Meccanica (2021) 56:651-687
https://doi.org/10.1007/s11012-020-01298-9

)

Check for
updates

A generalized integro-differential theory of nonlocal
elasticity of n-Helmholtz type—part II: boundary-value
problems in the one-dimensional case

Dario De Domenico

+ Giuseppe Ricciardi - Harm Askes

Received: 26 September 2020/ Accepted: 16 December 2020/ Published online: 6 February 2021

© Springer Nature B.V. 2021

Abstract This paper is the second in a series of two
that deal with a generalized theory of nonlocal
elasticity of n-Helmholtz type. This terminology is
motivated by the fact that the attenuation function
(kernel) of the integral type nonlocal constitutive
equation is the Green function associated with a
generalized Helmholtz differential operator of order
n. In the first paper, the governing equations have been
derived and supported by suitable thermodynamic
arguments. In this second paper, the proposed nonlocal
model is specialized for the one-dimensional case to
solve boundary-value problems. First, the relevant
higher-order nonstandard boundary conditions in the
differential (or, more precisely, integro-differential)
version of the theory are derived. These boundary
conditions are consistent with the particular family of
attenuation functions adopted in the integral formula-
tion. Then, some simple applications to statics and
dynamics problems are presented. In particular, the
theory is used to capture the static response and to
perform free vibration analysis of a discrete lattice
model with periodic microstructure (mass-and-spring
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chain) featured by nearest neighbor and next nearest
neighbor particle interactions. In the latter case,
boundary effects arise at the two lattice ends that are
well captured by the proposed nonlocal continuum
formulation. The nonlocal material parameters are
identified a priori by matching the dispersion curve of
the discrete lattice model, and a comparison in terms
of attenuation function is also presented.
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1 Introduction

The motivations of this study (comprising two com-
panion Part I and II papers) have been stated in the
Introduction of the Part I paper. Here, we limit
ourselves to provide a summary of the main aspects
and basic formulae of the previous Part I paper for
completeness, and an outline of the most important
contents of the present Part II paper.

1.1 Summary of the part I paper

Eringen’s 1983 theory of nonlocal elasticity [1] is
governed by an integral constitutive relation between
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the nonlocal stress and the local strain through the
convolution of an attenuation function (or kernel) and
the local Hookean stress field. This theory can also be
cast as a two-phase local/nonlocal integral model
[2—4] as follows

1ij(x) = & Cijrer ()

o [ ax—yhOCummav, ()
in which one phase (of volume fraction £,) has local
elastic behavior and the complementary phase (of
volume fraction &;, with &, 4+ &; = 1) complies with
nonlocal elasticity. The superscript (1) in the kernel o
entering the integral of the nonlocal phase in (1)
denotes nonlocal elasticity of first order—Eringen
type. In other words, Eq. (1) can be re-written as

15(X) = EoCiena (%) + & Cyazy (X) 2)

with 52)()() representing the so-called first order
nonlocal strain tensor, obtained by applying an
integral, first order regularization operator ,%’,Sl) to

the local strain field as follows

& (x) = 2" [eu(x)] = / oD (|x = yl; )e(y)dVy

(3)

and the attenuation function ol!)(|x — y|,£) is termed
first order kernel accordingly.

Among the mathematical properties of the first
order (Eringen type) kernel o'!)(|x —yl|;¢), it was
demonstrated that it is the Green function of a linear
differential operator, for instance the first order

Helmholtz differential operator ¥ é(” =1-02V?
2P (x =yl ) = o(x — ). (4)

Therefore, this is also called nonlocal elasticity
theory of Helmholtz type. In the literature, nonlocal
elasticity theory of bi-Helmholtz type was proposed as
extension of the Helmholtz type one. According to the
nomenclature of this paper, the bi-Helmholtz theory is
governed by a second order nonlocal kernel o'*) and
by a second order Helmholtz differential operator

72 , that can be defined as follows, respectively

cp,c

@ Springer

P (|x —ylier,e2) = aV(x = ylser) oV (|x — ylic2)

- / O (x =yl er) a®(ly; — vl e2)dVy,,

o0

22 =Wl = (1-3V)(1-3V?)

1,02 a o
=1-6V*+ 46V

(5)
where the symbol * denotes the convolution product.
In other words, the second order kernel a(® can be
viewed as the convolution product of two first order
(Eringen type) kernels ol!), while the second order
Helmholtz differential operator #?) is the product of
two first order Helmholtz differential operators ¥ (U,
each of which with its own length scale parameter
¢; (i =1,2). As such, the second order kernel is the

Green function of the second order Helmholtz differ-
ential operator, that is

gcfc)zo‘u)OX—YhCl,Cz) =o(x—y). (6)

The bi-Helmholtz type nonlocal elasticity theory
was envisaged by Eringen in a preliminary format
[5, 6], and then subsequently (and more extensively)
studied by Lazar et al. [7], who also provided the
nonlocal kernels of bi-Helmholtz type in one, two and
three dimensions along with the physical admissibility
conditions between the length scale parameters ¢;, ¢,
and the length scale coefficients c, ;.

Building on these insights and, above all, on these
particular interpretations of the bi-Helmholtz type
nonlocal elasticity theory via the aforementioned
second order kernels and second order Helmholtz
differential operator, we have extended this concept to
develop a generalized nonlocal elasticity of n-
Helmbholtz type. This generalized theory is governed
by a so-called nth order kernel o) and nth order
Helmholtz differential operator & (") defined as,
respectively
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ol (x — ylser,ea,en) = oD (|x = ylse)* &y (x) = 2 [e (x)]
W(]x — yl;c2) # - - (n times) - - % &V (|x — y; ¢,) = / o(x — y)eu(y)dVy = eu(x). (10)
14

:/ o(n=1) times/ oc<1>(|x—y,|;cl)oc(1>
Vio Vo
(Ivs = yalie2) o[,y = ¥li ) dVy, dVy,

dVYn l‘g()]c ..... o g(l)«gg)(n times)
C»t H gcl\ Z l)kgik VZk
k=0
(7)

which represent the convolution product of n first
order kernels and the product of n first order

Helmbholtz differential operator ¥ (1), each of which
with its own length scale parameters
¢k (k=1,2,...,n). The relations between the length
scale parameters f(k =1,...,n) appearing on the
right-hand-side of ¥ ™) in (7),, and the length scale
coefficients ¢, (k = 1,2, ...,n) of the originating first
order nonlocal kernels were reported in Appendix A of
the Part I paper. In the spirit of Eq. (2) representing the
two-phase local/nonlocal integral model for nonlocal
elasticity of first order, the corresponding constitutive
equation for the nonlocal elasticity theory of order n is
generalized as follows

t(x) = uksz, D s lea()]

= ,-ﬂdejak, (x) (8)
j=0
with 29 [1=2020. 2] denoting

the jth order regularization operator and EZ) (x) the
corresponding jth order nonlocal strain tensor that are
related to each other through the jth order kernel o)
(the latter defined in (7); for j in place of n)

W =29,  lu)
:/a(l (|X_Y|;C]7C27"'a
1%

while the zero order regularization operator 2*[]
corresponds to a kernel coinciding with the Dirac delta
function, i.e. «*)(|x — y|) = d(x — y), and is such that
the related nonlocal and local strain tensor of order
zero coincide

¢jen(y)dVy — (9)

Expression (8) represents a generalized constitutive
relation for an (n + 1)-phase material, in which one
phase (of volume fraction &;) has local elastic
behavior, and the remaining n phases (of volume
fractions ¢, i=1,...,n and such that
Eo+ &+ -+ &, =1) comply with nonlocal elas-
ticity of higher order.

In Appendix B of the Part I paper, it was demon-
strated that the nth order kernel o is the Green
function of the nth order Helmholtz differential

operator & (”), that is

35,77)(‘2"_'7(,'106("‘) (|X — y‘; C1,C2y ..

~acn) = 5(X - y)
(11)
Furthermore, a set of other useful properties of the
& operator in relationship to the nonlocal strain tensor
have been introduced and demonstrated in the Part I
paper, which are here recalled for completeness (see
Appendix B of the Part I paper for more details)
F0 D (x) = eu(x)

C1,C2,-

P 0 =LY, o) Forn>
B =200 B x) forn>)
(12)

where & <c'/l+lj>‘/+2 ‘‘‘‘ ., represents the truncated (n — j)th

order Helmholtz operator (with n > j) defined as
"(“Pgnijz o gc gc o ((n
JH15Cj4255Cn j+1 j+2

_]) tlmes) .. (1)

C.i+n
n—j (13)
= H Gh = 2 (NG
k=0
for n > j.

The relationships between the length scale param-
eters £7;(k=1,...,n —j) of the truncated (n — j)th
order Helmholtz operator and the length scale coef-
ficients cjy1, ¢jy2, - . ., ¢, Of the originating first order
Helmbholtz operators are derived in Appendix A of the
Part I paper.

It was demonstrated that Eq. (8) represents a
thermodynamically consistent nonlocal elasticity
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model that can be derived from suitable thermody-
namics arguments. Additionally, it was demonstrated
that the generalized nonlocal elasticity model in the
integral form (8) can be converted into equivalent
differential and integro-differential forms as follows,
respectively

Zz <n)t7] = l]kl Z éj L‘, 1 “/+2 ..... c,Lgkl(X)

(14)
tz] = ljkl Zé (cl;;]>pj+z..4.,c,, 4](7)( )

which, considering the definitions in (7) and (13), can
be more explicitly written as, respectively

= l]klE

kﬁ?‘k VZk?kz (x)

n

Z ( )k£2k vZktlJ

k=0

tlJ = tﬂdE :

€2k VZkSkl (X)

(15)

where an additional set of n length scale parameters
0% :; appears on the right-hand-side of both the
expressions, which are simple linear functions of the
material phase parameters ¢; multiplied by the corre-
sponding Efﬁ length scale parameter of the truncated
(n — j)th order Helmholtz operator, namely

% = Z &0k (16)

with /., =1 and 7 = foﬂg’; =[1— (& + &+

c,n

o+ ENCM because g+ &+ G+ + & =1
As a result, the differential and integro-differential
constitutive relations (15) are characterized by 2n free
parameters, namely the n length scale parameters
b(k=1,...,n) for the nonlocal stress (which are
functions of the n length scale coefficients c¢;(k =
1,...,n) of the originating kernels) and other n length
scale parameters (2% (k =1,...,n) for the nonlocal
strain (which are functions of the previous n length
scale coefficients cx(k = 1,...,n) and of n indepen-
dent material phase parameters &;(j = 1,...,n), as &,
can be expressed in terms of the remaining n,
Eo=1—(&+ &+ -+ &,)). When the n Helm-
holtz operators in (7), and (13) are assumed with the
same length scale coefficient ¢y = ¢, =---=¢, =4,

@ Springer

the length scale parameters 4 (k=1,...,
Alk=1,...,
differential constitutive equations (15) are linear
functions of the unique length scale coefficient ¢ and
assume the following simplified format

n) and
n) of the differential and intergro-

glzk = ﬁk,n €2k

n—k (17)
=D &P il

Jj=0

where the constants 3, have the expression

n!

