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The prop a ga tion of flex ural Lamb waves in a prestrained sand wich plate made from com press ible highly elas -

tic ma te ri als is in ves ti gated within the scope of a piecewise ho mo ge neous body model by uti liz ing TLTEWISB.

The me chan i cal re la tions of layer ma te ri als are de scribed by a har monic-type po ten tial, and nu mer i cal re sults 

are ob tained for the first and sec ond vi bra tion modes. Ac cord ing to the re sults, the in flu ence of prob lem pa -

ram e ters and of the ini tial stretch ing strain along the lay ers on the wave prop a ga tion speed is ex am ined. The

as ymp totic val ues of the speed are con sid ered in the cases of short and long wave lengths, and the in flu ence of

the ini tial strains on these as ymp totic (limit) val ues are also an a lyzed. 

 In tro duc tion

The pres ent level of mod ern en gi neer ing and tech nol ogy re quires a more de tailed and ac cu rate es ti ma tion of the dy -

namic car ry ing ca pac ity of struc tural mem bers, with tak ing into ac count their ini tial dis tinc tive fea tures. One of the fea tures of

struc tural mem bers is the pres ence of ini tial (re sid ual) stresses in them. These stresses arise in the mem bers af ter their man u fac -

ture and as sem bly, in the Earth crust from the ac tion of geostatic and geodynamic forces, in com pos ites, in rocks, etc. There -

fore, the stud ies on wave prop a ga tion in bod ies with ini tial stresses are of great sig nif i cance both for the the ory and the ac tual

prac tice. Up to now, a large num ber of in ves ti ga tions have been made in this field, and a con sid er able part of them were per -

formed by uti liz ing the Three-di men sional Linearized The ory of Elas tic Waves in Ini tially Stressed Bod ies (TLTEWISB).

Here, we briefly consider some of them with regard to the subject of the present paper. 

The field equa tions of TLTEWISB were con structed in [1-3]. More over, in [3], de tailed anal y ses of the re sults ob -

tained and of their ap pli ca tions were also car ried out. It fol lows from these ref er ences and the re view [4] that wave prop a ga tion

prob lems for pre stressed multilayer cyl in ders and plates re main prac ti cally uninvestigated up to now. Also, the near-sur face

waves in ini tially stressed lay ered half-planes have been ex am ined very poorly. The first at tempts in this field were made in

[5-8]. In [5], the axisymmetric wave prop a ga tion in a prestretched com pound cyl in der was con sid ered, but in [6, 7] prob lems

on the gen er al ized Ray leigh wave dis per sion in a layered half-plane were studied.
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In [8], the prop a ga tion of Lamb waves in a prestrained sand wich plate made of in com press ible high-elas tic ma te ri als

was in ves ti gated. How ever, the char ac ter of the in ves ti ga tion and dis cus sions of the nu mer i cal re sults ob tained in [8] do not al -

low one to draw any con clu sion about the in flu ence of ini tial strains on the prop a ga tion of Lamb waves in a sand wich plate.

Since sys tem atic in ves ti ga tions into the prob lem are ab sent, in the pres ent pa per, an at tempt is made to bridge the gap. It is as -

sumed that the lay ers of a sand wich plate, which are made of high-elas tic com press ible ma te ri als, are prestrained be fore their

as sem bling. The me chan i cal prop er ties of layer materials are described by a potential of harmonic type.

More de tailed anal y ses of re cent in ves ti ga tions into the dy nam ics of ini tially stressed bod ies can be found in [9-17]. 

