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Abstract In order to adapt to the high speed of a
high-speed permanent magnet synchronous motor
(HSPMSM) used in hydrogen fuel cells, air foil bear-
ings are applied to support the motor rotor. How-
ever, the stability of the motor rotor system sup-
ported by air foil bearings is relatively complex. In
this article, the Castigliano’s second theorem and
the theory of small deflection elastic thin plates are
used to establish a deformation model of air foil bear-
ings. Based on the generalized Reynolds equation,
the stiffness and damping of the air foil bearings are
calculated using perturbation methods and finite dif-
ference methods as the support model for the motor
rotor. Subsequently, the transfer matrix of a typi-
cal disc-shaft unit is analyzed and obtained by using
the transfer matrix method. On this basis, combined
with Riccati transform, the natural frequencies and
critical speeds of the motor rotor system in the spa-
tial domain are calculated using MATLAB. And the
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unbalanced magnetic pull (UMP) is calculated by
Maxwell stress tensor method, which is equivalent to
the unbalanced mass and is applied to the disc it acts
on to ascertain the unbalanced response, forming a
theoretical model for calculating the dynamic perfor-
mance of high-speed motor rotors. Then, the accuracy
of the constructed model is verified by comparing the
experimental results with a literature. Based on the
estalished model, the effects of structural parameters
and operating conditions on motor rotordynamics are
studied, and the responses of the motor rotor system
to unbalanced mass and unbalanced magnetic tension
are compared. It is found that the critical speeds of
the motor rotor system increase with the increase of
the dynamic viscosity of air, and the motor can oper-
ate stably under the influence of the maximum UMP.
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1 Introduction

In a hydrogen fuel cell, the air compressor typically
operates at a speed higher than 100,000 rpm, which
needs to be driven by a high-speed motor, and the
high-speed motor has to be supported by air foil bear-
ings. The dynamic performance calculation of the
motor rotor is extremely complex at such a high speed
and has become a challenging issue in the field of
high-speed motor development. Therefore, the corre-
sponding research is required.

Xu [1] conducted the dynamic analysis of the
high-speed permanent magnet synchronous motor
(HSPMSM)rotor using the model module of ANSYS,
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and investigated the effects of the contact surface
stiffness coefficient, the permanent magnet sheath
material, and the inner diameter on the motor rotor’s
critical speeds. Huang et al. [2] obtained the lateral
bending stiffness of the silicon steel laminated struc-
ture by curve fitting, and verified the accuracy of the
simplified model of the laminated structure through
experiments. Huang [3] ignored system damping and
used FEM method to analyze the dynamic charac-
teristics of the motor rotor supported by static pres-
sure air bearings. The designed motor rotor had a
25% speed variation range between the rated speed
and the first critical speed. Lv [4] conducted take-
off test and static and dynamic characteristics tests
on bearings. Besides, the critical speeds and imbal-
ance response of the system were calculated and ana-
lyzed by the transfer matrix method. Guang et al. [5,
6] analyzed the mechanical characteristics of active
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control structures and combined with an improved
linkage spring model, established linear and nonlin-
ear mechanical models for the rigid rotor system sup-
ported by active bump-type foil bearings (ABFB).
Then, the coupling effect of ABFB and (bump-type
thrust foil bearings)BTFB was considered, and a five
degree of freedom nonlinear dynamic model for the
rigid rotor was established. Compared with the four
degree of freedom model, the five degree of freedom
model can effectively predict the dynamic character-
istics of rotors in high-speed areas. Wu [7] used the
two-step QR method and finite element method to
solve the critical speeds of the motor rotor, consid-
ering the unbalanced magnetic pull (UMP) caused
by rotor dynamic eccentricity, and solved the rotor
strains and stresses in the presence of magnetic pull
and in the absence of magnetic pull, respectively. Li
et al. [8] established a finite element model of the
rotor dynamics of a permanent magnet motor for fuel
cell air compressors, and studied the dynamic char-
acteristics of different support methods (rigid bearing
support and elastic bearing support). Dasgupta et al.
[9] studied the dynamics of an eccentric flexible rotat-
ing axis with internal and external damping driven by
a non-ideal source DC motor. Boroujeni et al. [10]
used static functions of stator and rotor currents to
calculate the UMP based on the voltage state space
equations for coupled circuits in eccentric induction
motors. Mohammadzadeh et al. [11] discretized the
slender rotor of a centrifugal pump into an appropri-
ate number of three-dimensional Timoshenko beam
elements and studied the dynamic behavior of a non-
linear finite element model of a vertically suspended
centrifugal pump slender rotor, and identified param-
eters that have a significant impact on the natural fre-
quency of the rotor system. Li et al. [12] derived the
value of electromagnetic force using the theory of
virtual work, and established the relationship between
UMP and radial displacement of the rotor, and inves-
tigated all rotor eccentricity’s effects on the dynamic
behavior of the motor system. Martynenko et al. [13]
established a nonlinear simulation calculation model
for rotor dynamics supported by magnetic levita-
tion bearings, achieving the visualization of nonlin-
ear dynamic phenomena of the rotor in a magnetic
field. As an example of a high-speed bipolar induc-
tion generator supported by active magnetic bear-
ings, Kim et al. [14] investigated the effect of UMP
by simulation and compared the simulation results

with the vibration measurement results of the testing
machine. Pennacchi [15] used finite element method
to model the rotor, which can accurately demonstrate
the dynamic behavior of real machines. Based on a
Jeffcott rotor model installed on a symmetrical posi-
tioning bearing, Dai et al. [16] studied the nonlinear
dynamic behavior of the rotor dynamics model of a
permanent magnet synchronous motor.

