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1  Introduction

The machine locomotion is ordinary done by actuat-
ing devices such as wheels, legs, propellers and oth-
ers. Without such devices, the machine locomotion on 
the resistive surface can also be done by appropriate 
lateral reciprocal motion of the internal mass, which 
had been presented in the series of the papers of 
mechanical snakes by F.L. Chernousko [1, 2]. Similar 
ideas have been exploited as the impact driving sys-
tems [3, 4]. Prof. Chernousko visited and gave semi-
nars to the group of Human Adaptive Mechatronics 
at Tokyo Denki University. The authors had studied 
the control of pendulums for a long time [5, 6] and 
started to study the cart locomotion by swinging the 
pendulum [7] at his group through the fusion of the 
ideas.

The cart on passive wheels named “Pendulum-
driven cart” was reported firstly in 2005 at the 2nd 
COE workshop on Human Adaptive Mechatronics 
at Tokyo Denki University. The pendulum-driven 
cart shown in Fig. 1 was assembled by using LEGO 
Mindstorms 2.0 components. It moves forward by 
quickly swinging the pendulum backward due to the 
conservation of the momentum, since the friction 
force on the resistive surface is comparably small 
against the driving force for the fast forward move-
ment. It stays during the pendulum slowly swinging 
back forward, since the friction force is large against 
the driving force for the slow backward movement. 
The control design of the pendulum swing is difficult 
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due to consideration of the effects of the change of 
the swing direction. The mathematical model was 
constructed under the assumption that friction force 
makes the cart stay completely while the pendulum 
slowly swings forward, and the cart locomotes by the 
quick swing of the pendulum to backward. Desirable 
pattern of the pendulum motion was derived theoreti-
cally, and the pendulum was controlled to follow the 
pattern [7].

After the return of Prof. Chernousko, H. Li and K. 
Furuta had made the capsule type micro robot based 
on the idea of the cart with a swinging pendulum, 
that locomotes on the resistive surface by the lateral 
reciprocal motion of the internal mass [8]. The robot 
was named “Capsubot” by Prof. Karl J. Astrom who 
stayed at Tokyo Denki University at those days. The 
capsubot shown in Fig. 2 was presented at IEEE Con-
ference on Decision and Control(CDC) [8]. The cap-
subot was proposed to incorporate a camera, a light-
ning system, a transmitting and receiving device, a 
control device and a power supply device in a capsule 
body. The miniaturized capsule was aimed to be used 
for the examination of the human organ by swallow-
ing it. Prof. Chernousko has presented a survey of the 
studies in [9].

These systems have two separate masses. One is 
the reciprocally moving internal mass, such as the 
pendulum mass and the internal mass of the capsubot, 
and the other is the main body mass such as the cart 
with passive wheels and capsule outer body. In [7] 
[8], the locomotive motion of the pendulum-driven 
cart and the capsubot were designed to control the 
internal mass to satisfy the four steps; 

Step 1:	 Large backward acceleration of the internal 
mass causes the forward acceleration of the main 
body.

Step 2:	 Backward deceleration of the internal mass 
causes deceleration of the main body.

Step 3:	 Small backward deceleration causes the 
main body to be stationary.

Step 4:	 Forward slow motion of the internal mass 
applied for returning to start position, during the 
main body remains stationary.

The internal mass of the pendulum-driven cart was 
the pendulum rotated by the DC motor [7]. The opti-
mization of the pattern and control of the internal 
mass for the pendulum-driven cart were studied [10] 
and a cart with double inverted pendulum was also 
investigated [11]. The internal mass of the capsubot 
was mainly the permanent magnet driven by the mag-
netic coils [8]. There had been considerable number 
of studies on the motion generation and control for the 
capsubot. Typical motion generation methods were 
based on acceleration patterns design of the inter-
nal mass or optimization utilizing dynamical models 
[12–15]. Feedback control for the capsubot had been 
studied through various approaches [16–21]. Further 
studies had been done by decomposing the above 4th 
step into three steps for improving the control strategy 
of the internal mass [22], and by attaching the spring 
for achieving quick movement of the internal mass of 
the capsubot [23–25].