ﬁkn:W'

(18)

In this case, the number of free nonlocal material
parameter reduces from 2n to n + 1, namely n
independent material phase parameters ¢;(j =
1,...,n) and one length scale parameter £.

1.2 Outline of the present part II paper

Based on the previous expressions of the generalized
nonlocal elasticity theory of n-Helmholtz type in the
multi-dimensional space, the present Part II paper is
concerned with the particularization for the one-
dimensional case. In passing from the integral to the
differential formulation, a set of accompanying non-
standard boundary conditions must be introduced to
solve the boundary-value problem [8]. These nonstan-
dard boundary conditions are here derived in explicit
form in the one-dimensional case and are consistent
with the particular family of attenuation functions
adopted in the integral formulation. This allows the
identification of closed-form solutions for simple
benchmark problems that are useful for the validation
of the proposed approach. Then, a few simple
application of the theory in statics and dynamics are
presented. In particular, the nonlocal theory is used to
capture the response of a discrete lattice system with
nearest neighbor (NN) and next-nearest neighbor
(NNN) particle interactions. The nonlocal material
parameters are identified by matching the dispersion
curve of the corresponding discrete lattice model.
Boundary effects arise for the NNN interactions that
are well described by the proposed generalized theory
of nonlocal elasticity. The generalized attenuation
function for different order of the nonlocal elasticity
theory is compared to the exact attenuation function of
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the discrete lattice derived through the Fourier trans-
form method. Free vibration analysis is also performed
to compare a set of eigenfunctions (modal shapes)
obtained by the higher-order nonlocal continuum with
the natural modes of vibration of the corresponding
discrete lattice model.

2 Generalized theory of nonlocal elasticity
in the one-dimensional case

Let us consider a one-dimensional bar element of
length L made of nonlocal elastic material. In the one-
dimensional case, the generalized nonlocal elasticity
model relates the nonlocal stress component ¢ = £, to
the local strain component ¢ = &, through the follow-
ing integral, differential and integro-differential rela-
tionships, respectively

= EY- it = EZ 5 ()

d*t(x (x)
k y2k
;( 1) d2k EZ 2k
deE(n)()
k2k
:EZ (=1)°¢ Tk

(19)

with E denoting the Young’s modulus and x denoting
the reference axis of the one-dimensional bar. It is
instructive to particularize expressions (19) in the
following cases:

o forn=1
1(x) = Eéoe(x) + E&8) (x)
1) = 6 (1) = E(e() — 2,6 () (20)
1(x) = E(é(l)(x) — 2, (x))

where primes denote derivatives with respect to the
spatial coordinate x;
e forn=2
1(x) = E&oe(x) + E¢ 8" (x) + E&2) (x)
1) = B () + 6" (1) = (o) = £,6'(0) + £,67 ()
() = E(50 () = 2,57 () + 2,57 ().
(21)

2.1 Derivation of higher-order nonlocal kernels
for the one-dimensional case

In the one-dimensional case, the first order kernel oV,

which is the Green function of the first order
Helmholtz operator $Cfl) =Zy(c))=1-¢? :Zx_zz, is

the bi-exponential function

1 r
— exp(-~ 22
- exp( ) (22)

where r = |x — y|. The nth order kernel o can be

oc<1)(r ich)

evaluated through the convolution product of a(!) n
times as per Eq. (7); (each nonlocal kernel with its
own length scale coefficient ¢ (k=1,2,...,n)),
which for n = 2, 3,4 gives

crexp(—r/cy) crexp(—r/ca)
2(ci — ¢3) 2(c3 = ¢f)
cexp(—r/cr)
2(cf — 3)(ef — 3)
3 exp(—r/c2)
2(e3 = e)(e3 — c3)
e exp(—r/e3)
2(c3 —ef)(e3 — 3)
& exp(—r/er)
e [P [P
. dew(-ra)
2(c3 — e})(e3 — e3)(c3 — 3)
N cexp(—r/c3)
2(c3 = eP)(3 —3)(e3 — )
L cew(or/e)
2(ci = ef)(ei — e3)(cf — ¢3)

(23)

“(2)(r;61702) =

d¥(rier,ea,e3) =

a(4)(}’ ;C1,C2,C3, C4) =

showing a certain sequential mathematical structure
that can replicated for higher n values
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" (ricr,cas..cn)
" exp(=r/c1) " exp(—r/cs)
2ct=c3) - (cf—cp) 2z —cf)(5—¢)
c;" 7 exp(—r/cn)
AG—) (@)

n—1
:1 n —cl?’“3exp(—r/c,-) forn > 1
5O @)

k=1Ak#i

(24)

with A denoting the logical AND operator. In the limit
case of nonlocal kernels having the same length scale
coefficient, i.e., ¢;=c;=---=c,=4¥, expressions
(24) up to sixth order (n = 6) simplify into

1 r
@ (pep)y = _L
a“(r;0) 462(€+r)exp( E)
1
a<3)(r;€) =R (3@2 + 30r + r2) exp (— %)
1 r
@(ri0) = — (156 + 15Cr + 6% + 1 (7_)
o (r; r r* 4+ r’)ex
(r; ) = 5 ( Jeo|
1
i) = 65

(1056* + 1056 r + 4502 4 100r> + r*) exp (— 2)

_ 1 (
~ 76806

+ 10562 +150r* + 1°) exp (— 5)
M

2O (r; 0) 9450° + 9450*r 4 4200°F*

(25)

higher-order kernel o™ (r, ¢)

(@) r/L

which are displayed in Fig. 1 along with the first-order
kernel (22).

As can be observed, the higher the order of the
kernel, the larger the influence distance within which
the nonlocal effects take place. It is worth noting that
the second order kernels a(?) reported in (23) and (25)
(for different and equal length scales, respectively)
coincide with the nonlocal kernel of bi-Helmholtz type
(Green function of the bi-Helmholtz differential
operator) provided by Lazar et al. [7] for the one-
dimensional case.

Following Eringen [6] and Lazar et al. [7], an
alternative and more elegant derivation of the higher-
order nonlocal kernels can be obtained through the
Fourier transform method. We use the following
notation for the Fourier transform and its inverse

7] = = [ " £(r) exp(ikr)dr,

1 [> -
F0) =10) =5 [ k) exp(-iker)ak.
T —00
(26)
The Green function associated to the n-Helmholtz
differential operator (7), can be obtained by applying

the Fourier transform to both sides of Eq. (11), which
leads to

o
3

N
~

o
w

o
(V)

011

higher-order kernel o™ (r, ¢)

®) r/e

Fig. 1 Higher-order nonlocal kernels (up to sixth order) as per Eq. (25): a for the same length scale parameter ¢ = 1; b for the same

influence zone across the distance |r| = 6¢

@ Springer
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F {$£l>czmcnoc(">(r 1C1,Cy ety c,,)}
_ /00 g(n)

C1,C2,-

/ o(r) exp(ikr)dr

where, as before, r = |x — y|. Exploiting the properties
of the Fourier transform, we obtain the Fourier
transform of the Green function of the n-Helmholtz
differential operator (7), as

:x( U (rici,ca,. .., cp) exp(ikr)dr

(27)

F {oc(")(r 1C1,Coy .y cn)}

= &(">(k;cl,62, e Ch)
1

( +k2c2)(1 +k2c3) - - %)

(1 + kzc%)

k22

i=1
which is the factorized as the product of n terms

(1 + kzcl-z)_l, each one being affected by a distinct
length scale parameters c; (i = 1,...,n). We recall
that the inverse Fourier transform of the first-order
kernel is

F ! [&(1)(k;cl)} =aV(r;e)
1 o0

— "V (k; er) exp(—ikr)dk

(29)

which, in fact, coincides with the first order kernel in
(22). Considering now the factorized structure of
Eq. (28), by using the convolution theorem, the
inverse Fourier transform applied to (28) straightfor-
wardly leads to

F A kser,ea, e = d (rser )

= oz(”(r;cl) * oc“)(r;cz) -+ (n times) - - - % oz(”(r;c,,)

(30)

which, in fact, coincides with the definition of the nth
order nonlocal kernel in (7). In the limit case of
nonlocal kernels having the same length scale coef-
ficient, i.e., ¢y = ¢, = - -+ = ¢,, = £, the Fourier trans-
form (28) reduces to

7 [a<"> (r; z)} = & (k; 0)
1
T+ A1 +R28) (1 +127)
1

T (ke
(31)

2.2 Nonstandard boundary conditions consistent
with the attenuation functions

The equivalence between integral (19); and differen-
tial representations (19), 3 is accomplished through a
set of nonstandard boundary conditions. In this paper,
we derive the appropriate boundary conditions that are
consistent with the particular choice of the family of
attenuation functions reported in (7); and explicitly
written in (24) for a generic order n. It will be
demonstrated that the integro-differential format of
the Eq. (19); is more convenient than the differential
form (19), for the derivation of the boundary
conditions.

To this end, let us introduce the notion of left and
right (one-dimensional) Helmholtz differential oper-

ators, & 5(7> and & £(+)’ respectively, which arise from

factorizing the first order Helmholtz operator as

follows
_ d d
3():1—6—- $(+):1 /Ry
¢ dx’ ¢ R (32)
202D

Bearing in mind the one-dimensional domain of the
bar [0,L], we exploit the particular choice of the
attenuation function (22) in the definition of the first
order nonlocal strain (3)

9= [a( = yleneay
0

€1

_ 2;; exp ( |x_y|>£(y)dy. (33)

The integral can be split into two parts in order to
avoid the absolute value of the integrand, which also
allows evaluating its first spatial derivative easily

@ Springer
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x side (RHS) of (36) cancel out (g(x) — g(x) = 0) and
RS (x) )/e1le(y) only the last term with the partial derivative inside the

L0 () = zi / —expl—(x — y)/erle(y)dy
0

L

+ / expl(x — y)/c1e(y)dy

X

(34)

Combining Eq. (34) with the left and right
Helmbholtz operators (32) gives

(35)

which represent the nonstandard boundary conditions
for the nonlocal elasticity of Helmholtz type (n = 1).
Thus, for nonlocal elasticity of first order (or of
Helmholtz type, n = 1) there are two boundary
conditions (one in 0 and one in L). These boundary
conditions are consistent with the attenuation function
(22).

Remark I Tt is worth noting that &) (x) is an integral
functional of the local strain &(x), where the spatial
variable x appears in the two extremes of the definite
integrals. To evaluate its first spatial derivative with
respect to x, i.e., Equation (34),, the Leibniz integral
rule has been applied, which is recalled here for
completeness—for more details, see e.g. [9]

b(x)
il [ e — £l bl 2
a(x) (36)
daly) o)
e, +/ v

where a(x) and b(x) are, alternatively, equal to a
constant or equal to x in the two definite integrals in
(34);. As such, the first two terms on the right-hand-

@ Springer

integral is nonzero, which leads to the final expression
reported in (34),.

