
Vol.: (0123456789)
1 3

Meccanica (2022) 57:2213–2230 
https://doi.org/10.1007/s11012-022-01569-7

Numerical modelling of the KOBO extrusion process using 
the Bodner–Partom material model

Marta Wójcik   · Andrzej Skrzat 

Received: 5 January 2022 / Accepted: 3 August 2022 / Published online: 25 August 2022 
© The Author(s) 2022

temperature, location of plastic zones) qualitatively 
confirm the results of experimental investigations. 
The application of the user material procedure allows 
accessing all material state variables (current yield 
stress, hardening parameters, etc.), and therefore it 
gives detailed information about phenomena occur-
ring in extruded material inside recipient. This infor-
mation is useful for a proper selection of parameters 
of the KOBO extrusion process e.g. synchronization 
of the punch displacement with the die oscillations 
frequency to avoid the saturation of material isotropic 
hardening, which blocks the progress of extrusion.

Keywords  Bodner–Partom model · Unified 
plasticity · Viscoplasticity · KOBO extrusion · 
Material forming

List of symbols
�	� Linear expansion coefficient 

[−]
�ij	� Tensorial quality value [−]
𝛽̇ij	� Rate of tensorial quality value 

[1/s]
�ij	� Total strain [−]
�ij

(e)	� Elastic strain [−]
�ij

(ie)	� Inelastic (plastic) strain [−]
�̇kl	� Strain rate [1/s]
�̇
(ie)

ij
	� Inelastic strain rate [1/s]

�	� Position parameter [−]
�	� Taylor-Quinney coefficient 

[−]

Abstract  Numerical simulations of the extrusion 
process assisted by die cyclic oscillations (KOBO 
extrusion) is presented in this paper. This is highly 
non-linear coupled thermo-mechanical problem. The 
elastic-viscoplastic Bodner–Partom-Partom mate-
rial model, assuming plastic and viscoplastic effects 
in a wide range of strain rates and temperatures, has 
been applied. In order to perform simulations, the 
user material procedure for B–P material has been 
written and implemented in the commercial FEM 
software. The coupled Eulerian–Lagrangian method 
has been used in numerical computations. In CEL 
method, explicit integration of the constitutive equa-
tions is required and remeshing is not necessary even 
for large displacements and large strains analyses. 
The results of numerical simulations show the hetero-
geneous distribution of stress and strain inside con-
tainer and the non-uniform distribution of strain in 
the extruded material. The increase of material tem-
perature has been noted. The results obtained (stress, 
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�w	� Viscosity parameter
�	� Plastic multiplier [−]
�	� Poisson’s ratio [−]
�	� Density [kg/m3]
�	� Cauchy stress tensor [Pa]
∇G
� 	� Green-Naghdi stress rate 

[Pa/s]
∇J
� 	� Jaumann stress rate [Pa/s]
�̇	� Stress rate in a corotational 

frame [Pa/s]
�̇
(e)

ij
	� Elastic stress rate [Pa/s]

�ij	� Kronecker delta function [−]
�	� Flux function [m3/s]
�	� Angular velocity matrix 

[rad/s]
‖�‖	� Norm of �
‖�‖	� Norm of �
Cijkl	� Elastic stiffness tensor [Pa]
cp	� Specific heat [J/kg K]
D	� Velocity strain [s−1]
D0	� Limiting shear-stress rate 

[s−1]
e	� Strain energy [J]
E	� Young modulus [Pa]
h	� Thermal conductivity 

[W/m·K]
J2	� Second invariant of the devia-

toric stress [Pa]
m1	� Hardening rate coefficient for 

isotropic hardening [Pa−1]
m2	� Hardening rate coefficient for 

kinematic hardening [Pa−1]
n	� Strain rate sensitivity param-

eter [−]
ṗ	� Viscoplastic strain rate [s−1]
ṗ0	� Initial viscoplastic strain rate 

[s−1]
r1	� Recovery exponent of iso-

tropic hardening [−]
r2	� Recovery exponent of kin-

ematic hardening [−]
sij	� Deviatoric stress tensor [Pa]
S	� Source term
q	� Heat volume rate [J/K m3]
W	� Spin tensor [s−1]
Ẇp	� Plastic work rate [J/m3 s]
x	� Backstress in kinematic hard-

ening [Pa]

Z	� Internal state variable [Pa]
ZI	� Isotropic component of Z [Pa]
ZD	� Directional (kinematic) com-

ponent of Z [Pa]
Z0	� Initial value of the isotropic 

hardening variable [Pa]
Z1	� Limiting (maximum) value 

for isotropic hardening [Pa]
Z2	� Fully recovered (minimum) 

value for isotropic hardening 
[Pa]

Z3	� Limiting (maximum) value 
for kinematic hardening [Pa]

ŻI	� Rate of isotropic component 
[Pa/s

Abbreviations  B–P	� Bodner–Partom model
CEL	� Coupled Eulerian–Lagrangian 

method
VF	� Volume fraction

1  Introduction

The development of material forming processes over 
years and their application in many industrial sectors 
caused the need of proper description of the mate-
rial behaviour at very high strain rates, up to even 
5000–11,000  s−1 [1, 2]. The determination of mate-
rial properties at high strain rates is complicated and 
restricted by the ambiguity of the methods used, as well 
as by the complexity of the strain phenomenon. The 
mechanical properties of materials at strain rates above 
10 s−1 might be determined with the use, e.g. of the split 
Hopkinson pressure bar test, a  Taylor impact, a shock 
loading by plate impact and a high-speed photography, 
whose usage is limited by the equipment availability [3].

