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Abstract Dynamics of a rotor composed of a
flexible beam attached to a slewing rigid hub is
presented in the paper. Dynamics of the structure is
studied for a slender beam model, based on extended
Bernoulli—-Euler theory, which takes into account a
nonlinear curvature, coupled transversal and longitu-
dinal oscillations and non-constant angular velocity of
the hub. Moreover, to demonstrate a general case for
dynamical boundary conditions, lumped mass fixed at
the beam tip is added. The partial differential equa-
tions (PDESs) are derived from Hamilton principle of
the least action. The analytical solutions of the PDEs
are obtained by the multiple time scale method applied
directly to PDEs. Forced vibrations around selected
resonance zones are studied and the influence of beam
rotation, preset angle, hub radius, tip mass is pre-
sented. Hardening and softening phenomena,
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respectively for the first and the second mode, are
obtained for various angular velocity values.

Keywords Extensional slewing beam - Nonlinear
beam model - Nonlinear vibrations - Analytical
solutions

1 Introduction and motivation

Rotating structures play an important role in mechanical
or aerospace engineering, wind turbines or helicopter
blades may serve as classical examples. Linear models
of such structures are very useful in a case of relatively
stiff systems, performing small oscillations. The devel-
opment of composite materials technology gives a new
possibility to create rotating blades having new prop-
erties and enable to perform large deformations. The
methodology of determining equations of motion of
composite beams or blades considered as a thin-walled
structures was presented in books [13, 20, 22]. The
rotating thin-walled composite blades model which
takes into account composite beam layout and also hub
dynamics was derived on the basis of Hamilton principle
in [15]. The model enabled to study complex 3 — D
deformations of the blade, including warping effect,
for various configurations of placement of the rein-
forcing fibres. The elaborated model took into account
varied angular speed, coupled hub and beam dynamics
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and complex deformations of the thin-walled beam.
But the proposed model gave reliable results for
relatively small deformations of the beam.

For flexible systems large deformations may occur.
Therefore, nonlinear models have to be developed to
predict properly dynamics of such flexible cases. The
nonlinear beam model for flexural and torsional beam
dynamics was proposed in pioneer works by Crespo da
Silvaand Glynnin [4, 5]. However, the main assumption
in that model was that the beam was inextensible. Then,
in papers [6, 7] the inextensible beam model was
extended to nonlinear flexural-torsional vibrations of
rotating beam applied to helicopter blades. The com-
plete analysis of the rotating helicopter blade was
published in [8] where the full nonlinear partial
differential equations governing the motion of the
blade were derived. The blade model was based on
extended Bernoulli-Euler theory and took into
account the geometrical nonlinearities due to large
deformations. However, again the axial strain was
assumed as a very small quantity and equaled to zero
what corresponded to the inextensible beam model.
Nonlinear free vibration of a rotating beam was
presented in [10]. The hub—beam model was formu-
lated on the basis of Bernoulli-Euler beam theory with
an assumption of inextensibility of the beam, and next
reduced by the mode projection to a nonlinear one
degree of freedom oscillator with geometrical and
inertia nonlinearities. The effect of the hub radius,
preset angle and angular speed on natural frequencies
and softening/hardenning effect has been analytically
obtained by the time transformation method and
demonstrated for the first three natural modes. The
effect of a flexible supported hub as well as the preset
angle of the beam on rotor dynamics was presented in
[11]. The nonlinear Bernoulli-Euler hub—beam model
was reduced to three nonlinear ordinary differential
equation of motions. Response of the system driven by
prescribed torque was studied numerically and it was
shown that for a soft base and a low preset angle
unstable vibrations of the rotor might occur. The
proposed model took into account hub dynamics, the
beam nonlinear curvature and axial inertia arose from
large flexural deformations. Nevertheless, the inex-
tensibility condition was applied in the mathematical
model formulation. An interesting study of outward
and inward oriented beam clamped outside or inside of
arigid ring was presented in [25]. The PDEs nonlinear
beam model was derived from extended Bernoulli—
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Euler theory and then reduced to ODEs by Galerkin
procedure taking linear modes of a non-rotating
cantilever beam for projection. Free and forced
vibrations were determined on the basis of Lindst-
edt—Poinceré method and solved numerically. A
change from hardening to softening behaviour due to
change of rotational speed was demonstrated. The
jump phenomena in a case of the main and subhar-
monic resonances was detected. The influence of the
energy source i.e. DC motor supplied torque to the
hub-beam rotor was investigated in [9] for a few
selected resonance conditions. The derived partial
differential equations have been reduced to ordinary
differential equations and then solved by the multiple
scale method. The solutions have been determined for
primary and secondary resonances assuming small
angular speed of the structure (slewing motion) and
different perturbation orders for excitation amplitude
and frequency.

Recently, the importance of the nonlinear effects for
rotating inextensible beams which may lead to strong
nonlinear phenomena, has been presented in [23]. The
model demonstrated both softening or hardening
resonance characteristics in spite of the rotation
stiffening effect. The Coriolis as well as nonlinear
effects due to the coupling of bending—stretching,
bending—twist and twist—stretching were studied in
[24]. To accurately predict vibration characteristics of
the rotating beam, the model was divided on segments
into axial direction. The numerical solutions demon-
strated that Coriolis effect could essentially change
dynamics of the hub—beam system in a case of small
hub radius, large beam slenderness and high angular
velocity. Furthermore, a coupling among axial, tor-
sional and flexural oscillations was observed.

Analysis of free vibrations of rotating thick plates
presented in [12]. The Mindlin plate theory combined
with a second order strain displacement has been
applied in the finite element formulation for the
rotating plate. The formulation included Coriolis
effect, centrifugal force and coupling between in-
plane and out-of-plane vibrations. The formulated
problem was solved numerically and on this basis the
importance of in-plane vibrations of rotating struc-
tures for high speed values was demonstrated.

Parametric vibrations of a nonlinear beam model
induced by periodic modulation of angular velocity
were studied in [1]. The coupling of lagging and axial
motion due to Coriolis force was taken into account.