As anext step, let us consider the nonlocal elasticity
theory of bi-Helmholtz type (n = 2). We exploit the
second order kernel a(? reported in (23) to calculate
the second order nonlocal strain and its spatial
derivatives (exploiting again the Leibniz rule (36)
multiple times)

L

s - [ {eroslioaliel capl el g,

2(ct — ) Z(C% - C%)

0

Clexp /61] 626XP[—(x—y)/02] "
0/ " @ 2G-) Jetar

crexp[(x —y)/c1] = caexpl(x —y)/ca]
+/{ 2(ct - ¢3) + 23 =) }S(Y)dy
(37)
d - x exp[—(x —y)/c1]  exp|—(x — y)/c2)]
55%)*/ {_ 2-a) | 203-0) } (y)dy

[ fexpllx—y)/ei] | expl(x—y)/eo]
+ / { + }S(y)dy

2(ci = 3) 2(c3—cf)

(38)

& o expl—(x—)/e1] , expl—(x—y)/cs
&0 = ¥ £y

2¢ (C% —c3) 2C2(C2 - C%)

. /L {exp[(x - y)/;'l] + expl(x - y)/cz]}E(Y)dy

20— ) | 2e(E - D)
(39)
& o [ f explm—y)/e] expl-(x—y)/e]
dx35(2>(x)_,0/{ 2(,1(6% c2) 2L2(c2—c%) }()
L
expl(x—y)/e1] | expllx —y)/ea]\ .
+/ { 273G -3) | 23(E-c) }8(”‘”
(40)

Combining Egs. (37)-(40) and considering the left
and right Helmholtz operators in (32) with two
independent length scales cy, ¢, it follows that
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202000 [(1- e e )] o
2

2D PDE ()| = Kl tle +62)dx+“62%>§(2)<x>] -

(41)

which represent two nonstandard boundary conditions
for the second order nonlocal strain in the nonlocal
elasticity of bi-Helmholtz type (n = 2). These bound-
ary conditions are consistent with the attenuation
function «® in (23). Moreover, an additional set of
two nonstandard boundary conditions can be derived
as follows

Yf‘,i’)_(l‘él):?(z)(x)‘xzoz [(1 — CZ% — C%dL% + cfcz j—l) Em(x)} =0,
X x=0

2 Mg Ve ()| _ = Kl te—q Zrz cler ;;).E(q)(x)] =0.
x=L

(42)

Thus, combining (41) and (42), for nonlocal
elasticity of second order (or of bi-Helmholtz type,
n = 2) there are four boundary conditions, two at x =
0 and two at x = L.

We can extend this result further by considering
nonlocal elasticity of third order (n = 3). The third
order nonlocal strain is governed by the third order

nonlocal kernel «® in (23), i.e.

Lc3x —|x=yl|/c cexp(—=|x —y|/c
5(3)(x):/ {zl(ezp( 2| 2)’|/ 21))+22(e p(—| yl/e2)

ci —3)(cf — 3 C%*C%)(C%*C%)

0

+

Aesn(—h—l/es)],
2<c%—c%><c%—c%>} e

cex C CSSX —(X — C
/{ p[— )/21)}+22( p[—(x —y)/ca]

2(ct - Cz (cf—c3 3 —c1)(c3 — c3)

0

+

C3 exp[i( - )/C3]}?(y)dy

2(c3 =) - 63)

[ Gexplix—y)/e] | clexplx—y)/e]
+/ R e A

. céexp[(x——y)/cal) }s(y)dy

23— -

(43)

Computing the spatial derivatives of Eq. (43) in a
similar manner to what already done for n = 2 and
n = 1, it can be easily proved that the following three
nonstandard boundary conditions consistent with the
attenuation function «® are obtained at x = 0

- - )3
20202 80|

d
= |:<1 — (C] + ) +C;)E+ (C1C2 +cic3

& B\
—|—CQC3)E— clczc;d 3)4 )( )} x:O: 0
- - 1)+(3
"g)cg >$c§ )gcg ){_;( >(x)|x:0
d o d?
= |:<1 — (Cz +C3)a+ (C2C3 — Cl)@

& d*
+(cier + cfes) el cieacs @) 5(3>(x)]

22DV = 20220,

2

0 -
d &
= [(1 - (C%+C%)—2 + (cic3 +C%C3)—dx3
a* &
+cicl clckes —> &3 (x)] 0
1 de4 12 dx5 o

wherein use has been made of the previous relations
(41) and (35). Moreover, the following three nonstan-

dard boundary conditions consistent with the attenu-

3)

ation function () are obtained at x = L

2D g H) g HF0) ()]
c3 (%) C1

x=L

d
= 1 +(C1+02+C3)E+(016‘2+616‘3

+cc)d2+cccd &3 (x) =0

263) 75 T 106 53 e
S T S O

d N

= |:(1 +(CQ+C3)5+(C’2C3 —6'1)@

—(c3er + Aes) —d3 — o3 —d4 )5(3) (x)] =0
1 1 1 - Y
dx? dx* L
C§+> Cgl) C$1>§<3> (.X) |x:L: C(+> 65?22 5(3) (.X) |x*L

d d? a?
= [(1 +C3a— (c3 +C%)ﬁ_ (cics +C§C3)E

=0.

x=L

sadt L, & 3
TG g T a6 T3 (x)
(45)
Thus, combining (44) and (45), for nonlocal
elasticity of third order, the differential equations
must be supplemented with six boundary conditions,

three at x =0 and three at x = L in order for the
differential form to be equivalent to the integral one.
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Following the same rationale, it can be demon-
strated that for nonlocal elasticity of fourth order
(n = 4) the 4th order nonlocal strain must satisfy the
following eight nonstandard boundary conditions, four
at x = 0 and four at x = L, viz.

g(*)g()g( @ ( )%4)()’ =0

cy c3 () cl x=0 ’
p (= )g)( )g( )g( 5(4)( )’ =0

ca () x=0 ?
@ (= )g( )j()j()g(“)(x”

[ (&) x=0

¢y )3(5225(4)(@‘)( =0,
g()g(l)g( 4>(x|
3) 4

- g 01 0263% )(x |x O ’ (46)
$<+>$<+>y< LW (x)| _,=0

Cc4 Cc3 2 x= ’
pHpH g )y ( )5(4)(x)’ =0

Cy c3 [ cy x=L ?
P HpH )y (l>§<4)(x)|

[ c3 2 4] x=L

=Wy gﬂy @ )| _, =0,
g(+)g(1>g 4>(x)|

— (+)g ) |

Cq Cl 02C3

By extension of the above results, it can be
demonstrated that for a generalized nonlocal elasticity
model of n-Helmholtz type there are a total of 2n
nonstandard boundary conditions that are consistent
with the attenuation function o™, in particular n
conditions at x =0 and the remaining n at x = L,
which can be expressed in the following compact form

{g@) 2ID E)]
Ci,Cnt eeC 1,C2eeesCj1
(p+) (/'71 %n
gc,, Cp1yees c,-°'g €250 Cim )C | (47)

forj=1,2,....nm
p=n—j+1; nzj
where % (©) =1 and the following definitions have
been introduced for compact notation

g(‘(npcn . gti_)‘gCin e (p times) e g(?f_>
n—j
_ R (*)7
P Cn—k
gc?:;zlm.,c = :S{)L” )gcit) o (P times) e ngJr)
n—j
_ @ ()
pain Cn—k
(48)
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It is worth noting that the nonstandard boundary
conditions (47) are such that the number of ¥
differential operators is equal to the order of the
nonlocal strain field ") (x) to which they are applied
(ascribed to the regularization integral operator of
order n). A set of supplemental nonstandard boundary
conditions of order n, i.e., involving n ¥ differential
operators, applied to nonlocal strain field of order less
than n, i.e., 8% (x) (k = 1,2...,n — 1), is presented in
Appendix A. These supplemental boundary conditions
are useful for the next derivations of the eigenfunc-
tions in the free vibration analysis in subsection 4.2.
We emphasize that, to keep the analytical treatment as
general as possible, the derivation of the boundary
conditions has been presented for length scale param-
eters being  different from each  other
(cir#cy#c3#--F#c¢,). When ci=c=c3=
-+ = ¢, = £ all the previous relations still hold but
the resulting boundary conditions can be compacted
considerably.

In conclusion, the integro-differential equa-
tions (19)3;, which express the nonlocal stress #(x) in
terms of the nth order nonlocal strain ") (x), supple-
mented by the nonstandard boundary conditions (47)
in terms of the nth order nonlocal strain &" (x) fully
define the constitutive equations of the generalized
theory of nonlocal elasticity of order n (or of n-
Helmbholtz type). For the particular family of attenu-
ation functions defined in (22) and (24), this set of
integro-differential equations and boundary condi-
tions are equivalent to the nonlocal elasticity model in
integral form expressed by Eq. (19);. Indeed, the
nonstandard boundary conditions (47) are consistent
with such choice of nonlocal kernels in the integral
formulation. It is noted that the integro-differential
equations (19)3 are more convenient than the differ-
ential equations (19), since the boundary conditions
are more easily derived in terms of higher-order
nonlocal strains £ (x) rather than in terms of local
strains &(x).

3 Governing constitutive equations in the one-
dimensional case

In this section, we present the governing constitutive
equations for the generalized nonlocal elasticity
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theory in the one-dimensional case. Let us introduce
the compatibility equation and the cross-section
equilibrium equation as

Ou(x,t o .
e(x, 1) = u{(;; ) _ u'(x,t) (compatibility equation)

N(x,1) = .//; t(x,1) dA

(cross-section equilibrium equation)
(49)

where u(x, t) denotes the axial displacement of the bar
at abscissa x and at time ¢, N(x, t) is the corresponding
axial force, and A the cross sectional area. The
dynamic equilibrium equation of the bar is

Nl(xv 1) +q(x,1) = pAii(x, 1)

(dynamic equilibrium equation) (50)

where dots indicate derivatives with respect to time, p
is the mass density per unit volume, and g = ¢, the
axial distributed load per unit length. Substituting the
compatibility Eq. (49); into (19), integrating both
sides over the area A and taking into account Eq. (49),
leads to the following integral, differential and inte-
gro-differential generalized nonlocal elasticity models

EAZ@@E/IQ

@Nxt
2k
(-1t D

xt]—EAZé_O)xt

0* sxt)
%
54§ e

)
— EA Z k/2k (x J)

(51)

where &) (x,

generalized nonlocal strain, and ﬂé % are simple linear

1) = 2V

C1,C2500Cj

[e(x,7)] is the jth order

functions of the material phase parameters ¢; (such
that Z;':O ¢; = 1) multiplied by the corresponding szﬁ
length scale parameter of the truncated (n — j)th order
Helmbholtz operator, namely

2 = Z &0y (52)

It is instructive to particularize expressions (51) in
the following cases:

o forn=1

N(x,7) = EA [50 e(x,1) + & 8V (x, t)}

N(x,1) — BN (x,1) = EA[ (1) — 2,6 (x, z)}
N(x,1) = EA [g<l>(x, B — 2,8 (x, t)}
(53)

Considering that &, = 1 — &, expressions (53) un-
derlie a two-parameter nonlocal elasticity model
(independent parameters ¢y, &;);

o forn=2
N(x,1) = EA [5os(x 1)+ & V(1) + & 8 (x, z)}
N(x,1) =GN (x,1) + N (x,1)

EA[ (x,1) — Zéls” (x,1) + €558

m

(x,1)]
N, 1) = EA[E (x,0) = 2,2 (x,0) + 6,22 (3,1
(54)

Considering that &, =1—¢&; — &,, expressions
(54) underlie a four-parameter nonlocal elasticity
model (independent parameters ¢;,/¢»,¢&1,E). By
extension of the above results, it can be seen that for
a generic order n, there are 2n independent parameters,
namely the n length scale parameters ¢, (k = 1,...,n)
and the n independent material phase parameters
&(k=1,...,n). When the n Helmholtz operators are
assumed with the same length scale coefficient
c1 =c¢p =---=c, = £, the number of free nonlocal
material parameter reduces from 2n to n + 1, namely
n independent material phase parameters &;(j =
1,...,n) and one length scale parameter ¢. All this is
in line with the generalized nonlocal continuum
formulation presented in the Part I paper.

