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Abstract  Meshing impact is caused by boundary 
impact, mesh-in impact, mesh-out impact and switch-
ing impact of meshing teeth pair for gear pair. To 
study the characteristics of these impacts and their 
influence on the system dynamic performance, mesh-
ing impact is classified according to multi-state mesh-
ing. Calculation models of switching impact includ-
ing impact force and impact time are established 
based on Hertz contact theory. Calculation model 
of boundary impact including drive-side bound-
ary impact and back-side boundary impact is con-
structed on the principle of conservation of energy. 
An improved nonlinear dynamics model of spur 
gear pair considering meshing impact is established 
as multi-state meshing and time-varying parameters 
are included. It is solved in C program language by 
Runge–Kutta method numerically. Five representa-
tive typical cases are selected to discuss the charac-
teristics and possible motion patterns of the system 
after considering the meshing impact. The influences 
of meshing frequency and load coefficient on the sys-
tem dynamic characteristics and nonlinear dynamics 
are investigated according to bifurcation diagrams 

with and without considering the meshing impact and 
other well-known crucial tools in nonlinear dynamics 
analysis. Motion transition mechanism of the system 
considering meshing impact is discussed. The rela-
tionship between input and output torque is attempted 
to deduce according to dimensionless parameters 
and the engineering significance of the influence for 
dimensionless load coefficient on the system dynamic 
characteristics is discussed. It provides a theoretical 
basis for revealing meshing impact mechanism of the 
system and further reducing the impact.

Keywords  Spur gear pair · Meshing impact · Multi-
state meshing · Nonlinear dynamics · Time-varying 
parameter

1  Introduction

Vibration and dynamic characteristics of the gear 
transmission system have always been key issues for 
scholars in engineering and science since a nonlin-
ear dynamics model of a spur gear pair proposed by 
Kahraman and Singh in 1990 [1]. The model is con-
stantly improved and perfect for instant its number for 
degrees of freedom considered is increasing. 3-DOF 
model [2–4], 6-DOF model [5–8], 8-DOF model [9, 
10], 12-DOF model [11] and so on have emerged in 
addition to the single DOF model [12–16]. The trans-
mission stages have also developed from one-stage 
gear transmission [1–16] to two-stage [17] and even 
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multi-stage transmission [18, 19]. The effects of bear-
ings [20, 21], rotors [22, 23] and supports [2] are 
gradually introduced to the models. Various time-var-
ying parameters are gradually improved in the model 
such as time-varying meshing stiffness [11, 12], time-
varying friction coefficient [13, 23], time-varying 
backlash [24], elastodynamic lubrication [25–27] and 
tooth pitch deviation [28, 29]. The research object is 
also extended from spur gear to helical gear [30, 31], 
face gear [32] and so on.

Meshing impact of the gear transmission system 
affects its dynamic vibration directly. The impact in 
meshing has been extensively studied by theoretical 
or experimental methods. Parey and Tandon [33] pro-
posed a model of the impact velocity for the gear pair 
that links the vibration signal obtained by measur-
able method. Chen et  al. [34] researched the impact 
characteristics of convex gear transmission system by 
using backlash and static transmission error experi-
ments. The primary problem of impact for gear trans-
mission system is the calculation of impact force 
[35–39] and the determination of impact position 
[38]. Hu et al. [35] extracted the meshing impact sig-
nal in the experiment to calculate the meshing impact 
force. Li et  al. [40] established an adaptive cascade 
stochastic resonance method for shock feature extrac-
tion in gear fault diagnosis. Tong et al. [41] proposed 
a model to identify the local resonance caused by 
gear meshing impact. Xiang et al. [42] established an 
improved model of gear contact force to distinguish 
its collision and meshing states. Mu et  al. [43] pro-
posed a vibration control optimization design method 
of spiral bevel gears according to meshing impact 
model. Rigaud and Perret-Liaudet [44] conducted 
an experimental study on the tooth slap caused by 
vibration and impact between teeth of spur cylindri-
cal gear. Ma et al. [45] proposed an analytical model 
of the circular arc tooth line cylindrical gear by the 
finite element method at different impact positions. 
The researches on the impact of gears mainly focus 
on the off-line meshing, contact impact, mesh-in 
impact and mesh-out impact. There is little study on 
the teeth impact caused by meshing in or out for the 
current tooth pair.

The nonlinear dynamics model and the mesh-
ing impact of the gear transmission system have 
been studied widely and deeply, respectively. 
But nonlinear dynamics model coupling meshing 
impact is still rare and the multi-state meshing is 

not found yet. Meshing impact affects importantly 
the dynamic characteristics of gear teeth and it is 
closely related to their meshing state. Shi et al. [46] 
first proposed the multi-state meshing theory of the 
gear transmission and used it to establish the non-
linear dynamic model with considering multi-state 
meshing of spur gear pair based on this. After that, 
they built a calculation model of the time-varying 
backlash and meshing stiffness for spur gear pair 
based on its multi-state meshing characteristics 
[24]. The accuracy of the multi-state meshing char-
acteristics for the gear transmission was proved by 
experiments when they measured the tooth surface 
contact temperature of a spur gear pair based on 
Seebeck effect [47]. Tang et al. [48] spoke highly of 
the multi-state meshing modeling method proposed 
in Ref. [24] and improved it. Gear meshing state 
is divided into drive-side teeth meshing, back-side 
teeth contacting and tooth disengagement with dif-
ferent number of teeth pairs according to the back-
lash and contact ratio of gear transmission based on 
multi-state meshing theory [24, 46, 47]. The impact 
of gear teeth can be accurately identified according 
to multi-state meshing characteristics.

All these studies provide the basis and possibility 
for more precise identification of the meshing state 
and more accurate study of the role between gears 
according to the engineering practice of gear trans-
mission. Therefore, spur gear pair proposed by Kah-
raman and Singh [1] is taken as the research object 
of this paper. An improved dynamics model of spur 
gear pair will be established when meshing impact, 
time-varying parameters and multi-state meshing are 
considered. Influence of meshing impact and param-
eters on the dynamic characteristics will be analyzed. 
It is organized as follows. The absolute rotation equa-
tion of spur gear pair considering multi-state meshing 
is discussed in Sect. 2. Classification and calculation 
methods of meshing impact with multi-state mesh-
ing will be proposed in Sect. 3. The rotation equation 
of spur gear pair is dimensionless considering the 
impact and multi-state meshing in Sect. 4. Dynamic 
characteristics of meshing impact will be discussed 
according to numerical calculated results in Sect.  5. 
The influence of meshing impact on the system 
dynamic characteristics and its engineering value are 
discussed according to the relationship between out-
put and input torque in Sect. 6. Some conclusions will 
be drawn in Sect. 7.
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2 � Absolute rotation equation of spur gear pair 
with multi‑state meshing

Single stage involute spur gear pair is the simplest form 
of gear transmission and the basis of all gear transmis-
sion forms. The support of the gear pair is assumed 
by rigid mounts as the influences of bearings and the 
flexure of the shafts are not considered in this work. A 
single stage spur gear pair meshing considering its tor-
sional vibration is represented in Fig. 1 [1]. Ti , �i , Rbi 
and Ii (i = p, g) is the input torque and output torque, 
the dynamic angular displacements, the base circle 
radius and the mass moments of inertia of the pinion 
(i = p) and gear (i = g), respectively. e(t) is the compre-
hensive transmission error along the action line and t is 
time. k(t) and cm is the time-varying meshing stiffness 
and meshing damping coefficient, respectively. D and 
� is half of backlash and the friction coefficient of the 
tooth surface, respectively. Parameters of the system 
corresponding to the test rig [47] that do not affect the 
universality of this work are listed in Table 1.

There are three meshing regions along the action 
line, N1N2 determined by its contact ratio �m = 1.595 
which is more than 1.0 and less than 2.0 for spur 
gear pair according to the gear transmission princi-
ple. They are meshing regions of double-pair teeth 
(AB and CMo) and meshing region of single-pair 
teeth (BC) as depicted in Fig. 2 [49], where �i (i = p, 
g) is the angular speed of the pinion (i = p) and gear 
(i = g), respectively. A is the point of mesh-in. Mo is 
the point of mesh-out. P is the pitch point. Switching 
points of double-to- single and single-to-double are B 
and C, respectively. The division of meshing region 
and the calculation of switching time has been proved 
to be correct by Ref. [47] in the experiment of meas-
uring the tooth surface contact temperature for the 
spur gear pair listed in Table 1.

Backlash is reserved in designing to prevent jam-
ming which occurs in the gear transmission process. 
It leads to drive-side teeth meshing, back-side teeth 

contacting and tooth disengagement. There are five 
meshing states such as drive-side meshing of single-
pair teeth (MSds), drive-side meshing of double-pair 
teeth (MSdd), tooth disengagement, back-side con-
tacting of single-pair teeth (MSks) and back-side con-
tacting of double-pair teeth (MSkd) in the spur gears 
transmission process [46]. Schematic of the forces 
acting on the gear teeth under meshing and contact-
ing states are shown in Fig. 3 and that of tooth disen-
gagement is not shown because there is no force act-
ing on the teeth in this case. N1N2 is the action line 
under drive-side meshing and M1M2 is the action line 
under back-side contacting. Ffijc and FNijc represents 
the friction forces and positive pressures acting on 
the teeth where i = p, g represents the pinion and gear, 
j = 1, 2 represents the number of the meshing teeth 

Fig. 1   Schematic of single stage spur gear pair meshing [1]

Table 1   Parameters of the studied gears corresponding to the 
test rig [47]

Parameters Pinion Gear

Teeth number 21 26
Normal modulus m (mm) 5 5
Mass moment of inertia I (kg.mm2) 0.21 0.26
Tooth width b (mm) 50 45
Elastic modulus E (GPA) 163 211
Poisson’s ratio v 0.277 0.33
Material Constantan 40Cr
Surface roughness S (µm) 1.6 1.6
Contact ratio �

m
1.595

Pressure angle α0 (°) 20 20
Tooth height coefficient ha* 1.0 1.0
Accuracy 6GB10095-2005

Fig. 2   Region diagram of multi-state meshing for spur gear 
pair
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pair and its value relates to meshing region along the 
action line, c = d, k represents the drive- side teeth 
meshing and back-side teeth contacting in order, 
respectively. Absolute rotation equations of spur gear 
pair under different meshing states is established in 
Eq. (1) according to Fig. 3 based on 2nd Newton law.

where Sijc(t)(i = p, g; j = 1,2; c = d, k) is the friction 
arm of the tooth on the pinion (i = p) and gear (i = g) 
for the jth teeth pair under drive-side teeth meshing 
(c = d) and back-side teeth contacting (c = k) state. 
The upper operator in ± and ∓ corresponds to c = d 
and the lower one corresponds to c = k. They can be 
obtained as Eq. (2) [46].

