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Abstract In this paper the new semi-analytical

solution for the moving mass problem on massless

foundation, published by the author of this paper, is

extended to account for inertial foundation modelled

by a continuous homogeneous finite depth foundation

with simplified shear resistance. Derivations are

presented for infinite as well as finite homogeneous

beams. Mode expansion method is used to solve the

problem on finite beams, thus vibration modes, the

corresponding orthogonality condition, reengagement

of coupled equations to ensure significant calculation

time savings are derived. Methods of integral trans-

forms and contour integration are exploited to obtain

the solution on infinite beams. Resulting vibrations are

derived as a sum of the steady and unsteady harmonic

vibrations and a transient contribution. The unsteady

harmonic vibration is proven to be a useful indicator of

unstable behaviour through the mass induced frequen-

cies. Besides frequency lines also discontinuity lines

are determined and their influence on the proximity of

harmonic and full solutions is discussed. Even if the

differences between these two versions are larger than

for the massless foundation, it is shown that the

harmonic solution provides a very good estimate of the

full solution (in several cases perfect match is

achieved) with the advantage to be obtainable by a

simple evaluation of the derived closed-form results.

Like for the massless foundation, also here, vibrations

on infinite beams can be obtained on long finite beams

with eliminated effect of its supports. All mentioned

approaches are also validated by the finite element

method.

Keywords Transverse vibrations � Moving mass �
Constant and harmonic load � Normal force � Mass-

induced frequency � Semi-analytical solution �
Foundation with simplified shear resistance

1 Introduction

Several fields of engineering applications have to deal

with moving load problems. These problems are

specified by a guiding structure, usually in form of a

beam, the foundation, which the guiding structure is

placed on, and the moving load. Although this kind of

applications generally uses the term ‘‘moving loads’’,

it should be clearly stated whether mass and thus

inertial forces are included in the moving object or not,

in other words, if moving force(s) or moving mass(es),

oscillator(s), etc. are being considered.
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This paper deals with the moving mass problem,

which is inherently a non-linear problem, even if the

mechanical properties of the respective parts are

linear. Therefore, its solution is more complicated

than the solution of the problem with the moving

force, and in general there is no possibility of

superposition of the results concerning different

moving masses.

Moving load problems have attracted the scientific

community for more than a century, and therefore a

significant amount of works has already been pub-

lished and it would be quite difficult to summarize all

the relevant contributions. Hence, only some funda-

mental works and some recent trends will be referred

with the focus on semi-analytical and analytical

methods. In the first place it is necessary to mention

Frýba’s monograph [1], where several solutions for

finite and infinite structures are summarized, together

with references to pioneering contributions in the field

of moving loads [2–6].

There are several models used by the researchers to

describe the moving load problems. In most of the

models, the guiding structure has distributed mass and

consequently allows for wave propagation. But wave

propagation in the foundation is not always enabled,

like in models with massless foundation. Foundations

with lumped masses allow for wave propagation in a

simplified manner. Only the distributed mass models

are capable of full wave propagation. This is another

fact that is very important to highlight in the beginning

of the model description. Most times models referring

‘‘the elastic foundation’’ are grouped together, but it is

quite different when such foundation is composed by

Winkler springs or by elastic half-space.

Vibrations generated by moving forces traversing a

beam on a massless foundation is still an active

research field [7, 8], extension to non-linear behaviour

is given in [9–11] and other features are analysed in

[12–14]. Partially inertial foundation is used in

classical models with discrete supports [15, 16], that

are solved by finite element method (FEM) or other

techniques. It is also necessary to mention moving

elements, moving window method and spectral ele-

ments [17]. Alternatives to Fourier transform are

based on wavelet approximations [18] which can be

also extended to non-linear behaviour by Adomian

decomposition method. Fully inertial models use

elastic half-space [19–21]. However, because it is

possible to assume that the part of the foundation that

can be dynamically activated has only a limited depth,

there is another group of works that take such

assumption into account. This preposition facilitates

the introduction of a dynamic interaction between the

beam and the foundation, as shown in the critical

velocity analysis in [22, 23] and in [24].

The moving mass or moving oscillator problem is

generally more complicated than a moving force

problem. Akin and Mofid [25] can be included among

pioneering works, but there are also more recent

developments [26–34], mostly related to finite beams.

The problem has been solved numerically in [35].

Extensive analyses of conditions for instability are

presented in [36–39]. Dynamic Green’s function is

implemented in [40, 41], among recent contributions

[42] can be mentioned.

If infinite homogeneous guiding structure sup-

ported by a continues homogeneous foundation is

assumed, it is also necessary to specify, whether only

steady-state solution will be searched for or whether

unsteady vibrations will also be under consideration. It

should be of general knowledge that the steady-state

vibrations induced by a moving mass acted on by a

constant force are exactly the same as the ones induced

by the moving force only. Some authors associate

mass to the moving object and then restrict themselves

to the steady-state solution, even if in such a way

inertial effects related to the moving mass are

removed. This restriction can be hidden in application

of multiple Fourier transform [43, 44]. In the absence

of damping, the resonance case identifies the critical

velocity. If the mass is acted on by a harmonic force,

then the resulting steady-state vibrations are not

exactly the same as for the moving harmonic force,

because the mass value influences the amplitude of the

steady-state vibrations, but the frequency is only

dictated by the excitation frequency. Then, in the

absence of damping it can happen that the amplitude

of the resulting vibrations attains an infinite value.

This happens when the forcing frequency attains the

natural frequency of the system. Then the denominator

of the expression for the steady state amplitude as well

as for the transient part of the vibrations is zero, and

therefore these values are not mathematically defined.

This is also a resonance effect. Unstable behaviour is

identified by exponential increase of vibration ampli-

tudes with respect to time, which can occur in

undamped as well as damped case.
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Steady-state solution is unable to detect instability

of the moving object, and therefore, when instability is

to be analysed, then unsteady part must be included,

and the object induced vibrations must be tracked from

the very beginning. This marks fundamental differ-

ence between the moving inertial object and the

moving force, where instability is out of the question,

and therefore it is not essential to track the vibrations

from the start. In summary, vibrations that arise by

actions of moving inertial objects with velocities that

can reach or overpass the critical one, should always

be considered with their unsteady part. Moreover, it is

more realistic to include inertial effects in all involved

parts, because the critical velocity is strongly depen-

dent on the wave propagation in the foundation and the

critical velocity is closely related to the onset of

instability. The unsteady vibrations are important not

only for instability analysis of the moving object.

Their importance should not be overlooked because

(i) in an undamped case they last forever, and steady-

state situation is never reached; (ii) any disturbance in

load and/or foundation will originate unsteady contri-

bution to the resulting vibrations.

New form for semi-analytical solution of vibrations

induced by mass or oscillator traversing a beam on a

two-parameter massless foundation is detailed in

previous author’s works [45–47]. It is shown that

there is a very good proximity between vibrations of

finite and infinite structures when the load is set to start

actuating a little bit further from the support. This

implies that, if finite structures can be analysed with

the effect of the supports eliminated this way, then it is

possible to select for their representation the most

advantageous type, which for finite beams are

undoubtably simple supports. Vibrations in finite

beams will reach the steady-state solution only after

significant part of the structure is passed and therefore,

inherently include the unsteady part, which is suit-

able for the validation of unsteady vibrations obtained

in infinite beams. However, is not easy to achieve

proximity of these solutions in moving force prob-

lems. Analysis of special conditions to be applied on

moving force to reach stabilized solution in undamped

cases is presented in [12].

In this paper, the new form for the semi-analytical

solution of vibrations induced by moving mass from

[45, 46] will be extended to the foundation model with

partial shear resistance. This foundation model has

been proven to be an acceptable approximation of

reality (see [22, 23]). Neglecting the shear resistance,

the model is equivalent to the one presented in [48].

The model is simple enough to be handled by semi-

analytical approaches and has a counterpart in modal

expansion, which is suitable for finite beams. The

model (i) can acceptably approximate vibrations

recorded experimentally as shown in [22] and (ii)

provides results sufficiently close to the ones obtained

on more sophisticated models [23].

In this paper the semi-analytical solution of vibra-

tions induced by moving mass traversing a homoge-

nous beam (finite or infinite) supported by a continues

homogenous finite depth foundation with simplified

shear resistance is presented. The new contributions

for the case of finite beam are:

(i) identification of vibration modes and orthog-

onality conditions;

(ii) reengagement of coupled equations to ensure

significant savings of the calculation time.

For the case of an infinite beam, the new contribu-

tions are:

(iii) presentation of resulting vibrations as a sum

of their steady-state part, the unsteady har-

monic part (through mass induced frequen-

cies) and the transient part;

(iv) analysis of proximity of the harmonic (steady

and unsteady) and the full solutions with the

help of frequency and discontinuity lines;

(v) determination and analysis of mass induced

frequencies and their importance for final

solution and the onset of instability;

(vi) identification of several cases where the

harmonic solution very well approximates

the full solution, which allows to take advan-

tage of closed-form formulas numerically

stable even at larger times.

The paper is organized in the following way: in Sect. 2

the problem to be solved is specified on infinite beams

and its solution is presented in Sect. 3. The problem

definition and solution on finite beams is given in

Sect. 4. Section 5 is dedicated to illustrative examples

and validations. Conclusions are drawn in Sect. 6.
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2 Problem definition on infinite beams

In this section the problem at hand will be defined on

infinite beams, together with some simplifying assump-

tions. Let a uniform movement of a point mass over a

homogenous beam supported by a continuous homoge-

neous finite depth foundation with simplified shear

resistance be considered. It is assumed that at zero time

the beam is at rest and all deflection fields are measured

from static position of the involved parts, excluding from

further analysis beam and foundation weight. As the

problem has applications in railways, the moving force

acting on the point mass may not be coincident with the

mass weight. The beam will be treated according to the

Euler–Bernoulli theory. Foundationmodel, as described in

[22, 23], corresponds to a foundation strip of a finite width

b, which is the same as the beam width, and a finite

depth H. It has zero strain in width’s direction and

neglected horizontal displacements. The shear resis-

tance is included in its simplified form by the shear

stress originated by vertical displacements. This

means that in FEM, the foundation can be modelled

by plane strain continuum without horizontal dis-

placements with recalculated foundation properties in

order to respect the considered width.