Since Eqgs. (51) are formally similar to (19), the
corresponding nonstandard boundary conditions that
are consistent with the attenuation functions resemble
the expressions (47), namely

gl U E(x)| =0
Cn,Cn—15-+,Cj C€1,€250-5Cj—1 x=0
g{,‘ap{j:)] g(] ) o g(n)<x)|x:L: 0 (55)

for]f 1,2,...7 n;
p=n—j+1; nzj
which represent 2n boundary conditions for the nth
order nonlocal strain. In conclusion, the integro-

differential equations (51);, which express the nonlo-
cal axial force N(x,t) in terms of the nth order
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nonlocal strain ") (x,), supplemented by the non-
standard boundary conditions (55), in terms of
" (x, 1), fully define the nonlocal generalized consti-
tutive equations of order n (or of n-Helmholtz type) in
the one-dimensional case. For the particular family of
attenuation functions defined in (22) and (24), this set
of integro-differential equations and boundary condi-
tions are equivalent to the nonlocal elasticity model in
integral form expressed by Eq. (51);. Indeed, the
nonstandard boundary conditions (55) are consistent
with such choice of nonlocal kernels in the integral
formulation.

4 The boundary value problem for the generalized
nonlocal elasticity theory in the one-dimensional
case

In this subsection, we present the governing equations
of the initial-boundary value problem for the gener-
alized nonlocal elasticity theory in the one-dimen-
sional case. The following derivations are based on the
previous expressions reported for the generic order n,
and then particularized for n = 1,2 representing the
Helmholtz and bi-Helmholtz type nonlocal elasticity
theory.

Based on the previous derivations, the governing
equations are

N'(x,1) + g(x,1) = pAii(x,t) (dynamic equilibrium equation)
Ou(x, 1)
Ox

& e (x, 1
N =AY (-1 S
=0 X

L WEN (x, 1) = g(x,1) = (compatibility equation)

(constitutive equation)

(56)

Deriving the constitutive Eq. (56)3 and substituting
into the dynamic equilibrium Eq. (56); we obtain the
integro-differential equation (in terms of & (x, r))

n a2k+l 5(") (.X t)
k 2k )
EA ;(_D éé-k O 2k+1
= pAii(x,t) — q(x,1) (57)

which can be solved in terms of the nonlocal

elongation &"(x,r) by supplementing the relevant
boundary conditions (55) along with some initial
conditions for the displacement u(x, 7) and its deriva-

tives. By applying the differential operator ¥ ()

C15€25--+5Cn

@ Springer

to Eq. (57) and taking into account the compatibility
Eq. (56), we obtain the following differential equation
in terms of the displacement u(x,?) and its spatial
derivatives up to order 2n + 2, the acceleration u(x, )
and its spatial derivatives up to order 2n

3 (it LA aled)

k=0

n 62k+2u x,t
= EA Z(—l)"fﬁfk,g GT(H) . (58)
=0 X

4.1 Solutions in statics

Assuming, by hypothesis, that the distributed load
q(x,t) is applied in a quasi-static manner, we can
ignore inertia effects in Eq. (57) and the time depen-
dence of all the variables

n J2+1g0n)
EA|S (—1)fe% e (x)

— 4. (59)
e dx2k+l

The solution of Eq. (59) can be obtained as the sum
of a homogeneous solution and a particular solution,
that is &) (x) = 51(1’(1)>m(x) + Ef,z)n(x) The homogeneous
solution can be assumed as a general exponential

function él?m(x) = exp(xx), which leads to the fol-

lowing characteristic equation in k

> (—D "t =0 (60)
k=0
whose 2n + 1 solutions depend on the numerical
values of the n length scale coefficients
¢* (k=1,...,n), which in turn depend on the n
independent material phase parameters & (k =
1,...,n) and are related to the length scale parameters
@%(k =1,...,n). The general solution &"(x) is

obtained by imposing a set of 2n+ 2 boundary
conditions, two of which of standard type (either
essential or natural) and the remaining 2n of nonstan-
dard type according to (47). It is instructive to
particularize the solution in the following cases:

o forn=1

the governing Eq. (57) in the quasi-static case reads
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EA [g(l)/(x) - féléow (x)] = —q(x) (61)

and the corresponding characteristic Eq. (60) reduces
to

k(1-2,2) =0 (62)
which leads to three real solutions in x, namely
1
Ki2 = i—; K3 = 0. (63)
gz
él

These solutions form the homogeneous solution so
that the general solution can be expressed in the
following form

0 (x) = Epun (%)

Cyexp(r1x) + Caexp(rax) + C3 + Epn (x
(64)

Once the solution in terms of &) (x) is known, the
solution in terms of local strain field can be obtained
exploiting the compatibility Eq. (56),, that is

6(x) = LW (x) = e (x) — e (x) (65)

and, finally, the solution in terms of displacements is
obtained by integrating the local strain field (65) with
an additional constant of integration as follows

u(x) = /a(x)dx + Cy. (66)

Thus, there are four constants of integration
Ci,C,,C5,Cy4 to be determined. Consequently, the
general solution is obtained by imposing four bound-
ary conditions, two of which of standard type that can
be either essential boundary conditions in terms of

[(x)]|i=o= o

[4(x)]] - = 1L (67)

or natural boundary conditions arising from the
constitutive equations (56);

EA[*‘() 2 &V ()} = No

x=0 - (68)
= NL

x=L

EA [g<'><x) — 2,V (x)}

and the remaining two of nonstandard type according
to (35), namely

o forn=2

the governing Eq. (57) in the quasi-static case reads
EAJE (1) - 2,527 (x) + £, ()] = —q()
(70)

and the corresponding characteristic Eq. (60) reduces
to

k(1= 22+ o) =0 (71)

which leads to five real solutions in x, namely

1 ‘@1 \/ Egyl - 462-,2

Kigsa = t—=A\| 7t —7——;
' V2 62,2 ég.z ’

K5:0.

(72)

These solutions form the homogeneous solution so
that the general solution can be expressed in the
following form

£ (x) = Cy exp(i1x + Crexp(kax) + Cs exp(karx
1 €Xp(K1 2 €Xp(K2 3 EXp(K2

+ Cyexp(iox) + Cs + El()izt(x)
(73)

Once the solution in terms of &2 (x) is known, the
solution in terms of local strain field can be obtained
exploiting the compatibility Eq. (56),, namely

e(x) = 22§ (x)

— () - 25 () 1 452" (v (74)

and, then, the displacement field can be calculated by
integration as explained before for n = 1, with an
additional constant of integration Ce. Thus, there are
six constants of integration C; — Cg to be determined.
Consequently, the general solution is obtained by
imposing six boundary conditions, two of which of
standard type that can be either essential boundary
conditions in terms of
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W)= o
) 3)

or natural boundary conditions arising from the
constitutive equations (56)3

EAJE® () — 2,82 (x) + €50 (v)]

()]

[=]

x=0
/I//

= VL

EA [z?(z)(x) =, () + 0,6 W) |
(76)

and the remaining four of nonstandard type according
to (41) and (42), namely

- )2
gcg ) g ()l >(x)|X:0

C1

[ d d
= (1—(c1+c2)d —|—clc2d2)-(2)( )} =0
L x=0
202 )
[ d , d? a3
B (l SO Ggat Gy 3)5 >(x)} LY
gCH) gc(ﬂg@ (x)| -
I d d
= <1+(C1+02)E+6102d2)%2)( )} =0
L x=L
¥ H e (1)5<2)(x)| .
Cc2 C] xX=
I d d? &>
= <1+czE—C%E—C% 2d3>32>(x)} =0
L x=L
(77)

4.2 Free vibration analysis and dispersion
relations

Derivation of the dispersion relation results from the
differential Eq. (58), by setting the distributed load
equal to zero for free vibration analysis, i.e.,
q(x,t) = 0, which leads to

- o 0% ii(x, 1)
p[;( DG — ]

— B> (e u} (78)

2%+2
— Ox

In Eq. (58) E and p have been implicitly assumed as
constant coefficients. Therefore, Eq. (78) implies a
relation between the acceleration field along with its
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gradients up to order 2n, and the displacement field
along with its gradients up to order 2n 4 2. Since E, p
are constant coefficients, Eq. (78) admits solutions
given by a general harmonic function

u(x,t) = Uexpli(kx — wt)] = Uexpli(x —ct)] (79)

where U is the amplitude, i the imaginary unit, k the
wave number, o the angular frequency and ¢ = w/k
the phase velocity. Substituting the trial solution (79)
into Eq. (78) yields

2n 2n
o’ (1 +> sz£}{8> = clk? (1 +> szé?_j_6> (80)
j=1 j=1

with ¢, = \/E/p being the one-dimensional bar
velocity of classical elasticity. Expression (80) repre-
sents the dispersion relation of the generalized non-
local elasticity model of n-Helmholtz type. It can be
re-written in dimensionless form in terms of normal-
ized angular frequency and normalized phase velocity,
respectively

T om .
L+ kY6
P

(81)

where @y = c./¢ represents the natural circular
frequency with ¢ being an internal characteristic
length scale (for instance, a lattice constant), k=ke¢
is the dimensionless wave number, £;; = {;;/{, {; =
¢;/¢ are dimensionless coefficients that “adjust” the
relative magnitudes between the various length scales
appearing in the axial displacement and acceleration
gradients, respectively. As such, these coefficients are
to be calibrated according to the problem being
studied.

For the determination of the eigenfunctions, the
general harmonic solution can also be written as

u(x,t) = ¢(x) exp(—imr) = exp(ixx) exp(—iwt)
(82)

where ¢(x) = exp(ixx) is the sought eigenfunction
and x the wave number. Substituting this expression
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into (78) leads to the following algebraic equation in
terms of x rather than in terms of @

EY (Zp? —pa? Yy i =0 Vi (83)
=0 =0

which leads to 2n+2 solutions in x, namely

K1,K2,...,Kau12, that are affected by the numerical

values of the 2n length scale coefficients

% 2 s
G250 =
function has the following shape

,n). Therefore, the resulting eigen-

¢(x) = Cexp(inix) + Cyexp(irox) + - - -
+ Conra exp(irn+2%) (84)

and the constants of integration Cy, Cy, ..., Cy,1, are
determined by imposing 2xn 4 2 boundary conditions,
two of which of standard type that can be either
essential boundary conditions in terms of axial
displacement—related to the value of the eigenfunc-

tion ¢(x)

[u(x, )] ;—o= ito [ (X)]],—o= to
{ [, )] = i1 v { [p(0)]],—p = it
(85)

or natural boundary conditions in terms of axial
force—related to the higher order spatial derivatives
of the eigenfunction ¢(x). To determine the latter
relationship between N (x) and the higher order spatial
derivatives of ¢(x), let us apply the % ) differential
operator to the constitutive Eq. (56); while consider-
ing the compatibility Eq. (56),

o? Nxt
k 2k
>0 T

0% u(x, 1)
k2k
EAE: )L T

(86)

which, combined with the dynamic equilibrium
Eq. (56), for g,(x,) = 0, leads to

0% Yi(x, 1)
k j2k
—pAZ )l Qx2k—1
+1
t
+EAZ ke %. (87)

Substituting the expression of the displacement
u(x,t) in terms of ¢(x) as given in (82) into Eq. (87)
leads to the sought relationship between N(x) and the
higher order spatial derivatives of ¢(x)

n 2dkl
- w%“ﬂ

n 2k+1
(—1) e, ddjz()] }exp(—iwr).