In numerical simulations, the description of the 
material behaviour subjected to loading at high strain 
rates requires the selection of a proper material model. 
The classical plasticity theory, in which the constitu-
tive equations are time-independent or time-depend-
ent, might be applied in a solution of many engineer-
ing problems. In forming processes involving large 
deformations and large strains, the unified plasticity 
theory has indicated sustainability for use. The unified 
plasticity theory, which is related to both elasticity and 
plasticity theories, is used to model the behaviour of 
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material under loading for a wide range of tempera-
ture and strain rates including their dependence on 
time [4]. The unified theory does not include the yield 
condition typical for the classical plasticity one. The 
lack of yield condition eliminates the need of judge-
ment of loading/unloading conditions [5]. The long-
term material response can be considered for different 
loading conditions (creep and the relaxation) [6]. In 
the unified plasticity theory, both elastic and inelastic 
responses occur simultaneously. As in classical plas-
ticity of metals, the elastic and inelastic strains are 
additive for all stages of loading and unloading [6, 7].

The classical plasticity in macroscopic scale 
applies differential constitutive equations, e.g. the 
plastic flow rule to describe the material model. The 
microscopic phenomena responsible for the plastic 
deformation, i.e. the dislocation slip and its forma-
tion, as well as the grow of twins—are not consid-
ered here. Therefore, the classical plasticity theory 
can model the changes in a material microstructure 
on the macroscopic level only. In contrast, the micro-
mechanisms of plastic deformation are considered in 
a unified plasticity theory. The dislocation slip, which 
is mainly responsible for the plasticity in solids, can 
be analyzed in a  macroscopic scale. The continuum 
body divided into macroscopic points (grains) can be 
described by the unified plasticity which examines 
the response of all macroscopic grains in a  solid as 
their irreversible macroscopic movement with a cer-
tain direction caused by the dislocation slip [8].

The behaviour of materials subjected to loading 
over a wide range of strain rates and temperatures 
is described using different phenomenological and 
physical models, e.g. power law [9], Zerilli-Armstrong 
[10], Rusinek-Klepaczko [11–13], Nemat-Nasser [14], 
Follansbee-Kocks [15, 16], Johnson–Cook [17–20], 
Miller [21], Bodner [22], Walker [23], Kocks [24] 
and Krempl [25]. These models include the hardening 
effects and static or dynamic recovery in different way. 
The viscosity functions of selected unified viscoplastic 
models are contained in Table 1.

The viscoplastic constitutive model proposed by 
Miller assumes both isotropic and kinematic hardening 
by the addition of one backstress for kinematic hard-
ening and a drag stress for isotropic one [21]. It does 
not include yield stress and the viscosity function is 
a combination of a hyperbolic sine and a power law 
[31]. The Robinson model proposed first by Robinson 
and developed by Arnold and Saleeb [32] and Saleeb 

[33] introduces a  backstress for a kinematic harden-
ing, a  drag stress for an isotropic one, a yield stress 
and a power function for a viscoplastic flow. Addition-
ally, the model assumes a static recovery term with-
out introducing a dynamic one as in other viscoplas-
tic models [31]. The main disadvantage of this model 
is so-called “indifferent character” of the kinematic 
hardening resulting in vanish of previous backstress in 
further tension or compression tests. It causes that the 
subsequent tension results in exactly the same response 
of a material as in the initial tension cycle [34].

The Walker unified viscoplastic model does not 
contain a yield stress and includes both isotropic and 
kinematic hardening which are described as a drag 
stress and the backstress evolution, respectively. In 
the backstress equation, the special asymmetry is con-
tained and the initial non-recoverable asymmetry of a 
viscoplastic behaviour of a material is included. The 
static recovery effect takes place only for the nonlin-
ear backstress. In the Walker’s equation, temperature 
rate terms for a backstress are introduced [31, 35].

In the model proposed by Krempl [25], the back-
stress evolution is formulated in terms of the total 
strain rate instead of the viscoplastic strain one. The 
dynamic recovery term included in this equation is 
proportional to the norm of a viscoplastic strain rate. 
The Krempl model also includes the hardening rate 
effects for the equilibrium stress.