The locomotive systems can improve the efficiency 
by controlling the pressure for the friction. The fric-
tion should be made smaller while it moves forward 
and larger while it stays. The friction force is known 
to be given by friction coefficient � times the normal 
pressure [26]. Therefore, the smaller friction is real-
ized by making the normal pressure smaller, which 
can be achieved by the acceleration of the internal 
mass to have downward direction component. Con-
versely, the larger friction is achieved by the upward 

Fig. 1   Pendulum-driven cart presented in [7]

Fig. 2   Capsubot presented in [8]
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acceleration of the internal mass. This idea was real-
ized by ”Friction board with inclined slider” [27], 
whose photo is shown in Fig.  3. The mathematical 
model of the friction board was derived and the con-
trol algorithm for the motion of the internal mass was 
given. The developed friction board locomoted sat-
isfactorily with moderate payload. The locomotive 
motions of the developed systems had been designed 
based on the four steps described previouly and con-
sidered both dynamic and static friction between the 
cart and floor. The further theoretical studies had 
been done for the capsubot using the sliding recipro-
cal motion of the internal mass [28].

In the beginning, sophisticated ideal control sys-
tem had been difficult to be implemented to make 
the internal mass of Capsubot and Pendulum-driven 
cart follow the pre-computed optimal profile for the 
small-sized system. The small-size capsubot had 
used the electric coil for internal force actuation by 
the magnetic fields and could not use a position sen-
sor. So for a small capsubot, the open-loop optimal 
control should be implemented [8]. The Step 3 was 
implemented not to collide the internal mass to the 
wall in the backward motion by the simple control. 
The complex designs of the actuation systems were 
implemented to improve the magnetic actuation [29]. 
In addition, the accurate position control of the inter-
nal mass with feedback was applied to relatively large 
robots [18]. As indicated above, self-propelled robots 
have been actively studied and are very interesting for 
their dynamics analysis and control. While control 
aspects are important, it is also significant to realize 
simple structures and drive methods for the imple-
mentation and application of real systems.

This paper proposes a self-propelled board with 
the slider-crank mechanism for the inclined recipro-
cal rectilinear motion of the internal mass, which is 
named KF Board, simplifying Kamamichi-Furuta 
Board. The distinctive feature of the KF board is that 

the control input can be set constant in one direction 
during the locomotion, contrary to that the torque for 
pendulum of the pendulum-driven cart and the driv-
ing force for the internal mass of the capsubot are 
controlled with switching from forward to backward 
direction in the one cycle of the reciprocal motion. 
Our proposed method is advantageous for implemen-
tation because of the simplicity of the structure and 
the driving signal. This driving signal is different 
from that in [28], which has given the mathematical 
analysis of the capsubot by the inclined sliding recip-
rocal motion induced by using the other type of the 
driving signal, which is not generated by the slider-
crank mechanism.

In the following sections, the KF board is firstly 
presented, and a mathematical model of the system 
is derived considering a kinematics of the slide-crank 
mechanism and the constraint conditions of the whole 
dynamics, where the dynamic friction is only consid-
ered in all phases of motion. The effects of inclined 
angle and the repetitive frequency of the sliding 
motion of the internal mass are analyzed for the math-
ematical model. The sliding internal mass connected 
to the crank shaft works effective compared to the 
simple swinging pendulum for locomoting the board, 
since the friction can be made smaller for the cart for-
ward motion by sliding the internal mass downward 
with acceleration on the inclined guide. If the angle 
of the inclined guide is steep in downward movement 
of the internal mass, the pressure for the friction of 
the cart shall be made smaller in the forward locomo-
tion. Thus, the friction of the cart can be adjusted by 
the inclined angle. The locomotion speed is shown to 
be controlled by adjusting the frequency and/or the 
angle of reciprocal movement of the internal mass. 
The frequency is controlled by the rotational velocity 
of the crank shaft. The collision of the internal mass 
to the stop wall is avoided. The properties of the pro-
posed friction board with the slider-crank mechanism 
are studied by simulation using the mathematical 
model derived based on the projection method [30, 
31]. From the verifications, the proposed locomotion 
board with reciprocal motion of the internal motion 
by using the slider-crank mechanism [32] is shown 
to move faster when the frequency of the rotation 
of the crank disk becomes high. The motion of the 
internal mass is extended to 2D near elliptic orbit by 
the choice of its position on the connecting rod from 
the crank to the slider. The simulation is done for the Fig. 3   Friction board with inclined slider presented in [27]
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simplified model with 2D orbital motion of the inter-
nal mass. This kind of the locomotive system may 
be used effectively in the future on the planet where 
the gravity and friction are small comparing with the 
earth.

2 � Friction board with slider‑crank mechanism

In this paper, the friction board with the simple slider-
crank mechanism, the KF board, is firstly proposed, 
where the rectilinear reciprocal motion of the inter-
nal mass on a inclined guide is realized by the simple 
mechanism. Simple control of the fixed given torque 
can be applied for the rotation of the crank disk.

2.1 � Motion mechanism

The KF board consists of the board on the ground 
and the slider-crank mechanism for generating peri-
odic motion of the internal mass. The slider-crank 
mechanism is installed with given inclined angle on 
the board, and can convert the rotational motion into 
reciprocal motion.