(88)

Based on Eq. (88) the natural boundary conditions
in terms of axial force are written as

{psz LZ (—1)ke* ‘ld 2¢<| )] T+ EA Lij (—1)ke, dnc‘;ﬁw]} - No=0
(el iz e
(89)

Finally, the remaining 2n nonstandard boundary
conditions relate the axial force N(x, ) and its spatial
derivatives to the eigenfunction ¢(x) and its spatial
derivatives. To determine such relationships, the
starting point is the constitutive equation in integral
form (51),, that is

N(x,1) = EA Z & (x, 1)
j=0

=EA [fog(x’ t) + élg(w(xa t) +ot éng(n>(x7 Z):| :
(90)

The sought 2n nonstandard boundary conditions
arise from applying the differential operators
@ () g (-1 and 2, (P+) P -1 (of

Cn.Cn—1, C1,C2;5Cj1 ne15ee,C) T C1LC2eesCi ]
order n), prev1ously defined in (48), to either side of
Eq. (90), accounting for relations (47) (when applied
to the nonlocal strain of order n, &"(x)) and for
relations (133) (when applied to the nonlocal strain of
order k &¥(x) (k=1,...,n— 1)) and converting the
derivatives of the axial force in terms of higher order
inertia, as per the dynamic equilibrium Eq. (56); for
qx(x,1) = 0.

It is instructive to particularize Eqgs. (78), (81) and
the determination of the eigenfunctions ¢(x) in the
following cases:

o forn=1

p[ﬁ(x,t)—e%u”(x,t)]:E[ (r,1) — &1

nm

(x,1)]
1)

which leads to the following dimensionless dispersion
relation
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o _ 1R, ¢ 1+RE, 02)
i _— — i _—
wo 1+ K64 Ce 1+ K26

This represents the so-called dynamically consis-
tent model presented by Askes and Aifantis [10-12]. It
may easily be demonstrated that the corresponding
dispersion curve shows a diagonal asymptote, whose
slope is governed by the ratio ¢ /¢;: for £:; > ¢,
(¢z1<4,) the higher wave numbers travel faster
(slower) than the lower wave numbers, whereas for
¢z = £, anon-dispersive behavior is obtained, similar
to classical elasticity. For the determination of the
eigenfunctions ¢(x), Eq. (83) reduces to

EG k' + (E~ po ()i — po? =0 Vi (93)

which leads to four solutions in x, which are of the
kind k1, = %is; and k34 = %7, so that, exploiting
Euler’s formula, the solution can be expressed in
trigonometric form as

¢(x) = Cy cosh(s1x) + C; sinh(s;x) + C5 cos(rx)
+ Cysin(rpx).

(94)

The four constants of integration Cy, Cy, C3, Cy are
determined by imposing 4 boundary conditions, two of
which of standard type that can be either essential
boundary conditions in terms of axial displacement

{ e, 0l o=0

{ [¢()][=o=0
[u(x, )], = 0

[¢()]] == 0
(95)

or natural boundary conditions in terms of axial force
according to (89)

I
(=)
Il

x=0

L

0
Vt.
0

{~pAc*60' (x) + EA[¢ () - &,0"(v)] }
{~pA0?G¢ )+ EA[9 () - 2,6" ()] }

x=L

(96)

To determine the two remaining nonstandard
boundary conditions, let us consider the expression

N(x,1) = EA [fos(x, 1)+ & (x, ;)} . (97)

According to Eq. (35), let us apply gcg—) and
2. 1o either side of (97)

2N 1| _ = 2. EA [fos(x, £+ & (x, z)]

c x=

x=0

€1 1

2N _ = 2 PEA [foe(x, 1)+ &80 (x, t)]

x=L

(98)

which may be expanded in terms of eigenfunction
¢(x) and its spatial derivatives considering the
dynamic equilibrium Eq. (56), as follows

=0 v

{ (V@) — N @)]| = Ve + pactei ()] = BA 608 () — docrd (9]

V() + e (9] ‘X:L: V() = pacPep(x)]] = EA &0 (x) + o ()] L:L

(99)

2
ol
2
§ 15+ _6?571 _ 0
g @571 =0.5
5 o ley =075
= L A i ey I IO leq =10
o) —==le1 =125
o i
- +€571 =1.5
a L
g 0.5
g
=
0

0 05 1 15 2 25 3 35 4 45 5

normalized wave number k = k¢

Fig. 2 Dispersion curves of 2nd order nonlocal elasticity model (second strain gradient with second velocity gradient)
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where account has been taken of the relations (35).
Inserting the expression (94) in (95) or (96) and in (99)
and setting the determinant of the coefficients equal to
zero allows the evaluation of all the natural frequen-
cies of the nonlocal continuum system ;(i =
1,2,...) for the particular set of boundary conditions
considered. All these frequencies should lie on the
dispersion curve (92). Given the natural frequencies of
the nonlocal continuum, the corresponding wave
numbers can be determined for each natural frequency
wi(i =1,2,...), viz. Kj(j=1,2,3,4), and the four
constants of integrations C ]’(] = 1,2,3,4) are obtained
by imposing the four boundary conditions for the
given w; accordingly. The eigenfunction ¢ (x) can thus
be plotted for the specific ith natural mode of vibration
and the procedure can be repeated again for any
i=1,2,...

o forn=2

0 [ii(x, 1) — i (x,1) + i (x, t)}
= E[u// (x,1) — Eéluw (x, 1)+ £,

/// "

(0] (100

which leads to the following dimensionless dispersion
relation

L+ K8, + ke,
1+Fﬁ+#ﬁ

L+ 1262, + k0,
1+PF e

This represents the second strain gradient with
second velocity gradient inertia model proposed by
Polizzotto [13]. A similar model was recently pro-
posed by De Domenico and Askes [14, 15] (the latter
for £z = 0) and applied to capture wave dispersion
characteristics of a range of materials with microstruc-
ture [16—-19]. As noted by Polizzotto [13], any set of
length scale ratios complying with the conditions
&T’l <l ETZ > &T’z;
4 4 4

(101)

L£0 220 (0)
1

ensures that the phase velocity curve is entirely below

the horizontal line ¢/c,. In the limit as k — oo the ¢/c,

ratio tends to the diagonal asymptote whose slope is

governed by the ratio (£:,/f,)*. This four-length-

scale model is versatile and it is able to accommodate

wave dispersion characteristics of a wide variety of
real materials.

As an example, in Fig. 2 the normalized phase
velocity ¢/c, from Eq. (101) is plotted as a function of
the normalized wave number k for different values of
the /; | ratio, assuming £z = 0z 1/2,0; = 1,0, = 0.5.
The c/c. exceeds the non-dispersive asymptote
¢/ce=1 only for fz; >{; =1. The normalized
group velocity of the model in (101) is obtained
through
G _ _do
Ce T dk

L+ Q2+ KG)G, + 3+ 2826 +KB) 6, + &0
\/(1 R, + 19‘@‘2) (1+ R8¢+ 8

(103)

which is equal to 1 for k — 0. The group velocity for
the model with n =1 is simply obtained by setting
0 = 6}2 =0 in (103). For the determination of the
eigenfunctions ¢(x), Eq. (83) reduces to

Eéézkﬁ + (EZ%I - prZ‘z‘) &+ (E - po3)i® — po® =0 Vit
(104)

which leads to six solutions in i, k, which are of the

kind 1234 = £r £is; and Ksg = £p;, so that,

exploiting Euler’s formula, the solution can be
expressed in trigonometric form as

¢(x) = C cosh(s1x)cos(rix) + C, cosh(syx) sin(rix)
+ Cj sinh(syx) sin(rx)
+ Cy4 sinh(syx)cos(r1x) + Cs cos(pix) + Cg sin(p;x).
(105)
The six constants of integration C; — Cg are
determined by imposing 6 boundary conditions, two

of which of standard type that can be either essential
boundary conditions in terms of axial displacement

{WWMMF% {Wth%

[u(x, 0)]],—p = 1 [P0l = 11z
(106)

Vt

or natural boundary conditions in terms of axial force
according to (89)
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mn

{psz {_é%flﬁ/(x) +6¢" (x)] +EA [¢’(x) L2 )+ (x)H
{pAa?[ -8 () + 60" ()] + EA[ 09 ~ 2,8 () + ££,0" )]}

vt (107)

"

To determine the two remaining nonstandard ffci ) g j( IN(x,t )N
boundary conditions, let us consider the expression — g >EA[ o) + EED (6, 0) + 6O, t)] »

N(x,1) = EA [fog(x, 1)+ &ED (x, 1) + &8P (x, 1) | 252 ON@E 1|,
(108) = 22 VEA[Gelw1) + 480 (5, 1) + &P (x|

According to Egs. (41) and (42), let us apply 2N NG|,
N2 DoV 2Ne W e He W o = 2L DB Goslr) + 48 ) + 5P ()] |

either side of (108) 22 ON(x,1)]

L
— 2.2 EA o) + & 1) + 6 10

x=L '

(109)

which may be expanded in terms of eigenfunction
¢(x) and its spatial derivatives considering the
dynamic equilibrium Eq. (56), as follows

NG = (1 4+ )N (1) + ereoN' (x)] »

= {N(x) — pAw? [_(cl +c2)p(x) + C1cz¢/(x)}}

- EA{&) {d;' (x) = (c1 + cz)qS”(x) + clczfﬁm(x)} =& E_? ¢, (x)} } o

0 {N(x) pAw? {_CZ‘f’(x) — ¢ (x) + cjeag’ (x)] }
= EA{&[¢' (1) — 2" (x) = 36" () + cleag” ()] + &1 [ ) — 2’ W] ]|

NG+ (e + eV () + e ()] | = {0 = pac? (e + e)p) +ere29 (0]}
:EA{fo{dbl(x)—&-(a +02)p (x) + cr020p } {62 (x )}}xL

= (M) — 02 [e20(0) — 30 () — cheat ()]}

W]+ a0 ) + o' }

:N (x) — 2N (x) = AN (x) + PeN” (x)}

x=0

x=L

[N (x) + 2N (x) = N (x) — EeaN” (x)}

x=L

= EA{&[ ¢ () + 020" () = 19" (x) — cleag

x=L

(110)
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nearest neighbor interactions

next nearest neighbor interactions

—_

Fig. 3 Lattice model with nearest neighbor (NN) and next nearest neighbor (NNN) interactions

valid V¢, where account has been taken of the identities
(41), (42) as well as of the relations (127) reported in
Appendix A. Inserting the expression (105) in (106) or
(107) and in (110) and setting the determinant of the
coefficients equal to zero allows the evaluation of all
the natural frequencies of the nonlocal continuum
system ;(i=1,2,...) for the particular set of
boundary conditions considered. All these frequencies
should lie on the dispersion curve (101). Given the
natural frequencies of the nonlocal continuum, the
corresponding wave numbers can be determined for
each natural frequency w;(i=1,2,...), viz.
K]'(] =1,...,6), and the six constants of integrations
Cj’(] =1
boundary conditions for the given ®; accordingly. The
eigenfunction ¢(x) can thus be plotted for the specific
ith natural mode of vibration and the procedure can be
repeated again forany i = 1,2,.. ..