The beam dynamic equilibrium in fixed coordinates

ðx; tÞ is given by:

EIw;xxxxðx; tÞ þ Nw;xxðx; tÞ þ mw;ttðx; tÞ
þ cbw;tðx; tÞ þ sðx; tÞ ¼ Fðx; tÞ

ð1Þ

where wðx; tÞ is the unknown transversal displacement

of the beam, positive when oriented downward. Fðx; tÞ
is the loading term and sðx; tÞ is the foundation

pressure. EI, m and cb stand for the bending stiffness

and mass per unit length of the beam, and the external

viscous damping coefficient, respectively. N is the

normal force considered positive when inducing

compression. Here and in what follows derivatives

are designated by the respective variable in subscript

position, preceded by a comma. Boundary conditions

dictate zero displacement and slope at positions

corresponding to plus and minus infinity, x ! �1,

and the initial conditions are considered homogeneous

wðx; tÞjt¼0¼ 0; w;tðx; tÞ
�
�
t¼0

¼ 0 8x: ð2Þ

The loading term with one point mass M acted on

by a constant force P with harmonic component of

amplitude P0, forcing frequency xf and phase shift uf

is depicted in Fig. 1. Harmonic part of the forcing term

is represented by trigonometric sine function.

Trigonometric representation of the loading term is

important for analysis of finite beams in order to keep

the analysis in the real domain. However, exponential

function has more advantages in analysis of infinite

beams. In order to keep the phase indicated in sine

function, it is necessary to add 3p=2 or�p=2, because
the real part of the exponential function with imagi-

nary exponent correspond to the trigonometric func-

tion cosine. Therefore, the loading term reads as:

Fðx; tÞ¼ PþP0e
i xf tþufþ3p=2ð Þ �Mw0;ttðtÞ

� �

dðx� vtÞ

ð3Þ

where v is the velocity, w0 is the mass displacement at

the contact point and d is the Dirac delta function.

Rotary inertia of the mass is neglected and it is

assumed that the mass is in continuous contact with the

beam, thus w0ðtÞ ¼ wðvt; tÞ. In addition, friction

acting at the contact between the mass and the beam

is not considered. The actual wheel shape is not taken

into account, meaning that if in damped and/or

supercritical velocity case the slope of the deflection

at the force position is not zero, the contact point is not

converted to the correct position, which moves slightly

forward due to the actual wheel shape. Also, the drag

force acting against the moving force in such cases is

neglected.

The foundation pressure sðx; tÞ has to be determined

from the analysis of the foundation. The dynamic

equilibrium in the vertical direction under plane strain

condition reads as:

ðkþ 2lÞuz;zz ðx; z; tÞ þ luz;xxðx; z; tÞ ¼ quz;ttðx; z; tÞ
ð4Þ

where uzðx; z; tÞ is the unknown vertical displacement

of the foundation, k and l are the generalized Lame’s

v

H

Rigid base

x

z

r

z

( )0 f fP P sin tω ϕ+ +

N
N

M

Fig. 1 Infinite beam on elastic foundation of finite depth

subjected to a moving load and a normal force
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constants of the soil and q is the soil density. The soil

damping is introduced as viscous, but similar deriva-

tions could also be performed for hysteretic one, as

shown in [23].

k ¼ k0 1þ cf �;t
� �

; l ¼ l0 1þ cf �;t
� �

ð5Þ

In Eq. (5) cf is the relative coefficient of viscous

damping of the foundation, and k0 and l0 are basic

values of Lame’s constants.

Therefore, the foundation equilibrium is given by:

k0 þ 2l0ð Þ uz;zzðx; z; tÞ þ cf uz;zztðx; z; tÞ
� �

þ l0 uz;xxðx; z; tÞ þ cf uz;xxtðx; z; tÞ
� �

� quz;ttðx; z; tÞ ¼ 0

ð6Þ

i:e: v2p uz;zzðx; z; tÞ þ cf uz;zztðx; z; tÞ
� �

þ v2s uz;xxðx; z; tÞ þ cf uz;xxtðx; z; tÞ
� �

� uz;ttðx; z; tÞ ¼ 0

ð7Þ

where

vp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k0 þ 2l0
q

s

; vs ¼
ffiffiffiffiffi
l0
q

r

ð8Þ

are velocities of propagation of the pressure and shear

waves, respectively.

Initial conditions are again assumed as homoge-

neous. One of the boundary conditions states zero

displacement at the foundation depth H and the other

one is in fact continuity condition, connecting the

beam with the foundation by

wðx; tÞ ¼ uzðx; 0; tÞ ð9Þ

In addition, Eqs. (1) and (7) are coupled by the

foundation pressure, sðx; tÞ, which is determined from

uz by classical equations of elasticity defining the

normal stress, which has to be multiplied by the

foundation width b in order to obtain a value

distributed in line. It is also important to change the

sign due to standard sign conventions:

sðx; tÞ ¼ �rzðx; 0; tÞb: ð10Þ

3 Problem solution on infinite beams

At first, it is necessary to remove the additional

unknown w0ðtÞ and express it in terms of the beam

deflection wðx; tÞ with the help of the assumption of

continuous (rigid) contact: w0ðtÞ ¼ wðvt; tÞ. The rel-

evant derivatives are obtained by the chain rule

w0;tðtÞ ¼ vw;xðx; tÞ þ w;tðx; tÞ;
w0;ttðtÞ ¼ v2w;xxðx; tÞ þ 2vw;xtðx; tÞ

þ w;ttðx; tÞ with x ¼ vt

ð11Þ

Consequently, the loading term becomes

F x; tð Þ ¼ Pþ P0e
i xf tþufþ3p=2ð Þ �M w;tt x; tð Þ

��

þ 2vw;xt x; tð Þ þ v2w;xx x; tð Þ
��

d x� vtð Þ
ð12Þ

Now, the governing Eqs. (1) and (7) are transferred

to moving coordinates r ¼ x� vt, z ¼ z, t ¼ t. It is

necessary to highlight that the time dependent terms

will be kept in order to account for the transient

vibrations. For the sake of simplicity, functional

dependence will be mainly omitted, unless expression

could be ambiguous. The beam equilibrium in moving

coordinates is thus

EIw;rrrr þ Nw;rr þ m w;tt � 2vw;rt þ v2w;rr

� �

þ cb w;t � vw;r

� �

þ s

¼ Pþ P0e
i xf tþufþ3p=2ð Þ �Mw;tt

� �

dðrÞ
ð13Þ

and Eq. (7) reads as

v2p uz;zz � vcf uz;zzr þ cf uz;zzt
� �

þ v2s uz;rr � vcf uz;rrr þ cf uz;rrt
� �

� v2uz;rr þ 2vuz;rt � uz;tt ¼ 0

ð14Þ

For the solution method, as well as for presenting

and calculating the results, it is convenient to switch to

dimensionless coordinates, parameters and unknown

displacement fields. The finite depth foundation has

the advantage of being able to introduce the equivalent

Winkler constant, k, which guarantees the connection

with the standard dimensionless parameters for mass-

less foundation, therefore:

k ¼ k0 þ 2l0ð Þb
H

; v ¼
ffiffiffiffiffiffiffiffi

k

4EI

4

r

;

wst ¼
Pv
2k

; vcr ¼
ffiffiffiffiffiffiffiffiffiffi

4kEI

m2

4

r

¼ 1

v

ffiffiffiffi

k

m

r ð15Þ

where v is the inverse of the characteristic length, wst

is the maximum static displacement exerted by the
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force Pwhen the beam is posed on foundation with the

equivalent Winkler constant and vcr is its critical

velocity. Then it is convenient to introduce the

velocity and foundation mass ratios, a and R,

respectively:

a ¼ v

vcr
; R ¼

ffiffiffiffiffiffiffiffiffi

qbH
m

r

ð16Þ

Thus, the mass ratio R corresponds to the square

root of the ratio of the dynamically activated founda-

tion mass to the beam mass. Dimensionless coordi-

nates, time and displacements are

n ¼ vr; f ¼ z

H
;

s ¼ vvcrt ¼ t

ffiffiffiffi

k

m

r

and

u
_

z ¼
uz
wst

; w
_ ¼ w

wst

ð17Þ

Going back to Eq. (13), it is obtained after switch-

ing to the dimensionless form (following [45, 46]):

w
_

;nnnn þ 4 gN þ a2
� �

w
_

;nn þ 4w
_

;ss

� 8aw_;ns þ 8gb w
_

;s � aw_;n

� �

þ 4
s

kwst

¼ 4 2gP þ 2gP0
e
i x

_

f sþufþ3p=2

� �

� gMu
w
_

;ss

 !

dðnÞ

ð18Þ

where the additional parameters are

x
_

f ¼
xf

vvcr
; gb ¼

cb

2
ffiffiffiffiffiffi

mk
p ; gN ¼ N

Ncr
;

gP ¼ P

P
¼ 1; gP0

¼ P0

P
; gM ¼ Mv

m

ð19Þ

whereNcr ¼ 2
ffiffiffiffiffiffiffi

kEI
p

is the static buckling load of beam

on Winkler’s foundation, gb is the damping ratio and

gM is the moving mass ratio. Further, Eq. (14) in

dimensionless form reads as:

v2p
1

H2
u
_

z;ff � vcf
v
H2

u
_

z;ffn þ cf
vvcr
H2

u
_

z;ffs

� 	

þ v2s v2u_z;nn � vcf v
3u
_

z;nnn þ cf v
3vcru

_

z;nns

� �

� v2v2u_z;nn þ 2vv2vcru
_

z;ns � v2v2cru
_

z;ss ¼ 0:

ð20Þ

In conformity with [45, 46], Laplace transform is

applied first on the time variable s and then Fourier

transform on moving spatial coordinate n.