Figure  4 shows the motion principle of the KF 
board. The KF board is moving by reciprocal motion 
of the inclined slider. Due to the vertical component 
of the slider’s acceleration, the friction force exerting 
between the board and ground surface changes as a 
function of slider’s motion. By utilizing this effect, 
the KF board is possible to locomote by simple recip-
rocal motion of the slider.

As the crank is rotating at a constant speed, the 
acceleration of the slider switches between posi-
tive and negative according to the rotational angle of 
the crank. Figure  4a shows downward acceleration 
of the slider along the inclined guide. Considering 
the vertical and horizontal decomposition, the slider 
has downward and leftward acceleration. The board 
is subjected to the reaction forces generated by this 
acceleration. The vertical reaction force affects the 
normal force and then causes a change in the friction 
force. In this case, the normal force becomes smaller 
and the friction force also becomes smaller. The hori-
zontal reaction force affects the driving force of the 
board. The propulsive force of the board increases 
due to the decrease in friction force. On the other 
hand, Fig. 4b shows upward acceleration of the slider 
along the inclined guide. Considering with the same 
way as above, in this case, the normal force becomes 
larger and the friction force also becomes larger. The 
propulsive force of the board decreases due to the 
increase in friction force.

2.2 � Modeling

In this subsection, the mathematical modeling for 
numerical analysis of the KF board system is pre-
sented. Before considering whole dynamics, we focus 
on the kinematics of the slider-crank mechanism. A 
schematic diagram of the slider-crank mechanism is 
shown in Fig.  5. We set the physical parameters as 
follows; the crank length is r, and the connecting rod 
length is l. In addition, the angle of the crank is � and 
the angle of the connecting rod is �.

Fig. 4   Motion principle of KF board as the friction force 
exerting between the board and ground surface changes as a 
function of slider’s motion due to the vertical component of the 

slider’s acceleration. a The case of downward acceleration of 
the slider. b The case of upward acceleration of the slider
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The slider is assumed to move along the x axis, and 
then the position of the slider p is given as

The ratio of the crank length to the connecting 
rod is � = r∕l . From the relationship of angles, 
cos� =

√
1 − sin

2 � and sin� = � sin � , the Eq. (1) 
can be re-written as

Differentiating of the Eq. (2), the velocity relation of 
the mechanism is derived as

Note that when r is considerably smaller than l, that is 
� ≈ 0 , the equations of the slider position and veloc-
ity are approximated as

(1)p = r cos � + l cos�.

(2)p = r
�
cos � +

1

�

√
1 − �2 sin2 �

�
.

(3)ṗ = −r

�
sin 𝜃 +

𝜆 sin 2𝜃

2

√
1 − 𝜆2 sin2 𝜃

�
𝜃̇.

(4)p ≈r cos � + l

Then, we consider the motion equation of the board 
system with the slider-crank mechanism, shown in 
Fig.  6. The parameters of the system are shown in 
Table 1.

First, without considering constraints imposed by 
the slider-crank mechanism, motion equations of the 
mass M approximating the main body of the board, the 
slider m and the rotating body (motor) are individually 
given as

(5)ṗ ≈ − r sin 𝜃𝜃̇.

(6)

Mẍ
1
+ sgn(ẋ

1
)𝜇N = 0

mẍ
2
= 0

mÿ
2
+ mg = 0

I𝜃̈ + dc𝜃̇ = u

Fig. 5   Model of slider-crank mechanism

Fig. 6   Model of the KF 
board system

Table 1   Physical parameters of the KF board system

Notation Unit Explanation

x
1

[m] Board position
x
2
, y

2
[m] Slider position

� [rad] Crank angle
M [kg] Board mass
m [kg] Slider mass
r [m] Crank length (disk radius)
l [m] Connecting rod length
I [kgm2] Inertia of disk and motor shaft
dc [Nms] Viscous coefficient of disk 

and motor shaft
g [m/s2] Gravity acceleration
� Friction coefficient
� [rad] Slider angle
u [Nm] Input motor torque
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where � is a friction coefficient and the normal force 
on the horizontal surface N is expressed as

The generalized coordinates are set as 
x = [x1, x2, y2, �]

T , and then the Eq. (6) is expressed 
as

where

Next, we consider the constraints by the slider-crank 
mechanism. From the Eq. (2) and the slider’s angle � , 
the equations of the velocity constraints are given as

where X(�) = sin � +
� sin 2�

2

√
1−�2 sin2 �

 . The Eq. (9) is 
expressed in matrix form as

where the Jacobian J is given as

Differentiating of the constraint Eq. (10),

is given.
Finally, the motion equation considering with 

constraint is given as

where �f  is a constraint force. From the Eqs. (12) and 
(13),

(7)N = (M + m)g + mÿ2.