,...,0) are obtained by imposing the six

5 Lattice model with nearest neighbor (NN)
and next nearest neighbor (NNN) interactions

The simplest discrete medium is the one-dimensional
lattice model formed by a mass-spring chain, as per the
sketch in Fig. 3. Each atom is represented by a lumped
mass m, which interacts with neighboring atoms in the
lattice model. The discrete masses are located at
uniform particle spacing ¢ that may be interpreted as
the unit cell of a heterogeneous material (lattice

constant). The interacting forces between atoms
depends upon the Morse potential. Adopting a
harmonic approximation of this potential leads to
spring-like interatomic forces. These forces can be
represented by a set of springs of constants k; and k; if
the nearest neighbor (NN) and next nearest neighbor
(NNN) particles are considered, respectively, with 6 =
ky/k, a dimensionless parameter that measures the
second-order interaction contribution.

The equation of motion for the nth mass particle
reads

miky (1) = ky (Up—1(t) — 20, (t) + w11 (1))
+ ko (un—2(1) — 20, (1) + tt42(1)) (111)

where u,(t) denotes the displacement of the mass
particle # initially located at x,,, and u,,4,,(t) that of the
particle n & p located at x,+j =x, £pl, p=1,2. In
the static case, the inertia effects on the left-hand-side
(LHS) of Eq. (111) can be ignored. In this case, the
static response of the periodic chain displayed in
Fig. 3 subject to a given loading condition is obtained
by solving a simple equation Ku = F where K is the
stiffness matrix of the lattice (calculated by general-
izing (111)), F is the load vector that depends on the
loading conditions, and u is the vector collecting the
unknown axial displacements of the mass particles.
The dispersion curve of the discrete lattice can be
obtained by considering a general harmonic function
for the displacement of the nth mass particle, namely
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Fig. 4 Dispersion curves of 2.5
lattice model (discrete chain
of masses and springs) with
NNN interactions for —
different values of the 6 = 3 3
k /k1 second-order 3
interaction ratio

151

05

normalised frequency
—
T

—5=0(NN)
5=1/16
——-5=1/8
.......... §=1/4
—mm5=1/2

—o—0=1

up(x,1) = Uexpli(kx, — wr)] (112)
and that of the (n £ p)th particle is
Unsp(x, 1) = Uexpli(kx,z, — o1)]
=Uexpli(k(x, £ pl) — wt)]
= u,(x, 1) exp[+ikp/] (with p = 1,2).
(113)

Substituting (112) and (113) into the equation of
motion of the nth mass particle (111), after some
straightforward algebra, yields

O _ oo s (5 1 ssin(c
oo —a)—Z\/Sln (2) + osin“(k) (114)

(lattice model, NNN interactions)

where the subscript d stands for “discrete”, and wyy; =

\/ki1 /m is the natural circular frequency of the discrete
lattice. For 6 =0, Eq. (114) reduces to the well-
known Born-von Karman model with nearest neigh-
bor interactions only [6]

1) o k
— =@ =2sin| =
Wod 2 (115)
(lattice model, NN interactions).

Expression (114) is plotted in Fig. 4 for different
values of the ¢ ratio.

@ Springer
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Finally, the eigenvectors (modal shapes) @ of the
discrete lattice model can be obtained from Eq. (111),
which leads to

K- o’M|® =0 (116)

where, assuming lumped mass according to Fig. 3, the
mass  matrix is M =diag{ m} .  Setting
det[K — »*M] = 0 gives the natural frequencies of
the lattice that, when substituted back into (116),
provide the corresponding modal shapes (arbitrary
within a multiplicative factor).

6 Identification of nonlocal material parameters

6.1 Dispersion law derived from Fourier
transform of global attenuation function

Based on Remark 1 of the Part I paper, a modified (or
global) attenuation function associated with the gen-
eralized nonlocal elasticity theory of order n can be
introduced as



Meccanica (2021) 56:651-687

671

A (Fic1,¢2,. )
= &yo(r) + &V (rser) + &0P (rer, )
+- +§n <)(V;CI,C2,...,C,1)

= f]a(j)(r;cl,cz,...,c_,-)

(117)

where account has been taken of the fact that
«9(r) = 5(r). Considering Eq. (117), the generalized
nonlocal constitutive equation in integral form (51),
can be re-written as follows

L
) =EA /42/ FiC1,Cay .. cn)e(y)dy.  (118)
0

Following Eringen [1, 6], the dispersion relation
can be derived through

wzzw(z)szNf(k'Cl,Cz,-- Cn)
—oe[S ([0 e )|
j=0 i

where . (k;ci,ca,...c0) = Fd(ricr,ca,. .. e,
and the properties of the Fourier transform of
" (r;cy,ca,...,ca) as per Eq.(28) have been
exploited, with ¢o = 0. Expression (119) can be re-
written in dimensionless form as follows

a)ﬂo = ]g\/egk(lg;cl,c’27---»cn)
n J
S (@Hm +k%%>1> (120)
=0 i=0

where ¢; = ¢;/¢ (i =1,...,n) are normalized length
scale coefficients for each nonlocal kernel, and
¢o = ¢o/¢ = 0. By recalling from Appendix A of the
Part T paper the relations between the length scale
coefficients ¢, (k =1,2,...,n) and the length scale
parameters (2 and {x(k = 1,...,n) of the Helmholtz
operators, it can be demonstrated that Eq. (120) is
perfectly identical to Eq. (81) derived above from free
vibration analysis. In order to identify the n length
scale coefficients ¢; (i = 1,...,n) and the n material
phase parameters &G=1,...,n) (with
o =1->7", &) acommon strategy adopted in the
literature [1, 6, 14, 20, 21] is to match the dispersion

relation (120) with the relevant lattice model (dis-
cussed in the previous section). To this end, it is
preliminarily useful to calculate the natural circular
frequency of the higher order nonlocal continuum
o = ¢, /¢ and compare it to the discrete counterpart
®oq = \/ki/m in (114). For NNN interactions being
included in the lattice model, the equivalent stiffness
of the lattice model is keq = ki + 4ky = ki (1 +40).
Thus, the Young’s modulus of the nonlocal bar is E =
keql/A = ki(1 4 40)¢/A and the mass density (per
unit  volume) is p=m/(Al), so that
ce = U\/ki/m+/(1 + 40). Therefore, w is related to
Woq through the following formula:
Wy = wogV/ 1 + 40. Substituting this value into (120),
the dispersion relation is generalized to include NNN
interactions as follows

=kV1+ Z(,ﬂ +kc2) )

(121)

In this format, the LHS of both Eqs. (121) and (114)
is the same. Hence, comparing the RHS of Egs. (121)
and (114) leads to a physically substantiated identifi-
cation procedure of the 2n nonlocal material param-
eters of the higher-order continuum model, namely the
n length scale coefficients ¢; (i = 1,...,n) and the n
material phase parameters ¢; (j = 1,...,n) character-
izing the generalized theory of nonlocal elasticity of n-
Helmbholtz type.

Remark 2 It is worth noting that the relation wg =
wogv' 1 + 446 in (121) ensures that the dispersion curve
w(lg)‘/g:()’ and the group velocity ¢, = d@/dﬂk;o in
the higher order nonlocal continuum and in the
discrete lattice have the same value. Thus, the
supplemental conditions must be enforced for other
wave numbers, e.g. at the end of the first Brillouin
zone (FBZ) for k = m in terms of @, ¢, = d@/dk and/
or higher order derivatives of ¢,.

Remark 3 The following limit values of the group
velocity hold

limé, =1; lim & = +/&. (122)
k

k—0 —00
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Fig. 5 Dispersion curves 3 T T T
for nonlocal continuum
model of first order (n = 1) T
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Equation (122) allows to highlight some specific
features of the nonlocal model at low and high
frequency. In fact, at low frequency the nonlocal
model approaches the classical local one, for all values
of the model parameters. At high-frequency the
behaviour is ruled by the parameter &, as the
dispersion curve exhibits an asymptote @ = kv/&,
that, for0 <&, <1or &, > 1,is located below or above
the dispersion curve @ = k of the classical local
model, respectively. This implies that the high
frequency waves transmit the energy slower or faster
than the classical compressional waves, respectively.

@ Springer

reduced wave number k /7

Moreover, some restrictions on the admissible values
of parameter &, can be inferred: in order to guarantee
stability, &, must be nonnegative; indeed, if £, <0 at
high frequencies the nonlocal model becomes unsta-
ble. As an example, for the first order nonlocal model
(n = 1), if we assume &) <0, the waves having wave

o _ -1
number k > k. = (£1\/|£0|) are unstable, cf.

Fig. 5. If £, = 0 and &; = 0 (Eringen model), the first
order nonlocal model is stable, the group velocity
vanish for k — oo and the dispersion curve tends to a
horizontal asymptote at @y, = 1 /E],, cf. again Fig. 5.
A gradient model with a negative value of £, was
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Table 1 Nonlocal material parameters of the generalized nonlocal elasticity theory for n = 1 and n = 2 identified by matching the

dispersion curve of the lattice model with NN interactions

Order n Nonlocal material parameters Length scale parameters
¢ & ¢i & [él éjg!,z 2 2
1 1.867 - 0.218 - —0.041 - 0.047 -
1f 1.00* - 0.386 - 0.000 - 0.149 -
1 0.49 - 0.501 - 0.127 - 0.251 -
2 1.83 —0.23 0.277 0.499 0.261 —0.011 0.325 0.019
2% —18.86 12.95 0.109 0.109 —0.060 9.7 x 1074 0.024 1.4 x 1074

This is a particular subcase of the proposed generalized theory of nonlocal elasticity by setting &y = 0and &, = 1.0 so that the length
scale parameter £; ; = 0; Ythis set of parameters is obtained by setting the value @(l€)| fen)2 and dza_)/dzﬂ i /4 *this represents the

special case of Helmholtz operators with the same lengths scale coefficient ¢; = ¢; = ¢ = g/

Fig. 7 Dispersion curves 2 T T T
for discrete lattice model
with NN interactions against h BN
nonlocal elasticity of second gﬁ \
order (n = 2) 3 §> 15+ \ i
) \
9 N
‘;5; \
ot 1r \ ]
H \
g discrete NN (0 = 0) \
2 \
CES 05 — — -nonlocal n = 2 (unstable) \‘ 7
=
S —e—mnonlocal n =2(c; =y = gpf)| |
|
0 1 1 1 L
0 0.5 1 1.5 2

proposed by Challamel et al. [22] to achieve an
excellent matching of the dispersive curve of the
Born—von Karman model of lattice dynamics in the
FBZ. Unfortunately, this model is unstable for higher
wave numbers beyond the FBZ.