1. For mu la tion of the Prob lem

We con sider a sand wich plate with the struc ture shown in Fig. 1 and as sume that the thick ness and ma te ri als of the face

lay ers of the plate are the same. We dif fer three (nat u ral, ini tial, and per turbed) states of the plate, and re late the points of the plate

in the nat u ral (ini tial) state to the Lagrange co or di nates in a Car te sian co or di nate sys tem Ox x x1 2 3 (Oy y y1 2 3 ). In ad di tion, the

midplane of each layer of the plate in the ini tial state is as so ci ated with the cor re spond ing lo cal co or di nate sys tem O x x xn n n n1 2 3  (

O y y yn n n n1 2 3 ), which is ob tained by a par al lel tran si tion of the co or di nate sys tem Ox x x1 2 3  (Oy y y1 2 3 ) along the Ox2  (Oy2 )

axis. The layer ma te ri als are high-elas tic, and the lay ers are prestretched by uni formly dis trib uted nor mal stresses (Fig. 1) be fore

their as sem bly. As a re sult, ini tial strains in the lay ers, which are ho mo ge neous, are de ter mined by the re la tions
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In Eq. (1) and in what fol lows, the con ven tional no ta tion is used, and the quan ti ties re lated to an nth layer are de noted

by the su per script (rn ). The quan ti ties re fer ring to the ini tial state are la beled by the superscript 0. 

The elas tic prop er ties of layer ma te ri als are given by the har monic-type po ten tial

F = +
1

2 1
2

2l ms s ,
(2)

 where

s1 1 2 31 2 1 2 1 2 3= + + + + + -e e e ,
(3)

s2 1
2

2
2

3
21 2 1 1 2 1 1 2 1= + - + + - + + -( ) ( ) ( )e e e .

In re la tion (3), l and m are ma te rial con stants, and e i  (i = 1, 2, 3) are the prin ci pal val ues of the Green strain ten sor.

When needed, ex pres sions (2) and (3) are sup plied with cor re spond ing indices. 

Tak ing into ac count the fore go ing as sump tions, we will in ves ti gate the prop a ga tion of Lamb waves in a sand wich

plate within the scope of a piecewise ho mo ge neous body model, by uti liz ing TLTEWISB un der the plane strain state in the 
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The field equa tions of TLTEWISB for the prob lem con sid ered are
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Fig. 1. Geometry of the sandwich plate considered.
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and the me chan i cal re la tions
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In Eqs. (4) and (5), the fol low ing no ta tion is used: Qij
rn( )  are the per tur ba tions of com po nents of the Kirchhoff stress

ten sor in an nth layer, u j
rn( )  are the com po nents of per tur ba tions of the dis place ment vec tor, and r (rn)  is the den sity of the ma te -

rial of the nth layer.

Note that, in the the ory of large elas tic de for ma tion, a sym met ric stress ten sor 
~ )S rn(  is also in tro duced. The com po -

nents S ij
rn( )  of this ten sor are de ter mined through an elas tic potential:
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where e ij
rn( )  are com po nents of the Green strain ten sor in the nth layer. Ac cord ing to Eqs. (1)-(3) and (7), 
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It fol lows from the prob lem for mu la tion that S rn
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0( ),  = 0, from which
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The ini tial strains and stresses in the lay ers de pend on the elon ga tion pa ram e ter l
1
( )rn , but the per tur ba tions of com po -

nents of the nonsymmetric Kirchhoff stress ten sor Qij
rn( )  are de ter mined by the expressions
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where S im
rn( )  are the per tur ba tions of com po nents of the sym met ric stress ten sor 

~ )S rn( . 

By em ploy ing the linearization pro ce dure, the fol low ing re la tion is ob tained from Eq. (7):
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Sub sti tut ing re la tion (9) into Eq. (8) and us ing ex pres sions (1)-(3), af ter some math e mat i cal ma nip u la tions, we ob tain

Eqs. (5) and (6). 

We as sume that the face planes of the plate are force-free:
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At the same time, be tween the lay ers of the plate, the com plete con tact con di tions 
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are obeyed.

A more de tailed de scrip tion of de duc tion of the fore go ing ba sic equa tions of TLTEWISB is given in the mono graph

[3]. Note that, in the ab sence of ini tial strains in lay ers of the sand wich plate con sid ered, the fore go ing prob lem trans forms to

the cor re spond ing one of the clas si cal lin ear the ory of elastodynamics. 