Meccanica (2020) 55:2311-2335

2313

The zones of parametric resonances were determined
analytically by the multiple tome scales method.
Authors introduced so called the effective nonlinearity
coefficient to determine the parametric resonances and
to demonstrate importance of exact geometrical
formulation of the studied problem.

The recent studies on a non-rotating nonlinear beam
model with an attached axial spring, represented
imperfect boundary conditions, were published in
[2,3, 16, 19]. The model took into account geometrical
nonlinearities, the shear effect and coupling between
flexural and longitudinal vibrations. The importance
of the definition of geometric curvature was discussed
in [18]. The strict nonlinear shearable beam model was
solved analytically by a direct attack of the nonlinear
partial differential equations and the results were
verified by a finite element method by means of the
commercial Abaqus_CAE®© software [14]. The results
showed softening versus hardening dichotomy in the
resonance curves and also strong interactions between
flexural and longitudinal (axial) vibrations, leading to
internal resonances occurring for specific stiffness of
the axial spring. Those new results obtained for
nonlinear beams (considered as fixed structures), the
observed interactions between transversal and longi-
tudinal vibrations and the dichotomy of the softening
and hardening effect [14] motivated authors to equiv-
alent studies of rotating structures. The nonlinear
phenomena observed for the rotating inextensible
beams [23, 24] suggested to analyse a more general
case of the extensional beam. The effect of longitu-
dinal vibrations can be more important if the rotating
beam carries a heavy tip mass which generates
additional forces due to rotation and oscillations.

A preliminary study of a rotating extensional beam
model which takes into account transversal and also
longitudinal vibrations was presented in [26]. In the
present work the configuration of the system for an
arbitrary preset angle of the beam and added tip mass
is considered. We also modify definition of the beam
curvature taken in the model, according to the
comments presented in [17]. On the basis of the
complete beam model approximate solutions are
determined on the basis of the multiple time scales
method applied directly to the partial differential
equations and associated dynamic boundary condi-
tions. Then, the influence of the most important
parameters is shown.

2 Model of extensional rotating beam

A model of the considered rotating structure is
composed of a rigid hub and a flexible blade oscillat-
ing in one plane. We assume that out-of-plane
bending, torsion and warping are negligible. However,
the oscillations and rotation planes may have different
orientations, defined by a preset angle  measured
from the rotating horizontal plane (Fig. 1).

Lumped mass is added to the beam tip which allows
to study a more general case with dynamic boundary
conditions and furthermore, the mass can be used to
tune the structure to the specific resonance conditions.
The beam with a rectangular cross-section is made of
isotropic material with linear material properties and
assumed to be thin, thus, the model is based on
Bernoulli-Euler beam theory. Nevertheless, due to
possible large oscillations, the theory is extended and
it takes into account geometrical nonlinear terms and
also both flexural and longitudinal beam deformations.
It means that the beam is extensible. The rotation and
oscillations of the system arise from the external
torque 7., imposed on the hub or periodic force
applied directly to the beam. The torque is assumed to
be composed of constant and periodic parts, thus, the
structure may rotate and oscillate. Depending on
amplitude and frequency of excitation as well as
structural parameters, dynamics of the studied exten-
sional beam differs from its inextensible counterpart,
e.g. [23].

2.1 Model formulation

To describe motion of the structure we introduce a
fixed coordinates set (X, Yo, Zo) located at the hub
centre C, a set of coordinates (X, Y, Z) rotating with
the hub and with the same origin located at C point,
and a set of rotating coordinates (x, y, z) oriented
according to the symmetry axes of the undeformed
beam and with the origin located at point 0—the
clamping beam point, as shown in Fig. 1. The preset
angle of the beam 0 is presented on a side view in
Fig. 1b. For any arbitrary preset angle the beam
oscillates in the plane different than the plane of
rotation. For 0 = 0 the oscillations and rotation planes
overlap.

The longitudinal and transversal displacements
u(x, t) and v(x, ) of an elementary segment located
in point A, and next moved to A’ position are defined in
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Fig. 1 Model of a flexible rotating beam, a general view, b side and ¢ top views of the structure with assumed set of coordinates and

d deformation of the elementary beam segment

the rotating coordinate frame, as presented in Fig. 1c.
The displacement of both ends of the elementary
segment from initial position A and B to the final
position A’ and B’ is shown in Fig. 1d where dx
denotes the undeformed beam element while ds is the
deformed segment at any arbitrary time instant. A hub
position is defined by angle of rotation ¥(r). We
assume that beam is deformed only in (x, y) plane
because of its high stiffness in z direction. Twist and
warping of the beam is neglected in this study as well.
Taking into account Fig. 1d we find
/ /
cos ¢ :1—1——147 tan ¢ -0 ,
2 14+ u (1)
(1 + u/) +V/2

where ¢ is angle of rotation of the elementary segment
which also defines angle of rotation of the cross-
section as in Bernoulli-Euler beam model shear
deformation is neglected. Primes denote partial
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derivative with respect to x coordinate. Considering
that

vl/(l + u/) _ vlul/ _ 1

(tan d))/ - (1 I u/)z " cos? ¢

¢’ (2)

and then applying Eq. (1), we find the definition for ¢’

V”(l + u/) _ vlu/!
=t G)
(L+u) v
The strain e of the elementary segment is determined
as

e_ds—dx_
=—=

(14 uw)+v2 —1. (4)

The beam curvature based on geometric definition has
the form [2, 17, 18]
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Kg_as_ax Ox
,{Os !
=4(3)

.. Os
thus, taking into account that o =
X

(5)

(14 u')*4+v72,
the geometric beam curvature is defined as:
v”(l + u/) — V"

K, — .
T twpee]” ©

If we assume that ' = 0 and ¥” = 0 we obtain the
classical definition of a geometrical curvature for a
line given by analytical function y(x). On the other

hand the mechanical curvature [18] is defined as «,,, =

0
—d) which is equivalent to the formula (3).

