap tured by the en ergy re lease rate ERR-based cri te rion of

crack ing [9]. The men tioned tran si tion from the ERR-con trolled to the strength-con trolled crack ing at a cer tain thick ness of the

trans verse ply has been ob served for both glass- and carbon-fiber-reinforced cross-ply composites [9, 12-14]. 
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As or i gins of trans verse cracks, such im per fec tions of ply struc ture as voids and re gions of high fi ber den sity were

iden ti fied [7]. The im per fec tions are thought to fa cil i tate fi ber debonding, lead ing to the ap pear ance of microcracks [15]. The

growth con di tions for such flaws, mod eled as el lip ti cal cracks in an anisotropic ho mo ge neous ply, were con sid ered in [12]. An

anal y sis of ERRs avail able for the thick nesswise and widthwise prop a ga tion of microcracks al lowed the au thors to dis tin guish

two dif fer ent crack ing sce nar ios, cor re spond ing to thin and thick transverse plies.

 A ply is con sid ered thin if the flaws pres ent span the whole its thick ness. Then only the widthwise prop a ga tion con di -

tion has to be es tab lished. As the cracks of such a size are typ i cally of a steady-state length, they start grow ing as soon as the

steady-state ERR reaches the crit i cal ERR, G Gss c= , i.e., the frac ture me chan ics cri te rion of crack ing pre vails. The steady-state 

ERR, Gss, can be ac cu rately de ter mined by em ploy ing, e.g., a fi nite frac ture mechanics analysis [1]. 

A ply is con sid ered thick if its thick ness con sid er ably ex ceeds the char ac ter is tic flaw size. In this case, the microcracks 

first prop a gate in the thick ness di rec tion, at a crit i cal stress prac ti cally in de pend ent of ply thick ness, and then, at the same load

level, they also span the width of the ply [12]. Thus, the crack ing on set in a thick ply is con trolled by the crit i cal stress. The lat ter 

is ei ther close to or slightly ex ceeds the trans verse ten sile strength of a UD composite [9, 12-14]. 

A de tailed anal y sis of ini ti a tion and prop a ga tion con di tions of trans verse cracks has been per formed in [16, 17]. Ex -

ten sive ex per i men tal stud ies of crack ing in CFRP cross-ply spec i mens with a range of thick ness of the trans verse ply and ei ther

pol ished or notched edges are re ported in [16]. The crack de vel op ment in GFRP cross-ply lam i nates, with two dif fer ent thick -

nesses of the trans verse ply, un der off-axis ten sion is an a lyzed in [17]. The anal y ses strongly sug gest that the ply strain (or

equiv a lently, the trans verse stress in the ply) con trols the ini ti a tion of trans verse cracks, whereas the ERR governs the crack

propagation.

Both the ini ti a tion and the prop a ga tion cri te ria have to be ful filled for a crack to ap pear at a given load. The sche matic

of the de pend ence of COS on the thick ness of the trans verse ply shown in Fig. 1 il lus trates the in ter play of strength and crit i cal

ERR cri te ria [13, 18] (see the dis cus sion in [14]).  For thicker plies, the ini ti a tion cri te rion de ter mines the on set of crack ing, be -

cause the ERR cri te rion is met al ready at lower loads. Con versely, for thin trans verse plies, a crack is sta ble upon its ini ti a tion,

and the load has to be in creased to meet the prop a ga tion cri te rion. The same se quence of ini ti a tion and prop a ga tion events ap -

plies not only to crack on set, but also to pro gres sive crack ing [14]. It should be noted that, should the lam i nate sus tain a dam age

lead ing to through-the-thick ness flaws, it is the prop a ga tion cri te rion that gov erns the onset of a transverse crack, regardless of

ply thickness [12]. 