(8)Dẍ = h + bu

D =

⎡

⎢

⎢

⎢

⎣

M 0 sgn(ẋ1)�m 0
0 m 0 0
0 0 m 0
0 0 0 I

⎤

⎥

⎥

⎥

⎦

,

h =

⎡

⎢

⎢

⎢

⎣

−sgn(ẋ1)�(M + m)g
0

−mg
−dc�̇

⎤

⎥

⎥

⎥

⎦

, b =

⎡

⎢

⎢

⎢

⎣

0
0
0
1

⎤

⎥

⎥

⎥

⎦

.

(9)
{

ẋ2 − ẋ1 = −r cos𝜑X(𝜃)𝜃̇

ẏ2 = −r sin𝜑X(𝜃)𝜃̇

(10)Jẋ = 0

(11)J =

[
−1 1 0 r cos�X(�)

0 0 1 r sin�X(�)

]
.

(12)Jẍ + J̇ẋ = 0

(13)Dẍ = h + bu − JT𝜆f

is given. The motion of the simple friction board sys-
tem can be analyzed by using above equation.

Here, independent generalized coordinates can be 
defined as q = [x1, �]

T.The relation between x and q is 
represented as

where

The matrix Q is the orthogonal complement matrix to 
J, satisfying the relation of JQ = 0 . Multiplying the 
Eq. (13) by QT from the left-hand side and substitut-
ing the Eq. (15), the constraint force can be vanished 
and the motion equation with generalized coordinates 
is represented as

Calculating the Eq. (17), the explicit form of the 
motion equation can be derived as

Note that the inertia matrix of motion Eq. (18) is 
asymmetric, as the asymmetric term is caused by 
the friction force changes in response to the vertical 
acceleration of the slider mass. In addition, in case 
that the crank length r is smaller than the connecting 
rod length l, that is � ≈ 0 , approximations of the kin-
ematical relation can be obtained as X(�) ≈ sin � and 
Ẋ(𝜃) ≈ cos 𝜃𝜃̇ . From the equations, the motion equa-
tion can be approximated as

(14)
[
D JT

J 0

] [
ẍ

𝜆f

]
=

[
h + bu

−J̇ẋ

]

(15)ẋ = Q(q)q̇

(16)Q(q) =

⎡⎢⎢⎢⎣

1 0

1 − r cos�X(�)

0 − r sin�X(�)

0 1

⎤⎥⎥⎥⎦
.

(17)QTDQq̈ = QT (−DQ̇q̇ + h + bu).

(18)

[
M + m − mr cos𝜑X(𝜃) − 𝜇mrsgn(ẋ1) sin𝜑X(𝜃)

−mr cos𝜑X(𝜃) mr2X2(𝜃) + I

][
ẍ1

𝜃̈

]

=

[
mr cos𝜑Ẋ(𝜃)𝜃̇ + 𝜇sgn(ẋ1){mr sin𝜑Ẋ(𝜃)𝜃̇ − (M + m)g}

−mr2X(𝜃)Ẋ(𝜃)𝜃̇ − mrg sin𝜑X(𝜃) − dc𝜃̇ + u

]
.

(19)

[
M + m − mr cos𝜑 sin 𝜃 − 𝜇mrsgn(ẋ1) sin𝜑 sin 𝜃

−mr cos𝜑 sin 𝜃 mr2 sin2 𝜃 + I

][
ẍ1

𝜃̈

]

=

[
mr cos𝜑 cos 𝜃𝜃̇2 + 𝜇sgn(ẋ1){mr sin𝜑 cos 𝜃𝜃̇2 − (M + m)g}

−mr2 sin 𝜃 cos 𝜃𝜃̇2 − mrg sin𝜑 sin 𝜃 − dc𝜃̇ + u

]
.
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3 � Motion analysis

To investigate the motion of the KF board system, 
numerical simulations are done using MATX, and 
experiments are demonstrated using a simple appa-
ratus assembled by LEGO components. In addition, 
simplified model simulations with 2D orbital motion 
of the internal mass are investigated as extensions of 
the slider-crank mechanism.

3.1 � Numerical simulations

The motion of the KF board system is analyzed using 
non-approximate dynamical model derived in the pre-
vious section. Physical parameters in Table 1 are set 
as M = 0.2 kg, m = 0.2 kg, r = 0.025 m, l = 0.085 
m, I = 2.0×10−5 kgm2 , dc = 0.01 Nms, g = 9.81 m/
s2 . The friction coefficient is set to � = 0.3 as moder-
ate slipping condition. The angle of the slider is set as 
� = �∕6 rad.