~Fðn; �qÞ ¼
Z1

0

f ðn; sÞe� �qsds; where �q ¼ iq ð21Þ

Fðp; �qÞ ¼
Z1

�1

~Fðn; �qÞe�ipndn ð22Þ

As in [36], �q is used in the definition of the Laplace
transform in Eq. (21), to be similar to the usual form of

the definition integral. Change to q is justified by the

fact that the physical meaning of q is a frequency, and

it is convenient to use expressions similar to the ones

usually used when using the exponential form (com-

pare with Eq. (37) in further text). This does not

impose any restriction, both �q and q are complex.

Let us first deal with Eq. (20). After simplifications

using

Hvcrv
vp

¼ R and
Hvv
vp

¼ aR ð23Þ

and introducing new foundation damping parameter gf
and shear ratio #s

gf ¼ cf

ffiffiffiffi

k

m

r

¼ cf vcrv; #s ¼
vs
vcr

ð24Þ

one obtains

Uz;ff þ Uz

C2
f

g2d
� p2R2#2

s

 !

¼ 0 ð25Þ

where

g2d ¼ 1� igf ðap� qÞ
� �

; C2
f ¼ R2ðap� qÞ2 ð26Þ

With introducing

�C2
f ¼ C2

f � p2R2#2
sg

2
d

� �

ð27Þ

the solution of Eq. (25) is

Uz ¼ A sin
�Cf

gd
f

� 	

þ B cos
�Cf

gd
f

� 	

ð28Þ

where in fact, square root was used, but it will be seen

further that the sign in front of the square root is

immaterial. Integration constants A and B will be

determined from the boundary and interface condi-

tions. The boundary condition implies
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Uzð1Þ ¼ 0 ¼ A sin
�Cf

gd

� 	

þ B cos
�Cf

gd

� 	

ð29Þ

and the interface condition gives

W ¼ Uzð0Þ ¼ B ð30Þ

In Eq. (18), the term accounting for the foundation

pressure is 4s
kwst

, which in transformed space corre-

sponds to 4S
kwst

. In Eq. (10) it was specified that

s ¼ �rzð0Þb, which in transformed space means

S ¼ �Rzð0Þb. By using classical elasticity equations,

one obtains:

4S

kwst
¼ �4gd �CfA ð31Þ

then together with Eqs. (29) and (30):

4S

kwst
¼ �4gd �CfA ¼ 4gd �CfB= tan �Cf =gd

� �

¼ 4Wgd �Cf = tan �Cf =gd
� �

ð32Þ

Now, it is seen from Eq. (32) that the sign in front

of the square root in both cases, for gd and �Cf , is

immaterial.

In the transformed space then [with the help of

Eq. (32)], it holds for the beam

Wðp; iqÞ p4 � 4p2 gN þ a2
� �

� 4q2 þ 8apq



þ 8igbq� 8igbapþ 4gd �Cf = tan �Cf =gd
� ��

¼
8gPu

iq
þ
8gP0

ei ufþ3p=2ð Þ

iq� ix
_

f

þ 4gMq
2 ~Wð0; iqÞ

ð33Þ

After that it is possible to proceed as in [45, 46] with

the only difference that

Dðp; qÞ ¼ p4 � 4p2 gN þ a2
� �

� 4q2

þ 8apqþ 8igbq� 8igbapþ 4gd �Cf = tan �Cf =gd
� �

ð34Þ

has now the last term in form of 4gd �Cf = tan �Cf =gd
� �

instead of previous number 4.

The Laplace image of the solution can be solved

analytically:

~Wðn; qÞ ¼ 4gP
iq

þ
4gP0

ei ufþ3p=2ð Þ

iq� ix
_

f

 !

Kðn; qÞ
p� 2gMq2KðqÞ

ð35Þ

where

p� 2Kð0; qÞgMq2 ¼ 0 ð36Þ

is the characteristic equation.

The final solution, expressed as a sum of residues

and an additional term representing the additional

transient part w
_

trðn; sÞ, reads as

w
_ðn; sÞ ¼ 4gPKðn; 0Þ

p
þ
4gP0

K n;x
_

f

� �

ei ufþ3p=2ð Þ

p� 2K 0;x
_

f

� �

gMx
_ 2

f

� � eix
_

f s

þ
X

j¼0;2;4;...

�2gPK n; qMj

� �

pþ q3Mj
K;q qMj

� �

gMu

eiqMj
s

þ
X

j¼0;2;4;...

�2gP0
qMj

K n; qMj

� �

ei ufþ3p=2ð Þ

pþ q3Mj
gMK;q qMj

� �� �

qMj
� x

_

f

� � eiqMj
s

þ w
_

trðn; sÞ
ð37Þ

where the relevant functions for results evaluation are

defined by

Kðn; qÞ ¼
Z1

�1

eipn

Dðp; qÞ dp ð38Þ

and

K;qðqÞ ¼
Z1

�1

� 1

Dðp; qÞ2
dp ð39Þ

and qMj
are the mass induced frequencies, identified as

complex roots of the characteristic equation (36).

The first two terms in Eq. (37) represent the steady-

state part of the solution and the last three terms the

transient one. The first term is induced by the constant

force and the second one by the harmonic one. The

transient part of the solution has two parts: the third

and the fourth terms in Eq. (37) can be represented by

a closed-form expression and the last term can only be

evaluated by numerical integration. This separation a

consequence of the Cauchy theorem because the

function to be integrated (the Laplace image of the

solution) has poles and discontinuities. The poles are

representing the natural frequencies of the system

(named here as the mass induced frequencies in

conformity with [45–47]). It was verified numerically

that the number of poles is limited, similarly as for the

massless foundation. If a pole exists, then the complex

conjugate of its opposite value is also a pole. For this
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reason, the number of poles is always even. Typically,

there are only two or four poles, or there can be none.

Therefore, the third and the fourth terms of Eq. (37)

can be easily evaluated. The other advantage of this

separation is that if poles exist, then the third and the

fourth terms of Eq. (37) are dominant when compared

with the last one. The third term is induced by the

constant force and the fourth term by the harmonic

one. Except for the last term in Eq. (37), all other

terms are harmonic, represented by closed-form

expressions obtained from the definition of residues.

For the sake of clarity, they will be referred to as the

harmonic solution, so that they can be clearly distin-

guished from the complete solution, which includes all

terms from Eq. (37). It was carefully checked by the

argument principle, that there are no other poles then

the ones presented in examples section and that all of

them are simple.

In agreement with [45–47] the roots of the charac-

teristic equation (36), named as the mass induced

frequencies, can be solved by the two iterative

techniques suggested there. These frequencies are in

fact poles of the function to be integrated in the inverse

Laplace transform and so they are used for residues

evaluation that form the unsteady harmonic part of the

solution. Mass induced frequencies come always in

pairs, thus when qMj
is a root, then �qMj

� �

� is another
root, where * designates complex conjugate value.

Justification is the same as for massless foundation

presented in [45–47]. In this way each pair of roots

constitute a harmonic term. When the imaginary part

of these frequencies is positive, then the corresponding

vibration is stable and will gradually disappear. When

they are negative, then vibrations are unstable, and

amplitudes will increase exponentially with time. For

real frequencies, the unsteady part stays unchanged.

For the unstable behaviour, it is necessary to have at

least one pair of induced frequencies with negative

imaginary part. This proves that unstable solution

cannot be detected by approaches leading directly to

the steady-state solution. In this sense such methods

are incomplete because they hide important features of

the structural behaviour.

For a specific set of problem parameters, smooth

change in the velocity ratio originates smooth change

in the induced frequency, except when discontinuity in

Kð0; qÞ is reached. A set of smoothly varying induced

frequencies will be named as a frequency line. From

the numerical point of view, the iterative techniques

for induced frequencies solution require only repeti-

tive calculation of Kð0; qÞ. In the first technique, the

complex equation to be solved on a complex plane is

intended as if Kð0; qÞ and q were independent. Having
some estimate from n-th iteration qn, the next iteration

is calculated as

qnþ1 ¼ bqi þ ð1� bÞqn ð40Þ

where qi is calculated from

p� 2K 0; qnð ÞgMq2i ¼ 0 ð41Þ

and b is some adequate weight. This means that

Kð0; qÞ is evaluated at the previous estimate qn and

then it is easy to get qi. Convergence of this procedure

depends on the initial estimate q0 and on the selected

weight b. If the convergence is achieved, then the root
can be determined with the required precision. The

initial estimate is conveniently obtained from the

general tendency of each frequency line. To start a

frequency line, it is advised to select a velocity ratio

further from the critical one, where convergence is

guaranteed even for estimates not entirely close to the

root. For the purpose of this paper b ¼ 0:05 was used

in all cases. If convergence difficulties are experi-

enced, the other technique, named as delimiting

search, can be used. Having a reasonable estimate of

the induced frequency value, it is possible to identify a

rectangle domain in the complex q-plane where the

real and imaginary parts of p� 2Kð0; qÞgMq2 are

monotonic and change their sign. Zero values identify

two lines on q-plane. In further iterations it is

necessary to reduce the rectangle domain without

losing the intersection of the lines just identified. Step

by step reduction of the rectangle domain determines

the root with the required precision.