(1)
{

Ip𝜃̈p ± RbpFNp1c ± Sp1c(t)Ffp1c ± RbpFNp2c ± Sp2c(t)Ffp2c = Tp

Ig𝜃̈g ∓ RbgFNg1c ∓ Sg1c(t)Ffg1c ∓ RbgFNg2c ∓ Sg2c(t)Ffg2c = −Tg
, (c = d, k)

(2a)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Sp1d(t) = (Rbp + Rbg)tan� −
�

R2
ag
− R2

bg
+ Rbp�pt

Sg1d(t) =
�

R2
ag
− R2

bg
− Rbp�pt

Sp1k(t) =
�

R2
ap
− R2

bp
− Rbg�gt

Sg1k(t) = (Rbp + Rbg)tan� −
�

R2
ap
− R2

bp
+ Rbg�gt

Positive pressures, FNijc in Eq. (1) can be obtained as 
Eq. (3) according to their definitions and Fig. 3.

where Ljc(t) is the load distribution ratio of the jth 
teeth pair under drive-side teeth meshing state (c = d) 
and back-side teeth contacting state (c = k). They can 
be obtained as Eq. (4) according to Ref. [46].

where �Ad =
zp

2�

√
R
2
ag
∕R2

bp
− 1 and �Ak =

zg

2�

√
R
2
ap
∕R2

bg
− 1 

denote the profile parameters at meshing point A cor-
responding to the drive-side teeth meshing state and 
the back-side teeth contacting state, respectively. 

(2b)Si2c(t) = Si1c(t + T0), (i = p, g; c = d, k)

(3)
FNi1c = L1c(t)Fmc, FNi2c = L2c(t)Fmc, (i = p, g;c = d, k)

(4)

Ljc(t) =

⎧⎪⎪⎨⎪⎪⎩

1

3

�
1 +

�
Cc(t)−�Ac

�
Dc−�Ac−1

�
, �

Ac ≤ �
Cc(t) ≤ �

Dc − 1

1, �
Dc − 1 ≤ �

Cc(t) ≤ �
Ac + 1

1

3

�
1 +

�
Cc(t)−�Dc

�
Ac−�Dc+1

�
, �

Ac + 1 ≤ �
Cc(t) ≤ �

Dc

, (c = d, k)

Fig. 3   Schematic of the 
forces acting on the teeth 
under different states: a 
MSds, b MSdd, c MSks, d 
MSkd
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�Dd = zp

2�

√
R2
ap
∕R2

bp
− 1 and �Dk =

zg

2�

√
R2
ag
∕R2

bg
− 1 

denote the profile parameters at meshing point Mo 
corresponding to the drive-side teeth meshing state 
and the back-side teeth contacting state, respectively. 
�Cd =

zp

2�

√
R
2
dp
(t)∕R2

bp
− 1 and �Ck =

zg

2�

√
R2
kg
(t)∕R2

bg
− 1 

is the time-varying profile parameter changing along 
line AMo corresponding to the drive-side teeth mesh-
ing state and the back-side teeth contacting state, 
respectively. Here, Rai is addendum circle radius of 
the pinion (i = p) and gear (i = g), respectively. The 
meshing radius, Rijc(t) (i = p, g; c = d, k) can be writ-
ten as Eq. (5) as the back-side teeth contacting state is 
considered.

The load acting on the teeth is distributed to every 
meshing teeth pair in the double-pair teeth meshing 
region according to the number of the meshing teeth 
pair and the meshing position of spur gear pair. Its 
time-varying load distribution ratio has been obtained 
by solving Eq. (4) as shown in Fig. 4 taking c = d. It 
can be seen from Fig. 4 that there are sudden changes 
in the load distribution ratio at the four key mesh-
ing points, A, B, C and Mo. It means that the load 
jumps at these points and they result in the impact at 
these points. They will be discussed in SubSect. 3.1 
in details.

Dynamic meshing force, Fmc in Eq.  (3) can be 
obtained by Eq.  (6) when it is considered composed 
of elastic force and damping force according to 
Eq. (1).

Friction forces, Ffijc in Eq.  (1) can be obtained as 
Eq.  (7) according to their relationships to positive 
forces after introducing Eqs. (6) to (3).

(5)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Rp1c(t) =

�
R2
bp
+ [(Rbp + Rbg)tan� −

�
R2
ag
− R2

bg
+ Rbp�p t]

2

Rg1c(t) =

�
R2
bg
+ [

�
R2
ag
− R2

bg
− Rbp�p t]

2

Ri2c(t) = Ri1c(t + T0)

(6)
Fmc = k(t)(Rbp𝜃pc ∓ Rbg𝜃gc ∓ e(t) − D)

+ cm(Rbp𝜃̇pc ∓ Rbg𝜃̇gc ∓ ė(t)), (c = d, k)

(7)
Ffi1c = �1c(t)�1c(t)L1c(t)Fmc

,

Ffi2c = �2c(t)�2c(t)L2c(t)Fmc
, (i = p, g; c = d, k)

where �jc(t) (j = 1,2; c = d,k) is time-varying friction 
coefficient of the jth teeth pair corresponding to the 
drive-side teeth meshing state and the back-side teeth 
contacting state and they can be obtained according 
to Ref. [46]. �jc(t)(j = 1,2; c = d,k) is the direction 
coefficient of the friction force for the jth teeth pair 
corresponding to the drive-side teeth meshing state 
and the back-side teeth contacting state. They can be 
defined as Eq. (8).

Herein, sgn(•) is the sign function and vjc(t) is the 
slip velocity of the tooth surface of the jth teeth pair 
corresponding to the drive-side teeth meshing state and 
the back-side teeth contacting state which can be writ-
ten as Eq. (9).

where �ijc(t) = arc cos[Rbp∕Rijc(t)] (i = p,g; j = 1,2; 
c = d,k) is the pressure angle at meshing or contacting 
points.

Absolute rotation equation of spur gear pair under 
tooth disengagement state is shown in Eq. (10).

(8)�jc(t) = sgn[vjc(t)]

(9)

vjc(t) = Rpjc(t)sin(�pjc(t))�p

− Rgjc(t)sin(�gjc(t))�g, (j = 1, 2; c = d, k)

(10)

{
Ip𝜃̈p = Tp

Ig𝜃̈g = −Tg
, (c = d, k)

Fig. 4   Load distribution ratio of meshing position along the 
action line, N1N2
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3 � Meshing impact of spur gear pair

3.1 � Classification of meshing impact for spur gear 
pair according to multi‑state meshing determined 
by contact ratio and backlash

Meshing characteristics of gear transmission system 
is very complex determined by the backlash and con-
tact ratio. The relative position and the action state 
of the force for the interacting teeth pair are different 
at different times. Accordingly, the meshing impact 
is different. A clear classification of the meshing 
impact is the basis for its calculation. Classification 
of meshing impact for spur gear pair considering 
multi-state meshing is shown in Fig.  5 and the dis-
tribution of phase trajectories is shown in the phase 
plane, respectively. Boundary in drive-side bound-
ary impact and back-side boundary impact is omitted 
for simplicity in Fig.  5. Double- to-single switching 

impact and single-to-double switching impact are col-
lectively referred to as switching of meshing teeth in 
Fig. 5. Time, t is main control parameter and Δt is the 
time step. Arrows in Fig. 5 indicate the moving direc-
tion of the phase trajectory, and different colors are 
used to distinguish the type of motion and impact. It 
is discussed in detail to prepare for the calculation of 
meshing impact.

For the convenience of discussion, several quanti-
ties will be used first and their specific meanings will 
be discussed in detail in Sect. 3.4. ẋ is the dimension-
less relative velocity and x is the dimensionless rela-
tive displacement. D is the dimensionless half back-
lash. t is the dimensionless time. Fi is the dynamic 
meshing force. [FN]m is the critical mesh-in force and 
[FN]c is the critical contact-in force.

From a macro perspective, the meshing states can 
be roughly divided into three types according to the 
relative relationship between x and D:

Fig. 5   Calculation process of meshing impact for spur gear pair considering multi-state meshing. Arrows indicate the moving direc-
tion of the phase trajectory, and different colors are used to distinguish the type of motion and impact
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Drive-side teeth meshing when x ≥ D which is 
marked by ① in Fig. 5;

Tooth disengagement when D > x > −D which is 
marked by ③ in Fig. 5;

Back-side teeth contacting when x ≤ −D which is 
marked by ④ in Fig. 5.

There are two different consequences when the 
relative position of meshing teeth pair is at special 
boundaries such as x = D and x = −D , respectively. 
It depends on the state of the dynamic meshing force:

Mesh-in deduced by drive-side boundary impact 
when x = D which is marked by ② in Fig. 5 and the 
dynamic meshing force Fi ≤[FN]m;

Separation of teeth pair caused by drive-side 
boundary impact when x = D which is marked by ⑥ 
in Fig. 5 and the dynamic meshing force Fi > [FN]m;

Separation of teeth pair caused by back-side 
boundary impact when x = −D which is marked by 
⑦ in Fig. 5 and the dynamic meshing force Fi > [FN]c;

Back-side teeth contacting caused by back-side 
boundary impact when x = −D as marked ⑧ in Fig. 5 
and the dynamic meshing force Fi ≤[FN]c.