Table 1   The comparison of viscosity functions for different 
unified viscoplastic models

Model Viscoplastic strain rate ṗ

Miller [21]
ṗ = B

[
sinh

(
𝜎

D

)1.5
]n

(1)

Delobelle [23]
ṗ = Asinh

(
𝜎

D

)n

(2)

Kocks [24]
ṗ = ṗ∞exp

�
−

1

C
⟨1 −

�
𝜎

D

�p⟩q
�

(3)

Johnson–Cook [17–20] ṗ = ṗ
0
exp

[
−

1

C

(
𝜎

D
− 1

)]
(4)

Krempl [25]
ṗ =

𝜎

Ek1

(
1 +

𝜎

k2

)k3
(5)

Onera exponential [26]
ṗ =

(
𝜎

D

)n

exp

(
𝛼

(
𝜎

D

)n+1
)

(6)

Onera double slope 
[27]

ṗ =
(

𝜎

D

)n[
1 +

(
𝜎

q

)𝛼]
(7)

Perzyna [28–30] ṗ =
⟨𝜙(f )⟩
𝜂w

m (8)
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The other unified viscoplastic constitutive equation 
described by Delobelle [23] is formulated as a hyper-
bolic sine and the backstress evolution is given by a 
secondary and tertiary backstresses. The drag stress 
defining the isotropic hardening is a function of a 
temperature and the accumulated plastic strain. The 
static recovery for the Delobelle model appears only 
in kinematic hardening [31, 36].

The Perzyna model [37] relates the viscoplastic 
strain rate to the specific function depending on the 
current stress and state variables which define the 
stress–strain history. The model includes only iso-
tropic hardening without taking into consideration the 
kinematic one. It assumes a yield stress but it is rela-
tively insensitive to the strain rate and a temperature.

In each of the mentioned unified viscoplastic mod-
els, there is no function describing the relationship 
between the stress or a viscous stress and the norm 
of the viscoplastic strain rate. The viscosity functions 
are often only modifications of the power law in Nor-
ton’s equation for creep [31] where the n exponent 
varies with the stress or the strain rate [38].

Many of unified elastic-viscoplastic constitutive 
equations are limited to modelling of small strain 
problems. Their usefulness in engineering appli-
cations is restricted by difficulties with the identi-
fication of multiple material parameters. Among 
material models of the unified plasticity theory, the 
Bodner–Partom one become very popular in the 
eighties and nineties of the twentieth century.

The Bodner–Partom (B–P) unified plasticity 
model was formulated by S.R. Bodner and Y. Par-
tom in 1975 in order to examine the nonlinear elas-
tic-viscoplastic response of titanium alloy subjected 
to loading, assuming the strain hardening [39]. It is 
an elastic-viscoplastic model described by physi-
cal and phenomenological factors based on the con-
tinuum mechanics [40]. The B–P model takes into 
account the micromechanical effects, e.g. the dislo-
cation dynamics in isothermal loading conditions, 
kinematic and isotropic hardening, the material dam-
age, the relaxation and the creep [41, 42]. It was ini-
tially used to describe the behaviour of metal alloys 
under loading at elevated temperatures and for a wide 
range of strain rates [43, 44]. The basic equations 
were developed in order to consider implementations 
for non-metallic materials [45–47], e.g.; polymers 
[48–50], tissues [51], as well as architectural and 
technical fabrics [52, 53]. The model is also used for 

sophisticated problems associated with the creep and 
the crack development of composites with a metal 
matrix [54]. In [55], the B–P model was applied to 
describe viscoelastoplastic properties and the defor-
mation mechanism of a cement-emulsified asphalt 
mixture. Numerical simulations of the damage evolu-
tion for plastic-bonded explosives subjected to com-
plex stress states are shown in [56]. The determina-
tion of viscoplastic parameters of a rubber-toughened 
plastics using the B–P model is presented in [57]. 
More detailed information about the B–P model and 
its application in numerical calculations for different 
materials is included in [58–63].

Due to the assumption of a wide range of strain 
rates and temperatures, the B–P model might be 
applied in numerical simulations of the material form-
ing processes. In [64], it was used for modelling the 
conventional extrusion process. In this paper, for the 
first time the B–P model is applied in numerical sim-
ulations of the KOBO extrusion process. The KOBO 
method is an unconventional elastic–plastic deforma-
tion process classified to Severe Plastic Deformation 
(SPD) methods changing a plastic deformation by the 
introducing the die cyclic oscillations with a given 
frequency and a given angle (approximately 5°–7°) 
[65]. The die cyclic oscillations cause the change in 
material structure and lead to an increase in the con-
centration of lattice defects [66].

The reduction of the extrusion force and the plastic 
work, as well as the elimination of process annealing 
in comparison to the conventional extrusion are the 
main advantages of the KOBO method. The process 
allows the cold forming of heavily deformed materi-
als and enables the stable processing of their structure 
to the even nanostructured size. The products with a 
complex geometry might be produced without sig-
nificant tools wear [66, 67]. More detailed informa-
tion about the KOBO extrusion process is contained 
in [66–71].

Numerical simulations of the KOBO extrusion can 
help to optimize the whole process in terms of the 
reduction of the extrusion force and the total opera-
tional costs. Reliable simulations can eliminate pos-
sible technical problems associated with the material 
continuous extrusion. In some laboratory tests mate-
rial was not extruded at all, or it was extruded only 
a little, and then it was blocked in the die. Numeri-
cal simulations can predict such unwanted behaviour 
usually caused by a large isotropic hardening (up to 
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saturation) and can help to set-up extrusion process 
parameters to avoid such technical difficulties.