6.2 Matching the dispersion curve of the discrete
lattice model

In order to match the dispersion curve of the nonlocal
continuum with that of the discrete lattice model, a set
of conditions are enforced, depending on the order of
the nonlocal elasticity theory. As a first step, we
approximate the discrete lattice with NN interactions
(0 = 0). For n = 1 there are two free nonlocal material

reduced wave number k/7

parameters ¢y, &;, thus only two conditions can be
imposed. As a first choice, we enforce the value
o (k)| i, and the value of the group velocity ¢,|__at
the end of the FBZ—relevant results are displayed in
Fig. 6, while the identified parameters are listed in
Table 1.

As can be seen, the resulting dispersion curve
shows imaginary frequencies beyond a certain wave
number, which denotes destabilizing behavior. Since
£ = 1.867, the resulting &, =1— & = —0.867 is
negative, and this denotes instability as explained in
the previous Remark 3. This is also confirmed by the
negative value of the length scale parameter 675,1
reported in Table 1. The values £, = —0.867 and ¢; =
0.218 are perfectly in line with the work by Challamel
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Fig. 8 Dispersion curves 2 T T T
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et al. [22]. As an alternative, we could eliminate one of
the two free parameters by setting &, = 0, so that &; =
1 accordingly (Eringen model). This also implies that
the length scale parameter lz | = 0. It is worth noting
that this combination of parameters leads to the
Helmbholtz type nonlocal elasticity theory discussed
in Lazar et al. [7] with the differential operator applied
only to the LHS of the equations of motion (whereas in
the proposed nonlocal elasticity theory the differential
operator is applied to either side). The well-known
value ¢; = 0.386 coincides with the value & = 0.39
reported by Lazar et al. [7] and by Challamel et al. [22]
for nonlocal elasticity of Helmholtz type. However,
this eliminates the local phase and reverts to the
Eringen’s 1983 nonlocal (stress gradient) theory. The
corresponding integral-type constitutive relation is a
Fredholm integral equation of first type, and it is not
invertible (see the remarks in the part I paper). To keep
the local phase and, correspondingly, a Fredholm
integral equation of second type (which is invertible)
we consider an additional solution with &, # 0, but in
order to avoid destabilizing behavior we impose a set
of different conditions, namely the value in & (k)| __ 1

and the value of d¢,/dk|_, .= d*®/d’k|_,,. The

relevant dispersion curve is plotted in Fig. 6 as well,
and the corresponding material parameters reported in
Table 1.

As second step, the generalized nonlocal elasticity
theory of second order (n =2) is considered. In
general, for n = 2 there are four independent nonlocal

@ Springer
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material parameters cy, ¢y, &1, &>, thus four conditions
should be imposed accordingly. Therefore, there are
two further conditions in addition to the ones adopted

for n = 1, which are preliminarily chosen as: ¢, | __ 1

and dc, /dk| - This results in the dispersion curve
shown in Fig. 7, which exhibits a destabilizing
behavior beyond certain wave numbers. To avoid
this, we resort to the simplification of the bi-Helmholtz
nonlocal elasticity model with the same length scale
coefficient for the two Helmholtz operators, namely
c1 = ¢y =c = gl [7] where g is a coefficient that
multiplies the characteristic length scale ¢ (i.e., a
lattice constant). This model has now 3 free param-
eters, namely &, &;, &. Imposing this time @ (k) ’ Fen/2
leads to a stable behavior, as shown in Fig. 7 and
reported in Table 1 with ¢ = ¢; = ¢ = 0.109.
Despite the negative value of the 6_212 parameter, the
model does not manifest imaginary frequencies
because 1 + [élk7 + Z?qu > 0 throughout the range
of wave numbers. This is also confirmed by the
positive & value obtained as &y = 1 — & — &, with &,
and &, being reported in Table 1.

Obviously, increasing the order of the nonlocal
elasticity theory improves the matching of the lattice
model further. To prove this, in Fig. 8 we report the bi-
, tri- and four-Helmholtz nonlocal elasticity models
with the same length scale coefficient ¢; = eyl Vi.
Besides the above conditions (k)| i, and ¢ i the
length scale parameters reported in Table 2 are
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Table 2 Nonlocal material parameters of the generalized nonlocal elasticity theory for n = 3 and n = 4 identified by matching the dispersion curve of the lattice model with NN

interactions

Length scale parameters

Nonlocal material parameters

n

73
((54

)
a3

&0

14 x 1073 1.0 x 107
—12 x 1077

0.06
0.01

298 x 1073
—1.95 x 1073

—13x 1073

—0.02
- 0.07

0.147
0.056

— 3.81
— 5836

13.45
7405

— 11.59
— 4181

3
4

—97 x 1071

59 x 107

— 86 x 1078

1.8 x 1073

1726

identified by adding supplemental conditions in the
form of dé, /dk|,__ and d*c,/dk’|_ forn =3,and in
the form dc,/dk|,__, d*¢,/dk*|,__and d°c,/dk’| __
for n = 4. This implies capturing the inflexion of the
lattice model beyond the FBZ more accurately. It can
be demonstrated that both the identified models with
n =3 and n = 4 exhibit a stable behavior, although
some of the length scale parameters appear with
negative sign, cf. Table 2.

As a second step, we repeat the length scale
identification procedure by matching the dispersion
curve of the lattice model with NNN interactions for
0 = 1/4. Relevant results are shown in Fig. 9, and the
corresponding values are listed in Table 3. Despite the
mixed positive and negative signs of the length scale
parameters, all the identified models are stable, as
confirmed by trends in Fig. 9.

e

7 Nonlocal continuum versus discrete lattice
model

7.1 Comparison in terms of global attenuation
function

Once the nonlocal material parameters are calibrated
by matching the dispersion curve of the lattice model,
comparison in terms of the resulting global attenuation
function 7(r;cy,ca,...,¢,) reported in (117) is
straightforward. Such comparison enables a visual
and conceptual assessment of the description of the
nonlocal diffusion processes taking place in the
underlying microstructure that simulate the long-
range interactions occurring in the lattice model. To
this end, comparing Eq. (121) of the nonlocal contin-
uum with the corresponding Eq. (114) of the lattice
model leads to the determination of the Fourier
transform of the nonlocal continuum model having
the same dispersion curve of the reference lattice
model, that is

Faice(k:0) = 7
4 {sin2 (g) +0 Sinz(]g)}
_ . 123
k(1 + 40) "
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Through the inverse Fourier transform of (123) the
sought attenuation function of the lattice model is
evaluated as follows

Jz{lattice(fv 5) = ’9771 [J;{Iattice(k_a 5)}
[+ 0)f(r,0) +£ (7 1) + (7, 2)]
(124)

1
©2(1+49)

where 7=r/{ and f(r,p) = |F+p|+ |F —p|. The
plots of .7 agice (k,8) and .o 1ice (7, 0) are reported in
Fig. 10 for different values of the second order
interaction ratio 9.

Thus, Eq. (124) can be compared to the global
attenuation function of the generalized nonlocal
continuum  .Zyonlocal (7, €0¢) reported in  (117),
expressed in terms of a single length scale parameter
gol and in terms of dimensionless 7 = r/¢ parameter

vQ{nonlocal(fa SO@ = 505(’7) + 5105(1)(;77 806)

+ & (Fagl) + -
+ én(x(n)(fv 806)

= &a0(F el (125)
=0
where ¢ and &;(j = 0,...,n) have calibrated in the

previous subsection by matching the dispersion curve
of the lattice model. Comparison of .o7}yice (7, 3) for
0 = 1/4 and the corresponding .7 poniocal (7, €0¢) With
nonlocal material parameters listed in Table 3 is
shown in Fig. 11. As can be seen, in the central zone
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0.5 1

1.5 2
reduced wave number k/7

for 7 = 0 the local contribution, characterized by the
term £y0(7) in Eq. (125), is dominant. On the contrary,
in the zones far from the origin, i.e. for |7] > 0, size
effects induced by the discrete microstructure take
place and the nonlocal long-range interactions become
manifest, as described by the attenuation function.
These long-range interactions are well captured by the
nonlocal continuum model: indeed, the attenuation
function .o poniocal (7, €0¢) is quite close to .o jyice (7, 0)
for |F| > 0, with accuracy that is higher with increas-
ing order of nonlocal elasticity theory. For n > 2 the
approximation of .o7ice(F,d) is satisfactory for a
wide range of normalized distances 7.

7.2 Capturing the static and dynamic response
of the discrete lattice

The static and dynamic response of the lattice model
sketched in Fig. 3 is simulated through the nonlocal
elasticity model with the material parameters identi-
fied in the previous subsections. We consider a
discrete lattice comprising 21 mass particles, so that
the total length of the corresponding nonlocal contin-
uum bar is L = 20¢. We consider NNN interactions
(0 =1/4). The input data of the lattice are: ¢ =
0.1421 nm (distance between two carbon atoms), k; =
305nN/nm (first order stiffness), k» = ok, and
A = 1nm?.

As a first example, the static response of the discrete
lattice subject to two concentrated axial forces P =
0.01nN at the two free ends is considered. The
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Table 3 Nonlocal material parameters of the generalized nonlocal elasticity theory for n = 1,2, 3,4 identified by matching the dispersion curve of the lattice model with NNN

interactions for § = 1/4

Length scale parameters

Nonlocal material parameters

n

78
&,

Ry

€0

<4

<

&

0.399
0.994
0.139
0.78
0.07

0

0.631

l’r

0.445
—-0.075
0.69

—0.14

0.997

49 x 1073
0.20

32 x 1073

0.264

2.74
2.86

797

—2.40
—0.19
—407

2
3
4

0.017

120 x 1073
—4.49 x 107*

93 x 107
0.0118

0.508
0.129

—1.73
—692

19x 107 7.8 x 1078

1.7 x 1073

6.1 x 107°

226

= 0; *this set of

= 1.0 so that the length scale parameter 65‘1

This is a particular subcase of the proposed generalized theory of nonlocal elasticity by setting & = 0 and &

/2

o2 and o /d*k|,

r

parameters is obtained by setting the value @(k)

stiffness matrix K is easily constructed considering the
generic equation of motion of the nth mass particle
(111). Ignoring inertia effects (as if the load were
applied in a quasi-static manner), the governing
equation in statics Ku = # is solved to determine
the displacements of the mass particles u and, then, the
corresponding strain field. In the case of NN interac-
tions (6 = 0), the strain field would be constant
throughout the lattice and equal to ¢ = P/(EA) with
E = ki¢/A. However, in the case of NNN interactions
the strain field is a bit different. While in the central
zone of the lattice the strain field is constant and equal
to ¢ = P/(EeqA) With Eeq = keql /A = ki (1 4 40)L/A,
the boundary masses are affected by a reduction of
stiffness near the lattice ends: indeed, the second order
stiffness contributions k, reduce in the two boundary
atoms in comparison with the other ones along the
lattice length. This stiffness variation in the second
order interactions causes an increase of axial strain in
the two boundary masses and some fluctuations in the
neighboring atoms that cannot be captured with a local
continuum model. Instead, these fluctuations can be
approximated with a nonlocal continuum model, as
demonstrated in Fig. 12. In addition to the continuous
profile of the axial strain computed through the
nonlocal continuum model, a piecewise plot is also
reported for facilitating the comparison with the
discretized profile of the lattice model. This piecewise
profile is computed at each midpoint x; of the particle
spacing ¢ as weighted average of the continuous
function within such a lattice spacing, i.e.,
xo+£/2

Eaverage (X()) = % / C(y) dy (126)

xo—L/2

As can be seen from Fig. 12, the nonlocal contin-
uum model of second order (n = 2) is able to describe
the actual boundary fluctuations of the static response
of the lattice model with good accuracy, much better
than the first order model (n = 1).