Ox

For inextensible beams the geometrical x, or
mechanical x, curvatures can be obtained assuming

e = 0 which results in ' = v/1 —v2 — 1. Computing

VA

—V
mentioned formulae into mechanical and geometrical
curvatures we get

second derivative u” = and then substituting

V”

Km = Kg i (7)
This means that for an inextensible beam both
definitions give the same result.

In this paper, for the extensible beam model,
according to [18] we apply the mechanical curvature
definition.

Equations of motion of the rotating structure are
derived on the basis of Hamilton principle of the least
action

[5)
/ (5T — 8V + 6W,)dt =0, (8)

4

where T and V are kinetic and potential energies and
oW, is virtual work of nonconservative forces. In our
case we can consider work of viscous damping forces
acting in longitudinal and transversal directions, work
of external torque T,,, supplied to the hub and forces
acting directly on the beam in axial and transversal

directions representing aerodynamic forces for
example.
The potential energy V takes the form

V=

N =

/(M(j)/ + Ne)dx . 9)
0

Bending moment M is defined by the mechanical
curvature

M = Elx,, (10)
while normal force N by strain
N = EAe, (11)

where E is Young modulus, A, [ the area of the beam
cross-section and its geometrical moment of inertia
with respect to neutral axis of bending. Thus, potential
energy has the form

L
1
V= /5 (EI$” + EAe*)dx. (12)
0

Substituting Egs. (3) and (4) into potential energy (9)
we get

V= [ Fydx. (13)

O\h

where the function under integral is defined as

2
FV :% £ V”(l + M/) —Vu"

(1+u)4"

+ EA 1+u’22+v’2—12. "
Ve ]}

Kinetic energy of the hub, beam and tip mass takes the
form

L
P / SpRds
J (15)

1 .
+ 5 ””lth2 )

1

T=-
2

where R is a radius vector of an arbitrary beam point
and R, is a radius vector of the beam tip point. A dot
means time derivative, J, is mass moment of hub
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inertia, m, is lumped tip mass and p, beam mass per
unit length.

To obtain motion of the beam in the absolute
coordinate frame we transform the rotating coordi-
nates (x, y, z) to the coordinates frame (Xo, Yy, Zo)
taking into account transformation matrixes Ag, Ay,
which include the rotation and preset angle, respec-
tively [11, 15]

R=AyAgr+R, (16)
where

cosyy —siny O
Ay = |siny cosy O],

0 0 1
1 0 0
Ap= 1[0 cosf —sinf |, (17)
0 sinf cosf
X+ u Ry cosyr
r= v , Ry = | Rysiny
0

Thus, the velocity vector is defined as

R = lp—wA or (18)

+Al/,A01"+Rh.

From the above equation we get the components of the
velocity vector

Ry = —(R, + x + u)y siny + i cos

— VlﬁCOSQCosw —vcosfsiny,

R'y:(Rh—i—x—l—u)lﬂcostp—ﬁ—u'simp (19)
— v cos Osiny + vcos O cos
R. =vsinf.

Substituting (19) into (15) we obtain kinetic energy of
the system

1. .2
T=-J
S
r: (20)
+ /Fde+Tt
0
where
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| .
Fr= Epl{uz 02 4 2[(Ry + x + u)y — iy cos 0
+ {(Rh + X+ u)*+v? cos? 9} lﬁz}
(21)

1
T, = 5m,{u,2 4 772
+2[(Ry + L+ u,)v, — v,u,]t/} cos 6 (22)
+ {(R;, + L+ u,)* 2 cos? 9} tﬁz}

and subscript ¢ denotes the beam tip point at x = L.

To use Hamilton principle of the least action (8)
variations of kinetic and potential energies are
expressed as

ST (u, v, 1, v, ) — 75 +a—5 +2—¢5¢+a—au
+%5v+2—£5¢,
5V(u’,v’,u”,v’)—%5 +%5’
o o

(23)

Substituting Eq. (20) and Eq. (13) into Eq. (8) then
applying Eq. (23), after integration by parts and
grouping terms for variations du, dv, oy, we obtain
differential equations of motions and terms which
correspond to boundary conditions for the rotating
hub-beam structure with tip mass. The equations of
motion obtained for particular variations take the form

— variation du

. )
pr i = (R + x + )i
— 2v'xﬁ cos 6

fwﬁ cos 0} + ¢y (24)

oFy  (OFy\'l
+ Lo () =

where f, is generalised force and ¢, the damping
coefficient corresponding to u coordinate, and
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aFV B EI v//[(l + u/)v// _ vlu//]
;T 2
Ou {(1 + u’)2—|—v’2]

_ 2(1 + u/)[(l —+ u/)v// _ v/u//]Z
{(1 —+ u’)2+vl2:| 3

(1+ u’)< (1+u)+v2 — 1)

+ FA
(1+ u’)2+v’2
(25)
/ / i

6F/‘//:EIV[(1—|—M) Vth] 26)

Ou |:(1 + u,)2+v,2:|

— variation Jv

01 |:1;’.+ (Ry + x + u)y cos 0

+ 2u'l// cos O — vx/)z cos? H} (27)

. |oFy OFy
e h/(wj} ﬂ
where f, is generalised force and ¢, the damping
coefficient corresponding to v coordinate, and

aFV B M//[(l + ul)v// v/u//]
o [

{(1 + u’)2+v’2} ’

v’( (14 uw)*+v2 — 1)
+ EA

(1+u)* V2

OFy (T+uH[(1T+u' W — V"]
v~ H 2 2
{(1 +u) Jrv’z]

(29)

— variation oy

Jhlﬁ+cw¢+/0Lp1{[(Rh x4 )
+v? cos? 0]y
+ [(Rp +x + u)v — vii] cos 0 + 2
[(Ry + x + u)ti + vV cos® 0] x/'/}dx
+ m,{ [(R;, + L+ u,)z—i—vl2 cos? 9} np
+ [(Rn + L + u;)Vy — vy cos 0
+ 2[(Ry + L + uy)ti; + v,V cos” 0] lp} =T,
(30)
where T,,, is external torque supplied to the hub

and ¢y, the related damping coefficient.