The modelling of the conventional extrusion pro-
cess is shown in [72–74]. In [75], the numerical 
simulations of the standard extrusion process using 
the Eulerian–Lagrangian approach is presented. The 
results of the coupled Eulerian–Lagrangian (CEL) 
analysis were compared with the results of axisym-
metric Lagrangian numerical analysis (the continuous 
remeshing was required) and with the experiment. 
The reasonable convergence between alternative 
numerical approaches and experimental data were 
obtained.

Although many papers dedicated to the conven-
tional extrusion are published, there are very few 
numerical simulations available concerning the 
KOBO extrusion method. Most of them focus on the 
change of the material structure during the process. 
The evolution of the texture in the KOBO extrusion is 
contained in [76]. In [77] numerical analyses includ-
ing the generation, interaction and annihilation of 
point defects in a KOBO method are shown. In [78], 
the numerical simulation of the KOBO extrusion 
for Chaboche-Lemaitre elastic–plastic model with 
isotropic and kinematic hardening is presented. The 
results show phenomena occurring in the extruded 
material, e.g. the ratcheting and the mean stress relax-
ation. The small amount of research dedicated to the 
modelling of the KOBO extrusion assuming the hard-
ening of a material confirms the purposefulness of the 
works undertaken.

In simulations of KOBO extrusion process pre-
sented in this paper, the coupled thermo-mechanical 
CEL approach including the heat generation due to 
the plastic deformation has been used. Since B–P 
material model is not implemented in commercial 
FEM programs, the user material procedure VUMAT 
has to be written, compiled and linked to Simulia 
Abaqus progam used here in numerical computations.

2 � The Bodner–Partom unified elastic‑viscoplastic 
material model

The KOBO extrusion is a complex process lead-
ing to the occurrence of high stresses and strains 
in a material. Material model appropriate for 
cyclic loading considering kinematic and isotropic 

hardening should be used in numerical calculations. 
Material model also ought to take into account the 
change of a temperature and its influence on the 
elastic-viscoplastic plastic response.

The Bodner–Partom (B–P) material model 
applied in simulations is based on three fundamen-
tal relationships [41]:

(1)	 The plastic flow rule relates the inelastic strain 
rate �̇(ie)

ij
 with the deviatoric stress using the plas-

tic multiplier � (Eq. 9).

where sij is deviatoric stress tensor (Eq. 10)

where �ij is Kronecker delta function.
(2)	 The kinetic equation relates the plastic multiplier 

with the stress invariants using internal state vari-
ables.

(3)	 The evolution law defines the changes of the 
internal state variables ( ŻI and 𝛽̇ij).

The B–P model allows taking into consideration 
simultaneously elastic and plastic effects, isotropic 
and kinematic hardening, viscoplasticity, creep, as 
well as the relaxation for a wide range of tempera-
tures and strain rates [79]. The model is described 
by the following constitutive equations:

(1)	 The superposition of elastic and inelastic strains 
(Eq. 11):

where �ij is the total strain, �ij(e) is the elastic 
strain and �ij(ie) is the inelastic (plastic) strain.

(2)	 The elastic stress rate �̇(e)

ij
 obtained from the time 

derivative of the generalized Hooke’s law 
(Eq. 12):

where �̇kl and �̇(ie)
kl

 are the total and inelastic strain 
rates, respectively and Cijkl is the elastic stiffness 
tensor according to the Hooke’s generalized law.

(3)	 The inelastic strain rate (Eq. 13):

(9)�̇
(ie)

ij
= 𝜆sij

(10)sij = �ij −
1

3
�kk�ij

(11)�ij = �ij
(e) + �ij

(ie)

(12)�̇
(e)

ij
= Cijkl(�̇kl − �̇

(ie)

kl
)



2218	 Meccanica (2022) 57:2213–2230

1 3
Vol:. (1234567890)

where D0 and n are the B–P material parameters, 
Z0 is the initial value of the isotropic hardening 
variable, Z is the internal state variable and J2 is 
the second invariant of the deviatoric stress.

(4)	 The incompressibility condition for inelastic 
deformations (Eq. 14):

(5)	 Plastic multiplier is (Eq. 15) [80]:

The B–P material behaviour under loading is 
described using temperature dependent and independ-
ent parameters.

The internal state variable Z in Eq. 13 represents 
the material resistance to the inelastic flow at the cur-
rent state. It is the superposition of isotropic ZI and 
directional (kinematic) ZD components in line with 
Eq. 16:

The ZI depends on the load history and its evolu-
tion is defined as follows (Eq. 17):

The A1Z1

(
ZI−Z2

Z1

)r1
 part of Eq. 17 is a softening or 

the static recovery caused by the low strain rates at 
relatively low temperatures. If the static recovery 
does not occur, the Z1 equals the Z saturated value.