2. So lu tion Pro ce dure and De riv ing the Dis per sion Equa tion

Sub sti tut ing Eq. (5) into Eq. (4), we ob tain the equa tion of mo tion in dis place ments
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Since y y y11 12 1= = , the dis place ments can be pre sented as
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Af ter some math e mat i cal ma nip u la tions, we have from Eqs. (14)
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Let us con sider the so lu tion of Eq. (16). Us ing the rep re sen ta tion U y F yr
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Thus, we have var i ous so lu tions to Eq. (16) de pend ing on the sign of Dn  and hn
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In the case Dn > 0, the so lu tion of Eq. (16) de pends on the sign of the quan ti ties h
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from Eqs. (5) and (13). Us ing these ex pres sions, we ob tain a lin ear sys tem of al ge braic equa tion for the un known con stants 
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Re la tion (22) is the dis per sion equa tion for the wave prop a ga tion prob lem con sid ered. The ex plicit ex pres sions for c ij

oc cupy con sid er able space and there fore are omit ted here. Thus, for ev ery value of the prob lem pa ram e ters l
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of Eq. (22) and in ves ti gate the in flu ence of these parameters on the curve. 

3. Nu mer i cal Re sults and Dis cus sions

It is known that, in the case of Lamb waves in a ho mo ge neous plate, the extensional and flex ural modes do not de pend

on each other, and they can be in ves ti gated sep a rately. Note that the pos si bil ity of such a sep a ra tion is caused by the geo met ri cal 

and me chan i cal sym me try of the prob lem with re spect to the midplane of the plate. Since the prob lem con sid ered has also this

sym me try, we can an a lyze the flex ural and extensional Lamb waves in the sand wich plate in di vid u ally. The cor re spond ing

relations for the modes are
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The case k = 2 (k = 1) per tains to the flex ural (extensional) modes. In this pa per, we will an a lyze only the nu mer i cal re -

sults for the flex ural modes. To sim plify the con sid er ations, we will as sume that l m( ) ( )1 1 = l m( ) ( )2 2  = 1.0, H H( ) ( )1 2  = 1.0,

and r r( ) ( )2 1  = 1.0. More over, we will con sider only the first and sec ond modes, be cause the char ac ter of dis per sion curves of

the third and sub se quent modes are sim i lar to that of the sec ond mode.

First, let us con sider the case where ini tial strains in all lay ers of the plate are ab sent, i.e., l
1
2( )  = l

1
1( )  =1.0. The dis per -

sion curves con structed at var i ous val ues of m m( ) ( )2 1  are given in Fig. 2 for the first and sec ond modes, re spec tively. Note that

the dis per sion curves con structed at m m( ) ( )2 1  = 1.0 co in cide with those fol low ing from the lin ear the ory of elastodynamics,

which can be found in the mono graphs [2, 3] and else where. It fol lows from the graphs in Fig. 2a that, at all the val ues of 

m m( ) ( )2 1  se lected, for the first mode, c c
2
2 0( ) ®  (where c

2
2( )  is the speed of the dis tor tion wave in the face lay ers) as kH ® 0.

At the same time, the limit val ues of c c
2
2( )  as kH ® 0 dif fer from each other at var i ous val ues of m m( ) ( )2 1 . In the case 

m m( ) ( )2 1  = 1, this limit is c c
R
( ) ( )2

2
2 , where c

R
( )2  is the speed of the Ray leigh wave in the plate ma te rial. For m m( ) ( )2 1 > 1, this

limit is equal to c c
2
1

2
2( ) ( ) . As c c

2
1

2
2 2 11( ) ( ) ( ) ( )= m m , the limit val ues of c c

2
2( )  at kH ® ¥ de crease with m m( ) ( )2 1 . This

con clu sion is sup ported by the graphs given in Fig. 2a 

The dis per sion curves de picted in Fig. 2b show that, for the sec ond mode, c c
2
2( )  does not tend to a fi nite limit as 

kH ® 0. At the same time, the lim it ing value of c c
2
2( )  as kH ® ¥ is equal to min {c c