In the same way as in massless foundation, real p-

roots of Dðp; qÞ originate discontinuity in Kð0; qÞ.
These discontinuities cause that the frequency lines

are cut. In massless foundation these cuts can be easily

predicted, because they corresponded to the frequency

value with imaginary part close to gb. There is only

one line of discontinuity (interrupted for subcritical

velocities) and thus the velocity intervals with no

induced frequencies are very narrow and occur only in

lightly damped cases. The foundation model in this

paper is more complicated and thus the discontinuity

lines are also more complicated and cuts in frequency
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lines are not obvious. Muchmore discontinuities cause

that the set of velocities for which induced frequencies

do not exist is much larger. This implies that there are

less situations when the transient solution can be

replaced by simple harmonic function. Discontinuity

lines should be eliminated from the contour integra-

tion by branch cuts, but it was confirmed numerically

that it is sufficient to eliminate only the major

discontinuities. All discontinuity lines are located in

the upper half-plane, i.e. where the imaginary part of q

is positive, which will implicitly ensure that the

vibration determined through integration along the

branch cuts are stable. The higher the imaginary part

the lower the influence of these vibrations on the final

result. This also justifies that the roots indicating the

onset of instability can be easily found, because there

are no discontinuities in their proximity. From this

point of view the onset of instability is precisely

defined by the method proposed. Nevertheless, the

onset of instability was also check by the D-decom-

position method introduced with the same purpose in

[36].

In summary, the foundation model under consider-

ation when compared to the massless foundation, is

characterized by: (i) infinite number of discontinuity

lines affecting not only the imaginary part of Kð0; qÞ
but also its real part; (ii) discontinuity lines which are

not straight; (iii) in some cases, larger differences

between the harmonic and full solutions. It will be

shown in Sect. 5 that: (i) only the most severe

discontinuities in Kð0; qÞ should be avoided; (ii) the

region to be avoided can be tested by the agreement

with the initial conditions; (iii) in several cases the

differences between the full and harmonic solutions

are originated by the imaginary part of the induced

frequencies, and thus the harmonic solutions looks like

being slightly overdamped with respect to the full one.

These discrepancies are thus not very important.

The other disadvantage with respect to the massless

foundation is that Kð0; qÞ cannot be calculated in an

exact way as a sum of residues and must be determined

numerically, and therefore, it is necessary to introduce

some damping to avoid numerical problems. For the

purpose of this article, Matlab predefined numerical

integral evaluation was used and both iterative tech-

niques for induced frequencies determination were

programmed in Matlab. Results obtained are not

compromised by low Matlab numerical precision,

because in regions with large gradients, discontinuities

are present, and qMj
do not exist. These regions are

usually located around the critical velocity. In this

context it is necessary to recall that the critical velocity

of a uniformly moving constant force was determined

for this foundation model in [22], where also approx-

imate formula given in Eq. (42)

acr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� gN
p

� #s

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2þ R2þ
ffiffiffiffi
#s

p

r

þ #s ð42Þ

was derived. acr ¼ Vcr=vcr with Vcr as the new value of

the critical velocity. Thus, for a low foundation mass

ratio, the critical velocity approaches the classical

value vcr;N ¼ vcr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� gN

p
and for a higher foundation

mass ratio, it approaches the velocity of propagation of

shear waves vs in the foundation, which is the lowest

wave-velocity of propagation related to the model

adopted, because the Rayleigh velocity vR cannot be

developed without proper horizontal displacements

contribution. vs and vR are, however, quite close to

each other, as shown by the approximate formula [49],

vR
vs

¼ 0:87þ 1:12t
1þ t

ð43Þ

where t is the soil Poisson ratio.

After frequency lines determination, velocity inter-

vals with and without induced frequencies are known.

If induced frequencies exist, then the full solution can

be reasonably well approximated by the harmonic

solution. For amplitudes calculation it is also neces-

sary to evaluate numerically the integral from

Eq. (39). Getting closer to the regions with no induced

frequencies, the harmonic solution starts to deviate

from the full one and the transient part becomes more

important. When there are no induced frequencies,

then the full solution must be determined numerically

by

w
_ðn; sÞ ¼ 1

2p

Z�iaþ1

�ia�1

~Wðn; qÞeiqsdq

¼ 1

p

Z�iaþ1

�ia�1

�2iKðn; qÞ
q p� 2Kð0; qÞgMq2ð Þ e

iqsdq

ð44Þ

with some suitable a as a real number determined in a

way that all discontinuities and poles lie above the line

specified by �1� ia;þ1� iah i in complex q-

plane. In several of such cases, the full solution is
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mainly composed of the steady-state solution and the

transient part is only adapting the solution to the initial

conditions. Equation (44) was obtained directly from

the definition of the inverse Laplace transform and by

switching the real and complex parts.

One may argue that Eq. (44) could be used in all

cases and that is true. But, numerical evaluation

according to Eq. (44) can easily accumulate numerical

errors and be numerically compromised as the time is

increasing. More importantly, the induced frequencies

give a very important information about the unsteady

harmonic part of the solution. They are important

indicators of the regions of instability and its severity

and they also indicate resonance situation for a

harmonic force. Evaluation of the unsteady harmonic

part with the help of induced frequencies gives thus

always numerically confident values for any consid-

ered time, because they are obtained from a closed

form formula. It will be shown in Sect. 5 that the

induced frequencies can be easily found in many

situations and, as in [45–47], in most cases the

harmonic solution stands for a very good and sufficient

approximation of the full one.

4 Problem definition and solution on finite beams

This section is concerned with the problem definition

and solution on finite beams. Derivations that will be

presented can be used generally, however, they will be

presented in a way, to fulfil the purpose of this paper,

which is related to the validation of results on infinite

beams. For this, it is necessary to eliminate the

supports influence. Firstly, it is necessary to select

some convenient supports and include the correspond-

ing boundary conditions. As justified before, simple

supports will be considered. Secondly, it is necessary

to assume that the load will start actuating a little bit

further from the support.

General derivations start with Eqs. (1) and (2) and

modifying Eq. (3) to the real range by

Fðx; tÞ ¼ Pþ P0 sin xf t þ uf

� �

�Mw0;ttðtÞ
� �

dðx
� vtÞ;

ð45Þ

Boundary conditions dictate zero displacement and

bending moment at the supports:

wðx; tÞjx¼0¼ 0; w;xxðx; tÞ
�
�
x¼0

¼ 0; wðx; tÞjx¼L¼ 0;

w;xxðx; tÞ
�
�
x¼L

¼ 0 8t;
ð46Þ

where L is the beam length.

The moving coordinates are not convenient in the

analysis of finite beams and will not be introduced. By

removing w0, the loading term becomes

Fðx; tÞ ¼ Pþ P0 sin xf t þ uf

� �

�M w;ttðx; tÞ
��

þ 2vw;xtðx; tÞ þ v2w;xxðx; tÞ
��

dðx� vtÞ
ð47Þ

therefore, in fixed coordinates the dynamic equilib-

rium in dimensionless form reads

w
_

;nnnn þ 4gNw
_

;nn þ 4w
_

;ss þ 8gbw
_

;s þ 4Rhz
1

tanRhz
w
_

¼ 8 gP þ gP0
sin x

_

f sþ uf

� �� ��

�gM 4w
_

;ss þ 8aw_;ns þ 4a2w_;nn

� ��

dðn� asÞ

ð48Þ

because soil vertical displacements are governed by

f ðfÞ ¼ sin Rhzð1� fÞð Þ
sin Rhzð Þ ð49Þ

where

hz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x
_ 2 � pj#S

� �2
q

ð50Þ

Thus, frequencies of undamped natural modes can

be calculated from

p4j � 4gNp
2
j � 4x

_ 2 þ 4Rhz
1

tanRhz
¼ 0 ð51Þ

where

wjðnÞ ¼ sinðpjnÞ; pj ¼
jp
Lv

ð52Þ

because the only function that fulfils the boundary

conditions stated in Eq. (46) is sine. In Eq. (52), Lv is

the corresponding dimensionless counterpart of the

beam length L. The undamped vibration modes form a

complete space and thus the transient response in the

time domain can be expressed as infinite sum

w
_ðn; sÞ ¼

P1
j¼1 qjðsÞwjðnÞ, where qjðsÞ are modal

coordinates. Orthogonality condition can be defined as
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1þ R2

Z 1

f¼0

f x
_

j;n

� �

f x
_

j;l

� �

df

� 	Z Lv

n¼0

sin2
jp
Lv

n

� 	

dn

¼ dnl
8j; n 6¼ l

ð53Þ

where djk is the Kronecker delta, and the associated

norm in square is [50],

Nj;n ¼
Z Lv

n¼0

1þ R2

Z 1

f¼0

f 2 x
_

j;n

� �

df

� 	

sin2
jp
Lv

n

� 	

dn

ð54Þ

When only moving force is considered, modal

coordinates can be presented in a closed form. For the

sake of simplicity, they are shown in Eq. (55) only for

an undamped situation and moving constant force

[50],

qjðsÞ ¼
X

n

2gP

Nj;nx
_ 2

j;n 1� X2
j;n

� �

� sin Xj;nx
_

j;ns
� �

� Xj;n sin x
_

j;ns
� �h i

;