The ZD parameter depends on the load history 
and the �ij tensorial quantity value is related with the 
directional component of the hardening in the direc-
tion of current stress �

(
�ij
)
 (Eq. 18).

 where

(13)�̇
(ie)

ij
=

√√√√√
D2

0

J2𝑒𝑥𝑝
(
−
(

Z2

3J2

)n) sij

(14)�
(ie)

kk
= 0

(15)� =

√√√√√
D2

0

J2exp
(
−
(

Z2

3J2

)n)

(16)Z = ZI + ZD

(17)ŻI = m1

(
Z1 − ZI

)
𝜎ij𝜀̇

(ie)

ij
− A1Z1

(
ZI − Z2

Z1

)r1

(18)ZD = �ij

�
�ij

‖�ij‖
�

The proper selection of the B–P material param-
eters enables to obtain an appropriate material 
response under external load. The detailed procedure 
for the determination of the B–P material param-
eters is described in [81, 82]. Other research can be 
found in [83, 84]. In last thirty years, the B–P model 
has been extensively examined and values of mate-
rial constants for different materials are available in 
the literature, therefore. The data for AMG-6 alloy 
considered here for 20, 300 and 400 °C is taken from 
[63].

From the computational point of view, the KOBO 
extrusion is a coupled thermo-mechanical process 
in which the plastic deformation and the friction 
between tools and extruded material are the heat 
sources. The heat generation caused by the plastic 
deformation is calculated using the following equa-
tion (Eq. 20):

 whereq is the heat volume rate and �̇(ie) is the ine-
lastic strain rate, � is the Cauchy stress, x is a back-
stress associated with the kinematic hardening and � 
is a Taylor-Quinney coefficient. The Taylor-Quinney 
coefficient might be determined experimentally by 
processing thermal measurements. The constant aver-
aged value is commonly applied in numerical simu-
lations [85]. The Taylor-Quinney coefficient � = 0.9 
has been used in this work. The increase of a temper-
ature in a material in a wake of a heat generated dur-
ing the high strain rate plastic deformation might be 
calculated using the following formula (Eq. 21):

 where cp is a specific heat and � is density.
It is very important that the user material subrou-

tine written for large displacements and large strains 
should consider the rotation of the coordinate sys-
tem. In Simulia ABAQUS, constitutive equations 
are defined in the corotational frame which enforces 
the use of objective stress rates namely: Jaumann or 
Green-Naghdi.

(19)

𝛽̇ij = m2

�
Z3

�
𝜎ij

‖𝜎ij‖
�
− 𝛽ij

�
𝜎ij𝜀̇

(ie)

ij
− A2Z1

�‖𝛽ij‖
Z1

�r2� 𝛽ij

‖𝛽ij‖
�

(20)q = 𝜂(� − x) ∶ �̇(ie)

(21)ΔT =

(
𝜂

cp𝜌

)𝜀(ie)

∫
0

(� − x) ∶ �̇(ie)
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The Jaumann stress rate tensor ∇J�  is defined as 
(Eq. 22) [65]:

 where �̇ is stress rate tensor in a corotational frame, 
� is Cauchy stress tensor and W is spin tensor which 
comprises both the deformation and the rotation.

In the Jaumann rate, the �̇ term is associated 
with the material deformation and the next two 
terms—�W and W� result from the rotation of the 
coordinate system. In ABAQUS program, the Jau-
mann stress rate is used for commercially imple-
mented material models.

The Green-Naghdi rate ∇G�  of the Cauchy stress 
is (Eq. 23) [86]:

 where � is the angular velocity matrix resulting from 
a rigid body rotation. Similarly to the Jaumann stress 
rate, the Green-Naghdi rate contains a term associ-
ated with the deformation ( �̇ ) and two terms which 
are related to the rotation ( �� −��).

In ABAQUS program, the Green-Naghdi rate 
of the Cauchy stress is applied as a default for the 
user-defined materials. Thus, the results obtained 
for the user-defined material model and mate-
rial model implemented commercially may dif-
fer because of various objective stress rates used. 
It is worth highlighting that it is possible to apply 
the Jaumann stress rate for the user-defined mate-
rial model. The Green-Naghdi stress rate might be 
expressed by means of the Jaumann rate as follows 
(Eq. 24):

After substitution of Eq. 24 into Eq. 23, one can 
get Eq. 25.

Enforcing the Jaumann stress rate for the user-
defined material model might be helpful in test-
ing the correctness of user material procedures in 
elastic–plastic benchmark tests involving large dis-
placements and rotations.

(22)∇J
�= �̇ + �W −W�

(23)∇G
� = �̇ + �� −��

(24)∇G
� =

∇J
� −�(W −�) + (W −�)�

(25)�̇ =
∇J
� +W� − �W

3 � The explicit integration of the Bodner–Partom 
constitutive equations

The explicit integration (the Euler forward method) 
algorithm for the Bodner–Partom model using 
Eq.  12–20 is made in the user material procedure. 
The subscript for time t  has been omitted in this 
paper. The components of the strain increment are 
the input data. The procedure determines the incre-
ment of the inelastic strain and updates the stress at 
the end of the integration step. The algorithm of the 
explicit integration for the B–P model is as follows:

(1)	 The determination of ZI state variable for time 
t + Δt (Eq. 26):

where Ẇp is a plastic work rate—Eq. 27:

(2)	 The calculation of � state variable for time t + Δt 
(Eq. 28):

where the norms of tensorial values ‖�‖ and ‖�‖ 
are as follows (Eq. 29):

(3)	 The determination of ZD and Z state variables for 
time t + Δt (Eq. 30):

(4)	 The computation of inelastic (plastic) strain for 
time t + Δt (Eq. 31)

(26)

ŻI = m1

�
Z1 − ZI

�
Ẇp − A1Z1

�
ZI−Z2
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wheres is a deviatoric stress tensor.
(5)	 The determination of stress for time t + Δt 

(Eq. 32):

(6)	 At the end, the state variables � , �̇(ie) and ZI are 
saved.