As a second example, the eigenvectors of the
nonlocal continuum bar (i.e., the eigenfunctions
¢, (x), Py(x),...) are calculated and compared to the
natural modes of vibration of the discrete lattice model
obtained by solving the eigenvalue problem (116). The
mass of each atom is set as m = 1.66 - 10~ '¥ nKg so
that the mass per unit volume  is
p =m/(Al) = 1.1682 x 10~'"nKg/nm*. The other
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parameters are kept the same as defined above. In
order to have the same total mass m,; = 21m in the
discrete lattice and in the nonlocal continuum model,
the length of the nonlocal bar is set as L = 21/ in this
case (so that pL = my, = 21m).

Comparisons relevant to the second order nonlocal
elasticity model (n = 2) are depicted in Figs. 13 and
14 for the first 12 natural modes of vibration of the
lattice model with NN and NNN interactions, respec-
tively. It is seen that the nonlocal material parameters
identified in the previous section (cf. Tables 1 and 3
for NN and NNN interactions, respectively) provide
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an excellent simulation of the free vibration response
of the discrete lattice model, even for relatively high
frequencies. The corresponding @& — k couples of the
discrete lattice model and of the nonlocal continuum
bar lie on the corresponding dispersion curves (of the
lattice model, Eq. (114), and of the nonlocal model,
Eq. (101)). These & —k couples are reported in
Fig. 15 for NN and NNN interactions. As can be
observed, for NN interactions the @ — k couples of the
lattice model are superimposed to the ones of the
nonlocal bar, and the description of the dispersion
curve is perfect within the FBZ; for NNN interactions,
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Fig. 12 Simulation of the static response, in terms of axial strain, of discrete lattice with 21 mass particles and NNN interactions as
sketched in Fig. 3 through nonlocal continuum model of first and second order

the description is excellent up to reduced wave
numbers k =~ 0.47 and then some modest discrepan-
cies arise for higher wave numbers.

It can be concluded that the proposed nonlocal
elasticity model of second order is capable of
describing size effects and long-range interactions
observed in the static and dynamic response of the
discrete lattice model with NN and NNN particle
interactions.

8 Conclusions

The generalized theory of nonlocal elasticity of n-
Helmbholtz type presented in the Part I paper has been
particularized here for the one-dimensional case. The
starting point has been to assume the Eringen nonlocal

(bi-exponential) kernel to define the first order non-
local strain field. By convolution product, it has been
possible to extend the derivations up to the definition
of a generic nth nonlocal strain field. These derivations
have also been replicated through the Fourier trans-
form method for completeness. From this particular
family of nonlocal kernels, the corresponding non-
standard boundary conditions that are consistent with
the attenuation functions have been derived. These
nonstandard boundary conditions are useful to pass
from the integral formulation to the differential (or,
also, integro-differential) format of the proposed
generalized nonlocal elasticity theory in a consistent
manner.

Combining the generalized constitutive equations
with the compatibility and dynamic equilibrium
equations, the expressions governing the boundary
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Fig. 13 Simulation of the first 12 natural modes of vibration of discrete lattice with 21 mass particles and NN interactions (0 = 0) as
sketched in Fig. 3 through second order nonlocal continuum model
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Fig. 14 Simulation of the first 12 natural modes of vibration of discrete lattice with 21 mass particles and NNN interactions (6 = 1/4)
as sketched in Fig. 3 through second order nonlocal continuum model
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Fig. 15 & — k couples of the lattice model and of the nonlocal bar for NN interactions (left) and NNN interactions (right)

value problem for the one-dimensional case have been
presented. These expressions have been used to
simulate the static and dynamic response of a discrete
lattice model with long-range interactions. In line with
other studies from the relevant literature, the nonlocal
material parameters have been identified by matching
the dispersion curve of the discrete lattice. Using the
identified nonlocal material parameters, a comparison
in terms of global attenuation functions has also been
presented, by exploiting the Fourier transform method
to determine the exact attenuation function of the
lattice model with NNN interactions. Some simple
examples in statics and dynamics highlight the accu-
racy of the nonlocal elasticity theory of second order to
capture size effects and long-range interactions occur-
ring in the lattice model.

It is emphasized here that this particular format of
differential and integro-differential model is perfectly
consistent with the integral nonlocal formulation.
Thus, once the calibration of the nonlocal material
parameters is carried out with reference to the
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differential (weakly nonlocal) theory, further analyses
can be performed through the integral (strongly
nonlocal) theory by exploiting the resulting nonlocal
kernels that are consistent with the identified length
scale parameters.

In conclusion, two final remarks are made here
regarding both the Part I and Part II papers. Increasing
the order n in the generalized theory of nonlocal
elasticity entails the following consequences:

(1) the addition of further higher-order terms in the
corresponding governing differential Eq. (58)
(including derivatives of the acceleration field
up to order 2n and derivatives of the displace-

ment field up to order 2n + 2);

(2) the addition of further terms in the global
attenuation function (125) that is, therefore,
better able to describe nonlocal long-range
interactions;

(3) the addition of further terms in the dispersion

curve of the nonlocal continuum (121) that is,
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therefore, better able to describe the dispersion
curve of lattice models;

(4) the implication of additional higher-order non-
standard boundary conditions to be enforced at
the two bar ends, whose number is strictly
related to the order n (in particular, 2n nonstan-
dard boundary conditions).

While extension to multi-dimensional problems
(e.g. plates and shells) is quite challenging as it
requires additional effort due to the implied higher-
order 2D nonstandard boundary conditions that are
consistent with the 2D attenuation functions, applica-
tion of the proposed theory to beam models
[23, 24] (e.g., Euler-Bernoulli, or Timoshenko beam
theories) seems straightforward.
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Appendix A: Nonstandard boundary conditions
of order n applied to nonlocal strain of order less
than n

In this Appendix, we present some supplemental
nonstandard boundary conditions that useful for the

determination of the eigenfunctions ¢(x) in the free
vibration analysis. These supplemental relationships
arise from applying the nonstandard boundary condi-
tions of order n, i.e. involving n & differential
operators, to nonlocal strain of order of order k less
than n, i.e., k=1,2,...,n— 1. Let us consider the
expression of EJ(CU(x) given in (33). By exploiting the
Leibniz integral rule (36), the nonstandard boundary
conditions for n = 2 as per (41) and (42) applied to

&l (x) leads to

Oy (*)gl)(x)h:()

c %

d
= {(1 = (e +62)d—x+6102d 2)%”( )} o —S—TEX(O),
yc(i)y(wal)(x” =0
2 3
~|(1-eg-dimrdais) @0 —u0-alo
2 D),
[ d &’ c
_ 1 . “ .‘7ﬂ’l) 7772([‘.
(1+@rergrac o] --Zuw.

P

[ d &’ &
~[(+ef-d-deg)@w]|| -+,

a (127)

By extending this result, the nonstandard boundary
conditions for n = 3 as per (44) and (45) applied to

&l (x) leads to
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20202 D),

c3 2 Cy X
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x=0
(C2C3 +cicr + C16‘3) C1CC3
- lasraatan), g 99, q)
1 1
- - 1)1
gci )gci )gcg )‘4)5 )(x)|x:0

d N 2 A d! (1)
=|(1l—=(c2+ C3)£—|— (cac3 — cl)ﬁ—k (cie2 + C‘C3)ﬁ —cieaes g )& (x)
= &(0) = (c2 1 €3)£,(0) + c2c3¢,(0),
g(*)g()g()%l)()‘ :g(*)c_/()%l)(x)‘
x=0 3 x=0

c3 (&) (&} X C1,C2 X

d 4> a3 d &
= Kl —c3 o (c% + c%) 72 + (0%6‘3 + C§C3) 70 + czcgg — c%c%cg $> éfcl)(x)}
=&/(0) — 6‘38/ (0) — c% (0) + c2038 (O)
2. (+)$( g Hl)( )|
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d &? &
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= &(L) + c3,(L) — c36,(L) — 3ese, (L).
(128)

x=L

And, finally, the nonstandard boundary conditions

for n = 4 as per (46) applied to g (x) leads to
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(129)
=2)

Now, let us consider the expression of &’ (x) given
in (37). The nonstandard boundary conditions for n =

3 as per (44) and (45) applied to 5,((2) (x) leads to

2002 W)] = =0,

#2020 L VW == = 2el0),

20202 V)= L L LA W] o= = 0l0) = 58, (0),
gcgﬂ PNy (+Hx2>( ),_,=-=0,

20202 VW] == - L),
gcﬁﬂfcil)gcfl)gf)(x)|H @ <+)gcfzc>2%x1 (x)|X:L: =g (L) + cae (L)

(130)

And, finally, the nonstandard boundary conditions

for n = 4 as per (46) applied to 5)(62) (x) leads to
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(131)
Now, let us consider the expression of & (x) given
in (43). The nonstandard boundary conditions for n =
4 as per (46) applied to é@(x) leads to
‘g ( )g ( gcz )gcg )gJ(c3)(‘x)| :O: O’
g( )g( gcz )g()gﬁ)( )|:0:O’
_ _ _ _ C4
"g)ci >$c§ >$LE )g ( )E)(cg)( )| = gc( )"g)Lg >$cfc>25(3)(x)|x:0: _;38)((0)7
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P H ey (1)5(3)( )|
Cq c3 2 (4] X =, C1,02,C3 x

(132)

_g(+)g 3) %3)( >|7

= &(L) + cagl (L)

By extension, for a generic order n one should
calculate the nonstandard boundary conditions applied

to &b (x)(k=1,...,n—1) by repeatedly applying
the following relations
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& () R7a ) 4’<) (x)
Cn,Cn—15++Cj Llcz,.“,aj 1 =0
% (p+) R% Gi-1) 4k) (x)
Cp,Cp— |..,.,C C1,€2,.. C' Y=L
forj=1,2,...,n —1; (133)
p=n—j+L nzj
k=1,...n—1
where the differential operators 5,”6 er 1, and
ggﬁm,...,c,- are defined in (48). These higher order
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boundary conditions are useful for the determination
of the eigenfunctions ¢(x) discussed in subsection 4.2.

In

this Appendix, we have explicitly reported the

nonstandard boundary conditions up to order n = 4. It
is worth noting that all the presented expressions are

simplified in the case ¢c; = ¢, =--- =¢, = /4.
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