It can be seen from the literature analysis that the
study on the rotordynamics of high-speed motors
is still at an early stage, the impact of UMP on the
motor rotor exists, but there is little study on it.
Therefore, this article takes the high-speed permanent
magnet synchronous motor rotor supported by air foil
bearings as the study object, combines the lubrica-
tion performance of the air foil bearings supporting
the rotor with the mechanical behavior of the motor
rotor in the magnetic field firstly. Then a rotor dynam-
ics theory is introduced, and the mechanical model
for calculating the dynamic performance of the high-
speed electric machine rotor is established. The influ-
ences of the structural parameters of the air foil bear-
ings, the structural parameters of the motor rotor and
the operating parameters on the dynamic performance
of the rotor of high-speed motors are investigated in
depth, which could provide theoretical references for
the research and development of high-speed motors.

2 Mechanical modeling
2.1 Mechanical modeling of supporting bearings

The high-speed motor for hydrogen fuel cell air com-
pressor in this paper is horizontally placed and the
support bearings are air foil journal bearings. The
bearing structure is shown in Fig. 1, where Ry is the
inner radius of the bearing sleeve, Rj is the radius the
shaft, O and O’ are the center of the bearing sleeve
and shaft respectively, f is the bearing deflection
angle, e is the eccentricity, and 4 is the air film thick-
ness. The air film pressure generated by the rotation
of the shaft will cause elastic deformation of the
bump foil and top foil. The relationship between the
gas film force and the displacement and rotational
speed of the shaft is a nonlinear function. To facili-
tate the calculation of the stiffness and damping of the
journal air foil bearing, the following assumptions are
introduced:
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Fig. 1 Structural diagram of air foil bearing foil

1. The bump and the top foil always maintain con-
tact, and the interaction force is located at the top
of the bump.

2. Each bump produces the same circumferential
displacement.

3. Each bump still maintains a circular arc after
deformation, and only the curvature of the bump
changes.

4. The bump deformation caused by force is uni-
formly distributed in the axial direction of the
bearing.

With the above assumptions, the deformation of
the bump foil and top foil of the air foil journal bear-
ing is shown in Fig. 2, with the bump arch flattened
but still maintaining an arc. Conduct force analysis on
the bumps of the bump foil located at the free end,
middle area, and fixed end, respectively.

As shown in Fig. 3, L is the half length of a bump
arch, R is the bump radius, 26 is the bump angle.
The free end bump is subjected to a vertical down-
ward force of F; from the top foil, a horizontal left
frictional force as f;, a frictional force as f, and f;
from the bearing sleeve on both ends of the bump,
and a vertical upward force as F, and F;. Addition-
ally, the adjacent side bump exerts a horizontal
force of F). on the bump’s left end. The following
equations can be obtained by balancing the moment

Fig. 2 Diagram of defor-
mation of the air foil bear-
ing foil structure

Fixed end

Before deformatlon

| WEL+W¥R

Fig. 3 Diagram of Stress and deformation analysis of the free
end bump

at the right end, the forces acting in the vertical and
horizontal directions, and the forces acting in the
horizontal direction:

F, = [F\L+ fiRy(1 — cos 0)| /2L
Fy=F —F, D
Fo=H+hL+/

According to the friction coefficient theorem, the
friction force between the bump foil, top foil, and
bearing sleeve can be expressed as:

S =mF,
fr=mkF, )
f3=mF;

where 7, and 7, are the friction coefficients between
the bump foil and the top foil, and between the bump
foil and the bearing sleeve, respectively. According
to the bending moment analysis of the cross-section
m-m corresponding to any radian @, and the bending
moment of section m-m can be obtained as:

M, = (Fj, — f,) Rolcos(8 — a) — cos 6]

3
— F)|L = Rysin(6 — )] ©)

Air film pressure
After deformation
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Apply the Castigliano’s second theorem:

oV, 2
5 = 0 M~=(x)dx y M(x) 6M(x) dr (4)

iTOF, ~ oF,’ " 2EI EI

The vertical deformation at the top of the bump
can be obtained:

W _ /H Mfmm a]M]"mm
V= EI oF, °

&)

in the formula, E is the elastic modulus of the bump
foil, and 7 is the moment of inertia of the cross sec-
tion of the bump foil (which can be calculated from
the bearing width L and the thickness f of the bump
foil). In order to calculate the horizontal deformation
Wry of the top of the bump relative to the left end
applying the Castigliano’s second theorem, a horizon-
tal right additional force F, is applied to the top of the
bump, as shown in Fig. 2. Then, based on the force
balance and moment balance, the bending moment
and deformation of the section m-m corresponding
to any radian a in the left half of the bump can be
found out (the same for the right half). The middle
area of the bump is subjected to different forces, not
only from the force of the left bump, but also from
the force of the right bump. The forces on the fixed
end of the bump are also different, with both ends
subject to forces, but the fixed end is not subjected
to friction. However, fixed-end bump is similar to the
free-end bump in force analysis, the vertical and hori-
zontal deformations can also be calculated using the
Castigliano’s second theorem.