Switching impact of meshing teeth pair will occur 
as the gear pair is under drive-side teeth meshing or 
back-side teeth contacting. The switching impact 
under drive-side teeth meshing as marked ⑤ in Fig. 5 
is discussed when it is considered as the same as the 
one under back-side teeth contacting. A complete 
meshing process of any tooth can be depicted as com-
ing into meshing at mesh-in point A → double-pair 
teeth meshing in the region AB → switching to sin-
gle-pair teeth meshing at point B → single-pair teeth 
meshing in the region BC → switching to double-pair 
teeth meshing at point C → double-pair teeth mesh-
ing in the region CMo → exiting meshing at mesh-out 
point Mo according to Fig.  2. The gear operation is 
the repetition of this process on each tooth and the 
load acting on each tooth jumps at points A, B, C 
and Mo as shown in Fig. 4. The jumping of the load 
results in four different types of impact. It can be 
divided into four types when the ith teeth pair is taken 
as the studied one.

(1)	 Mesh-in impact. It is caused by the coming into 
meshing of the ith teeth pair at mesh-in point, A.

(2)	 Mesh-out impact. It is caused by the exiting 
meshing of the ith teeth pair at mesh-out point, 
Mo.

(3)	  Double-to-single switching impact. It is caused 
by the exiting meshing of the (i-1)th teeth pair at 
the switching point B. The exiting meshing of the 
(i-1)th teeth pair will cause the mesh-out impact 
of (i-1)th teeth pair. But it causes the change of 
the load acting on the ith teeth pair at point B as 
shown in Fig. 4. This impact is called as double-
to-single impact because its generation mecha-
nism is different to the mesh-out impact for the 
ith teeth pair.

(4)	 Single-to-double switching impact. It is caused 
by the coming into meshing of the (i + 1)th 
teeth pair at the switching point C. The com-
ing into meshing of the (i + 1)th teeth pair will 
cause the mesh-in impact of (i + 1)th teeth pair. 
But it causes the change of the load acting on 
the ith teeth pair at point C as shown in Fig. 4. 
This impact is called as single-to-double impact 
because its generation mechanism is different to 
the mesh-in impact for the ith teeth pair.

The independent mesh-in impact exists only at 
the starting of the gear operation. Mesh-in impact 
mainly involves in single-to-double switching impact 
on other cases. Similarly, the independent mesh-out 
impact exists only at the stop time of the gear opera-
tion. Mesh-out impact mainly involves in double-to-
single switching impact on other cases. There are two 
types switching impact during the normal operation. 
They are single-to-double switching impact and dou-
ble-to-single switching impact. That is the impact at 
point A is similar to the one at point C and the impact 
at point B is same to the one at point Mo in the stable 
operation.

In a word, the impact in the running gear trans-
mission system mainly includes boundary impact 
and switching impact. Switching impact includes 
double-to-single switching impact (relating to mesh-
out impact) and single-to-double switching impact 
(relating to mesh-in impact). Impact time and impact 
force are two important factors of their impact charac-
teristics. Their calculation methods will be discussed 
in Sects. 3.2 and 3.3 in details, respectively. Bound-
ary impact includes drive-side boundary impact and 
back-side boundary impact. Their calculation meth-
ods will be discussed in SubSect. 3.4.
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3.2 � Calculation method of impact time for switching 
impact based on Hertz contact theory

The distances from the centers of the pinion and 
gear to meshing points of the jth teeth pair, Rpjd(t) 
and Rgjd(t) (j = 1,2) are called as radii of the meshing 
points and can be obtained by the Eq. (11) according 
to Ref. [46], respectively.

where T0 = 2�
/
zp� is a meshing cycle between dou-

ble-pair teeth and single-pair teeth as zp is teeth num-
ber of the pinion. � = � h∕�n is the dimensionless 
meshing frequency as � h is the meshing frequency 
and �n =

√
kav∕me is the system natural frequency, 

where kav is the system average meshing stiffness. � is 
the pressure angle of the gears.

In this study, gears are assumed isolated from 
other inertias in the system as in Refs. [34, 36, 38, 
39]. The tooth surfaces in the contact zone for spur 
gear pair are closer to cylinders with radii Rpjd(t) 
and Rgjd(t) and length of tooth width. The elastic 
impact is only considered in the switching impact 
of meshing teeth pair. The impact can be equiva-
lent to the midpoint of the tooth width when the 
gears are simply regarded as two elastomers and the 
impact force is consistent along the length of the 
cylinder in the elastic impact. Therefore, the teeth 
impacting can be simplified to two spheres with 
radii Rpjd(t) and Rgjd(t) . Their equivalent masses are 
expressed as m1 and m2 , respectively. Impact force, 
Fi(t) produced when the two teeth (equivalent elas-
tic spheres) impact with the relative velocity, v0 . 
The amount of proximity between the centers of 
two equivalent spheres is expressed as �(t) when 
center displacements of the two equivalent elastic 
spheres are u1(t) and u2(t) , respectively. The rela-
tionship between F i(t) and �(t) can be obtained from 
Eq.  (12) assuming that they on the contact surface 
satisfy the Hertz contact theory.

(11)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

Rp1d(t) =

�
R2
bp
+ [(Rbp + Rbg)tan� −

�
R2
ag
− R2

bg
+ Rbp�p t]

2

Rg1d(t) =

�
R2
bg
+ [

�
R2
ag
− R2

bg
− Rbp�p t]

2

Ri2d(t) = Ri1d(t + T0), (i = p,g)

where m
e
= m

1
m

2
∕(m

1
+ m

2
) and it can also be calcu-

lated as me = IpIg∕(IpR
2
bp
+ IgR

2
bg
) according to the 

parameters of the gears approximately. 
�(t) = u

1
(t) + u

2
(t).

(12)
d2�(t)

dt2
= −

1

me

Fi(t)

The contact condition can be obtained by 
Eq.  (13) according to Hertzian impact theory [50] 
especially the exponent from the impact of two cyl-
inders [51].

where k(t) = 1∕(1∕k
h
+ 1∕k

bji + 1∕k
aji + 1∕k

sji + 1∕k
f
) is the 

time-varying meshing stiffness of the gear system 
where kh , kbji (j = p,g and i = 1,2), kaji j = p,g; i = 1,2), 
ksji (j = p,g; i = 1,2) and kf  is the Hertzian contact stiff-
ness, bending stiffness of the ith gear pair for the pin-
ion (j = p) and gear(j = g), axial compressive stiffness, 
shearing stiffness and the fillet-foundation stiffness 
of spur gear pair when the double-pair teeth mesh-
ing regions and single-pair teeth meshing region are 
considered, respectively. Its calculation results can be 
obtained in Fig. 6 according to Ref. [46].

Equation (12) can be written as Eq. (14) by substitut-
ing Eq. (13) into Eq. (12) and eliminating F i(t).

Equation  (15) can be obtained by integrating 
Eq. (14) with initial condition d�(t)

dt
||t=0 = v0.

The impact process can be divided into compression 
and recovery stages. d�(t0)∕dt = v0 at the beginning of 

(13)F i(t) = k(t) �3∕2(t)

(14)
d2�(t)

dt2
= −

k(t)

me

�3∕2(t)

(15)
(
d�(t)

dt

)2

− v2
0
= −

4k(t)

5me

�(t)5∕2



627Meccanica (2023) 58:619–642	

1 3
Vol.: (0123456789)

compression stage and d�(ts)∕dt = 0 at the ending of 
compression stage as ts is the compression time. �max(t) 
can be obtained as Eq. (16) at the ending of compres-
sion stage.

The max impact force can be obtained as Eq.  (17) 
when Eq. (16) is substituted into Eq. (13).

The expression of the compression time, ts 
can be expressed in the form of first Euler inte-
gral by separating the variables from Eq.  (15) and 
integrating the time and shown in Eq.  (18) as let 
� = [�(t)∕�max]

5∕2 . The lower integral limit is taken 
at the beginning of compression and there are t = 0, 
δ(t) = 0 and � = 0. The upper limit of integration is 
taken at the end of compression and there are t = ts , 
δ(t) = �max and � = 1.

The compression time, ts can be obtained as 
Eq. (19) by solved Eq. (18) according to β Function 
calculation method.

(16)�max =

(
5mev

2
0

4k(ts)

)2∕5

(17)Fi max = k(ts)

(
5mev

2
0

4k(ts)

)3∕5

(18)

t
s
=

2�
max

5v
0

∫

1

0

�
−3∕5

√
1 − �

d� =
2�

max

5v
0

∫

1

0

�
(2∕5−1)

(1 − �)(1∕2−1)d�

The recovery time, tr can be obtained as Eq. (20) 
assuming that tooth deformation is not completely 
elastic deformation.

where er is the recovery coefficient and it can be 
obtained according to the material reference manual.

It can be seen that the compression time, ts and 
the recovery time, tr are determined by the mesh-
ing stiffness and the initial relative velocity, v0 at 
the impact points. The value of the meshing stiff-
ness can be obtained according to Fig. 5. There are 
two methods to calculate the initial relative veloc-
ity. One is calculated according to the radii of the 
meshing points (shown in Eq. (11)) and the angular 
velocity ( �p , �g ). The other is calculated accord-
ing to the relative velocity in the nonlinear dynam-
ics model established in Sect. 2. It is found that the 
latter is more accurate than the former because the 
comprehensive transmission error is considered 
in it. The latter will be used to calculate the initial 
relative velocity in the paper. Each impact point is 
refined into an interval due to consider the impact 
time. The action region of gear teeth along the 
action line N1N2 can be illustrated as Fig. 7 because 
the impact time (including compression time and 
recovery time) are considered. Each action inter-
val and its corresponding time boundary can be 
obtained according to Fig. 7.