The boundary terms obtained after integrations, which
must vanish, take the form

m, aﬂ OFy ou
"| du o L
oFy (R "
-{ [au, - (M) Jof, o
oFy ,)L
ou' | =0,
(),
-5 (&)}
e 5\/
ov ov L
oFy  (OFy\’ B
o) |} o
L
(aF,‘: 5v’> =0.
ov 0

For the considered case of the rotating cantilever beam
we have
forx =0,

(31)

u=>0, = = (32)
and from (26) we get ( )

For x = L we get dynamical boundary conditions.
The lumped mass at the tip generates inertia forces in
axial and transversal directions with bending moment
equal to zero. Dynamical (natural) BC require van-
ishing terms collected for proper variations for x = L

@ Springer
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i (w))
- [o - ().
i)
).

().~

OFy OFy

[ oV <6v”
The derived above partial differential equations and
associated boundary conditions describe nonlinear
dynamics of the rotating multibody system with the
flexible extensional beam.

(33)

2.2 Third order approximation model

The equations presented in Sect. 2.1 are derived on the
basis of the nonlinear model of the rotating hub-
beam-tip mass system without any additional simpli-
fications. However, to determine analytical solutions
we introduce formal small parameter €, and express
displacements u, v as

u=ei,v=ev, (34)

and then the nonlinear functions are expanded in
Taylor series. Therefore, Eqs. (24), (27) and (30) take
the form

— Ry +x)po” + eeai + py (i = )
— iy cos O — wij cos 0) - EAu”}
+ E[—EAVY' — EIGV'V" 4"
+ E[EAV (Vi 4 2uV")
+EI(3u vV + u" (20" + 5vV")
+ V2" 4V (4 + 3uv™))] + o =f,,
(35)
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p1(Ry + x) cos O + e{c,v
+p, [(ZLM + I/tl,b) cos 0
- vtﬁ2 cos? 0 + 1'/'} + EIv””}
+ E[-EAWV U +uV") —
+Vu"" + 2u'V"™)]

+ 63{EA <2u’v’u” +u

EI(3VN //l+4u// g

3
_ 5 VIZVN)

+ EI[8u™" =207 + i (Vi + 12uv?)

+ V' (9w — 8VV")

+3uVu" + 3u = 22"} + o) = 1,
(36)

L
Tl 4 eyt + /O P {(Rh + )%+ e {2(Rh + X))

+ (R 4 x)vicos 0+ 2(u + x)ﬂ

+é [Z(Lm' + vicos? 0)y — (vii + u¥) cos 0

+ (1 + V¥ cos” 0) ] }ax

+ m{ (R + L) + €[ 2(Ry + L))

+ (R, + L)¥, cos 0 + 2(u; + L)ﬂ

+ [2 (i + viv, €05 O) — (v + i) cos 0

+ (1} + VP cos )] } = Teu

(37)

Note that tilde has been dropped out for further
notation simplicity.

Considering the cantilever beam with lumped mass
at the tip, the boundary conditions formulated in (32),
(33) take the form

forx=20

u=0, v=0, V=0 (38)

forx =L
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1
eEAU + & (5 EAV? + Elv’v”’>
+ € [—EAuV? — EI(2v'u"V'
+ VIZM/// + 3ulvlv///)] + 0(64) (39)
.2 . .2
= e[ (Ry + L) + € i 4w

+ 20 cos 0 + v cos 6)}

EEIV/” -+ 62[—EAM,V/ — EI(ZH”V” + vlul" + ZMIV”/)]
1
+ 63 |:_EA <—M/2V/ + 2v/3>

- EI(—Z\/L/'2

—6u' V" + 2v/v//2 — 3V — 31/!/2\//// + 2v/2v///)]

+ 0(e")
= m,{(Rh + L) cos Gtﬁ

+e[<2mﬁ + ulﬁ) cos
)

— v cosz()—|—\'i}}

eEN" + E€EI(—Vu" — 2uV")
+ EEI(3uVu" + 3u™" — 2v) (41)
+ 0(e) =0

3 Oscillations of rotating beam with constant
angular velocity

The first attempt to analyse the system response
neglects dynamics of the hub and takes constant
angular velocity of the system. Therefore, Eq. (37) is
neglected and in equations of motion (35), (36) we

assume constant angular velocity /(z) = Q.

In order to get approximate solutions in a proper
perturbation orders we express angular speed, viscous
damping and external forces with respect to the formal
small parameter e,

Q= ef), Cy = ezCu, c, = GZCV,
fu=€Efu f=¢€1,,

The proposed scaling takes into account not very high
angular speeds, damping and external forces which
guarantee moderate large oscillations. Under such

(42)

assumptions coupled transversal-longitudinal vibra-
tions of the rotating nonlinear beam with the tip mass
are studied.

The scaling requires reformulation of perturbation
orders in PDEs of motion

e(pyii — EAU") + €{—p, [(R) + x)Q2* + 2vQcos 0]
— EAWW' — EIV" +V")}
+ €[Cuti — pyu® + EA(V*u" + 2uV'v")
+ EI(ZM//V//z _|_ 4vlv//u/// + Sv/u//vll/
+3uVY" V2" + 3V = €,
(43)

e(pyv+ ED™)

+ €[2p1iQcos 0 — EA(Vu" + u'v")

i EI(?)V//MW + 4" V" — 2u/v/m)]

+ € [va' — pv&*cos® 0

+ EA (2u/v/u// + u/2v// _ 3v/2v//>

2

+ EI(SM/IZV// _ 2V//3 4 7V/u//u///

_|_ 9ulv//u/// + 12ulu//vl// _ 8V/VNV/// + 3u/vlu////

+ 3u12v//// _ 2V/2V////)] — €3fv

(44)

and boundary conditions for x = L
e(EAU' + myii)

+ e{—m[(R; + L)Q* — 2vQcos 0]

1
+ EEAv’2 + EIv'v’”} (45)
+é [—mtqu — EAUV?