R
( ) ( )2

2
2 ; c c

1
1

2
2( ) ( )}. For ex am ple, at 

m m( ) ( )2 1  =2, this limit is equal to c c
R
( ) ( )2

2
2 , but, in the cases m m( ) ( )2 1  = 5  and 10.0, it is equal to c c

1
1

2
2( ) ( ) , where 

c
2
1 1 1 12( ) ( ) ( ) ( )( )= +l m r . 

Fig ure 2a shows that the char ac ter of be hav ior of dis per sion curves for the first mode, within the fore go ing limit val ues 

of c c
2
2( ) , de pends on m m( ) ( )2 1 . The ra tio c c

2
2( )  in creases monotonically with kH at m m( ) ( )2 1  = 1 and 2.0, but the re la tion -
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ship be tween c c
2
2( )  and kH is nonmonotonic at m m( ) ( )2 1  = 5 and 10. Fig ure 2b shows that, for the sec ond mode, c c

2
2( )  de -

creases with kH for all the val ues of m m( ) ( )2 1  selected.

We will now an a lyze the nu mer i cal re sults for the in flu ence of ini tial strains of lay ers of the plate on the dis per sion

curves. Let us con sider the case m m( ) ( )2 1  = 5, and first as sume that ini tial strains oc cur only in the face lay ers of the plate, i.e., 

l
1
2( ) > 1 and l

1
1( ) = 1. The cor re spond ing dis per sion curves are given in Fig. 3 for the first and sec ond modes, re spec tively. Ac -

cord ing to me chan i cal con sid er ations, in the case an a lyzed, the ra tio c c
2
2( )  must have the same limit at kH ® ¥ for all the val -

ues of l
1
2( )  con sid ered, and this limit must be equal to c c

2
1

2
2( ) ( )  (c c

1
1

2
2( ) ( ) ) for the first (sec ond) mode. This pre dic tion is sup -

ported by the graphs given in Fig. 3. At the same time, Fig. 3a shows that, for l
1
2( ) > 1, the lim it ing val ues of c c

2
2( )  at kH ® 0

are fi nite and dif fer from zero. The lim it ing val ues men tioned in crease with l
1

2( ) . Also, the val ues of c c
2
2( )  ob tained for each 

kH in crease with l
1

2( ) . The fore go ing re sults qual i ta tively agree with the cor re spond ing re sults ob tained for the homogeneous

prestressed plate and analyzed in the monograph [3]. 
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Fig. 3. In flu ence of ini tial strains of face lay ers of the plate on the dis per sion curves for the first (a) and sec ond  (b) modes.
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Fig. 4. Influence of initial strains of the midlayer of the plate on the dispersion curves for the first (à) and second (b) modes. 
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Let us con sider the case where the ini tial strains oc cur only in the midlayer of the plate, i.e., l
1
2( ) = 1 and l

1
1( ) > 1. The

dis per sion curves con structed for this case are il lus trated in Fig. 4 for the first and sec ond modes, re spec tively. It fol lows from

these curves that, at kH ® ¥, the limit of the ra tio c c
2
2( )  de pends on the pa ram e ter l