Xj;n ¼
jpa

Lvx
_

j;n

ð55Þ

However, when moving mass is assumed, the

equations for unknown qjðsÞ are coupled in the modal

space. This coupling is extended not only over the

beam modes, but also over the soil modes. If �j beam
modes and �n soil modes are taken into account, then

there are �m ¼ �j�n coupled equations. A compact matrix

form can be presented as

MðsÞ � q;ssðsÞ þ CðsÞ � q;sðsÞ þKðsÞ � qðsÞ ¼ pðsÞ
ð56Þ

where square �m� �m matrices M, C, K are not

approximations resulting from some discretization of

the problem, like in the FEM, but are defined by

vibration modes in their exact analytical form. It is

immaterial whether the modes are sorted firstly

according to the beam mode number and then by the

soil mode number, or vice versa. Matrix components

at positions ði; kÞ are given by

Mik ¼ 4dik þ 4gMw
_

iðasÞw_kðasÞ ð57Þ

Cik ¼ 8dikgb þ 8gMaw
_

iðasÞw_k;nðasÞ ð58Þ

Kik ¼ 4dikx
_ 2

j þ 4gMa
2w
_

iðasÞw_k;nnðasÞ ð59Þ

pi ¼ 8 gP þ gP0
sin x

_

f sþ uf

� �� �

w
_

iðasÞ ð60Þ

If the viscous damping is to be applied only as

external, a correction must be introduced to the term

8dikgb in the form of Lv=2=Nk, because by keeping the

original value, damping would be applied on the

foundation as well, but in a different way than

specified by gf . As Matlab code has only first order

differential equation solvers, the system (56) should be

written in the state-space form as

q
q;s

� 


;s

¼ 0 I
�M�1K �M�1C

� �

� q
q;s

� 


þ 0
M�1p

� 


ð61Þ

For higher number of modes, significant calculation

time is required, because lower blocks of the main

matrix in Eq. (61) are full. It is therefore suggested to

reorder these terms by keeping the usual form for

uncoupled equations and join together coupled terms

in one additional equation. This will in fact increase

the number of equations by one, but this increase is

compensated by the fact that main parts of the

involved matrices is diagonal, and therefore the

computational time is much lower. Then

~M tð Þ ¼ ~Mik �w
_

iðasþ dÞ
4gMw

_

kðasþ dÞ 1

� �

ð62Þ

~C tð Þ ¼
~Cik 0

8gMaw
_

k;nðasþ dÞ 0

� �

ð63Þ

~K tð Þ ¼
~Kik 0

4gMa
2w
_

k;nnðasþ dÞ 0

� �

ð64Þ

~p ¼
0

8 gP þ gP0
sin x

_

f sþ uf

� �� �
� 


ð65Þ

where the diagonal terms are

~Mik ¼ 4dik; ~Cik ¼ 8dikgb; ~Kik ¼ 4dikx
_ 2

j ð66Þ

For the sake of completeness, the load advance d with

respect to the left support is included. d-value should

be tested numerically. The new unknown vector is

now
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~q ¼ qj
�q

� 


ð67Þ

and

~q
~q;s

� 


;s

¼ 0 I
� ~M

�1 ~K � ~M
�1 ~C

� �

� ~q
~q;s

� 


þ 0
~M
�1

~p

� 


ð68Þ

5 Results

5.1 Validation

For the initial validation, it is assumed that the beam is

composed by one standard rail, the constant force is

representing a typical axle load with the mass being

associated as if the force was its weight using a

simplified value for acceleration of gravity:

g ¼ 10 m/s2, and no harmonic component is added.

The effect of the normal force is not included. Four

cases from the subcritical velocity range [with respect

to the critical velocity defined by Eq. (42)] are

selected. The input data are summarized in Table 1.

The cases are designated as case 1, 2, 3 and 4,

respectively, in the same order as load velocity and the

foundation mass ratio are placed in lines of Table 1.

For the sake of completeness, the associated critical

velocity presented in Table 1 is the exact value

obtained numerically by identifying the double pole

located on the real Fourier variable axis, as derived in

[23]. In such cases it is expected that the harmonic

solution will be a good approximation of the full one.

All four possibilities: two approaches for finite

beams (modal expansion as described in Sect. 4 and

FEM in LS-DYNA), and two forms for infinite beams

(harmonic and full solutions as derived in Sect. 3) are

being compared.

No damping is assumed for vibrations on finite

beams in order to visualise clearly the unsteady part.

Small damping has to be introduced on infinite beams

for numerical reasons. Nevertheless, very small value

as indicated in Table 1 was implemented producing no

visible differences in the analysed time range. The

beam length of finite beams was calculated in the way

to ensure valid results within the tested time range.

In Fig. 2, displacement evolution at the contact

point is plotted with respect to the dimensionless time.

In order to get some acceptable agreement, for modal

expansion 120 beam modes and 15 soil modes had to

be used; as regard as FEM by LS-DYNA, 1000

elements along the beam and around 40 along the

vertical direction of the foundation had to be imple-

mented. By further increase of number of modes and

elements, better agreement could be obtained at the

expense of calculation time. Nevertheless, it can be

concluded that even for this choice the agreement is

very good. As already mentioned, the cases were

selected in a way to obtain good correlation between

the harmonic and full solutions as discussed in Sect. 3,

which is confirmed in Fig. 2. In further analysis it will

be seen that this is not always the case.

For better clarity, the relative error of these cases is

also presented. As confirmed by the harmonic solu-

tion, displacement evolution can be described by one

harmonic curse, because there is only one pair of

induced frequencies. In Table 2, the steady-state

Table 1 Input data for

validation examples
Property Values

Beam bending stiffness EI (106 N m2) 6.4

Beam mass per unit length m (kg m-1) 60

Equivalent Winkler’s constant k (106 N m-2) 1

Force P (103 N) 100

Mass M (kg) 10,000

Load velocity v (m s-1) 10, 30, 40, 50

Mass ratio R 6, 4, 3, 2

Critical velocity Vcr (m s-1) 61.8; 91.8; 120.8; 173.7

Shear ratio #s 0

Damping ratios gb, gf 0, 0.0001
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Fig. 2 Displacements at the

contact point (full grey—

modal expansion, dotted—

full, dashed—harmonic, full

black—LS-DYNA): a case

1; b case 2; c case 3; d case 4
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position, the amplitude and the frequency are being

compared.

In Table 2, w
_

b corresponds to the steady-state

displacement of the contact point, Ahr is the amplitude

of the harmonic vibration and qhr is its frequency.

These values were determined exactly for the har-

monic solution and extracted numerically for the other

cases. Due to the negligible damping and subcritical

velocity, the induced frequency is real. The relative

error is expressed with respect to the full solution;

however, the steady-state position is better expressed

in the harmonic solution by its analytical form. It can

be concluded from Table 2 that the relative error is

very low.

5.2 Discontinuities in K-function

When Dðp; qÞ has a real root, pt, for same particular

frequency, qt, then there is a discontinuity in Kð0; qÞ,
as already mentioned in Sect. 3. Smooth change of qt
lead to a smooth change of pt, and vice versa, and thus

each such set of qt delimitates a discontinuity line of

Kð0; qÞ in the complex q-plane. There is an infinite

number of discontinuity lines, nevertheless, only some

of them are important for the evaluation of the

resulting vibrations. Discontinuity lines can be

determined semianalytically, as will be demonstrated

further in this section.

For convenience, Dðp; qÞ is separated in the

dispersion equation of the beam Dbðp; qÞ and the

foundation contribution Df ðp; qÞ. For the sake of

simplicity, it is assumed gN ¼ gb ¼ 0, then

Dbðp; qÞ ¼ p4 � 4p2a2 � 4q2 þ 8apq ð69Þ

Df ðp; qÞ ¼ 4gd �Cf = tan �Cf =gd
� �

ð70Þ

From Eqs. (69) and (70) it is clear that each pt will

always be associated to two values of frequency with

the same imaginary part, because for a medium value

qm;a ¼ apt þ iqi, both Dbðp; qÞ and Df ðp; qÞ are real

and for qt;a ¼ apt þ Dqr;a þ iqi imaginary parts of

Dbðp; qÞ and Df ðp; qÞ are odd and real parts are even

with respect to qm;a and variable Dqr;a. Therefore, pt
does not depend on a and to each possible pt it is also

feasible to use its negative value�pt leading to total of

four frequencies:

qt1;a ¼ qr1;a þ iqi; qt2;a ¼ �qr2;a þ iqi;

qt3;a ¼ qr2;a þ iqi; qt4;a ¼ �qr1;a þ iqi
ð71Þ

where

qr1;a ¼ apt þ Dqr;a; qr2;a ¼ �apt þ Dqr;a ð72Þ

Table 2 Relative error of main characteristics of the validation examples

Full

solution

Harmonic

solution

Relative error

(%)

Modal

expansion

Relative error

(%)

LS-

DYNA

Relative error

(%)

Case 1

w
_

b
0.9830 1.0078 2.52 0.9680 -1.53 1.0100 2.75

Ahr 1.0071 0.9822 -2.47 0.9944 -1.26 1.0222 1.50

qhr 0.1435 0.1435 0.01 0.1442 0.47 0.1444 0.63

Case 2

w
_

b
1.0262 1.0364 0.99 1.0233 -0.28 1.0173 -0.87

Ahr 1.0366 1.0265 -0.97 1.0233 -1.28 1.0320 -0.44

qhr 0.1497 0.1499 0.11 0.1499 0.12 0.1504 0.45

Case 3

w
_

b
1.0367 1.0410 0.42 1.0321 -0.44 1.0322 -0.43

Ahr 1.0407 1.0373 -0.33 1.0364 -0.42 1.0374 -0.32

qhr 0.1536 0.1536 0.03 0.1539 0.22 0.1543 0.46

Case 4

w
_

b
1.0358 1.0369 0.11 1.0400 0.41 1.0511 1.48

Ahr 1.0369 1.0359 -0.09 1.0342 -0.26 1.0316 -0.51

qhr 0.1571 0.1571 0.00 0.1574 0.22 0.1584 0.84
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It is also useful to remark that, by having frequen-

cies for one specific value a1, the corresponding values
for a2 can be simply obtained by

qtj;a2 ¼ qtj;a1 þ a2 � a1ð Þpt; j ¼ 1; . . .; 4 ð73Þ

because then

2qm;a2 ¼ qt1;a2 þ qt2;a2 ¼ qt1;a1 þ qt2;a1 þ 2 a2 � a1ð Þpt
¼ 2a2pt þ 2iqi

ð74Þ

and similarly for j ¼ 3; 4, by exploiting the medium

value for negative �pt: q �m;a ¼ �apt þ iqi.