+EI(*2V/I/£NV” o vlzu/// o Sulvlv///)] -0

e(—EN" + mv) 4 [2m1iQ cos 0 + EAu'Y
+EI(2M”V” + V/u/// + zulv///)]
+ € [—mth2 cos? 6
1
+EA (u/zv’ + 21/3)
+ EI(-2v'u"” — 6u'u"V"
+ Zvlv//Z —3uVu" — 3u/2v/// + ZV/ZV///)} -0

(46)
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eEN" + EEI(—Vu" — 2u'V")

47
— 63EI(3u'v’u” + 34 — 2\/2\/’) =0. (47)

The above equations will be solved analytically by the
multiple time scale method.

4 Perturbation method

The mathematical model of the beam-tip mass system
rotating with constant angular speed is governed by
the set of partial differential equations (43), (44) which
represent coupled transversal-longitudinal beam
oscillations. Furthermore, the tip mass loads the beam
in both directions and creates dynamical boundary
conditions (45)—(47). In contrast to standard procedure
based on Galerkin orthogonalisation method and
modal reduction, we apply directly the multiple time
scales method to partial differential equations and
associated boundary conditions [21]. The proposed
method has been applied in [14] to solve coupled
transversal-longitudinal oscillations of fixed simply
supported beam with a spring at the end.

According to the multiple time scale method we
introduce different time scales related to small
parameter €

to=T, 1t =¢T, t, =T, (48)

where 1y is the fast time scale, and 7, and ¢, are the slow
time scales (slow flow) and T is time. The time
decomposition (48) generates new definitions of the
first- and second-order time derivatives. Thus, the first
and the second order time derivatives take the form

V(x, 0, t1,12) = (Do + eDy + SZDz)V(X, fo,11,1)

V(x,t0,11, ) = [D§ + & 2DoDy + & (2DD> + D) ]
v(x, to, 11, 1)

i(x, t9,t1,12) = (Do + eDy + €°D;)
u(x, to, t1,1)

I/'t'(x, to, 11, 1‘2) = [D(z) + &2DyDy + & (2D()D2 + D%)}
u(x, 1o, 11, 12)
(49)

k
where operator D¥(.) = & (.) denotes the k" order
. . . . J .
partial derivative with respect to the #; time scale.
The solutions are expressed in a series of the small

parameter
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v(x, to, t1,12) = vo(x, 10,11, 12) + &vi(x, 20,11, 12)
+ v (x, 10,11, 12) + O(&)
u(x, to,t1,t2) = uo(x, to, 11, 1) + euy (x, f0, 11, 12)
+ Euy(x, 19,11, 1) + O(&)
(50)

where vj(x,fo,t1,12) and u;(x,1,t,7,) denote the
solutions in the zeroth, first, and second perturbation
orders (j =0,1,2).

We assume that excitation force in the axial
direction is neglected f,, = 0. The system is excited
by external force &,(x) distributed along the beam
spam and acting in transversal direction as periodic
load

Fo(x,10) = &,(x) cos(woty + at7) (51)

where o is a detuning of excitation frequency o with
respect to natural frequency wy,

w0 =wy+ a (52)

We note that the definition of the detuning parameter
is based on the natural frequency of the not rotating
beam. The effect of angular speed is taken into account
in the successive perturbation orders. This differs from
a standard approach which takes into account rotation
in the zero order perturbation and the detuning
parameter is defined around this state.

Substituting solutions (50) and their derivatives
into equations of motion (43), (44) and boundary
conditions (45)—(47) and considering boundary con-
ditions (38), we get equations of motion and boundary
conditions in the successive perturbation orders

First order (&)

Dip up — EAuf = 0

53
Dipyvo + ENV)' =0 53)
and boundary conditions,
up(0,T) =0, v(0,T) =0, vy(0,T) =0,
Dimuo(L, T) + EAuy(L,T) = 0, (54)

Dimvo(L, T) — ENVy (L, T) = 0,
vo(L,T) =0

Second order (¢)
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Djp,uy — EAu} = RHS,,
Dip\vi + EN" = RHS,,

where

RHS,, = Ryp;Q* + xp, @
— 2DoDpug
+ 2Dyp, Q2 cos Ovy
+ EAvyV + EL(viyy + vpv")
RHS,, = —2Dgp,Q cos Quy — 2DoDp,vo
+ EA(vyuy + upvy)
+ EI(3viuy + dugvy + vipuy” + 2ufvy”)
(56)

and boundary conditions,

11 (0,T) =0, v1(0,T) =0, v,(0,T) =0, (57)

Dimuy (L, T) + EAu, (L, T) — m,(L + R;,)
+ 2D0D1m,u0(L, T)
— 2Doym,Qcos Ovy(L, T)
+ 0.5EAVZ(L,T) + Evy(L, T)vy (L, T) = 0,
(58)

Dimyvi (L, T) — ENV/'(L,T)
+ 2Dom,Q cos Ouy(L, T)
+ 2DoDymwo(L, T) + EAugy(L, T)v0'(L, T)
+ EI[2ug(L, T)vy(L,T) 4 vo (L, T)ug (L, T)
+ 2ug (L, T)vg (L, T)] =0,

EIV{(L,T) = vy(L, T)ug(L,T)
— 2uy(L, T)vg(L, T)] =0

Third order (%)

D}puy — EAu = RHS,,

2 " (6 1 )
Djp,v2 + ENVy' = RHS,,

where

RHS,, = [CuDo + p, (=D} — 2DoD; + Q%) Jug
— 2DoDyp ui (L, T) 4+ 2D p; QcosOvg
+ 2Dyp, R cos Ov;
+ EA(—vgug — 2uyvivy + Vivy + vé)v’{)
+ EI(—2ugvy® — dvgvguy — Svougvy — 3upvyvy
VIV v — vy
B ).