(1)	 mesh-in impact interval AA1, 0 ≤ t ≤ Δt1,
(2)	 double-pair teeth meshing interval A1B, 

Δt1 ≤ t ≤ (�m − 1)T0 − Δt2,
(3)	 switching impact interval of double-to-single 

BB1, (�m − 1)T0 − Δt2 ≤ t ≤ (�m − 1)T0,
(4)	 single-pair teeth meshing interval B1C, 

(�m − 1)T0 ≤ t ≤ T0,
(5)	 switching impact interval of single-to-double 

CC1, T0 ≤ t ≤ T0 + Δt3,
(6)	 double-pair teeth meshing interval C1Mo, 

T0 + Δt3 ≤ t ≤ �mT0 − Δt4,
(7)	 mesh-out impact interval MoMo1, �mT0 − Δt

4
≤ t

≤ �
m
T
0
.

(19)ts = 1.88

(
me

k(t)

)2∕5(
1

v0

)1∕5

(20)tr = 1.88

(
me

k(t)

)2∕5(
1

erv0

)1∕5

Fig. 6   Time-varying meshing stiffness along the line of 
action, N1N2
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Δti = tsi + tri(i = 1,2,3,4) above in each impact 
interval can be calculated according to the impact 
type easily.

3.3 � Calculation method of impact force for switching 
impact

The max impact force, Fi max has been obtained 
according to Eq.  (17). This is its maximum in the 
impact interval. It increases from meshing force at 
the beginning point of the impact interval in the com-
pression stage and decreases to meshing force at the 
end point of the impact interval in the recovery stage. 
Peng et  al. [49] found the impact force increased 
according to the sinusoidal law in the compression 
stage and decreased according to the cosine law in the 
recovery stage when they studied the elastic impact of 
a sphere on a large plate. Calculation equation of the 
impact force can be established as Eq.  (21) inspired 
by this.

where �s and �r is the compression and recovery fre-
quency, respectively. �s and �r is the compression and 
recovery phase angle, respectively. They can be cal-
culated as follows according to the initial and bound-
ary conditions.

Dynamic meshing forces at impact start time and 
end time are recorded as Fms and Fme , respectively. 
The initial and boundary conditions of compression 
stage can be expressed as Eq. (22).

(21)Fi(t) =

{
Fi max sin(�st + �s) t ∈ [0, ts]

Fi max cos(�rt + �r) t ∈ [0, tr]

It can be obtained by solving Eq. (22) as shown in 
Eq. (23).

Impact forces of every impact type can be obtained 
by introducing Eq. (23) to Eq. (21) when the dynamic 
meshing forces, Fms and Fme are calculated by solving 
the system dynamics equation. A nonlinear dynamics 
equation including switching impact of the spur gear 
pair will be established in Sect. 4 when the multi-state 
meshing determined by the backlash and contact ratio 
are considered.

3.4 � Calculation method of drive‑side and back‑side 
boundary impact

Let x = ±Rbp�p ∓ Rbg�g ∓ e(t) represent the relative 
displacement of the spur gear system along the line of 
action N1N2 (the operator is the upper one in ± and ∓ ) 
and M1M2 (the operator is the lower one in ± and ∓ ) 
according to Eq. (1). Drive-side boundary impact will 
occur when the gear pair reaches the drive-side bound-
ary, x = D from tooth disengagement and back-side 
boundary impact will occur when it reaches the back-
side boundary, x = −D from tooth disengagement. 

(22)

⎧
⎪⎪⎨⎪⎪⎩

Fms = Fi max sin(�st + �s), t = 0

Fi max = Fi max sin(�st + �s), t = ts

Fi max = Fi max cos(�rt + �r), t = 0

Fme = Fi max cos(�rt + �r), t = tr

(23)

⎧⎪⎪⎨⎪⎪⎩

�s = arc sin(Fms∕Fi max)

�s = [� − 2arc sin(Fms∕Fi max)]∕ts

�r = 0

�r = arc cos(Fme∕Fi max)∕tr

Fig. 7   Teeth action region 
along the line of action, 
N1N2
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Drive-side boundary impact will result in separation of 
teeth pair or drive-side teeth meshing. Back-side bound-
ary impact will result in separation of teeth pair or 
back-side teeth contacting. The results are determined 
by the relationship between the dynamic meshing force 
and the critical mesh-in force, [FN]m or contact-in force, 
[FN]c.

A pair of meshing gears meets Eq. (24) according to 
the gear meshing principle.

where Ri(i = p, g) is pitch radius of the pinion (i = p) 
and gear (i = g), respectively.

Equation (25) can be obtained when Eq. (24) is sub-
stituted into Eq. (1).

The critical mesh-in force, [FN]m and contact-in 
force, [FN]c can be approximated by the quasi-static 
positive pressure FNijd along N1N2 and FNijk along 
M1M2 shown in Fig.  3, respectively. They can be 
obtained according to Eq. (26).

where Ac = �c�1c(t)�1c(t)
[
RpIgSp1c(t) + RgIpSg1c(t)

]
 , 

Bc = �c�2c(t)�2c(t)
[
RpIgSp2c(t) + RgIpSg2c(t)

]
 . �1c(t) 

and �2c(t) can be obtained by Eq. (27).

The kinetic energy of drive-side boundary impact 
or back-side boundary impact will all convert into 
elastic potential energy if the heat and damping dis-
sipation caused by tooth friction are not considered 
according to energy conversation law. It is as Eq. (28).

where v0− represents the velocity before drive-side 
boundary impact or back-side boundary impact and 

(24)Rg𝜃̇g = Rp𝜃̇p

(25)

IgRp

(
Tp ∓ RbpFNp1 ∓ Sp1c(t)Ffp1 ∓ RbpFNp2 ∓ Sp2c(t)Ffp2

)

= IpRg

(
−Tg ± RbgFNg1 ± Sg1c(t)Ffg1 ± RbgFNg2 ± Sg2c(t)Ffg2

)

(26)

⎧⎪⎪⎨⎪⎪⎩

m =
RpTpIg + RgIpTg

RpIgRbp + RgIpRbg + Ac + Bc

[FN]c = −
RpTpIg + RgIpTg

RpIgRbp + RgIpRbg + Ac + Bc

(27)

�
ic
(t) =

{
L
ic
(t), 0 ≤ t ≤ (�

m
−1)T

0

0, (�
m
−1)T

0
≤ t ≤ T

0

, (i = 1, 2; c = d, k)

(28)1

2
me(1 − e2

r
)v2

0−
=
∫

�

0

k(t)�3∕2d� =
2

5
k(t)�5∕2

it can be calculated according to Eq. (1). The impact 
force after drive-side boundary impact or back-side 
boundary impact can be obtained as Eq. (29) accord-
ing to Eq. (28).

The gear teeth are in a compressed state under 
the action of quasi-static positive pressure when 
the spur gear pair is engaged. The impact force in 
the recovery stage for drive-side boundary impact 
or back-side boundary impact causes the meshing 
teeth to separate in the case of drive-side boundary 
impact or back-side boundary impact. The boundary 
determination condition can be obtained according 
to Eqs. (30) and (33). They are as follows.

Separation of teeth pair caused by drive-side 
boundary impact when Fi > [FN]m and its rela-
tive displacement and velocity can be obtained as 
Eq. (30).

where ẋ+ and ẋ− represents the velocity after and 
before impact.

Mesh-in caused by drive-side boundary impact 
when Fi ≤ [FN]m and its relative displacement and 
velocity can be obtained as Eq. (31).

Separation of teeth pair caused by back-side 
boundary impact when Fi < [FN]c and its relative dis-
placement and velocity can be obtained as Eq. (32).

Back-side contacting caused by back-side bound-
ary impact when Fi ≥ [FN]c and its relative displace-
ment and velocity can be obtained as Eq. (33).

4 � Non‑dimensional nonlinear dynamics model 
of spur gear pair considering meshing impact

The nonlinear dynamics model of spur gear pair con-
sidering meshing impact and multi-state meshing is 

(29)Fi(t) =
[
5

4
k2∕3(t)me(1 − e2

r
)v2

0−

]3∕5

(30)x = D, ẋ+ = −erẋ−

(31)x = D, ẋ+ = erẋ−

(32)x = −D, ẋ+ = −erẋ−

(33)x = −D, ẋ+ = erẋ−
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non-smooth and nonlinear. It is difficult to obtain its 
analytical solution. Numerical methods are usually 
used to study its dynamic characteristics. The vari-
ables in the equation belong to different scales, such 
as the order of magnitude for time-varying meshing 
stiffness and backlash is 108 and 10−3 , respectively. In 
order to avoid the overflow of large numbers and the 
submergence of decimals in the numerical solution, 
it is necessary to make the equations dimensionless. 
In addition, dimensionless can effectively expand the 
observation range of parameters in the study. To this 
end, this section will discuss the dimensionless pro-
cessing of equations.

The backlash function of the gear transmission 
system shown in Eq.  (34) can be used to reveal its 
meshing state as x = ±Rbp�p ∓ Rbg�g ∓ e(t).

Relative rotation equation of spur gear pair can 
be normalized as Eq.  (35) by introducing back-
lash function when the first equation subtracts the 
second equation in Eqs. (1) and (34), respectively. 
Dynamic meshing force, Fmc can be normalized as 
k(t)f (x) ± cmẋ , too.