Each discontinuity line has a starting point, that is

characterized by pt ¼ 0. Then Dðp; qÞ is only a

function of Dqr;a and qi. This defines two equations

(imaginary part as well as real part of Dðp; qÞ must be

null) for two real unknowns, which can be solved

numerically. There are multiple solutions due to the

tangent function, each marking a starting point of two

lines, inconformity with the previous analysis, Dqr;a
marks the starting point of qtj;a for j ¼ 1; 3 and �Dqr;a
for j ¼ 2; 4. These starting points are valid for all #s,

but further extension of discontinuity lines naturally

depends on #s.

Determination of discontinuity lines is straightfor-

ward for #s ¼ 0. At first, q ¼ apt þ Dqr;a þ iqi is

substituted, a convenient a is selected and a starting

point is calculated by introducing pt ¼ 0. Then, it is

convenient to separate Dbðp; qÞ and Df ðp; qÞ into their
real and imaginary parts:

Re Db p;Dqr;a
� �
 �

¼ p4 � 4Dq2r;a þ 4q2i ;

Im Db p;Dqr;a
� �
 �

¼ �8Dqr;aqi
ð75Þ

Df ðp; qÞ needs a little bit more sophisticated approach,

but it is generally more convenient for this analysis,

because it does not depend on p.

Df Dqr;a
� �

¼
4R Dqr;a þ iqi
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� gf qi þ igfDqr;a
p

tan
R Dqr;aþiqið Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�gf qiþigfDqr;a
p

 !

ð76Þ

For the square root it will be used

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Oþ iQ
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Oþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

O2 þ Q2
p

2

s

þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�Oþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

O2 þ Q2
p

2

s

ð77Þ

and for the tangent function

tanðOþ iQÞ ¼ sinO cosO

cos2 Oþ sinh2 Q
þ i

sinhQ coshQ

cos2 Oþ sinh2 Q

ð78Þ

Denoting

O1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� gf qi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� gf qi
� �2þ gfDqr;a

� �2
q

2

v
u
u
t

;

Q1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�1þ gf qi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� gf qi
� �2þ gfDqr;a

� �2
q

2

v
u
u
t

ð79Þ

O2 ¼
R O1Dqr;a þ Q1qi
� �

O2
1 þ Q2

1

;

Q2 ¼
R �Q1Dqr;a þ O1qi
� �

O2
1 þ Q2

1

ð80Þ

O3 ¼
sinO2 cosO2

cos2 O2 þ sinh2 Q2

;

Q3 ¼
sinhQ2 coshQ2

cos2 O2 þ sinh2 Q2

ð81Þ

Then

Re Df Dqr;a
� �
 �

¼ 4R
O1Dqr;a � Q1qi
� �

O3 þ Q1Dqr;a þ O1qi
� �

Q3

O2
3 þ Q2

3

Im Df Dqr;a
� �
 �

¼ 4R
� O1Dqr;a � Q1qi
� �

Q3 þ Q1Dqr;a þ O1qi
� �

O3

O2
3 þ Q2

3

ð82Þ

After that, further qi is selected, Dqr;a is calculated
by nulling the imaginary part of Dðp; qÞ and pt is

calculated by nulling the real part of Dðp; qÞ. It is seen
from Eqs. (75) and (82) that there is only one

occurrence of p4, therefore only roots Dqr;a leading

to real pt are valid. It can be shown that the lowest qi;1
of a starting point is positive and the corresponding
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discontinuity line extends by increasing qi;1. For

further starting points qi;j, j ¼ 2; . . ., the discontinuity

line firstly extends by slight decreasing of qi;j and then

by its increasing.

When #s 6¼ 0, then Df p;Dqr;a
� �

depends on p and

therefore either an iterative procedure can be imple-

mented or the two equations can be solved directly by

indicating a reasonable estimate for pt and Dqr;a
obtained from the discontinuity line tendency.

After having discontinuity lines, it is necessary to

evaluate their importance. For #s ¼ 0 discontinuity

lines are short, with increasing #s, they extend much

more.

5.3 Low foundation damping

For illustration of a case with low foundation damping,

gf ¼ 0:001, gb ¼ gN ¼ gP0
¼ 0, R ¼ 2, gM ¼ 70 and

#s ¼ 0:0:1:1:5 are selected. Here a Matlab designation

is used: a:b:cmeans that discrete values from a until c

by step b will be considered. At first, frequency lines

are shown in Fig. 3. They are grouped in three sets: set

1: #s ¼ 0:0:1:0:5, set 2: #s ¼ 0:6:0:1:1:0 and set 3:

#s ¼ 1:1:0:1:1:5. In the first set these frequencies are

shown until a ¼ 1:2, and in the last two ones until

a ¼ 1:5, to catch well the loops. Only one frequency
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Fig. 3 Frequency lines: a set 1; b set 2; c set 3 (within the considered sequence, the lines are getting darker with increasing #s)
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from each pair is plotted, meaning that other lines

would be obtained by reverting the real part.

Frequency lines clearly identify the different

regimes as described in Sect. 3. In the first velocity

interval starting at almost zero velocity and ending

close to the critical velocity, at aC1
, the induced

frequencies are well-defined. They start with practi-

cally zero, but positive imaginary part, which is then

0
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1.6

0 0.2 0.4 0.6 0.8 1 1.2 1.4

V
el

oc
ity
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Shear ratio sϑ

α

Fig. 4 Lines identifying the

first frequency line cut aC1

(full grey), second

frequency line cut aC2

(dotted), the critical velocity

(full black) and the onset of

instability (dashed)
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slightly increasing. Getting closer to the critical

velocity, discontinuities in Kð0; qÞ are getting more

severe and frequency lines are cut at aC1
. Within the

next velocity interval aC1
; aC2

ð Þ, there are no induced

frequencies. After that, for a[ aC2
, frequency lines

are recovered and they form almost perfectly sym-

metric loops with very similar real parts and practi-

cally opposite imaginary parts. Then frequency lines

are interrupted again by no frequency region aC3
; aC4

ð Þ
and after that continue further in a similar way. The

onset of instability is located very close to aC2
, as can

be observed from Fig. 3. Within the no induced

frequency interval aC3
; aC4

ð Þ stability is recovered, but
it is lost again when the frequency lines are recovered

and induced frequencies achieve negative imaginary

parts in the next loops. Especially for lower #s, there is

a clear region with no induced frequencies aC3
; aC4

ð Þ,
where the stability is recovered.

As expected, damping shifts the onset of instability

into the supercritical velocity range, but as the

damping level is low, this shift is not significant. This

can be observed in Fig. 4, where the onset of

instability is plotted together with the critical velocity.

Before showing some particular cases, discontinu-

ity lines are analysed. In conformity with Sect. 5.2,

first three starting points are determined as: qi ¼
2:000� 10�4; 1:936� 10�3; 5:804� 10�3 and

-8
-6
-4
-2
0
2
4
6
8

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

-8
-6
-4
-2
0
2
4
6
8

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

-10
-8
-6
-4
-2
0
2
4
6
8

10

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

-10
-8
-6
-4
-2
0
2
4
6
8

10

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

-15

-10

-5

0

5

10

15

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

-15

-10

-5

0

5

10

15

0 0.002 0.004 0.006 0.008 0.01

R
ea

l a
xi

s

Imaginary axis

1.2α =1.0α =

0.6α = 0.8α =

0.4α =0.2α =

Fig. 6 Discontinuity lines for #s ¼ 0:8 and a ¼ 0:2:0:2:1:2. Black dots represent the induced frequencies (from the first, the second

and the third starting point the lines are: full, dashed and dotted, respectively)

123

2370 Meccanica (2020) 55:2353–2389



Dqr ¼ 0:632; 1:968; 3:407 which are valid for each

#s and a. Further, discontinuity lines were determined

for each #s and a ¼ 1:4, and recalculated for other a by
Eq. (73). Only the cases of #s ¼ 0 and #s ¼ 0:8 are

shown here, in Figs. 5 and 6.

Figure 5 confirms that the discontinuity lines for

#s ¼ 0 are short, when compared with the ones in

Fig. 6 for #s ¼ 0:8, but the starting points are the same

for each #s and a as proven in Sect. 5.2. The induced

frequencies are added in Figs. 5 and 6 only when they

fall within the scale, in Fig. 5 this happens for a ¼ 0:2

and a ¼ 0:4, and in Fig. 6 for a ¼ 0:2:0:2:0:8. They

also exist for #s ¼ 0 and a ¼ 0:8; 1:2; #s ¼ 0:8 and

a ¼ 1:0, but lie out of the scale.

As some particular cases, velocities a ¼ 0:2:0:2:1:0

combined with #s ¼ 0, #s ¼ 0:8 and massless foun-

dation (R ¼ 0) are selected. Displacements of the

contact point are shown in Figs. 7, 8 and 9. Full

deflection shapes along the beam are not presented,

because many cases were already analysed in previous

works. The induced frequencies for #s ¼ 0 exist only

for a ¼ 0:2; 0:4; 0:8, but for #s ¼ 0:8 all selected

velocities can be characterized by the induced fre-

quencies. Massless foundation is assumed without

damping and therefore a ¼ 1 cannot be considered as

then the steady-state part of the solution is infinite.

Frequencies and steady-state deflections w
_

b are sum-

marized in Table 3.

Excellent agreement between the harmonic and full

solutions is obtained for #s ¼ 0 and each

a ¼ 0:2; 0:4; 0:8, as illustrated in Fig. 7, and as

expected from the analysis of discontinuity lines and

differences between the initial value of the harmonic

solution and the initial conditions.

In Fig. 8, same comparison for #s ¼ 0:8 is shown.