Under the combined force of gas film pressure and
the deformation of bump foil, the top foil undergoes cor-
responding deformation. Due to the much smaller dis-
placement in the x and y directions compared to the z
direction, and the fact that the displacement in the x and
y directions has almost no effect on the gas film pres-
sure, for the convenience of calculation, the displace-
ment in the x and y directions is not considered. Based
on the dimensional characteristic that the thickness of
the top foil is much smaller than its length and width,
which meets the conditions of using the elastic thin plate
theory. Moreover, since the deformation of the top foil
is less than one-fifth of its thickness, the deformation
of the top foil can be analyzed using the small deflec-
tion theory [17]. The deformation analysis of the top foil
is shown in Fig. 4, where ¢} is the thickness of the top
foil, C is the flattened length of the top foil, and L is the

\ Neutral plane i

IT

Fig. 4 Diagram of the top foil and its thin plate unit

width of the top foil. Because the top foil is rectangular

after being flattened, a rectangular four node element is

used to discretize the top foil along the neutral plane.
According to Kirchhoff’s assumption of no compres-

sive stress, there is €, ‘;—’: = 0,which indicates that the

deflection w is only a function of x,y, w=f{(x,y). Based
on the assumption of bending deformation plane sec-
tion, there is y,, = 7,, = 0, assuming that the midplane
displacement is perpendicular, the geometric Eq. (6)
can be obtained:

X ox 0&2
e =¥ - _ 9w
YT ooy z 0y2 (6)
_ Ou av 0°w
Yy ay + ox 2z oxy

Each node has 3 free degrees, namely the displace-
ment w along the z-axis, the rotation angle around
the x-axis, and the rotation angle around the y-axis.
Therefore, a rectangular four node element has 12 free
degrees, and the displacement field function can be
expressed as:

WLY) = 1+ 0% 1Y X+ 253y + eV + o
FHCY + 10X+ 110Y + XY+ anxy
= = s 20y + e+ 20050 + 32000+ 0 E + 3007
% = (1 + 20% + 25Y + 3027 + 2250 + 2037 + 341125 + 112)°)
(N
Substituting the coordinates (x, y) of the four nodes
of the rectangular element into Eq. (7), 12 equations
can be obtained. By solving them together, various
coefficients y;, ¥, ¥;, can be obtained. Then, by substi-
tuting them into Eq. (7), the following can be obtained:

w(x,y) = Nw; + N0, + N0, + - + Nw, + N,.0, . + N, 0

iyYiy nx’nx ny

(8)
where N;, N, NN, N, N, are shape func-
tions. Denote as [N]= [[N], [N]; [N1,, N1, .
[N]; = [N;N,Ny| (i.j.m.n)then w(x,y) can be

expressed as:
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w(x,y) = [N]lg]. )

According to Eq. (6), the strain matrix of a rectan-
gular four node element can be obtained:

0% 0?

. 06)52 %)%2
[BI'=[B;B;B,B,| =—1 5= (INl=— 35
92 02

[N;N;N,, N, |

Spread the lubricating air film horizontally along
the circumferential direction of the shaft, with the
axial direction set at z, ignoring the axial motion of
the air foil bearing, i.e., V,=0, and Vy can be repre-

(10)

Based on the principle of strain energy and mini-
mum potential energy, the stiffness matrix of the ele-
ment can be derived:

[K;] [Kyl (K] (K]

e_ B T _| K] (K] (K] (K,
(K] = 5 // (B [D][Bldxdy = K] Ko Ko (K]
A (K] Kyl (Kl (K]

(11)

where [D] is the element elasticity matrix, which can
be obtained from the generalized Hooke’s law.

From the above element stiffness matrix, the over-
all stiffness matrix [K] of the top foil can be obtained,
and the corresponding overall load [F] can be applied
according to the gas film pressure and the bump foil
support force on the top foil, and [¢] is denoted as the
overall displacement matrix, then:

[K1[q] = [F] (12)

By combining the deflection of the fixed end of
the top foil and the relationship between the bump
foil and the top foil with both corners being zero, the
required boundary conditions can be obtained. Thus,
Eq. (22) can be numerically solved to obtain the
deformation of the top foil.

On the basis of the Navier Stokes equation, the
continuity equation is combined with the character-
istic that the thickness of the lubricating air film is
substantially smaller than the length and width scales.
When considering the air in the lubricating film as
a Newtonian fluid and laminar flow, the following
Eq. (13) is obtained. This equation is the generalized
Reynolds equation that connects the air pressure dis-
tribution with a series of operating parameters.

ox\12uax) " oz

o (el ap o (o op\ _19(pVih) | 19(pVih)
12udz) 2 ox 2 oz

sented by the thickness 4 of the lubricating air film
to, i.e., Vy = %, and then, by combining the ideal
gas equation (without taking temperature effects
into account), it can be obtained that:

[Z] 30p 0 30D d 0

— | ph’— —\(ph’=— ) =6uV.—@ph)+ 12u—(ph

dx(p dx) * ()z<p 0z H X()x(p . “()z(p )
(14)

In order to improve the calculation accuracy and
facilitate the promotion of application, the above
formula is dimensionless. Here, the dimensionless
gas film thickness H = B ¢ is the bearing radius
clearance, and the dimecnsionless time is f = yt.
The dimensionless gas film pressure P = pﬂ, p, 18

the atmospheric pressure; and the circumferential
direction coordinates @ = 1%, Axial coordinates

A= %, circumferential velocity V, = a)Rj (denote as
U), the dimensionless form of Eq. (14) can be
obtained:

0 oP 2R;\* 5 oP
9 (Pl 4 (2 —<PH3—)
o 0@ L ) 94 EY
= A, 2Py + 200, L PH)
dp ot (15)