In this pa per, we de rive re la tions of mas ter curves for ini ti a tion-con trolled and prop a ga tion-con trolled crack ing, as -

sum ing a de ter min is tic strength and a de ter min is tic crit i cal ERR, re spec tively, ap ply them to a pro gres sive crack ing anal y sis of

glass/ep oxy cross-ply lam i nates with dif fer ent struc tures, and also eval u ate the ac cu racy of the mas ter-curve ap proach to pre -

dict ing the com pos ite stiffness reduction due to cracking. 

2. De riv ing the Mas ter Curves of Pro gres sive Crack ing

2.1. Ini ti a tion-con trolled crack ing. Con sider the in-plane ten sile load ing of a cross-ply com pos ite lam i nate of struc -

ture  [0 90n m ]s by a stress sc  nor mal to the re in force ment di rec tion of the trans verse ply. The in-plane stress s0  in an in tact

trans verse unidirectionally re in forced (UD) ply is estimated as  

s s s0 2
2

0

= +r E

Ec
c , (1)

where s
2
r  is the re sid ual stress in the trans verse ply, E2  stands for the trans verse modulus of the UD com pos ite, and Ec0  is

Young’s modulus of the cross-ply com pos ite in the load ing di rec tion. The ap pear ance of cracks causes a non uni form stress dis -

tri bu tion in the plies. The vari a tion of stress in the trans verse ply be tween two ad ja cent cracks spaced at a dis tance L can be es ti -

mated by the shear-lag model as [3]
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where k is the shear-lag pa ram e ter (the in verse of the stress trans fer length) and the or i gin of the x axis co in cides with one of the

cracks. 

For a de ter min is tic ply strength, a new crack should ap pear at the spot of high est stresses, i.e., mid way be tween the ex -

ist ing cracks, as soon as the stress s( )L 2  reaches the crit i cal level. As the strength cri te rion gov erns the ini ti a tion-con trolled

crack ing, we des ig nate the crit i cal stress by s init ; hence, the con di tion for crack ing be comes s( )L 2  = s init .  Us ing Eq. (2), the

crack ing cri te rion can be transformed to 

s

s k

0
2

1
1

2 4init sinh
- =

L
.

(3)

At an ad vanced crack ing stage, the crack spac ing be comes smaller than the stress trans fer length,  kL £ 1. Ex pand ing

the de nom i na tor in the rhs of Eq. (3) in power se ries of kL and re tain ing only the first term, we obtain

s

s k

0
2

1
8

init

- =
( )L

.
(4)

The de ter min is tic mod els of pro gres sive crack ing typ i cally fol low the sce nario of a reg u lar crack ar range ment, start -

ing, e.g., with the first crack at the spec i men cen ter, the next two cracks at spec i men ends, and as sum ing that each sub se quent

crack gen er a tion is formed mid way be tween the ex ist ing cracks [10, 11]. Thus, the crack den sity r is re lated to the crack spac -

ing as r =1 L, and Eq. (4) can be rearranged in the form

r
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with the fac tor C init  equal to 1/8.

In ter pret ing Eq. (5) as a con tin u ous re la tion be tween the ply stress and CD in the ply, we ob tain the mas ter curve of ini -

ti a tion-con trolled crack ing, valid for an ad vanced crack ing stage, i.e., for in ter act ing cracks. Note that the same func tional form 

of the mas ter curve has been pro posed in [14] based on a proba bil is tic cracking model [19]. 
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Fig. 1. Schematic of the onset of initiation- and propagation-controlled cracking in a cross-ply

composite; h is the thickness of the transverse ply. ¡ — typ i cal ex per i men tal re sults; (     ) —

ERR-based criterion; (- - -) — strength criterion.