4 � The coupled Eulerian‑Lagrangian method

Solving problems of solid mechanics including large 
deformations is difficult and complicated with the 
use of displacement-based finite element method 
described by the Lagrangian formulation in which the 
movement of the continuum is specified as a function 
of the material coordinates and time [87, 88]. In the 
Lagrangian formulation, nodes move together with 
the material in time (Fig. 1a) [89]. The mesh distor-
tions and contact conditions can lead to the problems 
with a convergence. In these cases Eulerian methods 
become more efficient than the Lagrangian ones.

In the Euler method, which is applied usually 
in fluid mechanics, the movement of a  continuum 
is a function of spatial coordinates and time [65]. 
The Eulerian reference mesh remains undistorted 
and is used to track the motion of a material in the 

(31)
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�
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Eulerian domain [18, 19]. The material can move 
through the fixed Eulerian mesh and the elements 
distortion does not occur (Fig. 1b).

The CEL method keeps advantages of Eulerian 
and Lagrangian approaches and is very effective for 
a solution of large deformations problems. In [90, 
91], the coupled Eulerian–Lagrangian method has 
been applied for the modelling of orthogonal cut-
ting. The application of the CEL method for the 
prediction of a  residual stress in dissimilar friction 
stir welding of aluminum alloys is presented in [92]. 
The modelling of defects in a friction stir welding 
process using the CEL approach is described in 
[93]. In [94], the usefulness of the Coupled Eule-
rian–Lagrangian analysis in geotechnics is praised. 
The CEL method can be also applied in modelling 
of material forming processes. Numerical results of 
the extrusion process are contained in [95, 96]. The 
modelling of the KOBO extrusion process using the 
CEL method and the Chaboche-Lemaitre material 
model is described in [78].

In the CEL approach, bodies which undergo large 
deformations (processed material) are meshed with 
Eulerian elements and the stiff bodies (tools) are 
meshed with Lagrangian ones. The Eulerian mate-
rial is tracked as it flows through the mesh by com-
puting its volume fraction (VF) in the CEL analysis. 
Each Eulerian element is designated a percentage, 
which represents the portion of that element filled 
with a material. If the Eulerian element is fully 
filled, its VF is 1. The VF is 0 for elements which 
are not filled with the Eulerian material.

The Lagrangian mass, momentum and energy 
conservation equations in the Eulerian spatial for-
mulation arranged into conservative forms as below 
(Eq. 33–35) [79, 97]:

Fig. 1   The comparison of Lagrangian (a) and Eulerian (b) methods
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where �—the density, �—the Cauchy stress, b—the 
vector of body forces, e—the strain energy, D—he 
velocity strain.

The Eulerian governing equations above are writ-
ten in the common general conservative form as fol-
lows (Eq. 36) [79, 97, 98]:

where � is the flux function and S is the source term.
The solution of Eq.  36 can be divided into two 

stages (Eqs. 37 and 38) solved sequentially using the 
splitting operator. They represent Lagrangian and 
Eulerian steps, respectively. The Eq.  37, which rep-
resents the Lagrangian step, contains the source term 
and the Eulerian step described using Eq. 38 includes 
the convective one [97, 98].

The graphical scheme of the split operator is 
shown in Fig.  2. The deformed (Lagrangian) mesh 
is moved to the Eulerian fixed mesh and the volume 
of material transported between adjacent elements is 
computed. The Lagrangian solution variables, such 

(33)
��

�t
+ ∇ ⋅ (�v) = 0

(34)
𝜕𝜌v

𝜕t
+ ∇ ⋅ (𝜌v⊗ v) = ∇ ⋅ � + 𝜌b

(35)
�e

�t
+ ∇ ⋅ (ev) = � ∶ D

(36)
��

�t
+ ∇ ⋅� = S

(37)
��

�t
= S

(38)
��

�t
+ ∇ ⋅� = 0

as the mass, energy, momentum, stress and others are 
then adjusted to account for the flow of the material 
between adjacent elements [78, 79].

The CEL method captures advantages of both the 
Lagrangian and Eulerian methods. The mesh is not 
deformed, and therefore the remeshing is not needed. 
A unique feature of the CEL method is that a sin-
gle volume can be filled simultaneously with many 
materials which allows simulations of the extrusion 
of composites and porous materials [78]. The CEL 
approach also ensures better interpretation of con-
tact conditions than the Eulerian method. The classi-
cal FEM methods based on the Lagrangian approach 
often cause the contact problems entailed by the dis-
tortion of the mesh.