6uUR;
where A| = —
c’P,

aerodynamic viscosity of the lubricating air, y = % is
the vortex frequency ratio,  is the angular velocity of
the shaft, y is the vortex angular velocity of the shaft.
Adopting the perturbation method, disturbances is
introduced, where P and H can be written as the sum
of P,, H, and perturbations Px,Py,Px,,Py, in static equi-
librium, i.e.:

is the number of bearings, u is the

— v (13)

y
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P=Py+P,AX+P,AY + P,Ay+ Py, Ay

H = Hy+ H AT+ H AT + H A5 + H,A7 (19

Substitute Eq. (16) into Eq. (15) and ignore the
higher order quantities, the four equations of PP

C, C, P.RL 1 ¢fice| —P s sin(f + @) —P sin(f + @)
Rl 7 ’ : dod )
C,y Cy 209 21 0 | Pycos(B+ @) Py cos(f+ @)

(22)
where @y, is the angle between the free end and the
fixed end of the foil structure.

PX,,P , can be obtain:
oP, oP, oP, 2R\’ oP, oP, L P
9 PHI—2 + PoHI— + 3P H2H,— | + ( =2 92 P.H3—" + PyH—= + 3P H2H,—
09 09 o9 P L) di PR Py PR a17)
)
= A, P (PoH, + P.Hy) = 2y A, (PyH, + P H,)
2 (p, H3aP +PH*0P a0 25 25 P, 320 4 o P ap o, 200
e 09 770 9 OOX’ago L) oA 094 070 9y 0% 5 (18)
)
= A, 30 (PoH, + PyHy) + 2y A, (PoH, + P.H,)
9 (p oo +PH36P varg, 200 + R0 (9P, oD +3p,H2H, 220
dp\ V000 05 070" 9 L) oa\"» 090 "0 5, 070"y 50 (19)
)
= A, 90 (PoH, + P,Hy) — 2y (PoH,, + P, H,)
oP, oP oP, 2R\ oP, oP, oP,
2 (Pl P =2 3Py m2H, S0 ) + () 2 (P S0 4 PR =L + 3P H2H, 2
dp\ 0 ap P) Y o L) oA 04 04 94 ) (o)
)
= A, o (PoH, + P, Hy) + 2y A, (PoH, + P H,)

Combining with Fig. 1, H,, Hy, H,, Hy, can be
expressed as P, P Px/,P , and the deformation of the
foil structure. Then the finite difference method can
be used in conjunction with boundary conditions to
iteratively solve for P, Py, P, Py,. Finally, the four
stiffness coefficients and four damping coefficients of
the air foil bearing can be calculated using the follow-
ing eqs. (21), (22)and the supporting model for calcu-
lating rotordynamics can be obtain.

[kxx kxy] _PRL ] co}m [—PX sin(B + @) —P, sin( + )
kyy Ky 2¢c 21 o | Prcos(B+ @) P cos(B+ @)

2.2 Dynamic modeling of motor rotors

In this paper, the transfer matrix method is used to
numerically study and analyse the rotordynamics of the
motor, as shown in Figure 5. Based on the actual mass
distribution of the motor and the characteristics of the
impeller, the motor rotor can be simplified as an elas-
tic damping system with a continuous distribution of
20 small segments of equal cross-sectional mass. Based

deod 3y

on the principle of maintaining the position of the
centroid constant and the moment of inertia constant,
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Fig. 5 Diagram of the
structure of the motor rotor

nodes are set up at the positions where there are sud-
den changes in the cross-section of the impeller and
shaft, as well as at the supporting points of the shaft.
The distributed mass is discretized into several nodes
with lumped-mass, so that the shaft segments between
nodes are equal cross-section shaft, finally obtaining a
multi degree of freedom lumped parameter model [18],
as shown in Figure 6.

Number the simplified nodes and shaft seg-
ments from left to right, and the disc and the shaft
segment on its right form a disc shaft unit. The i-th
disc shaft unit is analyzed and the state vector Z; is
used to describe the state of force and deformation
on the i-section without considering torsion. Z; con-
sists of four quantities: the radial displacement x;, the
deflection angle of the section 6, the cross-sectional
bending moment M;, and shear force Q,, so the state

Fig. 6 Lumped parameter
model of the motor rotor

Permanent magnet

Impeller

vectors on the left and right sides of the i-th lumped-
mass disc are:

ZE=[(XA MO

{ ZR=[(X A M QF]" (23)
L L

Assume that the motor rotor rotates at an angu-
lar velocity Q and the free vortex frequency is .
As shown in Fig. 7, the force analysis of the i-th
lumped-mass disc and its adjacent axis segments
shows that the mass of the disc is m;. The polar
moment of inertia and the diameter moment of iner-
tia are J,;, J,;, respectively; then the displacement is
X = Ae™, thus X = —w?X, i.e., the inertia force of
the i-th disc is mX;w?.

According to the D’Alembert principle, the state
vector relationship between the left and right ends
of the i-th lumped-mass disc can be obtained as:

ianiinn
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[4/5] ai i1
X =7 ~— 5
M M; M}
vy \ /
0r, o
Ly,

Fig. 7 Forces analysis of a disc and its adjacent axis segments

XR=xt

AR = gL

OF = QL + mw?X, - KX, 24
M[R ML+ (1,Q - J0) @A

Organize Eq. (24) into matrix form:

x " 1 0 007(x "

Al | o 1 00]|]A

M 0 (J,Q-Jw)o 10 || M

0 ), mwz—Kj 0 01 ; 0 J,
(25)

Abbreviate it as the transfer relationship:
z} =Pzt (26)

As shown in Fig. 7, the state vector of the cross-
section at both ends of shaft section i is:

Zl, = BZf @7)

B; is the transfer matrix of the elastic shaft
segment.