2.2. Prop a ga tion-con trolled crack ing The ERR as a func tion of lo ca tion be tween two pre ex ist ing cracks spaced at a

dis tance L has been de rived in [20]:
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where G0  stands for the far-field ERR (i.e., the ERR avail able in an in tact trans verse ply). The max i mum of ERR is reached

mid way be tween the cracks, there fore, a new crack ap pears there as soon as the prop a ga tion cri te rion, G L G( )2 = c , is met. The

crack ing cri te rion can be eas ily ex pressed via the ply stress and the crit i cal stress for crack prop a ga tion, sprop . Note that the

far-field ERR in the trans verse ply is re lated to the stress as G0 0
2~ s ; the same holds true for the crit i cal ERR and sprop , there -

fore G G0 0
2

c prop= ( )s s . With ac count of this fact and Eq. (6), the con di tion for ap pear ance of a crack mid way the spac ing 

L be comes

s

s

k k0 1 2
4 2prop
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 .
(7)

Ex pand ing the de nom i na tor in the rhs of Eq. (7) in power se ries of kL up to the first term and re ar rang ing the ex pres -

sion as above, we fi nally obtain
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with the fac tor Cprop  equal to 1 4 2. Equa tion (8) can be in ter preted as a mas ter curve for the prop a ga tion-con trolled crack ing;

the same re la tion for the mas ter curve has been ob tained in [14] by a dif fer ent pro ce dure.

3. Re sults

3.1. Mas ter-curve pa ram e ters . The re la tions for ini ti a tion- and prop a ga tion-con trolled crack ing, Eqs. (5) and (8),

com prise such ma te rial- and lay-up-de pend ent char ac ter is tics as the crack on set and prop a ga tion stresses and the shear-lag pa -

ram e ter of the cross-ply lam i nate, as well as the ma te rial-in de pend ent prefactors. C init  and Cprop  were eval u ated in [14] by fit -

ting the the o ret i cal mas ter curves to test data. The shear-lag pa ram e ter k employed in [14] was obtained as [21]

k =
+

×
+

( )d b E

dbE E

G G

bG dG
c0

1 2

12 23

23 12

3
 . (9)

In Eq. (9), E and G with nu mer i cal sub scripts de note the Young’s and shear moduli of a UD com pos ite lamina (with

the sub scripts 1 and 2 cor re spond ing to the in-plane fi ber and trans verse di rec tions, re spec tively), d is the half-thick ness of the

trans verse plies, and b is the thick ness of the outer, con strain ing 0° plies. (Note that Eq. (9) pro vides an op ti mal es ti mate of the

shear-lag pa ram e ter, as dem on strated in [22].)  

The best-fit es ti mates of C init  = 0.19 and Cprop  = 0.37 re ported in [14] mark edly ex ceed those de rived in Sect. 2.  The

dis crep ancy is likely to be caused by the sim pli fied, reg u lar crack ing model adopted in Sect. 2. Mon i tor ing of the pro gres sive

crack ing re veals that the crack spac ing dis tri bu tion evolves dur ing load ing [23]. Even in an ad vanced frag men ta tion stage, at

com par a tively large strains, a sig nif i cant scat ter in crack spac ing is pres ent [19]. In or der to ap prox i mately ac count for the ef -

fect of vari a tion in spac ings within a de ter min is tic model, the in tro duc tion of cor rec tion fac tors is not un usual (see, e.g., [24]).

In the fol low ing, we will use the best-fit val ues of C init  and Cprop  de ter mined in [14], in conjunction with the shear-lag

parameter given by Eq. (9).

The stress at the on set of crack prop a ga tion, sprop , is re lated to the mode I intralaminar tough ness Gc  as 
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sprop
c=

G E
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2
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where u is the nor mal ized av er age crack face dis place ment [6]. Equa tion (10) is eas ily de rived con sid er ing the work of crack

clo sure for es ti mat ing the steady-state ERR, which must be equal to Gc  at the prop a ga tion stress. The nondimensional dis place -

ment u is eval u ated by an ap prox i mate re la tion, based on a se ries of FEM cal cu la tions, which has the fol low ing form for a crack 

in the in ner trans verse layer of a cross-ply com pos ite [6]: 
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with A = 0.52, B = 0.3075 + 0.1652
d b

b

-
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Fig. 2. Crack density as a function of ply stress for [02/902]s  (a), [0/902]s (b), and [0/904]s (c)

laminates. The test results are shown by different markers for each specimen tested; dashed

line — Eq. (5) with s init  = 103 MPa, solid line — Eq. (8) with sprop  given by Eq. (10) and 