(62)

RHS,, = &,(x) cos(woty + atz)
+ C,Dgvy — D%pIVO — 2DyD;pvo
+ Qcos O(C,R, + Cox — 2Dy pyup — 2Dop,uty)
+ ,ol.Q2 cos? vy — 2DyD1p vy
U/

/) ) 2.1
+ EA(—2u0v0u0 +Viug + voup — ug vy

3

i 2.1 /i

+upvy + EVO Vo + Ugvy

"2 "3 /i

+ EI(—SMO Vo 1 2vy” — Tvpugik
oo n_mn n_mn
—Qugvouy + 3viug + 3vou|

— LRugugvy + 4uvy + 8vgvgvy

/i i /I
+ duyvy — Sugvouy + Vi

i 12
+ vouy — 3ug vy

i 12 / /l//)
)

+2uivy + 2vy vy + 2ugV
and boundary conditions,

1(0,T) = 0, v2(0,T) = 0, v,(0,T) = 0, (64)
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Dimus (L, T) + EAu, (L, T)

+ m{ [D} + 2DoD; — Q] ug(L, T)
+ 2DoDyu;y (L, T) — 2Qcos 0

[Dyvo(L,T) + Dovi (L, T)]}
+ EA[—uy(L, T)VF(L,T)
+ (L, T)V, (L, T)]
+ EI[—2v}(L, T)ug (L, T)vg(L,T)
— VL, T)uy (L, T)
—3uy (L, T)vy (L, T)vy (L, T) + Vi (L, T)vg (L, T)
+vo(L, TV (L, T)] =0,

(65)

Dimvy(L, T) — EWVY (L, T) + 2Dym,Q cos OQuo(L, T)
+ 2Dgm,Q cos Quy (L, T) + (D} + 2DoDy)myvo(L, T)
— mQ* cos® OvO(L, T) + 2DoyDymvy (L, T)
+ EA[~ug (L, T)vo(L, T) +u (L, T)vy (L, T)
+0.5v3 (L, T)
+uo(L, T)V|(L, T)]
+ EI-2vy(L, T)uy*(L, T)
Wl (L, T)W!(L, T)
0(L, T) 4 2V (L, T)v*(L, T)

— 6uy(L,T)
+ 2u{(L,T)
+ 2ug(L, TV (L, T)
L,T)v,
/)

?

"
V

T
T
TV (L,

— 3ug(L, T)vo(L, T)ug (L, T)

+ Vi (L, Tug (L, T) + vy (L, T)u' (L, T)

— 3uZ(L, Ty (L, T) + 2u} (L, T)VO" (L, T)
+2v5 (L, T)vy (L, T) + 2ug (L, T)V/'(L, T)] =0,
(66)

VIZI(Lv T) - V/l (Lv T)MS(L’ T) -
+ 3uf (L, T)V;(L,T)
— 20, (L, TV (L,T) — 2v}(L, T)Vj(L,T)
+ o (L, T) [3vy (L, T)ug (L, T) — 2v{(L, T)] =0.
(67)

vo(L, T)u{ (L, T)

The above equations of motion together with bound-
ary conditions will be solved successively up to the
third order perturbations.
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4.1 First order solution

We assume that the internal resonances are excluded
in this study. The reason for this assumption is based
on the results obtained from the FEM model for
accepted structural parameters and angular speeds. To
analyze internal resonances, special cases of the model
with properly tuned parameters together with selected
angular speed should be examined. Excluding internal
resonances, the first order solution is sought as a
product of time depended and space depended func-
tions expressed in the general form:

uo(X,10,11,12) = [Are(t1,12) € + Ay (11, 12) ]
tio (%) ,
lip(x) = ¢y sin(A,x) + ¢ cos(4,x)
vo(X,t0,t1,12) = [Bre(t1,12)€™" + By (t1,12) € "" |
vo(x),
Vo (x) = c3sin(Ax) + c4 cos(Ax)
+ c¢ssinh(Ax) 4 cgcosh(4x),
(68)

where A(t),t,) and B(#,;) are complex amplitudes
decomposed on real and imaginary parts indicated by
subscripts re and im, respectively and i is imaginary
unit. The longitudinal and transversal mode shapes are
defined by space functions i (x) and vy (x).

The natural frequencies are given as:

|EL? |EAL;
Wy = \|—— Woa = \[/——
P P1

and must be analysed together with 4, and A which are
defined by transcendental equations:

(69)

2

—m, = sin(Z,L) =0,
P1

p, + cosh(AL)[p; cos(AL)

py cos(AL) + pycosh(AL)

cos(4,L)

— myAsin(AL)] + m, cos(AL) sinh(AL)
— mysin(AL) + m; sinh(AL)

- 0.
(70)

We note that boundary conditions (64) lead to
vanishing parameter c;.

4.2 Second order solution

Second order equations can be solved if and only if
following solvability conditions are satisfied:
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b " t 2iom; Vg (L)D1Bye (1, 12)
/0 (Doplul — EAul) uy dx = /0 RHS,, uo dx 0 ’ 5 (76)

L L = —2ip1a)oD1B,e(t1,t2)/ \3(2)()6) dx
/ ( 5PV + ENV" ) vodx = / RHS,, vo dx . 0

0 0 e—i(/)[)f():
(71)
. 2 )

After some mathematical manipulations, integration — 2ioomVy(L)D1 Bin (11, 12)
left hand side by parts, together with equations (53) (77)

and boundary conditions (57)—(60) and (54), we obtain
[2DoDyug(L)m} — Q*(L + Ry)
— 2Dgm,Q cos Ovy(L) + 0.5EAvE (L)

L
+Elvg'(L)v6(L)]u0(L) = / RHS,,, uo(x) dx
0

(72)
{2Dovo(L)m,[Dyvo(L) + Qcos(0)ug(L)]
+ EAvo(L)up(L)vy(L)
+ B[ (L) + (LoD )

+2vo(L)v' (L)ug(L)] }

L
:/ RHS,,vo(x) dx.
0

In this step we focus only on secular generating terms
determination. Equations are decomposed on harmon-
ics, and therefore functions which contain e or
e '@l in Jongitudinal direction and e or e~ in
transversal direction are studied in order to determine
time derivatives of real and imaginary amplitudes with
respect to time ¢, thus, for

ei(UOAtO:
Qiaoam i (L)D1A (11, 12)
. L (74)
= —2lp1w0AD1Are(t17t2)/ g (x) dx
0

e iwoalo
— ZZwQAmeO(L)DIAlm(tl ) l2)

. L, (75)
:21p,w0AD1Aim(t1,t2)/ uy(x) dx
0

elwof(]:

L
= 2ip1w0DlBim(t1,t2)/ \5(2)()6) dx.
0

OA,, _ 0Ay, _ OBy, __ OBy, __ — 0

This leads us directly to & =

what means that derivatives of amplitudes are inde-
pendent of first time scale and in the following D; is
equal to zero.