(34)f (x) =

⎧⎪⎨⎪⎩

x − D, x ≥ D

0, ��x�� < D

x + D, x ≤ −D

(35)

m
e
ẍ ±

[
1 + 𝜆

1c(t)𝜇1c(t)g1c(t)L1c(t)

+𝜆
2c(t)𝜇2c(t)g2c(t)L2c(t)

]
[k(t)f (x) ± c

m
ẋ] = F

m
+ F

h
(t)

where Fm =
(
RbpIgTp + RbgIpTg

)/(
IgR

2
bp
+ IpR

2
bg

)
 

is the average actuating force component. Fh(t) = 
−meë(t) is the internal actuating force of the gear pair. 
gjc(t) = [RbpIgSpjc(�) + RbgIpSgjc(�)]∕ (IgR

2
bp
+ IpR

2
bg
) 

is the equivalent friction moment of the jth teeth pair 
under drive-side teeth meshing (c = d) and back-side 
teeth contacting (c = k) state.

The dimensionless backlash, D = D∕Dc is 
obtained when a feature size, Dc , is defined which 
is generally taken as equal to a backlash value. The 
remaining dimensionless variables are x = x∕Dc , F = 
Fm∕(meDc�

2
n
) , � = cm∕(me�n) , km(t) = k(t)∕(me�

2
n
) 

and Fh(t) = Fh(t)∕(meDc�
2
n
) =��2 cos(� t) . The 

dimensionless time is � = t�n . The normalized non-
dimensional nonlinear dynamics model including 
impact of spur gear pair considering the multi-state 
meshing can be obtained as Eq.  (36) based on Eqs. 
(30)–(33) and (35) replacing t with �.

where h(x, �) is the state function of spur gear pair 
which including the single-pair and double-pair teeth 
meshing and contacting, tooth disengagement when 
four impact states corresponding to drive-side teeth 
meshing state are considered. It can be described as 
Eq.  (37) which reflects the meshing position shown 
in Fig. 7.

(36)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẍ + h(x, 𝜏)F(x, 𝜏) = F + 𝜀𝜔2
sin(𝜔𝜏), x ≠ ±D

ẋ+ = e
r
ẋ−, x = D ∧ F

i
(𝜏) ≤ [F

N
]
m

ẋ+ = −e
r
ẋ−, x = D ∧ F

i
(𝜏) > [F

N
]
m

ẋ+ = −e
r
ẋ−, x = −D ∧ F

i
(𝜏) < [F

N
]
c

ẋ+ = e
r
ẋ−, x = −D ∧ F

i
(𝜏) ≥ [F

N
]
c

(37)

h(x, 𝜏) =

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 + 𝜆1d(𝜏)𝜇1d(𝜏)g1d(𝜏)L1d(𝜏) + 𝜆2d(𝜏)𝜇2d(𝜏)g2d(𝜏)L2d(𝜏), 𝜏A < 𝜏 ≤ 𝜏A1

hdt(x, 𝜏), 𝜏A1
< 𝜏 ≤ 𝜏B

1 + 𝜆2d(𝜏)𝜇2d(𝜏)g2d(𝜏), 𝜏B < 𝜏 ≤ 𝜏B1

hst(x, 𝜏), 𝜏B1
< 𝜏 ≤ 𝜏C

1 + 𝜆1d(𝜏)𝜇1d(𝜏)g1d(𝜏)L1d(𝜏) + 𝜆2d(𝜏)𝜇2d(𝜏)g2d(𝜏)L2d(𝜏), 𝜏C < 𝜏 ≤ 𝜏C1

hdt(x, 𝜏), 𝜏C1
< 𝜏 ≤ 𝜏D

1 + 𝜆1d(𝜏)𝜇1d(𝜏)g1d(𝜏), 𝜏D < 𝜏 ≤ 𝜏D1
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where hdt(x, �) and hst(x, �) is the state function 
of MSdd or MSkd and MSds or MSks, respec-
tively. They can be described as Eqs. (38) and (39), 
respectively.

F(x, �) in Eq.  (36) is called dynamic force which 
acts on the teeth pair corresponding to different mesh-
ing states. It is just the dynamic meshing force when the 
system is under teeth meshing or contacting state, but it 
is the coupling result of the dynamic meshing force and 
meshing impact force when the system is under mesh-
ing impact state. It can be expressed as Eq. (40).

where Fi(�) should be calculated according to its 
impact type and the impact time introduced in Sub-
Sects.  3.2 and 3.3. Non-dimensional backlash func-
tion, f (x) can be expressed as Eq. (41) by substituting 
the dimensionless quantities into Eq. (34).

(38)

h
dt
(x, 𝜏)

=

⎧⎪⎪⎨⎪⎪⎩

1 + 𝜆
1d
(𝜏)𝜇

1d
(𝜏)g

1d
(𝜏)L

1d
(𝜏) + 𝜆

2d
(𝜏)𝜇

2d
(𝜏)g

2d
(𝜏)L

2d
(𝜏), x ≥ D

0, �x� < D

1 + 𝜆
1k
(𝜏)𝜇

1k
(𝜏)g

1k
(𝜏)L

1k
(𝜏) + 𝜆

2k
(𝜏)𝜇

2k
(𝜏)g

2k
(𝜏)L

2k
(𝜏) x ≤ −D

(39)hst(x, 𝜏) =

⎧
⎪⎨⎪⎩

1 + 𝜆1d(𝜏)𝜇1d(𝜏)g1d(𝜏) x ≥ D

0 ��x�� < D

1 + 𝜆1k(𝜏)𝜇1k(𝜏)g1k(𝜏) x ≤ −D

(40)F(x, 𝜏) =

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Fi(𝜏), 𝜏A < 𝜏 ≤ 𝜏A1

k(𝜏)f (x) + 𝜁 ẋ, 𝜏A1
< 𝜏 ≤ 𝜏B

Fi(𝜏), 𝜏B < 𝜏 ≤ 𝜏B1

k(𝜏)f (x) + 𝜁 ẋ, 𝜏B1
< 𝜏 ≤ 𝜏C

Fi(𝜏), 𝜏C < 𝜏 ≤ 𝜏C1

k(𝜏)f (x) + 𝜁 ẋ, 𝜏C1
< 𝜏 ≤ 𝜏Mo

Fi(𝜏), 𝜏Mo < 𝜏 ≤ 𝜏D1

(41)f (x) =

⎧⎪⎨⎪⎩

x − D, x ≥ D

0, −D < x < D

x + D, x ≤ −D

5 � Numerical results

A nonlinear dynamics system considering mesh-
ing impact with multi-state meshing is described in 
Eq.  (36) and it is strongly non-smooth because of 
backlash is included and time-varying because there 
are so many time-varying variables are considered 
including time-varying meshing stiffness, time-var-
ying friction, load distribution ratio and the com-
prehensive transmission error. It is very difficult to 
obtain its analytical solution because of its nonlinear-
ity, non-smoothness and time-varying variability. The 
numerical analyses method is widely used to investi-
gate the system nonlinear dynamics. Our C program-
ming based on 4-order Runge–Kutta method is used 
to solve the nonlinear dynamics equation in the paper. 
The nonlinear dynamics, meshing states and meshing 
impact of the system are studied. Some well-known 
crucial tools in nonlinear dynamics analysis are used 
such as phase portraits which can clearly reveal the 
interval of phase trajectory, Poincaré mappings which 
are used to judge the period of system motion, time 
history diagrams of dynamic force which are mainly 
used to reveal the change of meshing force and impact 
force, bifurcation diagrams which are used to reflect 
the transition process of system motion, the corre-
sponding top Lyapunov exponent (TLE) diagrams 
which are used to distinguish whether the motion of 
the system is periodic or chaotic and the type of bifur-
cation and so on. Five typical phase portraits are used 
to discuss the system dynamics characteristics when 
meshing impact is considered in SubSect. 5.1. Effects 
of two control variables such as meshing frequency 
and load coefficient on the system impact and vibra-
tion characteristics are analyzed that is from a global 
perspective in SubSect. 5.2.

5.1 � Five typical cases

There are eight cases of the system motions when 
the meshing impact including mesh-in impact, sin-
gle- to-double switching impact, double-to-single 
switching impact, drive-side boundary impact and 
back-side boundary impact are considered as shown 
in Fig.  5. They either appear in a single form or in 
a combined form in the system corresponding to dif-
ferent working conditions. Five representative typical 
forms of motion by their phase portraits are listed in 
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Fig. 8 as Eq. (36) are solved numerically. Their trend 
of the phase trajectory is clockwise. The black dashed 
line represents x = D or x = -D. The sky blue in the 
phase trajectory represents MSdd and MSkd and the 
magenta represents MSds and MSks when solid lines 
represent phase trajectory with meshing impact and 
dashed lines in Fig.  8c–e represent phase trajectory 
without considering meshing impact.

Figure 8a is obtained as the variables are taken as 
� = 1.2, F = 0.0202, � = 0.2, � = 0.15, D = 1.0. There 
are six cases in it. All cases except ④ and ⑧ shown 
in Fig. 5 appear in the phase portrait. The phase tra-
jectory under tooth disengagement (③) comes to the 
drive-side boundary, x = D and the mesh-in caused 
by drive-side boundary impact (②) after many times 
separation of teeth pair caused by drive-side bound-
ary impact (⑥) leads the teeth pair to drive-side teeth 
meshing (①). Double-to-single switching impact and 
single-to-double switching impact (⑤) exist in the 
drive-side teeth meshing process. Tooth disengage-
ment occurs in the single-pair teeth meshing. There 

are two trends of phase trajectory under tooth disen-
gagement states. One is to return directly to the drive-
side boundary, x = D without reaching the back-side 
boundary, x = -D. The other is to return to the drive-
side boundary, x = D after separation of teeth pair 
caused by back-side boundary impact (⑦). This is 
an interesting phenomenon because the teeth pair is 
during busy drive-side boundary impact, tooth disen-
gagement, back-side boundary impact. This should be 
the most extreme rattling.