Figures  7 and 8 show the results of numerical 
simulation, where constant input torque is applied to 
the motor. The crank rotates in one direction by the 
constant input torque. Its rotating velocity is approx-
imately constant, with a few fluctuations due to the 
gravity force acting to the slider. Corresponding to the 
rotation of the crank motion, the slider is reciprocat-
ing along the inclined angle. The reciprocal motion of 
the slider makes the board move forward with repeat-
ing forward and slight backward movements.

The simulations show that the rotating velocity of 
the crank and the frequency of the gait are propor-
tional to the input torque. In the case of Fig.  8, the 
rotating velocity and the frequency of the gait are 
higher comparing to Fig. 7, since the input torque is 
large. In case that the forward velocity of the board 
is fast, the backward velocity is correspondingly fast. 
The backward moving distance is quite small com-
pared to the forward moving distance. As the results, 
the moving distance per one cycle and the average 
velocity become large.

Figure 9 shows the closeup of one cycle motion of 
the friction board in Fig. 7. Figure 9a shows the time 
history of mass positions and the relative position 
between the board and the slider mass, and Fig.  9b 
shows the phase plane. The section of each motion 
step is indicated on the figure. From this figure, the 
transition of the motion step is observed. The motion 
of the internal mass and the board follows mostly 

Step 1, 2, and Step 4’ instead of Step 4, where Step 
4’: Forward slow motion of the internal mass causes 
the slow backward movement of the main body. Dur-
ing this motion the main body slowly moves back-
ward, where the distance loss can be designed to be 
small.

To verify the motion characteristics, numerical 
simulations under different input torques are con-
ducted. The verification results are shown in Fig. 10. 
Figure 10a shows the moving distance per one cycle 
of the board, and Fig. 10b shows its average velocity. 
As described above, the frequency of the gait is pro-
portional to the input torque. As shown in Fig. 10a, 
the moving distance per one cycle increases linearly 
with increasing the frequency of the gait up to a cer-
tain frequency, and decreases slightly in higher fre-
quency. As the frequency of the gait becomes higher, 
the acceleration of the reciprocal motion becomes 
large. Thus, the moving distance for one cycle 
becomes large in a certain lower region of frequen-
cies, however; the moving distance in higher gait 
frequency decreases due to the increase of backward 
distance. When the gait frequency increases, the for-
ward motion in Step 1 and 2 becomes larger, how-
ever; the backward motion in Step 4’ becomes also 
larger. As the results, the moving distance per one 
cycle decreases in high gait frequency. As shown in 
Fig. 10b, the average velocity of the board increases 
with increasing the gait frequency.

In addition, to verify the effect of the inclined 
angle of the slider, numerical simulations under dif-
ference angles are conducted. The verification results 
are shown in Fig.  11. The average velocities of the 
board with respect to inclined angles of the slider are 
analyzed for three different input torques. The aver-
age velocities change significantly depending on the 
inclined angle. Due to the nonlinear characteristics 
of the slider-crank mechanism, the average veloci-
ties are slightly shifted in the positive direction. As 
the input increases, the gait frequency increases, 
and correspondingly the average velocity increases. 
The inclined angle to maximize the velocity tends to 
larger as the gait frequency increases, in the range of 
the simulation conditions.

3.2 � Assembling KF board and experiment

The KF board system can be implemented simply by 
use of the slider-crank mechanism. In this paper, the 
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Fig. 7   Simulation result of 
the friction board motion 
with input torque u = 0.3: a 
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Fig. 8   Simulation result of 
the friction board motion 
with input torque u = 0.4: a 
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slider with respect to the 
board, d phase plane of the 
motion plotting velocity 
variation of the board ẋ

1
 as 
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KF board is assembled by using LEGO Mindstorms 
EV3 blocks, as shown in Fig.  12. A crank disk is 
attached on a motor shaft and connected to a connect-
ing rod. The connecting rod is connected to the slid-
ing internal mass placed on an inclined linear guide. 
Due to the small power of the motor, the driving force 
of the board is limited. To reduce the friction between 
the board and the floor, tire wheels are installed.

The motor drives the crank, and the sliding mass 
reciprocates linearly on the guide. When the crank 
rotates one revolution, the sliding mass reciprocates 
one time with a stroke of twice the crank length, 
where the direction of the rotation is taken arbitrary, 
and in this paper, the anticlockwise direction is taken 
regularly.