Worse agreement is obtained for a ¼ 0:8, which could

be guessed from the analysis of the discontinuity lines

and from the deviation of the initial values of the

harmonic solution from the initial conditions.
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Fig. 7 Displacements at the

contact point for #s ¼ 0 (full

grey—harmonic, dotted—

full): a a ¼ 0:2; 0:4; b
a ¼ 0:8
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It can be concluded from the analysis of frequency

and discontinuity lines: (i) within the velocity interval

until aC1
, full solution is very well approximated by the

harmonic one. This is often related to the situation,

when the imaginary part of the induced frequencies is

lower than qi;1 (#s ¼ 0 and a ¼ 0:2; 0:4; #s ¼ 0:8 and

a ¼ 0:2; 0:4; 0:6); (ii) for a\aC1
but close to aC1

there are some visible differences between the

harmonic and full solutions indicating the importance

of the transient part. This is often related to the

situation, when the imaginary part of the induced

frequencies is higher than qi;1 and the initial value of

the harmonic solution is deviated from the initial

conditions (#s ¼ 0:8 and a ¼ 0:8); (iii) when the

solution is unstable, than the imaginary part of the

induced frequencies is always lower than qi;1 because

it is negative. In such cases the agreement is again very

good. If there is another frequency with high imagi-

nary part, then such frequency usually lies in the

discontinuity region and should be disregarded

(#s ¼ 0 and a ¼ 0:8; #s ¼ 0:8 and a ¼ 1:0); (iv)

within the velocity interval with no induced frequen-

cies, as e.g. aC1
; aC2

ð Þ, but not very close to the

extremities, the transient part of the solution smoothly

adapts the vibrations from the initial conditions to the

steady-state form (#s ¼ 0 and a ¼ 0:6, Fig. 9c); (v)

within the velocity interval with no induced frequen-

cies but closer to its extremities, full solution looks

like that there should be a significant harmonic part,

but there is no such induced frequency. In such cases

the agreement is not very good; (vi) when the initial

values of the harmonic solution are deviated from the

initial conditions, then there must be a contribution of

the transient part to adapt the solution to the initial

conditions (#s ¼ 0:8 and a ¼ 0:8). This conclusion

has already been drawn in previous works for massless

foundation.

Finally, comparison between the previous cases and

the massless foundation is shown in Fig. 9. In this

comparison, full solution is used. In Fig. 9d related to
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Table 3 Induced

frequencies and steady-state

deflections for the selected

cases

#s or R a qM1;2 w
_

b

#s ¼ 0 0.2 �1:601� 10�1 þ i1:334� 10�5 1:051

0.4 �1:401� 10�1 þ i1:549� 10�4 1:287

0.8 �2:272� 10�1 � i2:966� 10�2 4:002� 10�1

#s ¼ 0:8 0.2 �1:854� 10�1 þ i1:637� 10�5 7:869� 10�1

0.4 �1:770� 10�1 þ i2:202� 10�5 8:518� 10�1

0.6 �1:587� 10�1 þ i4:311� 10�5 1:014

0.8 �1:003� 10�1 þ i2:729� 10�4 1:667

1.0 �1:662� 10�1 � i4:632� 10�2 9:233� 10�2

R ¼ 0 0.2 �1:654� 10�1 1:021

0.4 �1:596� 10�1 1:091

0.6 �1:481� 10�1 1:250

0.8 �1:245� 10�1 1:667
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a ¼ 0:8, the case with #s ¼ 0 is not included, because

it is unstable and thus the corresponding deflections

are much higher.

Differences between displacements in Fig. 9 are

mainly due to the different position of selected a with

respect to the critical velocity of each case, but it is

seen that the inertial foundation with no shear

resistance give rise to higher displacements dictated

by lower frequencies, while higher shear resistance

stiffens the foundation.

5.4 High foundation damping

For illustration of a case with high foundation

damping, gf ¼ 0:1, gb ¼ gN ¼ gP0
¼ 0, R ¼ 4, gM ¼

60 and #s ¼ 0:0:1:1:5 are selected. At first, frequency

lines are shown in Fig. 10. They are grouped in three

sets as in Sect. 5.3. First two sets show frequencies

until a ¼ 1:5, the last one is until a ¼ 1:8, to catch well

the onset of instability.

Also here, the frequency lines clearly identify the

different regimes as described in Sect. 3. In the first

velocity interval starting at almost zero velocity they

start with low positive imaginary part, which is then

increasing. Getting closer to the critical velocity,

discontinuities in Kð0; qÞ are getting more severe and

frequency lines are cut at aC1
. Within this velocity

range, there are also additional branches with signif-

icantly higher frequencies, starting from #s ¼ 0:9, but

these frequencies lie in the discontinuity region and

should be disregarded from the harmonic solution.

Within the next velocity interval aC1
; aC2

ð Þ, there are

no induced frequencies. After that, for a[ aC2
,

frequency lines are recovered. In all cases the onset

of instability can be easily found by identifying the

lowest a for which the frequency has a negative

imaginary part. As expected, there is quite significant

increase of the velocity at the onset of instability with

respect to the critical velocity, especially for low shear

ratios. This is further demonstrated in Fig. 11, where

the onset of instability is plotted together with the

critical velocity.

Before showing some particular cases, discontinu-

ity lines are analysed. In conformity with Sect. 5.2,

first three starting points are determined as: qi ¼
6:832� 10�3; 6:165� 10�2; 1:720� 10�1 and

Dqr ¼ 0:370; 1:109; 1:847. It is seen that qi of starting

points, influenced by the foundation damping, are now

much higher than in Sect. 5.3, contrary to Dqr that are
lower. Also here, discontinuity lines were determined

for each #s and a ¼ 1:4, and after that recalculated to

other a. Cases of #s ¼ 0 and #s ¼ 0:2 and two

particular velocities for #s ¼ 1:5 are shown in

Figs. 12, 13 and 14.

Figure 12 confirms that the discontinuity lines for

#s ¼ 0 are short, when compared with the ones from

Figs. 13 and 14. The induced frequencies are added

only when they fall within the scale.

Regarding the displacements of the contact point,

a ¼ 0:2:0:2:1:4 are considered, combined with

#s ¼ 0, #s ¼ 0:2, #s ¼ 0:4, #s ¼ 1:2 and #s ¼ 1:5.

All these cases are selected in order to confirm the

previous conclusions, nevertheless, due to the exten-

sion of the paper, the corresponding graphs of

associated deflections are placed in ‘‘Appendix’’. It

is shown that the previous conclusions are maintained,

nevertheless, with higher foundation damping the

differences between the harmonic and full solutions
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are aggravated. For this reason, a simplified transient

solution can be defined as contour integral eliminating

the most severe discontinuities. Summary of induced

frequencies and steady-state deflections is presented in

Table 4. Frequencies identified by frequency lines in

Fig. 10 but falling into discontinuity regions are not

included as they should not enter the formula for the

harmonic solution. A typical case of such position is

shown in Fig. 14 for a ¼ 1:2.

Summary of conclusions are for better clarity

organized in Table 5, implementing the designations

from Sect. 5.3. It is, however, necessary add two more

points, that were not required in Sect. 5.3: (vii) when

a[ aC2
but still within the stability region, then
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usually (and especially for values close to aC2
) the

imaginary part of the induced frequencies is much

higher than qi;1. For the harmonic solution it implies

that the imaginary part seems to be overestimated
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(looks like that higher damping than the model is

having is acting). Nevertheless, the real part and

therefore the frequency of the resulting oscillation

matches well; (viii) when a[ aC2
, still within the

stability region but getting closer to instability and

further from aC2
, then the overdamping effect is

vanishing and the agreement between the harmonic

and full solutions is again excellent. This is sometimes

strengthened by that fact that the imaginary part of the

induced frequencies falls again below qi;1.

The column in Table 5 named as ‘‘agreement’’

stands for the quantification of the agreement between

the harmonic and full solutions.

From the previous analysis, it can be concluded that

the harmonic solution still provides a very good

approximation in majority of cases. The cases with

only reasonable agreement have somehow artificial

overdamping, but generally the frequency of the

unsteady part is correct. Such cases occur more often

for lower shear resistance, except when it is com-

pletely neglected.

As regard as the instability, it was seen that the

induced frequencies always exist in the instability

velocity intervals and are therefore simple indicators

of such behaviour. It was also seen, that in such cases

the agreement between the harmonic and full solutions

is always excellent, and therefore the harmonic

solution can be exploited for evaluation of the severity

of instability, which is important for mitigation

measures.

Cases with no induced frequencies are always

stable. Unfortunately, within these situations there are

some cases with only poor agreement between the

harmonic and full solutions. Nevertheless, these cases

are rare and do not invalidate the proposed method.

5.5 Low moving mass ratio

Having in mind applications to railways, it is neces-

sary to see whether the method is not affected by a

very low moving mass ratio. For illustration,

gf ¼ gb ¼ 0:1, gN ¼ gP0
¼ 0, R ¼ 2, gM ¼ 10 and

#s ¼ 0:0:1:1:5 are selected, but not so many details as

in previous sections will be given due to the extension

of the paper. At first, frequency lines are shown in

Fig. 15. They are grouped in three sets as in previous

sections. First two sets show frequencies until a ¼ 1:5,

the last one is until a ¼ 1:8, to catch well the onset of

instability.

As expected, there is quite significant increase of

the onset of instability with respect to the critical

velocity, especially for low shear ratios. This is further

demonstrated in Fig. 16, where the onset of instability

is plotted together with the critical velocity.

Only few cases of comparison between the har-

monic and full solutions are shown in ‘‘Appendix’’.

6 Conclusions

In this papers analysis of moving mass problem is

conducted. It is assumed that the mass is traversing

uniformly a beam supported by a finite depth founda-

tion with simplified shear resistance. The problem is

solved by mode expansion method on finite beams and

by integral transforms on infinite beams. Special

attention is placed on unsteady harmonic part of the

vibration, which is an indicator of unstable behaviour.