For the convenience of calculation, the i-th disc
and its right axis segment are combined to form a disc
axis unit. Since the left side of a disc axis unit is the
left side of the lumped mass node, Z;,, = Z ., also

i+1°
ZL | = B;ZR = B,P,Z;. Then the transfer matrix 7; of

i+1 i i i
the disc shaft unit can be obtained as:

With the transfer matrix of the disc axis unit, the
state variables of each disc axis unit can be calcu-
lated sequentially from the first disc shaft unit to the
last one.

2.3 Calculation method for dynamics model of motor
rotors

The vibration amount can be set as follows to more
accurately reflect the characteristics of the vibration
Time-Varying:

x = Xe* cos (wt + 6) (29)

In order to show that the vibration is a prop-
erty within a spatial range, a sine term is added
to Eq. (29) above to make it a complex number,
namely:

x = Re {Xe" cos (wt + 0) + iXe” sin(wt +0) }  (30)
Simultaneous Euler formula:

e =cos +isinf (31
The above Eq. (30) can be transformed to:

x = Re {Xe" e+ } (32)

According to the operation rules of the index, the
above Eq. (32) can be transformed into:

x =Re {Xee* "} = Re {(X, + iX,)e""+*) } = Re{ )A(eS’}

(33)
where Re represents the real part X = X, +iX; rep-
resents the complex amplitude of the vibration quan-
tity x; S = A+iw is the complex frequency, which
includes the decay index A (Unit: 1/s) and damping
circular frequency (rad/s). Due to the fact that in
one system, the nodes’ 4 and w are the same, so the
Re symbol in Eq. (33) can be temporarily omitted,
namely:

2P
1+ @(Zl—v)(ma) —Kj) l+ 2E1(JQ Ja))a) ? 6—151(1—v)
T,=B/P;,=| 2 2 (Mo = K;) I+ 5 (/R = Jw)o El 2EI (28)
I(mw® - K;) (1.Q-Jo) I
(mw? - K;) 0 0 1 .
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Fig. 8 Air foil bearing supporting model

{ x=Xe
(34)

x=xS

Due to the characteristics of the air film of the air
foil bearing, using only one direction of stiffness and
damping equivalence cannot reflect its characteristics
well. So the coupling of the x and y direction is con-
sidered. In order to include the supporting effect of the
air film force of the air foil bearing in the calculation of
the critical speed of the rotor using the transfer matrix
method, the air film force of the air foil bearing can be
approximated by using the supporting model shown in
Fig. 8 when the shaft moves slightly around the static
equilibrium position. The equations are expressed as:

[1 1 0 0 —1(mS? + Kryy)
0 1 0 0 —(mS? + K1)
0 0 11 — Ky,
0 0 0 1 Koy,
T = & & P(1-v)
i 5 @(1 -v0 0 1—[2 (mS? + Ko,y
- 2
E E OI7 Ol2 l—%(@ )(mS + KTXX)
00 2EI 6_1%“1(1 -V o1 Ty
0 0 L L —L
L EI  2EI 2E1 " Tix

{ fe=fotkox+ kxyy + X+ cyy

. . 35
fy=hotkx+kyy+e,ite,y G

Substitute the above Eq. (34) into Eq. (35) and write
it in matrix form as follows:

fx — f;rO + kxx kxy X +S Cxx Cxy X

Iy fo kyx kyy y Cx Cyy Y
(36)

The equivalent supporting stiffness can be written

as:

kr., k Cpp Cry kr.. k
KT= I:kax kay]+S[ XX X):| =[ Txx Txy] (37)

Tyx “yy Cyx Cyy kT,vx kTyy

The support stiffness matrix and damping matrix
of the air foil bearing have been obtained in eqs.
(21) and (22), and the equivalent stiffness K can be
obtained by substituting them into Eq. (37).

The Riccati transfer matrix method is used to
calculate the critical speeds of the motor rotor sup-
ported by air foil bearings [19]. On the basis of the
vibration in a single plane shown in Fig. 6, the spa-
tial vibration amount is represented by the complex
number (Eq. 33), and the state vector of the disc-
shaft unit can be expressed as:

Z =[fle)l =[M, O, M, Q,|xAyB] (38)

Similarly, the transfer matrix 7; for the disc-shaft
unit in the spatial domain can be obtained as:

J.S? —IKry, J, Q8 T
0 ~Kryy 0
—J, Q8 —l(mS® + Kyy, ) J,S?
0 . :(mS2 + KTyy) O2 2
[+ 358" Ei2 Ky QS (39)
1;%452 —é{ﬁlﬁm %inzs
—ZIEJJPSZS 1 - (67‘1)2 (mS? + Kqyy) 1+ 2—?Jts22
= —35 (mS* + Kryy) L+ 248 |
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Divide the transfer matrix of the two adjacent Siy S Si3 Syy

cross-sections of the disc shaft unit into four blocks, detR. = Sy Sy Saz Sy _0

namely: N+1 = = 45)

[flel’,, = Ti[flel” = [”“ ”‘2]'[f|e]f (40)

Uy Uy

The simultaneous Riccati transformation (R; is
referred to as the Riccati matrix of 4 X 4):

fi=Re; 41)
yields:

_ -1
{ e; = [uy R+ upnl ey,

_ 42
S = lup R+ upp)i[uy R+ up, | leiy (42)

It is easy to observe that the Riccati matrix R;
of section i+ 1 is:

Ripy = [uy R+ up)lug R+ up]7! (43)

From Eq. (43), R,,; can be recursively derived
from R;, so Eq. (43) is called the recursion formula
for the Riccati matrix R,. According to the bound-
ary condition of the starting end section of the
motor rotor, f;=0,e; # 0, with R, =0, and accord-
ing to Eq. (43), R,, R;3, Ry,..., R, can be obtained
sequentially. Combined with the right end section
N+1 of the motor rotor and its boundary condi-
tions, namely:

{fN+l = Ryi1en41

Fusr =0,epyy) £0 “4)

Obtain the frequency equation of the motor rotor
in the spatial domain:

Rotor.

b
Iy

Fig. 9 Eccentricity geometry of the motor rotor

S31 S50 S33 Sz
Sa1 Sar Saz Saa |y

The independent variable in Eq. (45) is a com-
plex number S = A1 + iw, when a certain excitation
speed £ is given, the complex frequency S, can be
calculated to determine the critical speed and loga-
rithmic decrement of each order 6 = —2z4/w (The
larger the 6 value, the higher the anti-interference
ability).

Due to factors such as machining errors, the
motor rotor may become eccentric and the air film
thickness may be uneven, resulting in the motor
rotor being subjected to UMP. Assuming that the
thickness of the air film remains constant along
the axial direction, the eccentricity of any section
of the motor rotor at any time is shown in Fig. 9,
where e is the eccentricity, y is the angle between
the connection line between the stator centroid
and the rotor centroid and x-direction, &, is the air
film thickness at ideal rotation, and 6 is the air film
thickness corresponding to any angle 6. The rotor
with a smaller air film is subjected to greater UMP
on one side.

From geometric analysis, it is easy to obtain the air
film thickness 6 corresponding to any angle 6:

6 =06y—ecos(d —¥) (46)

where 6, = R —r, R is the inner radius of the stator
and r is the outer radius of the rotor.

The air film thickness corresponding to any angle 6
is different, and the magnetic flux density between the
rotor and stator is different. Therefore, the air film mag-
netic permeability A is defined as:

_ HoS _ HoS

A= = Sl —ecos@ =] @7

where S is the magnetic flux area of each pole air
gap,e is the relative eccentricity(e = e/8y).u, is the
vacuum magnetic permeability. Write Eq. (47) as the
form of Fourier series as follows:

A=5) A,cosd —) (48)

n=0

where A, is the Fourier coefficient,
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H 1
L—=(n=0)
A = 8 V/1-¢2 (49)

n Ho 1

n
£
RVA < ]+\/1—62)

(n>0)

Considering only the fundamental wave of the air
film, the magnetic electromotive force composes of
the rotating magnetic field formed by the stator wind-
ing and the magnetic field formed by the rotor magnetic
steel is [20]:

F(0,t) = Fcos (a)et —pH) + F, cos [wet —pb — ¢]
(50
where F; is the fundamental amplitude of the stator
winding magnetomotive force; F,, is the equivalent
magnetic potential amplitude of the rotor magnetic
steel; P is the number of magnetic poles,w, is the
electrical angular velocity, and ¢ is the angle between
the magnetomotive force of the stator and rotor. Also,
the air film magnetic density corresponding to any
angle 0 is:
B, 1) = M (628
S

The Maxwell stress tensor method is used to calcu-

late the UMP, and the tangential stress is:

B(6, 1)
c=—

2uy ©2)

Due to the small radial stress, only tangential stress
is considered. Substitute Eq. (51) for Eq. (52) yields:

F2(0,1) - [E A" cos(6 — P2
n=0 (53)

2

o =

By integrating the tangential stress along the x and
y directions, the components of the UMP in the x and y
directions can be obtained:

ex
2Ho n=0
2

o 2
F =1L 02” F%(0,1) [Z A" cos(0 — ‘P)] cos 6do
] sin #dO

F =t o F(0, t)[z A" cos(6 — P)

ey
2Ho n=0

(54)

where L is the length of the rotor magnetic steel.
When the motor rotor rotates at an angular velocity

@ Springer

2, the UMP will affect its vibration situation. Add the

unbalanced force of Eq. (54) above to its position (on

the 16th disc node), that is:

Z}=PZ} +F, (55)
And add a shaft segment to its right end to form a

disc-shaft unit, then the state vector relationship at both

ends is:

Zip1 = B(PZ; + F) (56)
According to the Riccati transfer matrix method,

they are grouped as follows:

T _ T _ | Y11 U2 T T
[fle]H_l - Ti[fle]i - [M21 u22:|i[f|e]i + [Ff Fe]j
(57

where u,, U5, Uy, Uy, is similar to the above without
magnetic tension. Introduce Riccati transformation:

fi=Re; +N; (58)

Based on the boundary conditions, it can be
obtained that:

_ _p-l

eNyl = _RN+1NN+1 (59)

According to the recursive formula of e;, the state

vectors e; (i=N,N-1,...,2,1) of each cross-section are

derived to obtain the unbalanced response of the rotor

under UMP. The calculation flowchart is shown in
Fig. 10.