Figure 13 shows serial photographs of the experi-
mental test of the KF board, which are captured 

from a video image at interval of 0.1 s. Figure  15 
shows the experimental data of the KF board 
motion, measured by using a motion capture system 
(OptiTrack V120: Trio), and the simulation results 
are also plotted for comparison. From the results, it 
can be observed that the KF board moved rightward 
as the slider-crank mechanism reciprocates. When 
the slider moves toward lower left side, the board 
moves rightward. When the slider moves toward 
upper right side, the board moved back slightly. 
As a result of repeating motions of the slider-crank 
mechanism, the board can locomote.

The experimental results are compared to those 
computed by simulation. The parameters of the 
simulation model are identified from preliminary 
experiments. First, the equivalent mass for the tire-
less board model is identified. As shown in Fig. 14, 
the board is connected to a weight with a string, 
and the string is hung on a pulley. By the gravity 
force of the weight, the board moves in uniformly 
accelerated motions. Then the accelerations for two 
different weights are determined from the trajectory 
of movements. The motion equations of the experi-
ment are represented as

where Mc is the equivalent mass of the board 
( Mc = M + m ), W1,W2 are the weights of the masses, 
a1, a2 are corresponding accelerations, g is the grav-
ity acceleration, and F is the friction force. Subtract-
ing the lower from the upper Eq. (20), the equivalent 
mass is derived as

Next, the input torque u is determined to match the 
motion frequency of the experiment. Finally, the fric-
tion coefficient � is determined to match the displace-
ment of the experiment.

From the above procedures, the simulation 
parameters are set as M = 0.111 kg, m = 0.059 kg, 
u = 0.182 Nm, � = 0.08 . The angle of the slider is 
�∕9 , and the other parameters are set as the same con-
ditions of the previous subsection. From Fig.  15, it 
can be confirmed that the experiment and the simula-
tion agree well including forward and slight backward 
behavior.

(20)
(Mc +W1)a1 = W1g − F

(Mc +W2)a2 = W2g − F

(21)Mc =
W1(g − a1) −W2(g − a2)

a1 − a2
.

Fig. 9   Motion analysis of the friction board in one period with 
closeup of Fig. 7: a time history of the motion, b phase plane
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Fig. 10   Motion analysis of 
the friction board with input 
changes: a displacement per 
cycle and b average veloc-
ity as a function of input 
torque u 
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3.3 � Simplified model simulations with 2D orbital 
motion of the internal mass

In this subsection, motion analysis using simpli-
fied model with 2DOF internal mass motion, which 
has horizontal and vertical movements of an internal 
mass, is theoretically investigated. This model can 
capture the approximated dynamics of the friction 
board with slider-crank mechanism, as the appropri-
ate input signals are selected. In addition, extended 
motions can be considered for realizing more efficient 

locomotion. In the friction board with slider-crank 
mechanism presented in the previous section, the 
motion of the sliding internal mass is constrained to 
1 DOF surface. If the freedom of the motion of the 
internal mass is augmented to 2DOF, the locomotion 
performance is expected to be improved.

Figure 16 shows images of the extended motion 
of the internal mass. When the slider mass is larger 
than the moving link, the motion of the moving 
internal mass is considered to be linear reciprocal 
motion. On the contrary, the connecting rod mass as 
the moving link is larger than the slider mass, the 
motion of internal mass is considered to be near-
elliptical. Especially, as the crank length r is con-
siderable smaller than the connecting rod length l, 
that is � ≈ 0 , the trajectory of the moving mass can 
be approximated to complete ellipse.

The KF board with 2D orbital motion can be 
modelled similar to Sect. 2.2. As a simple extension 
model, the moving mass is assumed to be located on 
the connecting rod as shown in Fig. 17. The slider 
is hereby also assumed to move along the x axis, 
and then the position of the moving mass (px, py) is 
given as

where k is the ratio of the distance of the moving 
mass from the joint to whole length of the connecting 

(22)
⎧⎪⎨⎪⎩

px = r cos � + kl cos� = r
�
cos � +

k

�

√
1 − �2 sin2 �

�
,

py = l(1 − k) sin� = r(1 − k) sin �,
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Fig. 11   Motion analysis of the friction board with slider’s 
angle changes: average velocities as a function of inclined 
angle � for input torques u = 0.3, 0.4, 0.5

Fig. 12   Experimental setup of KF Board: a photograph of the KF board assembled by using LEGO Mindstorms, b schematics of the 
experimental system



485Meccanica (2023) 58:473–492	

1 3
Vol.: (0123456789)

rod, that is, the distance of the moving mass is kl. If 
r is considerably smaller than kl and � ≈ 0 , px of the 
Eq. (22) is approximated as

(23)px ≈ r cos � + kl.