Final formula defining deflection shape on infinite

beams has a similar form as for the massless founda-

tion. However, in the foundation model considered in

this paper the agreement between the harmonic and

full solutions is not dictated only by the initial
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full, dashed and dotted,
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Table 4 Induced frequencies and steady-state deflections for

the selected cases

#s a qM1;2 w
_

b

0 0.2 �1:435� 10�1 þ i2:607� 10�3 1:175

0.4 – 6:511� 10�1

0.6 �2:600� 10�1 þ i3:124� 10�2 5:003� 10�1

0.8 �3:092� 10�1 þ i2:218� 10�2 3:242� 10�1

1.0 �3:697� 10�1 þ i1:851� 10�2 2:307� 10�1

1.2 �4:359� 10�1 þ i1:290� 10�2 1:663� 10�1

1.4 �5:110� 10�1 þ i4:239� 10�3 1:199� 10�1

0.2 0.2 �1:598� 10�1 þ i2:147� 10�3 1:020

0.4 – 1:135

0.6 �2:505� 10�1 þ i3:192� 10�2 5:138� 10�1

0.8 �3:026� 10�1 þ i2:474� 10�2 3:324� 10�1

1.0 �3:658� 10�1 þ i2:017� 10�2 2:350� 10�1

1.2 �4:330� 10�1 þ i1:444� 10�2 1:683� 10�1

1.4 �5:083� 10�1 þ i3:892� 10�3 1:209� 10�1

0.4 0.2 �1:832� 10�1 þ i2:116� 10�3 8:165� 10�1

0.4 �1:314� 10�1 þ i8:917� 10�3 1:086

0.6 – 5:455� 10�1

0.8 �2:852� 10�1 þ i3:574� 10�2 3:702� 10�1

1.0 �3:535� 10�1 þ i2:554� 10�2 2:501� 10�1

1.2 �4:240� 10�1 þ i1:952� 10�2 1:751� 10�1

1.4 �4:999� 10�1 þ i2:848� 10�3 1:243� 10�1

1.2 0.2 �2:443� 10�1 þ i2:992� 10�3 4:533� 10�1

0.4 �2:373� 10�1 þ i3:509� 10�3 4:727� 10�1

0.6 �2:239� 10�1 þ i4:736� 10�3 5:117� 10�1

0.8 �2:004� 10�1 þ i7:981� 10�3 5:882� 10�1

1.0 �1:542� 10�1 þ i2:112� 10�2 7:622� 10�1

1.2 – 7:161� 10�1

1.4 – 2:181� 10�1

1.6 �4:746� 10�1 � i8:440� 10�3 1:223� 10�1

1.8 �5:953� 10�1 � i3:192� 10�2 7:872� 10�2

1.5 0.2 �2:598� 10�1 þ i3:342� 10�3 3:931� 10�1

0.4 �2:547� 10�1 þ i3:715� 10�3 4:048� 10�1

0.6 �2:455� 10�1 þ i4:487� 10�3 4:270� 10�1

0.8 �2:310� 10�1 þ i6:036� 10�3 4:650� 10�1

1.0 �2:083� 10�1 þ i9:535� 10�3 5:319� 10�1

1.2 �1:706� 10�1 þ i1:985� 10�2 6:582� 10�1

1.4 – 7:160� 10�1

1.6 – 2:382� 10�1

1.8 �5:118� 10�1 � i3:171� 10�3 1:057� 10�1

Table 5 Induced frequencies and steady-state deflections for

the selected cases

#s a Type of conclusion Agreement

0 0.2 (i) Excellent

0.4 (v), (vi) Poor

0.6 (vii) Reasonable

0.8 (vii) Reasonable

1.0 (viii) Excellent

1.2 (viii) Excellent

1.4 (viii) Excellent

0.2 0.2 (i) Excellent

0.4 (iv), (vi) Reasonable

0.6 (vii) Reasonable

0.8 (vii) Reasonable

1.0 (viii) Excellent

1.2 (viii) Excellent

1.4 (viii) Excellent

0.4 0.2 (i) Excellent

0.4 (i), (vi) Excellent

0.6 (v), (vi) Poor

0.8 (vii) Reasonable

1.0 (vii) Reasonable

1.2 (vii) Reasonable

1.4 (viii), one pair disregarded Excellent

1.2 0.2 (i) Excellent

0.4 (i) Excellent

0.6 (i) Excellent

0.8 (i), one pair disregarded Excellent

1.0 (i), (vi) Reasonable

1.2 (iv), (vi) Reasonable

1.4 (v), (vi) Poor

1.6 (iii) Excellent

1.8 (iii) Excellent

1.5 0.2 (i) Excellent

0.4 (i) Excellent

0.6 (i) Excellent

0.8 (i) Excellent

1.0 (i) Excellent

1.2 (i), (vi), one pair disregarded Excellent

1.4 (iv), (vi) Reasonable

1.6 (v), (vi) Poor

1.8 (iii) Excellent
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set 1; b set 2; c set 3 (within

the considered sequence the

lines are getting darker with
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matching with initial conditions, but also by the

position of the induced frequencies along the fre-

quency lines with respect to the frequency line cuts.

Some cases result in an overdamped solution, sug-

gesting that probably some regularization of the

foundation model would be possible. When agreement

between the harmonic and full solutions is only

approximate, simplified version of transient vibration

can be calculated by numerical integration. One may

argue that it is not worthwhile to separate the solution

into harmonic and transient parts, because full solution

can always be calculated directly by numerical

integration. Nevertheless, it is necessary to highlight

that in the proposed approach the numerical integra-

tion is performed only around a limited region, which

can be easily controlled numerically. Moreover, main

part of resulting vibrations is contained in the

harmonic part and therefore the transient one is

rapidly decreasing in time. Determination of fre-

quency lines is easy, and this is a secure way how to

determine the onset of instability.

Mode expansion method on finite beams can be

used for an easy analysis of undamped vibrations,

impossible to reach on infinite beams due to numerical

reason. Such model has, however, larger applications

and can be simply adapted for analysis of abrupt

change in foundation stiffness.
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Appendix

This appendix summarizes graphs of evolution of the

displacement at the contact point for cases tested in

Sect. 5.4, namely gf ¼ 0:1, gb ¼ 0, R ¼ 4, gM ¼ 60,

a ¼ 0:2:0:2:1:4 for #s ¼ 0:0:2:0:4 and a ¼ 0:2:0:2:1:8

for #s ¼ 1:2; 1:5. As in the other cases, for the sake of

simplicity gN ¼ 0 and gP0
¼ 0. Few cases from

Sect. 5.5 are also included (see Figs. 17, 18, 19, 20,

21, 22).

Only in part (b) of Fig. 22 it is seen that the

harmonic solution is deviated from the full solution

due to the difference between the initial values of the

harmonic solution and initial conditions.
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Fig. 17 Displacements at the contact point for #s ¼ 0 (full grey—harmonic with simplified transient, dashed—harmonic, dotted—

full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 0:6; d a ¼ 0:8; e a ¼ 1:0; f a ¼ 1:2; g a ¼ 1:4
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Fig. 18 Displacements at the contact point for #s ¼ 0:2 (full grey—harmonic with simplified transient, dashed—harmonic, dotted—

full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 0:6; d a ¼ 0:8; e a ¼ 1:0; f a ¼ 1:2; g a ¼ 1:4
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Fig. 19 Displacements at the contact point for #s ¼ 0:4 (full grey—harmonic with simplified transient, dashed—harmonic, dotted—

full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 0:6; d a ¼ 0:8; e a ¼ 1:0; f a ¼ 1:2; g a ¼ 1:4

cFig. 20 Displacements at the contact point for #s ¼ 1:2 (full

grey—harmonic with simplified transient, dashed—harmonic,

dotted—full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 0:6; d a ¼ 0:8; e
a ¼ 1:0; f a ¼ 1:2; g a ¼ 1:4; h a ¼ 1:6; i a ¼ 1:8
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Fig. 21 Displacements at the contact point for #s ¼ 1:5 (full grey—harmonic with simplified transient, dashed—harmonic, dotted—

full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 0:6; d a ¼ 0:8; e a ¼ 1:0; f a ¼ 1:2; g a ¼ 1:4; h a ¼ 1:6; i a ¼ 1:8
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12. Dimitrovová Z (2010) A general procedure for the dynamic

analysis of finite and infinite beams on piece-wise

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
0 50 100 150 200

D
im

en
si

on
l. 

di
sp

l.

Dimensionless time

0

0.5

1

1.5

2

2.5
0 50 100 150 200

D
im

en
si

on
l. 

di
sp

l.

Dimensionless time

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

0 50 100 150 200

D
im

en
si

on
l. 

di
sp

l.

Dimensionless time

τ

ττ

-0.05
0

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0 50 100 150 200

D
im

en
si

on
l. 

di
sp

l.
Dimensionless time τ

-5
-4
-3
-2
-1
0
1
2
3
4
5

0 50 100 150 200

D
im

en
si

on
l. 

di
sp

l.

Dimensionless time τ

(a) (c)

(b) (d)

(e)

Fig. 22 Displacements at the contact point for #s ¼ 0 (full grey—harmonic, dotted—full): a a ¼ 0:2; b a ¼ 0:4; c a ¼ 1:0; d a ¼ 1:4;
e a ¼ 1:5

123

Meccanica (2020) 55:2353–2389 2387



homogeneous foundation under moving loads. J Sound Vib

329:2635–2653

13. Simões FMF, da Costa AP (2019) Finite element steady

state solution of a beam on a frictionally damped foundation

under a moving load. Int J Non-Linear Mech 117:103247

14. Froio D, Rizzi E, Simões FMF, da Costa AP (2020)

DLSFEM–PML formulation for the steady-state response of

a taut string on visco-elastic support under moving load.

Meccanica 55:765–790

15. Zhai WM, Sun X (1994) A detailed model for investigating

vertical interaction between railway vehicle and track. Veh

Syst Dyn 23:603–615

16. Rodrigues AFS, Dimitrovová Z (2018) Applicability of
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22. Dimitrovová Z (2016) Critical velocity of a uniformly

moving load on a beam supported by a finite depth foun-

dation. J Sound Vib 366:325–342
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