Now, ordinary differential equations (55) and
associated boundary conditions (57)-(60) can be
solved without any special efforts. Their mathematical
expression of solutions are complex and can be
reported here only with simplified notation using
coefficients c¢7-c13, that are functions of spacial
coordinate x

i (x,t0, 11, 12) = 1By (t1, 1) ™"
+ csBim(t1, 1) e 0%
+ coB}, (11, 12)€” ™" + c1oB;, (11, 1) e 2
+ ci1Bre(t1, 1) Bin(ti, 1) + 12,

(78)
Vi(x, o, 11, 1) = C13Are(t1, 12) e
+ C14Alm(tlat2) it
+ c154re (11, 2)Bre(t1, 1) €00 (79)

+ C16Ain(t1,12)Bin (11, 1)~
+ C17Are(tlat2)Blm(tlv Z)Elwmme oty
+ C18Aim(t1, 12)Bre(ty, 1) e 000
It is worth to remark that the second order axial
vibration u; depends on the transversal vibration
frequency @g, while the transversal vibration v,
depends on the axial frequency wg,. This highlights

the nonlinear coupling between axial and transversal
motions.

4.3 Third order solution

In the third order approximation only time derivatives
with respect to the second slow time scale 7, are to be
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solved, therefore the solvability conditions are applied
in the form:

L L
/ (D(z)pluz — EAUY) ug dx = / RHS,,, uo dx
0 0

L L
/ (D Oplvz—|—EIv’2’”) vodxz/ RHS,, vo dx
0 0
(80)
which through integration by parts, substituting
boundary conditions (57)-(60), (64)—(67), and then

equaling to zero the secular generating terms, provides
a set of the four ordinary differential equations

0A (¢
A ( 2) lClgAre(tz) + ¢20Cy Are(IZ)
15}
+ lczlAre(IZ) tm(tz) "e(tz)
6A,-m 1
5 ( 2) —lC|9Alm(lz) + c20Cy, Azm(t2)
53
lCZlA e(IZ) tm(tZ) re(t2)
0B, (¢ I, ; .
6t§ 2) = Ezczzie"”{‘ + ic23Br (1)
+ C24CvBre([2)
+ ica5Ain(12)Are(t2)Bre(12) + ic26B7,Bim
aB,-m(fz) b —iaty
o 2!62256
— i023Bim(l2) + C24CvBim(t2)
— iC25A,‘m(fz)Are(tZ)Bim(IZ) lc26Br€Bzm
(81)

where the coefficients c19 — cp¢ are numbers (depend-
ing only on the mechanical and geometrical properties
of the beam) with very long and involved expressions
that cannot be reported. However, they can be detected

by a symbolic software manipulator. Parameter ¢ =
fo &, (x)vo(x)dx is amplitude of external loading.

Next, the complex amplitudes are expressed in the
polar form

1 , )
Ar(ty) = Ea(tz)e’ﬂam), Aim(ty) = ,a(h)eﬂﬁﬂ(rz)

1 : 1 .
= Eb(tZ)elﬂb(t2>a Bim(tZ) = Eb([z)@ilﬂb(&)

(82)

Bre (t2)

and then, collecting real and imaginary parts of
Eq. (81), we get modulation equations
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d () = c0Cua(ta)
a(tr) Bl (1) = —czla(tz)b(tz)z—i-clga(tg)

V(1) = cz4c b(ty) — exnésinfoty — By(12)]
D)y (1) = s ()bl(5) + 3 exsb (1)

+ C22§COS[O’I2 — ﬁb(lz)] + Cz3b(l‘2) .

(83)
The above equations can be investigated for specific
set of parameters and corresponding vibration modes.
To study influence of selected parameters and bifur-
cation scenarios we select a few important parameters
which are taken as free bifurcation parameters.
Highlighting the presence of Q, a, &, C,, C,, Ry, 0,
(83) can be rewritten as

a ( ) d,C, Cl(fz)
a(t) B, (1) = dis@a(tr) + disa(t)b(t2)?
+ disQ%a(ty) cos® 0
b,(l‘z) = dz]CVb(l‘z) +dpé Sln[O'lz — ﬁb(tZ)]
b(tz)ﬁlb(l‘z) = d2392 ( 2) + d24RhQ b(l‘z)
+ dzsa (tz)b(tz) —‘rd26b (tz)
+ d2792b(t2) cos? 0
— bn&coslat, — B,(12)] .-
(84)
To solve above equations analytically we introduce
new variable y(t,) = at, — f,(#;) and substitute it into
(84) by replacing f3,. In a steady state a'(f,) =0,
B.(t) =0, b () =0, /() = 0, thus from Eq. (84)
we may determine equation which involves amplitude
versus selected bifurcation parameters

d3b® + 2b*dyg[—0 + Q% (dos + doaRy + da7 cos” 0) |
+ [dlzlc‘% + (6 — (d23 + d24Rh)QZ)2

+ 2y @ (=0, + (do3 + doaRy,) Q%) cos® 0
+dy Q" cos* 0]b* — d5, & = 0.

(85)

The above equation allows computing resonance
curves against the detuning parameter ¢ as well as
bifurcation scenarios for the crucial structural param-
eters of the rotating system.

We note that for the transient oscillations all four
modulation equations (84) are involved in the solution.
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While for the steady solution a(#;) = 0, that means
that the transversal excitation does not force the axial
displacement to the first order, while excites it in the
second order, due to the nonlinear coupling, see (78).
This is a consequence of lack of internal resonance,
and of the fact of forcing in the vicinity of transversal
resonance. That is an hypothesis done for the purpose
of this paper. The case of internal resonances will be
demonstrated in a separate analysis.