Figure 8b is obtained as the parameters are taken 
as F increases to 0.0311 and other four parameters are 
same as Fig. 8a. The impact in the motion of the sys-
tem and the motion pattern caused by it have changed 
significantly. There are still six cases in it. All cases 
except ⑥ and ⑦ shown in Fig. 5 appear in the phase 
portrait. Separations of teeth pair caused by drive-
side boundary impact and back-side boundary impact 
do not appear again. The motion of the system has 
become much softer. The phase trajectory under tooth 
disengagement (③) comes to the drive-side boundary, 

Fig. 8   Phase portraits of five representative typical cases: a 
F = 0.0202, ω = 1.2, ξ = 0.2, ε = 0.15, D = 1.0; b F = 0.0311, 
ω = 1.2, ξ = 0.2, ε = 0.15, D = 1.0; c F = 0.09, ω = 1.2, ξ = 0.15, 
ε = 0.2, D = 1.0; d F = 0.14, ω = 1.2, ξ = 0.2, ε = 0.14, D = 1.0; e 
F = 0.1, ω = 1.2, ξ = 0.08, ε = 0.03, D = 1.0. The sky blue “blue 

square” (0, 204, 255) represents MSdd and MSkd and the 
magenta “magenta square” (255, 0, 255) represents MSds and 
MSks. Solid lines represent the phase trajectory with meshing 
impact and dotted lines in (c), (d) and (e) represent the phase 
trajectory without meshing impact
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x = D and the mesh-in caused by drive-side bound-
ary impact (②) leads the teeth pair to drive-side teeth 
meshing (①). Double-to-single switching impact and 
single- to-double switching impact (⑤) exist in the 
drive-side teeth meshing process. Tooth disengage-
ment occurs in the single-pair teeth meshing. Back-
side contacting (⑧) occurs after back-side boundary 
impact. Double-to-single switching impact and sin-
gle-to-double switching impact exist in the back-side 
teeth contacting process. Teeth pair disengages in the 
single-pair teeth meshing region (in magenta) under 
drive-side teeth meshing state and they disengage in 
the double-pair teeth meshing region (in sky blue) 
under back-side teeth contacting state.

Figure 8c is obtained as the parameters are taken 
as � = 1.2, F = 0.09, � = 0.15, � = 0.2, D = 1.0. Solid 
lines represent the motion of the system with mesh-
ing impact considered while the dashed lines rep-
resent the one without considering meshing impact. 
The impact in the motion of the system and the 
motion pattern caused by it have changed signifi-
cantly. The phase trajectory does not reach the back-
side boundary, x = -D and the phenomena relating to 
back-side do not appear in this case. There are four 
cases in it. They are ①, ②, ⑤ and ⑥ shown in Fig. 5. 
Mesh-in caused by the drive-side boundary impact 
(②) leads the system to drive-side teeth meshing 
(①) after times of separation of teeth pair caused by 
the drive-side boundary impact (⑥). This process is 
shown in the enlarged area AB in the figure. Dou-
ble-to-single switching and single-to-double switch-
ing exist in the case. Tooth disengagement occurs in 
the region of single-pair teeth meshing. The dashed 
lines exhibit the phase trajectory of the system with-
out considering impact. It is the calculation result of 
the most popular model at present. It can be seen 
from the calculation results of the two models that 
the meshing impact changes the motion characteris-
tics under the condition of this parameter. From the 
local situation of this case, the system motion is a 
period-2 one when considering the meshing impact 
and it is period-1 motion without considering the 
meshing impact. In addition, the amplitude of the 
system state variables also changed.

Figure 8d is obtained as the parameters are taken 
as � = 1.2, F = 0.14, � = 0.2, � = 0.14, D = 1.0. The 
meaning of lines and colors in it is the same as that 
in Fig.  8c. The motion of the system under this 
parameter is relatively simple compared to Fig. 8c. 

It is period-1 motion whether meshing impact is 
considered or not. The system enters drive-side 
teeth meshing (①) after mesh-in caused by the 
drive-side boundary impact (②) when the phase tra-
jectory of tooth disengagement region reaches the 
drive-side boundary as considering the meshing 
impact. There is not separation of teeth pair caused 
by drive-side boundary impact. Double-to-single 
switching impact occurs in the drive-side teeth 
meshing region. It disengages at point C as shown 
in the figure and the point falls in the single pair 
teeth meshing region, too. The amplitude of the sys-
tem state variables is reduced by meshing impact.

Figure 8e is obtained as the parameters are taken 
as � = 1.2, F = 0.1, � = 0.08, � = 0.03, D = 1.0. The 
meaning of lines and colors in it is the same as that 
in Fig. 8c. The system motion under this parameter 
is period-1 one whether meshing impact is consid-
ered or not. There is only drive-side teeth mesh-
ing (①) in the system. Double-to-single switching 
impact (in the region of AB shown in the figure) and 
single-to-double switching impact (in the region of 
AB shown in the figure) leads to the obvious jump 
of the phase trajectory of the system and also sig-
nificantly changes the amplitude of the system state 
quantity (including two system state variables). The 
phase trajectory of the system becomes unsmooth 
compared to that without considering meshing 
impact (dashed line).

It can be seen that the meshing impacts affect 
the dynamic characteristics of spur gear pair in a 
different way. Firstly, they change the system state 
variables comparing the phase trajectory consider-
ing meshing impact to the one without considering 
meshing impact. But they have no obvious effect of 
the meshing states. Secondly, the number of motion 
period for the system may be changed by meshing 
impact. Thirdly, the influence of meshing impact on 
the system dynamic characteristics is related to the 
value of its parameters. It will be investigated in the 
next subsection.

5.2 � Analysis of vibro‑impact characteristics for spur 
gear pair

The effect of different variables on the system 
nonlinear dynamic characteristics will be ana-
lyzed in this subsection as the Poincaré section, 
Γn =

{
(x, ẋ, t) ∈ �

2 × �
+, mod(t, 2𝜋∕𝜔) = 0

}
 is 
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defined. The influences of meshing frequency and 
load coefficient on the dynamics of the spur gear 
pair considering meshing impact within gear opera-
tion cycle will be analyzed systematically according 
to phase portraits, Poincaré mappings, bifurcation 
diagrams, top Lyapunov exponent (TLE) diagrams 
and diagram of the dynamic force versus time, 
respectively.

5.2.1 � The effect of meshing frequency

Meshing frequency is the most important parameter 
of the gear transmission system. It directly changes 
the transmission speed of the gear pair and has a very 
important effect on the system dynamics. Bifurcation 
diagrams of the spur gear pair with meshing impact 
(in red) and without considering meshing impact (in 
blue) are obtained in Fig. 9a as �∈ [0.5,1.5], � = 0.2, 
� = 0.14, D = 1.0 , F = 0.08 as time-varying meshing 
stiffness, k(t) is calculated as shown in Fig. 6 dynami-
cally. The corresponding TLE diagram with mesh-
ing impact is shown in Fig. 9b. The meshing impact 
affects the nonlinear dynamics obviously compared to 
two bifurcation diagrams in Fig. 9a. Its motion transi-
tion process will be analyzed in detail and Ai(i = 1, 2, 
…, 9) are used to represent the bifurcation points for 
the convenience of analysis and explanation.

It can be seen from Fig. 9a that the system motion 
is a stable period-1 one as the meshing frequency 
falls in the left of point A1 ( � < 0.61). Its TLE is less 
than 0 and it means that the motion is periodic one 
as shown in Fig.  9b. The meshing impact does not 
change the type of the system motion and increases 
the amplitude of the relative displacement and veloc-
ity of the system slightly comparing the bifurcation 
diagrams in red and blue in Fig. 9a. The correspond-
ing Poincaré mapping and phase portrait is shown in 
Fig. 10a as its diagram of the dynamic force, F ver-
sus time is shown in Fig. 10b as � = 0.6, respectively. 
There is tooth disengagement existing in the system 
because there are x < D and F = 0 as shown in Fig. 10a 
and b and the system enters drive- side teeth meshing 
(①) after mesh-in caused by the drive-side boundary 
impact (②). The effect of double-to- single switch-
ing impact and single-to-double switching impact is 
obvious because the phase trajectory has two times 
obvious mutations as shown in Fig. 10a. The change 
amplitude of state variables for single-to-double is 
smaller than that of double-to-single because the 

single-to-double switching impact is smaller than that 
of double-to-single as shown in Fig. 10b.

The period-1 motion transits to period-2 one by 
saddle-node bifurcation with the increasing of the 
system meshing frequency to point A1 ( � = 0.61). The 
TLE < 0 means that the bifurcation is not a doubling 
one and there is also no grazing. The correspond-
ing Poincaré mapping and phase portrait is shown 
in Fig. 10c and its diagram of the dynamic force, F 
versus time is shown in Fig. 10d as � = 0.63, respec-
tively. Tooth disengagement exists still in the sys-
tem. The meshing impact changed the motion type 
and the amplitude of the system state variables as 
shown in Fig. 9a but did not eliminate the tooth dis-
engagement state existing in the system as shown in 
Fig. 10d. There is twice drive-side boundary impact. 
Its dynamic force shows an obvious change trend of 
period-2 as shown in Fig. 10d. This period-2 motion 
degenerates to period-1 one at point A2 ( � = 0.656) 
by inverse-doubling bifurcation and its TLE = 0 at this 
point as shown in Fig. 9b. This period-1 motion con-
tinues until the system meshing frequency increases 

Fig. 9   Bifurcation and TLE diagrams of spur gear pair with 
increase in meshing frequency, � : a Bifurcation diagrams con-
sidering meshing impact (in red) and without considering 
meshing impact (in blue); b TLE diagram considering meshing 
impact. Ai(i = 1, 2, …, 9) represent the bifurcation points for the 
convenience of analysis and explanation. (Color figure online)



635Meccanica (2023) 58:619–642	

1 3
Vol.: (0123456789)

to point A4 ( � = 0.938) except the transient chaos at 
� = 0.755 (A3). The corresponding Poincaré mapping 
and phase portrait is shown in Fig. 10e and the dia-
gram of the dynamic force, F versus time is shown in 
Fig. 10f as � = 0.7, respectively. The transient chaos 
at � = 0.755(A3) can be proved by that its TLE is 
greater than zero at this point as shown in Fig. 9b.