As described above, it is confirmed that the approxi-
mated trajectory of the moving mass becomes com-
plete ellipse. In Fig. 17, k is chosen as 0 < k < 1 , and 
the other cases are also interesting.

Differentiating of the Eq. (22), the velocity relations 
of the mechanism are derived as

Fig. 13   Experimental 
setup for identificating the 
equivalent mass

Fig. 14   Serial photographs of experimental test of the KF 
board
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Considering the constraints by the slider-crank mech-
anism in the KF board, the equations of the velocity 
constraints are given from the Eq. (24) and the slid-
er’s angle � , as

Simple periodic patterns not only linear motion but 
also curved two-dimensional orbital motion can 
be realized by simple mechanisms such as a link 

(24)

�
ṗx = −r

�
sin 𝜃 +

k𝜆 sin 2𝜃

2

√
1−𝜆2 sin2 𝜃

�
𝜃̇,

ṗy = r(1 − k) cos 𝜃𝜃̇.

(25)
[
ẋ2 − ẋ1
ẏ2

]
=

[
cos𝜑 − sin𝜑

sin𝜑 cos𝜑

] [
ṗx
ṗy

]
.

mechanics or a cam mechanics. Therefore, in this 
subsection, motion analysis using simplified model, 
which can express the augmented 2DOF internal 
mass motions, is investigated.

Figure 18 shows analytic model of the simplified 
model with 2DOF inputs. The model is expressed 
as a two mass system, an outer frame and an inter-
nal mass. The x coordinate of the center of gravity 
position of the outer frame is x1 , and the center of 
gravity position of the internal mass is ( x2 , y2 ). The 
mass of the outer frame is m1 and the internal mass 
is m2 . The input forces are acting between the outer 
frame and the internal mass. The force of the hori-
zontal direction is u1 and one of the vertical direc-
tion is u2 . The friction between the outer frame and 
the internal mass is assumed to be negligible. The 
friction coefficient between the outer frame and the 
ground is � . The gravity acceleration is g. From 
Fig. 18, the motion equation of the simplified model 
with 2DOF inputs is given as

Fig. 17   Extended Model of slider-crank mechanism

Fig. 18   Model of simpli-
fied analysis model with 
2DOF internal mass motion

Fig. 16   Images of the extended internal motions: a linear 
motion on the slider, b periodic two-dimensional plane motion
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Here, we consider a simple periodic pattern 
generated by sinusoidal signal. The movements of 
two directions are controlled by simple harmonic 
motions with same angular frequency to synchro-
nize both horizontal and vertical movements.

The movement patterns are set as

where � is an angular frequency of the input signal, 
p is a phase difference between the vertical and hori-
zontal movements, and the amplitudes of each direc-
tion are � and �.

By applying the given motion of the Eqs. (29) 
and (30), the internal mass moves along an inclined 
elliptical orbit in the outer frame. The inclined angle 
of the elliptical axis is tan−1(�∕�) . The patterns 
include a linear motion, as the phase difference p 
is set to zero. In such pattern, it can be considered 
to be an approximated pattern of the slider-crank 
mechanism shown in the Eqs. (4) and (5).

Consider control inputs to realize the motion pat-
terns of the Eqs. (29) and (30). First, the input u2 for 
the vertical motion is determined to satisfy the Eq. 
(30). From the second derivative of Eq. (30) and the 
Eq. (28), the input u2 is derived as derived as

Next, the input u1 for the horizontal motion is deter-
mined to satisfy the Eqs. (29) and (30). From the Eqs. 
(26) and (27),

is given. Substituting the second derivative of the Eq. 
(29) and the Eq. (31), the control input u1 is derived 
as

(26)m1ẍ1 + sgn(ẋ1)𝜇(m1g − u2) = u1

(27)m2ẍ2 = −u2

(28)m2ÿ2 + m2g = −u2.

(29)x2 − x1 = � cos(�t)

(30)y2 = � cos(�t + p)

(31)u2 = −m2g + ��2m2 cos(�t + p)

(32)m1m2(ẍ2 − ẍ1) − sgn(ẋ1)𝜇m2(m1g − u2) = −(m1 + m2)u1

(33)u1 =
m2

m1 + m2

[
𝛼𝜔2m1 cos(𝜔t) + sgn(ẋ1)𝜇{(m1 + m2)g − 𝛽𝜔2m2 cos(𝜔t + p)}

]
.