Gc = 400 J/m2.
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3.2. Crack den sity evo lu tion. Con sider the cross-ply glass/ep oxy lam i nates with [02/902]s, [0/902]s, and  [0/904]s

lay-ups stud ied pre vi ously in [19, 25, 26]. A proba bil is tic crack ing model was used in [19], al low ing the pre dic tion of crack

spac ing dis tri bu tion at high CD. The the o ret i cal spac ing dis tri bu tions agreed nicely with ex per i men tal data [19]; how ever, the

ac count of the scat ter in crack lo ca tions ex erted a mar ginal ef fect on the ac cu racy of the es ti mated stiff ness re duc tion [19, 25].

In [26], the crit i cal ERR as a func tion of strain was de rived from the mea sured en ergy dis si pa tion and data on re duc tion in the

elas tic modulus, thus char ac ter iz ing the sta tis ti cal dis tri bu tion of tough ness of the trans verse ply. It was dem on strated that the

evo lu tion of CD with strain could be very accurately predicted by using such a critical ERR dataset. 

The in crease in the trans verse CD in the lam i nates men tioned is shown in Fig. 2 as a func tion of the far-field ply stress 

s0 . Crack ing in the [02/902]s lam i nate, with rel a tively thin trans verse plies and strong con straint due to the thick outer plies, is

likely to be prop a ga tion-con trolled. Tak ing sprop  equal to the ex per i men tal crack on set stress, the crit i cal ERR is es ti mated by

Eq. (10) at Gc  = 400 J/m2. Us ing this Gc  value, sprop  for the other two lay-ups was de ter mined by Eq. (10), and the the o ret i cal
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Fig. 3. Young’s modulus as a function of applied stress for [02/902]s  (a), [0/902]s (b), and

[0/904]s (c) laminates. Different markers show the results for each specimen tested; the

theoretical relation, Eq. (12), is plotted by a solid line.



CD di a grams for prop a ga tion-con trolled crack ing ac cord ing to Eq. (8) were plot ted by solid lines in Fig. 2. A rea son able agree -

ment with ex per i men tal CD data for the lam i nates with thin ner trans verse plies is seen (Fig. 2a, 

b). For twice thicker trans verse plies, sprop  mark edly un der es ti mates the crack on set stress (Fig. 2c). This sug gests

that the crack ing is ini ti a tion-con trolled, and s init  = 103 MPa is de ter mined as the crack on set stress in the [0/904]s lam i nate.

The ini ti a tion-con trolled cracking diagrams given by Eq. (5) are shown in Fig. 2 by dashed lines.  

There is a close cor re spon dence be tween the in ter play of ini ti a tion and prop a ga tion cri te ria as ap plied to crack on set

(Fig. 1) and pro gres sive crack ing (Fig. 2).  In both cases, ini ti a tion gov erns the crack ing of cross-ply lam i nates with thick trans -

verse plies, while prop a ga tion dom i nates in thin plies. Namely, for thin trans verse plies, the crack ini ti a tion stress is reached

first, and the load has to be in creased to meet the prop a ga tion cri te rion. Like wise, con sid er ing a fixed crack den sity, the ini ti a -

tion cri te rion is ful filled at a lower stress than the prop a ga tion cri te rion for the [02/902]s, and [0/902]s lam i nates. The op po site

se quence holds for thick trans verse plies (Fig. 2c). Al though the over all agree ment be tween the the o ret i cal re la tions and test re -

sults in Fig. 2 is in fe rior to that reached in [26], only two pa ram e ters char ac ter iz ing crack re sis tance of the ma te rial, s init  and

Gc , are needed, as op posed to the exhaustive characterization of Gc  distribution performed in [26].

At high stresses, the CD di a gram de ter mined by Eq. (5) tends to over take that given by Eq. (8), as seen in Fig. 2a, b.