The period-2 motion degenerates to a period-1 one 
through saddle-node bifurcation with the increas-
ing of the system meshing frequency to point A4 
( � = 0.938) according to its TLE less than zero at the 
bifurcation point A4. Grazing bifurcation deduced by 
which the phase trajectory of the system is tangent to 
the boundary, x = D changes the amplitude of the sys-
tem state variables for this period-2 motion with the 

Fig. 10   Poincaré mappings and phase portraits, diagrams 
of dynamic forces versus time with different values of ω: a 
Poincaré mapping and phase portrait, ω = 0.6; b Diagram of 
dynamic force versus time, ω = 0.6; c Poincaré mapping and 
phase portrait, ω = 0.63; d Diagram of dynamic force ver-
sus time, ω = 0.63; e Poincaré mapping and phase portrait, 
ω = 0.7; f Diagram of dynamic force versus time, ω = 0.7; g 
Poincaré mapping, ω = 0.95; h Diagram of dynamic force ver-
sus time, ω = 0.95; (i) Poincaré mapping, ω = 0.96; j Diagram 

of dynamic force versus time, ω = 0.96; k Poincaré mapping 
and phase portrait, ω = 1.05; l Diagram of dynamic force ver-
sus time, ω = 1.05; m Poincaré mapping and phase portrait, 
ω = 1.2; n Diagram of dynamic force versus time, ω = 1.2; o 
Poincaré mapping and phase portrait, ω = 1.45; p Diagram 
of dynamic force versus time, ω = 1.45. The sky blue “blue 
square” (0, 204, 255) represents double-pair teeth meshing and 
the magenta “magenta square” (255, 0, 255) represents single-
pair teeth meshing. (Color figure online)
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increasing of the system meshing frequency to point 
A5 ( � = 0.96) but this motion remains as period-2 
still. The corresponding Poincaré mapping and phase 
portrait is shown in Fig. 10g and the diagram of the 
dynamic force, F versus time is shown in Fig. 10h of 
the period-2 motion as � = 0.95 before the grazing 
bifurcation, respectively. Jumping of the amplitude 
for relative velocity at drive-side boundary and turn-
ing on the phase trajectory at switching of meshing 
pair can be seen clearly in Fig.  10g. Time of tooth 
disengagement shortens comparing Fig.  10h with 
Fig. 10b, d and f. The corresponding Poincaré map-
ping and phase portrait is shown in Fig. 10i and the 
diagram of the dynamic force, F versus time is shown 
in Fig. 10j of the grazing motion as � = 0.96, respec-
tively. Time of tooth disengagement is further short-
ened by the grazing comparing Fig. 10j with Fig. 10h. 
It can be seen from Fig. 10i that the phase trajectory 
is tangent to the drive-side boundary, x = D. Twice 
drive-side boundary impact decreases to one times 
by the grazing bifurcation and the phase trajectory 
moves towards drive-side teeth meshing comparing 
Fig. 10i with Fig. 10g.

Crisis changes the period-2 motion to chaos with 
the increasing of the system meshing frequency to 
point A6 ( � = 1.023) according to its TLE greater than 
zero at the bifurcation point A6. This chaos degener-
ates to a period-8 motion with the increasing of the 
system meshing frequency to point A7 ( � = 1.04) by 
the inverse doubling bifurcation sequence. The cor-
responding Poincaré mapping and phase portrait is 
shown in Fig.  10k and the diagram of the dynamic 
force, F versus time is shown in Fig. 10(l) as � = 1.05, 
respectively. There are four times drive-side boundary 
impact as shown in Fig.  10k. The period-8 window 
soon disappears and the system enters chaos again 
with the increasing of the system meshing frequency 
to point A8 ( � = 1.06). The Poincaré mapping is 
shown in Fig.  10m and the diagram of the dynamic 
force, F versus time is shown in Fig. 10n as � = 1.2, 
respectively.

The chaos degenerates to a period-1 motion by 
inverse doubling bifurcation sequences quickly with 
the increasing of the system meshing frequency to 
point A9 ( � = 1.375) as shown in the enlarge window 
locally of Fig.  9a. The phase portrait and the corre-
sponding Poincaré mapping of the period-1 motion 
is shown in Fig. 10o and the diagram of the dynamic 
force, F versus time is shown in Fig. 10p as � = 1.45, 

respectively. After that, the system is in period-1 
motion and its phase trajectory gradually moves to 
the right with the increase of meshing frequency but 
tooth disengagement always exists under the condi-
tion of this parameter.

It can be seen from the red and blue bifurcation 
diagrams in Fig.  9a that the system motion with 
meshing impact (in red) and is the same to the one 
without considering meshing impact (in blue) when 
the meshing frequency is smaller than A1, regions 
of A2A3, A3A4 and A5A6. That is the influence of 
meshing impact on the dynamic characteristics of the 
system is not very obvious which can be basically 
ignored when the meshing frequency is less than 1.0. 
Its influence can not be ignored when the meshing 
frequency is greater than 1.0 and less than 1.5. This 
should also be the reason why the dynamic model 
without considering meshing impact is applicable for 
a long time.

There are some interesting phenomena. Most of 
tooth disengagement occurs in the single-pair teeth 
meshing region as shown in Fig. 10a, c, e, g, i and k. 
It will soon disappear if tooth disengagement occurs 
in the double-pair teeth meshing region as shown in 
Fig. 10g and i. In addition, the dynamic force ampli-
tude of double-to-single switching is basically greater 
than that of single-to-double switching.

5.2.2 � The effect of load coefficient

Load is another important parameter of the gear 
transmission system because it directly reflects the 
power transmission ability and level of the gear 
pair. Bifurcation diagrams of the system consider-
ing meshing impact (in red) and without consider-
ing meshing impact (in blue) are obtained in Fig. 11a 
as F∈[0.02,0.2], � = 0.2 , � = 0.15 , D = 1.0, � = 1.2 
and time-varying meshing stiffness is calculated as 
Fig. 6 dynamically. The corresponding TLE diagram 
considering meshing impact is shown in Fig.  11b. 
The meshing impact affects obviously the nonlin-
ear dynamics when the load coefficient is less than 
F < 0.08 as shown in Fig.  11a. It leads the system 
motion to be simple. There is no effect when the 
system is in the period-1 motion as the load coef-
ficient is large. Its motion transition process will be 
analyzed in detail and Bi(i = 1, 2, …, 6) represent the 
bifurcation points for the convenience of analysis and 
explanation.
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The system motion is chaotic one when the load 
coefficient F < 0.0385(B1) from Fig. 11a. Its TLE is 
more than 0 and it means that the motion is chaos 
as shown in Fig.  11b. Poincaré mapping is shown 
in Fig.  12a and the diagram of the dynamic force, 
F versus time is shown in Fig.  12b as F = 0.03, 
respectively. Its dynamic force changes irregu-
larly and the dynamic force amplitude of single-
to-double switching is greater than that of double-
to-single switching. A small window of period-1 
motion appears in a narrow region as the load coef-
ficient greater than F = 0.0385 (B1) and less than 
F = 0.0401 (B2). The corresponding Poincaré map-
ping and phase portrait is shown in Fig.  12c and 
the diagram of the dynamic force, F versus time 
is shown in Fig.  12d of the period-1 motion as 
F = 0.04, respectively. It can be seen from Fig. 12d 
that the dynamic force amplitude of double-to-sin-
gle switching is greater than that of single-to- dou-
ble switching. Tooth disengagement appears in the 
system because there are x < D and F ≤ 0 as shown 
in Fig. 12c and d. The system enters drive-side teeth 
meshing (①) after mesh-in caused by the drive-side 

boundary impact (②) and enters tooth disengage-
ment in single pair teeth meshing region.

Chaotic motion comes back from period-1 motion 
by the crisis with the increasing of the load coefficient 
to point B2 ( F = 0.0401). Poincaré mapping is shown 
in Fig. 12e and the diagram of the dynamic force, F 
versus time is shown in Fig. 12f as F = 0.06, respec-
tively. The dynamic force amplitude of double-to-
single switching is greater than that of single-to-dou-
ble switching. The chaos degenerates to a period-2 
motion by saddle-node bifurcation with the increas-
ing of the load coefficient to F = 0.079(B3) as shown 
in Fig. 11a. The corresponding Poincaré mapping and 
phase portrait is shown in Fig. 12g and the diagram of 
the dynamic force, F versus time is shown in Fig. 12h 
of the period-2 motion as F = 0.08, respectively. The 
dynamic force changes in period-2 law with time 
obviously as shown in Fig. 12h and the dynamic force 
amplitude of double-to-single switching is greater 
than that of single-to-double switching.

The period-2 motion degenerates to period-1 one 
by an inverse doubling bifurcation with the increas-
ing of the load coefficient to point B4 ( F = 0.1191). 
The corresponding Poincaré mapping and phase 
portrait is shown in Fig. 12i and the diagram of the 
dynamic force, F versus time is shown in Fig. 12j of 
the period-1 motion as F = 0.125, respectively. The 
amplitude of double-to-single switching impact is 
less than that of single-to-double switching impact as 
shown in Fig. 12j. Grazing occurs with the increasing 
of the load coefficient to point B6 ( F = 0.145). The 
corresponding Poincaré mapping and phase portrait 
is shown in Fig. 12k and the diagram of the dynamic 
force, F versus time is shown in Fig. 12l of this graz-
ing as F = 0.145, respectively. This grazing eliminates 
the tooth disengagement of the system. It is in stable 
period-1 motion when the load coefficient greater 
than F = 0.145(B6). The corresponding Poincaré map-
ping and phase portrait is shown in Fig.  12m and 
the diagram of the dynamic force, F versus time is 
shown in Fig. 12n of the period-1 motion as F = 0.16, 
respectively. It can be seen from Fig. 12m and n that 
there is only drive-side teeth meshing in the system 
and x > D, F > 0.