Note that it is necessary to set the parameter so as to 
keep the outer frame contacting to the ground surface, 
that is, the normal force to the outer frame should sat-
isfy the following condition:

To analyze the motion, numerical simulations are 
conducted using MATX. Parameters of the system are 
set as m1 =0.2 kg, m2 = 0.2 kg, g = 9.81 m/s2 , �=0.3, 
� = 0.025 cos(�∕6) m, � = 0.025 sin(�∕6) m, � = 30 
rad/s, which are set as the same conditions of the sim-
ulations in the previous section.

Figure 19 shows the simulation results where the 
phase difference is p = 0 rad. Figure  19a shows the 
positions of the outer frame x1 , the internal mass 
x2, y2 , and their distance in horizontal plane x2 − x1 . 
Figure 19b shows the input forces u1, u2 and the nor-
mal force to the outer frame N. Figure 19c shows the 
trajectory of the internal mass relative to the outer 
frame. Figure  19d shows the velocity changes of 
the outer frame ẋ1 as a function of relative position 
between x1 and x2.

From Fig.  19a, the forward motion is observed 
consisting of the repeating forward and slight back-
ward motions. From Fig. 19b, it can be seen that the 
normal force decreases when the input u2 increases, 
and the normal force increases when u2 decreases, 
and the normal force increases when u2 decreases. 
Therefore, the friction force varies in response to the 
vertical movement of the internal mass, and their var-
iations of the friction affect the motion.

To investigate the effect of the phase difference 
of the input signals, numerical analysis with vari-
ous conditions is performed. The phase difference p 
varies in the range of −� ≤ p ≤ � , and the average 
velocities are compared. Figure 20 shows the simula-
tion results of the moving distance per one cycle with 
respect to the phase difference of input signals. From 
the results, it is confirmed that p = −0.6 rad is the 
fastest condition.

Figure 21 shows the simulation results where the 
phase difference is p = −0.6 rad, as the pattern of 
the fastest movement. In comparison with the results 
of Figs.  19 and 21, the pattern of p = −0.6 gives 

(34)N = (m1 + m2)g − 𝛽𝜔2m2 cos(𝜔t + p) > 0.
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Fig. 19   Simulation result 
of the simplified model with 
phase difference of inputs 
p = 0 rad: a horizontal 
positions of the outer frame 
and the internal mass x

1
, x

2
 , 

relative position between x
1
 

and x
2
 , and vertical position 

of the internal mass y
2
 , b 

input forces of horizontal 
and vertical directions u

1
, u

2
 

and normal force to the 
outer frame N, c relative tra-
jectory of the internal mass 
with respect to the outer 
frame, d phase plane of the 
motion plotting velocity 
variation of the outer frame 
ẋ
1
 as a function of relative 

position between x
1
 and x

2
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obviously faster movement than that of p = 0 . The 
locomotive behaviors in one cycle are almost same as 
the board moves forward with repeating forward and 
slight backward movements. However, the backward 
displacement in p = −0.6 is smaller than p = 0 . This 
is caused by the interaction of the normal force accel-
eration of internal mass. As the results, the phase dif-
ference of the input signals affects to the locomoting 
motion.

4 � Conclusion

This paper proposes the KF board, which is easily 
realized in the laboratory by using LEGO compo-
nents. The locomotion of the FK board is done by 
inputting the constant torque to rotate the crank. The 
velocity of the locomotion is easily designed from 
the frequency of the reciprocal motion of the inter-
nal mass. The locomotion properties of the KF board 
have been analyzed by simulation using the math-
ematical model. The effects of the frequency and the 
angle of the sliding reciprocal motions to the locomo-
tion are shown as follows: Increasing the frequency 
of the reciprocal motion of the internal mass is found 
to bring faster motion of the board up to a certain 
frequency. Over that frequency, the board moves 
slower for the higher frequency. Similarly increasing 
the angle of the slider for reciprocal motion of the 
internal mass brings the faster motion up to a certain 
angle, and over the angle, the movement of the board 
becomes slower. Based on these facts, the appropri-
ate input torque can be determined. Thus, the control 
design of the KF board is simple and it may be used 
in many situations like small gravity planet surface. It 
is remarked that the further study should be done for 
the systematic design method of the general KF board 
with 2D orbital motion of the internal mass.
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Fig. 21   Simulation result 
of the simplified model 
with phase difference of 
inputs p = −0.6 rad: a 
horizontal positions of the 
outer frame and the inter-
nal mass x

1
, x

2
 , relative 

position between x
1
 and 

x
2
 , and vertical position 

of the internal mass y
2
 , b 

input forces of horizontal 
and vertical directions 
u
1
, u

2
 and normal force 

to the outer frame N, c 
relative trajectory of the 
internal mass with respect 
to the outer frame, d 
phase plane of the motion 
plotting velocity variation 
of the outer frame ẋ

1
 as a 

function of relative posi-
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