3 Example study

In order to verify the accuracy of the established
model, the parameters of the rotor system model
used in the literature [21] were substituted into the
rotor dynamics analysis model constructed in this
paper. The calculated data was compared with its
experimental data, as shown in Figs. 11 and 12, and
it was found that the predicted synchronous vibration
amplitude of the established model could match well
for two imbalance displacement u=10.5%10"° and
12x107° m, which verified the accuracy of the rotor
dynamics analysis model constructed in this paper.

The parameters of the high-speed motor rotor used
in this calculation are shown in Table 1.
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Fig. 10 Calculation flow -
chart of the motor rotor o

system model ‘

Input bearing parameters . load. speed

3
Assign an initial pressure value of 1 to each node
y

Calculate the pressure P(j, i) at each node
according to formulas (17)-(20)

Hi(j, 1) =Hi1(j, i+ Wksum

[Px(j, i) —Pra(j, 1)/
Pi(j, i) <=0.00001

Calculate the K and C according to formulas (21)-(22)

Calculate the Riand $ according to formulas (43)-(45)

The Riccati transfer matrix method is used to
numerically calculate the natural frequency of the
motor rotor as a function of the rotational speed, as
shown in Fig. 13 (also known as the Campbell dia-
gram).As can be seen from the figure, when the motor
rotor rotates, the frequency of each mode increases
with the rotational speed due to the rotational effect
of the motor rotor. And there are only three intersec-
tions between the synchronous excitation line and
the forward precession curve of each order within
160 krpm, indicating there are three critical speeds
within the range. The first two order critical speeds
are all below 15 krpm and far from the rated speed
of the motor design of 120 krpm. The third order
critical speed is 139.548 krpm, which is 19.548 krpm
higher than the rated speed and also within the safe
range. Modal analysis of the motor rotor is carried
out by the finite element software called Ansys, and

4
NO

S=S+nAS, n=nt+l

YES',

Output S and ¢

4

it is found that its third order critical speed is 158.310
krpm, which is much greater than 120 krpm. There-
fore, the designed rated rotor speed is within the safe
range, and the correctness of using the Riccati trans-
fer matrix method in MATLAB numerical calculation
of rotor dynamics is verified. From the obtained third-
order vibration mode diagram of the motor rotor sys-
tem, as shown in Fig. 14, it can be seen that the posi-
tion with larger amplitude of the motor rotor appears
on the both sides of the rotor, while the amplitude at
the bearing position is smaller.

Based on the numerical calculation of rotor
dynamics using the Riccati transfer matrix method
in MATLAB, this article investigates the effects of
foil thickness, bearing length, rotor radius, and aer-
odynamic viscosity on natural frequency and stabil-
ity of the rotor. As shown in Fig. 15, the third order
critical speed increases with the increase of foil
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Table 1 The motor rotor

! 0 Number  Shaft Shaft Number of disc shaft units Length of Disc mass/kg
model data sheet of disc segment segment disc shaft
shaft diameter/m  length/m units/m
1 0.01 0.002 1 0.002 0.001234646
2 0.023 0.01 1 0.01 0.032656384
3 0.04 0.0252 2 0.0126 0.248904612
4 0.0506 0.0084 1 0.0084 0.132767794
5 0.083 0.0084 1 0.0084 0.357229973
6 0.015 0.006 1 0.006 0.00833386
7 0.028 0.00375 1 0.00375 0.018149295
8 0.1 0.0025 1 0.0025 0.154330736
9 0.028 0.00375 1 0.00375 0.018149295
10 0.028 0.025 2 0.0125 0.120995297
11 0.028 0.011 1 0.011 0.053237931
12 0.041 0.05 4 0.0125 0.518859936
13 0.028 0.011 1 0.011 0.053237931
14 0.028 0.025 2 0.0125 0.120995297
15 0.015 0.006 1 0.006 0.00833386
16 0.083 0.0084 1 0.0084 0.357229973
17 0.0506 0.0084 1 0.0084 0.132767794
18 0.04 0.0252 2 0.0126 0.248904612
19 0.023 0.01 1 0.01 0.032656384
20 0.01 0.002 1 0.002 0.001234646
-6
6 x10°¢ . . : : 80 <10 . T T T .
m  Test data[21] m  Test data[21]
o prediction ® prediction
60 —
g * 1k
< = I
o ° 3 L
E =y ERd 1
= a °
g n o" g .0
<L o°® ° | < g =
n" 3
. Sop 20 o “ea, .
e un B, . Ll LT Y PRSI
wl Spling o »
s 2379 ®
0 1 1 1 1 0 L L L L L
0 5 10 15 20 25 0 5 10 15 20 25 30
Rotor speed n/krpm Rotor speed n/krpm
Fig. 11 Synchronous vibrations for imbalance displacement Fig. 12 Synchronous vibrations for imbalance displacement

u=10.5x10"m

u=12x10"°m

thickness. From Fig. 16, it can be seen that the third

order critical speed increases with the increase of
bearing width. As shown in Fig. 17, the third order
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critical speed decreases with the increase of rotor
radius. As shown in Fig. 18, the third order critical

speed increases with the increase of aerodynamic
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Fig. 13 Campbell diagram 250000 T T T T T T
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Fig. 14 Third order vibration mode of the motor rotor

viscosity. From Fig. 19, it can be seen that the
logarithmic decrement of the third order natural
frequency corresponding to different foil thick-
nesses decreases with increasing speed, and at the
same speed, the logarithmic decrement increases
with increasing foil thickness. From Fig. 20, it can
be seen that the logarithmic decrement of the third
order natural frequency points corresponding to
different bearing width decreases with increasing