The transition of the system motion near B5 can-
not be ignored. It is known from the above that the 
system enters period-1 motion with the increasing 
of the load coefficient to point B4 ( F = 0.1191) and 
its phase portrait is shown in Fig. 12i. It can be seen 

Fig. 11   Bifurcation and TLE diagrams of the spur gar pair with 
the increasing of load coefficient, F : a Bifurcation diagrams 
considering meshing impact (in red) and without considering 
meshing impact (in blue); b TLE diagram considering meshing 
impact. Bi(i = 1, 2, …, 6) represent the bifurcation points for the 
convenience of analysis and explanation
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that from Fig.  12c, g and i that tooth disengage-
ment occurs in the region of the single-pair teeth 
meshing. The phase trajectory gradually moves to 
the right with the increasing of the load coefficient. 
Tooth disengagement occurs in the region of the 
double-pair teeth meshing and the phase trajectory 
begins to entangle as shown in Fig. 13a. Doubling 
bifurcation sequences lead the system motion to 

chaos after period-2 motion (Fig.  13b), period-4 
motion (Fig.  13c) and so on. The corresponding 
Poincaré mapping and the phase portrait of the 
chaos is shown in Fig. 13d. The chaos degenerates 
to periodic motion immediately by inverse dou-
bling bifurcation sequences. Phase portraits and 
the corresponding Poincaré mappings of period-4 

Fig. 12   Poincaré mappings and phase portraits, diagrams 
of dynamic forces versus time with different values of F : a 
Poincaré mapping, F = 0.03; b Diagram of dynamic force 
versus time, F = 0.03; c Poincaré mapping and phase portrait, 
F = 0.04; d Diagram of dynamic force versus time, F = 0.04; 
e Poincaré mapping and phase portrait, F = 0.06; f Diagram 
of dynamic force versus time, F = 0.06; g Poincaré mapping 
and phase portrait, F = 0.08; h Diagram of dynamic force 
versus time, F = 0.08; i Poincaré mapping and phase portrait, 

F = 0.125; j Diagram of dynamic force versus time, F = 0.125; 
k Poincaré mapping and phase portrait, F = 0.145; l Diagram 
of dynamic force versus time, F = 0.145; m Poincaré map-
ping and phase portrait, F = 0.16; n Diagram of dynamic force 
versus time, F = 0.16. The sky blue “blue square” (0, 204, 
255) represents double-pair teeth meshing and the magenta 
“magenta square” (255, 0, 255) represents single-pair teeth 
meshing. (Color figure online)
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motion, period-2 motion and period-1 motion are 
shown in Fig. 13e-g, respectively.

There is a great difference between the system 
motions considering meshing impact (in red) and 
without considering meshing impact (in blue) 
as can be seen from Fig.  11a. The system motion 
without considering meshing impact is chaos when 
the load coefficient is small and it degenerates to 
period-2 motion and stable period-1 motion imme-
diately with the increase in the load coefficient as 
shown in Fig. 11a. The influence of the load is so 
small that it is unreasonable in the actual system. 
Meshing impact can not be ignored in the dynamic 
equation of the gear transmission system.

There is also an abscissa, �T ∈[0, 3.68] in the 
upper of Fig. 11a. It is a new idea presented in this 
work. It will be discussed in detail in Sect. 6. The 
reasons for some phenomena in Fig. 8 will be fur-
ther discussed, too.

6 � Discussions

Dimensionless treatment is a common method of 
numerical solution of equations which is conducive 

to get convergent numerical solutions quickly and 
accurately. However, the meaning of some parame-
ters will change due to dimensionless processing. 
This will bring some difficulties in understanding 
and engineering application. For example, load 
coefficient here, F is directly called as load in some 
literature on the dynamics of the gear transmission 
system. In fact, it is a dimensionless parameter as 
F = Fm∕(meDc�

2
n
) where Fm = (RbpIgTp+RbgIpTg)∕

(IgR
2
bp
+ IpR

2
bg
) as introduced above. It is difficult to 

directly reflect the input torque, output torque or 
their relative relationship because it is a compound 
quantity of input torque and output torque. A quan-
tity is defined to interpret the calculation result in 
order to make the calculation results better guide 
the engineering practice. �T is used to represent the 
ratio of input torque to output torque as shown in 
Eq. (42).

It can be further transformed into the corre-
sponding relationship with the load coefficient, F as 
shown in Eq. (43).

(42)�T = Tp∕Tg

Fig. 13   Poincaré mappings and phase portraits with differ-
ent values of F : a period-1 motion, F = 0.1293; b period-2 
motion, F = 0.12936; c period-4 motion, F = 0.12938; d chaos, 
F = 0.1294; e period-4 motion, F = 0.12942; f period-2 motion, 

F = 0.12944; g period-1 motion, F = 0.1295. The sky blue 
“blue square” (0, 204, 255) represents double pair teeth mesh-
ing and the magenta “magenta square” (255, 0, 255) represents 
single pair teeth meshing. (Color figure online)
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In the design of gear transmission, the input 
torque is generally determined according to the out-
put torque and they should meet the relationship in 
Eq. (44).

where i = zg∕zp is transmission ratio. � is gearing effi-
ciency and it is taken as 1.0 here.

The critical conditions which the pinion can 
drive the gear when the output torque is given 
should meet the Eq. (45).

Values of �T and [�T] can be obtained and they 
have been marked in the upper of Fig.  11a as 
another abscissa according to the principles and 
methods in the design of gear transmission when 
the output torque is given as Tg = 20 N ⋅m . There 
are several interesting phenomena that deserve an 
in-depth discussion.

Firstly, the value of F cannot be too small 
because �T will be negative if it is small according 
to its definition. The pinion cannot drive the gear 
according to the definition of �T when �T < [�T] . 
Corresponding to the value of [�T] = 0.8077 in this 
work, the value of F is FB = 0.0597.

This can explain the phenomena in Figs. 8a and 
b. Back-side boundary impact occurs in Fig.  8a 
and b. F = 0.0202 in Fig.  8a and F = 0.0311 in 
Fig.  8b. They are both less than the critical value 
of FB = 0.0597. That is, F is too small, so the pinion 
cannot drive the gear.

In the actual gear transmission process, there will 
be no case that �T is less than [�T] , corresponding 
to F less than FB . However, it will occur during the 
starting and stopping of the drive motor. Therefore, 
the starting and stopping characteristics of the drive 
motor will affect whether there will be back-side 
boundary impact in gear transmission system. It 
will even affect the service life of the gear transmis-
sion system.

Coincidentally, the value range of F corresponding 
to back-side boundary impact in the dynamic model 
considering meshing impact (in red as shown in 
Fig. 11a) exactly corresponds to the range of chaotic 

(43)�T =
R2
bp
Ig + R2

bg
Ip

RbpIgTg
meDc�

2
n
F −

RbgIp

RbpIg

(44)Tg ≤ i�Tp

(45)�T ≥ [�T] = �zp∕zg

motion in the dynamic model without considering 
meshing impact (in blue as shown in Fig. 11a). This 
further explains that the value of F cannot be too 
small.

Secondly, the value of F cannot be too large. 
Although it can be seen from Fig.  11a that tooth 
disengagement of the system will disappear as F ≥ 
0.145(B6). In fact, the best matching between input 
and output is not achieved at this time.

Thirdly, back-side boundary impact can be avoided 
if F is not too small (as long as the pinion can drive 
the gear). Tooth disengagement can be avoided by a 
reasonable combination of parameters as shown in 
Fig.  8d in addition to taking a larger value of F ≥ 
0.145(B6) shown in Fig. 11a.

7 � Conclusions

Calculation methods of different meshing impact are 
proposed. An improved nonlinear dynamics model of 
spur gear pair including the multi-state meshing due 
to backlash and contact ratio and time-varying param-
eters is established when the action mechanism of 
meshing impact is considered. The research methods 
and results of spur gear transmission are also the easi-
est to be extended to other forms of gear transmission 
as it is the simplest and most basic transmission form. 
Some conclusions are as follows.

Firstly, there are two categories of meshing impact 
in spur gear pair. One is boundary impact including 
drive- and back-side boundary impact. The other is 
switching impact including mesh-in impact, mesh-
out impact, single-to-double switching impact and 
double-to-single switching impact for a pair of teeth 
which can be merged into single-to-double and dou-
ble-to-single switching impact for a spur gear pair.

Secondly, the nonlinear dynamic model of the 
gear transmission system which the meshing impact 
and multi-state meshing characteristics are consid-
ered can be used to reveal better the system dynamic 
characteristics. The change of load at meshing state 
switching point is transformed from the original 
jump to gradual change after the meshing impact is 
introduced to the nonlinear dynamics model. The 
meshing impact changes the motion characteris-
tics including the number of motion cycles and the 
amplitude of the relative displacement and rela-
tive velocity. It can better reflect the engineering 
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practice of gear meshing. Meshing impact is a fac-
tor that must be paid enough attention to.

Finally, different parameters affect the nonlinear 
dynamics of the system while their influence law 
and change mode are different. The meshing fre-
quency which is regarded as the motion parameter 
mainly makes the motion complex and the transmis-
sion unstable. From the perspective of engineering 
practice, the value of dimensionless load coeffi-
cient is meaningful only within a certain range. Too 
small value has nothing to do with the transmission 
but may be related to the start and stop character-
istics of the drive motor. Excessive value belongs 
to power mismatch in engineering practice which 
has no practical significance. Back-side contacting 
or impact only occurs when the load coefficient is 
very small. In order to eliminate tooth disengage-
ment, either a large load coefficient corresponding 
to large input torque and small output torque should 
be selected or a reasonable combination of param-
eters should be selected.
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