This can be in ter preted as a change in the crack ing mech a nism of the lam i nates from a prop a ga tion-con trolled to an ini ti a -
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tion-con trolled one dur ing load ing. Such a tran si tion nat u rally fol lows from the flaw-based model of trans verse crack ing [12].

Ini tially, a lam i nate may con tain a pop u la tion of flaws with a wide size dis tri bu tion. The pres ence of rel a tively large

microcracks, with di men sions com pa ra ble to the thick ness of the trans verse ply, en sures that their prop a ga tion con trols crack -

ing. Dur ing load ing ac com pa nied by pro gres sive crack ing, the large-size part of the pop u la tion of flaws is ex hausted, leav ing

only small-size flaws, and the trans verse ply be comes ef fec tively thick [12], with prevalent initiation-controlled cracking.  

3.3. Stiff ness re duc tion. We pro ceed by es ti mat ing the re duc tion in the elas tic modulus and Pois son’s ra tio of the

lam i nates as a func tion of ap plied stress, by us ing the re spec tive mas ter curves for CD. The test ing pro ce dure and re sults have

been de tailed else where [19, 25]. Sub se quent load ing-un load ing cy cles with in creas ing max i mum stress were ap plied to the

lam i nates, and the rel e vant me chan i cal char ac ter is tics were de ter mined af ter each cy cle. The evo lu tion of the lam i nate char ac -

ter is tics with the max i mum stress sus tained is shown in Figs. 3 and 4. The nor mal iz ing pa ram e ters Ec0  and nxy0  here and in

[25] cor re spond to the last loading cycle immediately preceding the onset of cracking. 

We ap ply the closed-form ex pres sions of the ef fec tive in-plane thermomechanical con stants of a cracked lam i nate de -

rived in [6] in terms of the thermoelastic prop er ties of the plies, their lay-up, and CD. For cross-ply lam i nates con tain ing cracks

only in the trans verse ply, lo cated in the mid dle of the lam i nate, the fol low ing relations hold: 
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where the quan ti ties with the sub script 0 re late to an in tact lam i nate, the nu mer i cal sub scripts of the me chan i cal pa ram e ters im -

ply the prop er ties of the UD com pos ite, and the re main ing pa ram e ters are
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The nondimensional trans verse CD, des ig nated by r n , is ob tained as r rn d= 2 , and u is eval u ated by Eq. (11). 

Ac cord ing to the re sults of crack ing anal y sis in Sect. 3.2, the CD as a func tion of ap plied stress in Eqs. (12) and (13) is

de ter mined by Eq. (5) for the [0/904]s lam i nate and by Eq. (8) for the [02/902]s and [0/902]s lam i nates, by us ing Eq. (1) to link

the ap plied stress and the ply stress. It is seen that the re duc tion in the Young’s modulus of lam i nates pre dicted by Eq. (12) (Fig.

3) and in Pois son’s ra tio pre dicted by Eq. (13) (Fig. 4) are in a rea son ably good agree ment with test re sults, al though some what

in fe rior to that ob tained by us ing the ex per i men tal CD as an input for the stiffness model [25].

4. Con clu sions

Mas ter-curve equa tions for the crack den sity as a func tion of ply stress, com ply ing with a de ter min is tic fail ure cri te -

rion, are de rived. Dif fer ent an a lyt i cal ex pres sions for the cri te ria of strength and crit i cal en ergy re lease rate, cor re spond ing to

the ini ti a tion-con trolled and prop a ga tion-con trolled crack ing mech a nisms, are ob tained. By an a lyz ing the pro gres sive crack ing 

di a grams of GFRP cross-ply com pos ite lam i nates, it is shown that both the ini ti a tion and the prop a ga tion con di tions are met at

crack ing, and the ex per i men tal crack den sity data fol low a mas ter curve con sis tent with the pre dom i nant crack ing mech a nism.

The crack ing mas ter curves are also successfully applied to modeling the laminate stiffness reduction.
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