5 � Numerical simulations of the KOBO extrusion 
process

5.1 � Numerical model

The 3D geometry model for the KOBO extrusion 
process is shown in Fig. 3. The tools are modelled as 
rigid bodies The 8-node linear Eulerian hexahedral 
elements considering thermomechanical coupling are 
used to mesh the Eulerian domain. The rectangular 
as well as cylindrical Eulerian domains with differ-
ent mesh densities have been tested in simulations 
(Fig. 4). The Eulerian mesh covers the position of the 
material at the beginning of the process, and its loca-
tion after the extrusion. Elastic and thermal material 
properties, as well as the FEM model data are con-
tained in Table  2. The B–P model parameters for a 

Fig. 2   The graphical interpretation of the split operator
Fig. 3   The model of the KOBO extrusion process with a 
cylindrical Eulerian domain
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AMG-6 alloy for different temperatures are also listed 
in Table 2.

Numerical simulations of the KOBO extru-
sion process have been done in commercial Simulia 
ABAQUS program. The explicit integration proce-
dure is required by ABAQUS in the CEL analysis. 
This integration method is conditionally stable—the 
stable time increment is very small [80]. The analy-
sis of the KOBO extrusion requires hundreds of thou-
sands time increments, and for this reason the prob-
lem cannot be solved in real process time. The mass 
scaling technique and the smooth step loading have 
been applied in order to speed up simulations and 
minimize the computation time [86, 100]. In order 
to decrease the computational costs, the time of real 
extrusion has been shortened in numerical simula-
tions about one order. To avoid very large inertia 
forces caused by the sudden punch movement, the 
punch displacement has been smoothed from time t0 
to t1 as described by Eq. 39 [101]:

where� is a position parameter, u0 is the initial punch 
position and u1 is the final punch drive. In numerical 
simulations, � =

t−t0

t1−t0
  and u0 = 0 . The use of a 

smooth step amplitude in ABAQUS enables to apply 
and suppress the loads gradually.

5.2 � Benchmark tests and simulations of KOBO 
extrusion

The proper selection of the B–P material model 
parameters is necessary to perform reliable numerical 

(39)
u = u0 +

(
u1 − u0

)
�3
(
10 − 15 + 6�2

)
for t ∈

[
t0, t1

]

calculations of the KOBO extrusion process. Mate-
rial parameters might be determined on the basis of 
experimental research, e.g. in tension or compression 
tests made for various strain rates. The determination 
of B–P parameters is out-of-scope of this paper. Since 
the Bodner–Partom material model is quite often 
used in solutions of various engineering problems, 
its constitutive parameters are available in literature 
for many typical materials. For B–P parameters given 
in Table  2 the following numerical benchmark tests 
have been done. Firstly, cyclic tension–compression 
tests have been made for temperatures of 20, 300 
and 400  °C, respectively. The results are shown in 
Fig. 5. One can observe the isotropic and directional 
(kinematic) hardening as well as the stabilization of 
stress–strain curves after several cycles. The next 
numerical benchmark test presents the viscoplastic 
behavior of the B–P model. Simple tension tests have 
been made for various strain rates (0.001–100 [1/s]) 
and for temperatures of 20, 300 and 400  °C. The 
influence of the strain rate on the yield stress can be 
clearly seen in Fig. 6 for all considered temperatures.

Many simulations of the KOBO extrusion process 
have been made for various Eulerian meshes (cylin-
drical, rectangular), various mesh densities, different 
contact conditions (slip or no slip on die), etc. As the 
exemplary results, von-Mises stress distribution in the 
extruded material is shown in Fig. 7. This distribution 
is heterogeneous and the highest stress occurs near 
the die hole and next to the walls of the container. 
The stress decreases in the center of the recipient.

Figure  8 shows the equivalent plastic strain in 
the material subjected to the extrusion. The highest 
plastic strain values occur in corners of the recipi-
ent. One may notice that the material in a middle 

Fig. 4   Meshes of the Eulerian part used in numerical simula-
tions; rectangular Eulerian domain with regular density mesh 
(a), rectangular Eulerian domain with mesh thickening towards 

the core (b), rectangular Eulerian part with regular density 
mesh (c) and rectangular Eulerian part with mesh thickening 
to the core (d)
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part of the container is in the elastic state (hydro-
static compression). Unfortunately, due to this fact, 
the B–P model is not computationally efficient. The 
elastic and inelastic strains are calculated in the 
whole domain for each load increment which signif-
icantly extends the computational time. On the other 
hand, elastic–plastic material models involving the 

yield condition are more effective from the point 
of computational costs since the elastic response 
requires much less computations than the plastic 
one.