T T T T T
139560 - = 4
£
£4139550 4
~
el
[}
(53
o
w
S 139540 | ]
s h
kel //
2
- /
139530 |- / .
/
139520 L L L L !
70 80 90 100 110 120 130

3
Foil thickness #5/mm *10

Fig. 15 The influence of foil thickness on the third order criti-
cal speed

speed, and at the same speed, the logarithmic decre-
ment increases with increasing bearing width. From
Fig. 21, it can be seen that the logarithmic decre-
ment of the third order natural frequency points
corresponding to different rotor radius decreases as
the speed increases. At the same speed, the loga-
rithmic decrement decreases as the rotor radius
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Fig. 16 The influence of bearing width on the third order criti-
cal speed
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138500 |

138000 |- \ 4

137500 L . . .
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Rotor Radius d/mm

Fig. 17 The influence of rotor radius on the third order critical
speed

increases. From Fig. 22, it can be seen that the
logarithmic decrement of the third order natural fre-
quency points corresponding to different dynamic
viscosities of air decreases with increasing speed,
while at the same speed, the logarithmic decrement
increases with increasing dynamic viscosity of air.
As shown in Figs. 23 and 24, an unbalance of
1x107° kg-m caused by uneven mass distribution is
applied to the corresponding force generating disc
16, resulting in elliptical response amplitudes for
both the left and right bearings. The shaft trajec-
tory range at the left bearing is large (with a large
amplitude), which is due to the large load carried
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Fig. 18 The influence of dynamic viscosity of air on the third
order critical speed
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Fig. 19 The influence of foil thickness on stability

by the left bearing. The maximum UMP calculated
by Eq. (54) is equivalent to the unbalanced amount
applied to the corresponding force generating disc
16. The shaft trajectory at the left bearing is shown in
Fig. 25, and the shaft trajectory at the right bearing is
shown in Fig. 26. Comparing Figs. 23, 24, 25, 26, it
is easy to find that the response amplitude generated
by the maximum UMP is smaller than the unbalanced
amount 1x 107> kg-m caused by uneven mass distri-
bution, and the amplitude is smaller than the air film
thickness 4 x 1072 mm, which indicates that the motor
can operate stably under the influence of UMP.
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Fig. 20 The influence of bearing width on stability
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Fig. 21 The influence of rotor radius on stability

4 Conclusions

A mechanical analysis is conducted on the air foil
bearing, and a deformation model of the air foil
bearing is constructed using the Castigliano’s sec-
ond theorem, force balance equation, and small
deflection elastic thin plate theory. Based on the
Navier—Stokes equation and continuity equation,
combined with Newtonian fluid and laminar flow
conditions, the generalized Reynolds equation is
derived. The perturbation method and the finite
difference method are used to obtain the distur-

1)

Logarithmic decrement

653
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B Dynamic viscosity x4=1.720x10" Pa‘s
¢ @ Dynamic viscosity 4=1.759x10" Pa-s|
i A Dynamic viscosity #=1.809x10"° Pa-s
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0.0055 - \\ ¢ Dynamic viscosity 4=1.932x10"° Pa-s]|
S
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\j\i
0.0045 - -
0.0040 1 1 1
100000 120000 140000
Speed n/rmp

Fig. 22 The influence of dynamic viscosity of air on stability

%1073
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-0.5 0.0 0.5 1.0 1.5 2.0

x107°

Fig. 23 The shaft trajectory of the left bearing under the influ-
ence of unbalanced mass

bance pressure, and the stiffness and damping of
the air foil bearing are obtained by integrating the
disturbance pressure, serving as the supporting
model for the motor rotor. On the basis of analyz-
ing the transfer matrix of typical disc shaft unit
using the transfer matrix method, combined with
the Riccati transform, the natural frequencies
and the critical speeds of the motor rotor system
in the spatial domain are calculated using MAT-
LAB. The Maxwell stress tensor method is used
to calculate the UMP, and the UMP is equivalent
to the unbalanced mass applied to the disc it acts
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Fig. 24 The shaft trajectory of the right bearing under the
influence of unbalanced mass
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Fig. 25 The shaft trajectory of the left bearing under the influ-
ence of UMP

on. The unbalanced response is calculated, form-
ing a theoretical model that can calculate the
dynamic performance of high-speed motor rotors.
A numerical calculation method for this model is
established and programed using MATLAB.

2. Through numerical analysis, the effects of foil
thickness, bearing length, rotor radius, and
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Fig. 26 The shaft trajectory of the right bearing under the
influence of UMP
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dynamic viscosity of air on the natural frequency
and stability of the motor rotor system are stud-
ied. It is found that the third order critical speed
increases with the increase of foil thickness, bear-
ing width, and dynamic viscosity of air, while
decreases with the increase of rotor radius; The
logarithmic decrement of the third order natural
frequency points corresponding to different foil
thicknesses, bearing lengths, rotor radius, and
dynamic viscosity of air decreases with increas-
ing speed. At the same speed, the logarithmic
decrement increases with increasing foil thick-
ness, bearing length, and dynamic viscosity of
air, and decreases with increasing rotor radius;
The shaft trajectories of the left and right bearings
under unbalanced mass and UMP are studies. It
is found that the amplitude of the shaft trajectory
of the left bearing with larger load is larger. How-
ever, the amplitude of the left and right bearings is
smaller than the thickness of the air firm thickness,
indicating that the motor rotor can operate stably
under the action of unbalanced mass and UMP.
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