1
1( ) . Ac tu ally, c

2
1( )  and c

1
1( )  de pend on the

pa ram e ter l
1
1( ) , i.e., c c

2
1

2
1

1
1( ) ( ) ( )( )= l  and c c

1
1

1
1

1
1( ) ( ) ( )( )= l , and this limit is equal to c c

2
1

1
1

2
2( ) ( ) ( )( )l  ( ( )( ) ( ) ( )c c

1
1

1
1

2
2l ) for the

first (sec ond) mode. Note that the char ac ter of the dependences c c
2
1

2
1

1
1( ) ( ) ( )( )= l  and c c

1
1

1
1

1
1( ) ( ) ( )( )= l  was stud ied in the mono -

graph [3], where it was es tab lished that c c
2
1

2
1

1
1( ) ( ) ( )( )= l  and c c

1
1

1
1

1
1( ) ( ) ( )( )= l  both in crease with l

1
1( ) . There fore, in the case con -

sid ered, the lim it ing val ues of c c
2
2( )  at kH ® ¥ in crease with l

1
1( ) . Fig ure 4a shows that, as in the pre vi ous case, for the first

mode, the limit val ues of c c
2
2( )  at kH ® 0 dif fer from zero and in crease with l

1
1( ) . How ever, these val ues are sig nif i cantly

smaller than those in the previous case.

Fi nally, let us con sider the case with l
1
2( ) > 1 and l

1
1( ) > 1. The dis per sion curves ob tained are given in Fig. 5 for the

first and sec ond modes, re spec tively. An anal y sis of these curves shows that, for each fixed l
1
1( ) , the lim it ing value of c c

2
2( )  at 

kH ® ¥ co in cides with the cor re spond ing one ob tained at l
1
2( ) = 1 and l

1
1( ) > 1. At the same time, the lim it ing val ues of c c

2
2( )

at kH ® 0, as in the pre vi ous cases, dif fer from zero and in crease with l l l1 1
2

1
1( )( ) ( )= = . More over, these val ues of c c

2
2( )  are

sig nif i cantly greater than those in the previous cases.

5. Con clu sions

In the pres ent pa per, the prop a ga tion of flex ural Lamb waves in a prestrained sand wich plate made from com press ible

high-elas tic ma te ri als have been in ves ti gated within the scope of a piecewise ho mo ge neous body model by uti liz ing

TLTEWISB. It was as sumed that the me chan i cal re la tions of layer ma te ri als could be de scribed by a po ten tial of har monic

type, and par tic u lar nu mer i cal re sults were found for the first and second modes. 

From the nu mer i cal re sults ob tained, the fol low ing con clu sions can be drawn: 

· In the case where ini tial strains are ab sent in lay ers of the plate, for the first mode, c c
2
2 0( ) ®   (where c

2
2( )  is the speed

of the dis tor tion wave in the face lay ers) as kH ® 0, but the lim it ing val ues of c c
2
2( )  as kH ® ¥ dif fer from each other

for var i ous val ues of m m( ) ( )2 1 : in the case m m( ) ( )2 1  = 1, this limit is c c
R
( ) ( )2

2
2  (= c c

R
( ) ( )1

2
1 ), where c

R
( )2 (= c

R
( )1 ) is the
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speed of Ray leigh wave in the plate ma te rial; how ever, at m m( ) ( )2 1  >1, this limit is equal to c c
2
1

2
2( ) ( ) . As 

c c
2
1

2
2 2 11( ) ( ) ( ) ( )= m m , the lim it ing val ues of c c

2
2( )  de crease with m m( ) ( )2 1  as kH ® ¥. For the sec ond mode, the

val ues of c c
2
2( )  do not tend to a fi nite limit with kH ® 0, but the lim it ing value of c c

2
2( )  is equal to c c

R
( ) ( )2

2
2 ; 

c c
1
1

2
2( ) ( )} as kH ® ¥.

· The wave prop a ga tion speed de creases with m m( ) ( )2 1 .

· The ini tial stretch ing in creases the speed c c
2
2( )  of the flex ural Lamb wave con sid ered.

· For the first mode, as a re sult of the ex is tence of ini tial strains, the lim it ing val ues of c c
2
2( )  as kH ® 0 dif fer from zero

and in crease with ini tial strains.

· The limit of c c
2
2( )  at kH ® ¥ de pends on the pa ram e ter l

1
1( ) . 
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