It is important that the CEL approach in ABAQUS 
does not take into account the heat flow from the 
material to the tools cooled in experiments. Thus, the 

Table 2   Parameters of the B–P model, other material parameters and details of the FEM model

Parameters for the B–P model

Temperature-dependent parameters

Parameter Values for temperatures

20 °C 300 °C 400 °C

n[-] 2.06 2.0 1.9

Z
0
[MPa] 324 306 280

A
1
[s−1] 0 3.5·10–3 0.15

A
2
[s−1] 0 5.4·10–2 0.99

Temperature-independent parameters

D
0
[s−1] 104

Z
1
[MPa] 647

Z
2
[MPa] 35

Z
3
[MPa] 80

m
1
[MPa−1] 0.182

m
2
[MPa−1] 3.7

r
1
[−] 4.0

r
2
[−] 4.0

Other material parameters

Parameter Value
E[Pa] 71 × 109 for 20 °C
55·109 for 300 °C
48·109 for 400 °C
�[−] 0.33
�
[
kg∕m3

]
2700

h
[
W∕m ⋅ K

]
206

�[−] 4.5 ∙ 10−6

cp
[
J∕kg ⋅ K

]
909

FEM details

Material model Elastic-viscoplastic
Integration procedure Dynamic explicit
Friction model Coulomb model
Friction coefficient 0.2
Total number of variables in a model 114,558
Stable time increment 1.9 ∙ 10−7 s
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computed temperature is more or less overestimated. 
In numerical simulations material parameters should 
be defined for the entire temperature range occur-
ring in the analysis. The material softening with the 
increased temperature reduces the plastic work of the 
extrusion, and this way reduces the temperature raise.

The characteristic shape of plastic zones and 
streams of the plastic flow obtained numerically were 
confirmed in experimental investigations (Fig.  9). 
According to [102], the characteristic shape of lines 
of plastic flow is associated with the dominant crys-
tal orientation which follows with the stream of the 
material.

The advantage of using material user subroutine 
over the material models commercially implemented 
in the FEM program is the possibility to obtain more 
information about the material response. Unlike in 
the commercially implemented material models, in 
the user procedures all isotropic and directional (kin-
ematic) material hardening parameters are available 
and the influence of these parameters on the KOBO 
extrusion might be examined in this way.

Considering the KOBO process as a cyclic load-
ing process, the ratcheting phenomenon should be 
taken into account. The ratcheting is characterized 
by the directional progressive accumulation of plas-
tic deformation in a material under the non-symmet-
rical stress-controlled cyclic loading with non-zero 
mean stress [103, 104] without the load increase. 
Thus, the ratcheting is a very welcome phenomenon 
in the KOBO extrusion process. Unfortunately, the 
ratcheting used to stabilize after a certain number of 
loads, depending on the increase of the yield stress 
resulting from the isotropic hardening [105]. A 
large and dominant isotropic hardening can hamper 
a further deformation due to the cyclic load mak-
ing the material response being almost only elas-
tic. Detailed knowledge about the material harden-
ing characteristic is very useful in optimization of 
the KOBO process in selection of appropriate fre-
quency and the amplitude of the die oscillations in 
order to avoid the raise the isotropic hardening.

Fig. 5   Hysteresis curves obtained in cyclic loading tests for temperatures; 20 °C (a), 300 °C (b) and 400 °C (c)



2225Meccanica (2022) 57:2213–2230	

1 3
Vol.: (0123456789)

6 � Summary and conclusions

The three-dimensional thermo-mechanical cou-
pled Eulerian–Lagrangian analysis was used in 

order to simulate the KOBO extrusion process of 
the AMG-6 alloy. The elastic-viscoplastic unified 
Bodner–Partom model including the large displace-
ments was applied here. The model parameters 

Fig. 6   The stress–strain curves for strain rates in a range of 0.001–10 s−1 for temperatures; 20 °C (a), 300 °C (b) and 400 °C (c)

Fig. 7   The von-Mises stress [MPa] distribution in the 
extruded material

Fig. 8   The equivalent plastic strain [-] distribution in the 
extruded material
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were selected on the basis of the literature review. 
In numerical calculations, the extruded material 
was modelled using the Eulerian mesh and the tools 
(die, recipient and punch) were defined as rigid bod-
ies using the Lagrangian mesh. The explicit integra-
tion of constitutive equations was used here.

For the Bodner–Partom material model the user 
procedure was written and later on it was linked to 
the commercial FEM software. The correctness of 
the user subroutine was checked on several elas-
tic–plastic benchmark tests.

Different shapes of Eulerian domains and vari-
ously tuned meshes were tested. The cylindrical 
Eulerian space with the mesh thickening to the core 
was chosen as one which provides the best results. 
On the basis of results obtained, the following con-
clusions can be drawn.

(1)	 The CEL method enables to model the KOBO 
extrusion process and obtain reliable results. 
Contrary to the Lagrangian approach, remeshing 
is not necessary.

(2)	 The proper modelling of the KOBO extrusion 
applying the user procedure extends the knowl-
edge about strain hardening and temperature sof-

tening in extruded material, and enables to set-up 
experimental conditions of the process.

(3)	 The coupled thermomechanical problem requires 
definition of the material data for the whole range 
of temperatures which occur in the process.

(4)	 The knowledge concerning the material char-
acteristic, including the material hardening can 
optimize the process and select the proper die fre-
quency and amplitude in order to avoid technical 
problems associated with the material extrusion 
and the die damage.
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