5 Numerical analysis

Numerical computations are performed for a carbon-
epoxy composite beam composed of 18 layers
[0, —60, 60, 0, —60, 60, 60, 60, —60,
—60,0,0,—60,0,0,60,60, —60] having thickness
0.00005 m of each individual layer. The assumed
configuration corresponds to resultant homogenous
and isotropic properties. The beam parameters takes
values: length of the beam—L = 0.35 m, mass per
length—p,; = 0.04131 kg/m, stiffness coefficients—
EI = 0.127883 Nm?, EA = 1.89457 x 10° N.

To validate the analytical model the structure has
been modeled in a commercial finite element (FE)
software Abaqus_CAE®. Then, the modal analysis of
FE model is compared with the analytical results. The
comparison is presented in “Appendix 1” in Tables 1
and 2 for selected transversal and longitudinal modes
and different tip mass values, m, =0, m;, = 0.05,
m; = 0.1, m; = 1.0, defined as the ratio to the beam
mass n; = L’f—/’ol. The results show a very good agree-

ment of FE and the analytical models. The influence of
the tip mass m, on the modes shape is presented in
Fig. 2. The change of tip mass almost does not
influence the first bending mode (Fig. 2a), but the
second and the third modes (Fig. 2b, c¢) for relatively
heavy mass (i1, = 1.0) are changed essentially, in
contrast to zero or small tip mass. The influence of the
tip mass on the first longitudinal mode is presented in
Fig. 2d and the mode is affected by added mass
changing its shape from curvilinear to almost linear if
mass is heavy.

On the base of the analytical approach presented in
Sect. 4 we can compute the coefficients given in
equation (85). They depend on the value of tip mass #1;
and as well as on the vibration mode. For the need of
our study we select the first and the second bending

mode and two values of tip mass, defined with respect
to beam mass, m;, = 0.05 and m; = 1.0, which repre-
sent relatively light and heavy tip mass, 5% and 100%
of the beam mass, respectively. In the analysis the
radius of the hub is fixed as 0.1 of the beam length L,
Ry, =0.035 m.

For the assumed cases the coefficients of Eq. (85)
take values:

First bending mode, mi; = 0.05

doy = 10.069, dyy = 0.34316, da3 = 0.0129502,
oy = 0.0466729, d>s = —3.33095 x 108,

dhg = 7.54769, dy; = —0.0108507,

Ry = 0.035,C, = 0.0292

Second bending mode, m; = 0.05

dy = 10.6053, dyy = 0.0340345, dp; = 0.01134729,

oy = 0.04155239, drs = 6.37544 x 108,
dhg = —22870.842131,dy; = —0.00170954,
Ry = 0.035,C, = 0.0423

First bending mode,m, = 1.0

dy; = 2.32959, dy, = 0.16522,
dy3 = 0.02677, dry = 0.080989,

drs = 1.18218 x 10, (88)
dys = 4.3899, dy; = —0.02235,

R, =0.035,C, = 0.0142

Second bending mode, m; = 1.0

dy = 11.01455,dy; = 0.012342, dy3 = 0.035858,
dyy = 0.11103, drs = 1.03084 x 10°,
dys = —1.03595 x 10°,
dy; = —0.002142, R, = 0.035,C, = 0.0169..

(89)
Amplitude and frequency of excitation £, w, angular

velocity of the beam Q and preset angle 0 are varied in
the analysis.
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The resonance curves for the first and the second
vibration mode for small tip mass m, = 0.05, preset
angle 0 =45°, and selected angular speed are pre-
sented in Fig. 3. The nonlinear beam dynamics is
observed for large beam deformations. The resonance
curves plotted against detuning parameter ¢ (which
corresponds to changing excitation frequency with
respect to the natural frequency) demonstrate a small
stiffening effect for the first mode, without the
unstable branch. Whereas, for the second mode a very
clear softening effect is demonstrated in Fig. 3b. The
rotational speed does not change the nature of the
curves but just increase the natural frequency and
shifts the frequency-response curves toward higher
frequencies. To confirm this conclusion resonance
curves have been plotted for very large value of
2 = 300 rad/s for the first (Fig. 3c) and for the second
(Fig. 3d) vibration mode, and the nature of the curve is
still maintained, just large shift of frequency is

1.0

0.8

0.6

Magnitude

0.4

0.2

0.0
0.00 0.05 0.0 0.5 020 025 030 0.35

1.0

0.5+ .

0.0

Magnitude

-0.5F 1

-1.0L - .

X

Magnitude

0.00 0.05 0.0 015 020 025 030 0.35

observed. This result confirms the conclusions pre-
sented in paper [23] where softening phenomenon was
observed despite enlarged angular speed.

The heavy tip mass, m, = 1.0, enlarge the nonlinear
effect of the rotating beam. As it is seen in Fig. 4
stiffening (Fig. 4a) and softening (Fig. 4b) are
increased and the tendency is maintained for
Q =0rad/s, @=5rad/s, @=10rad/s. We may
conclude that in fact angular velocity does not affect
the nature of the resonance curves but just shifts the
resonance zone into higher frequency.

The bifurcation analysis is performed also against
amplitude of excitation & for fixed angular speed and
for selected excitation frequencies (detuning param-
eter). For the first mode nonlinear behaviour, with
saddle-node bifurcation, occurs for large and positive
values of detuning ¢ = 1.5 (green), ¢ = 3.0 (brown)
in Fig. 5a. For the first mode the bifurcations can be
obtained for very large oscillations which for the

1.0 1

0.5 1

0.0 \

-0.5} 1

-1.0} |
0.00 0.05

0.10 0.15 020 025 030 0.35

s 2 2 =
A & » =

Magnitude

S
o

0.0
0.00 0.05 010 0.5 020 025 030 035

X

Fig. 2 Vibration modes for selected tip mass m, = 0 (black), n, = 0.05 (green), m, = 0.1 (blue), 7, = 1 (red). First flexural vibration
mode (a), the second flexural mode (b), the third flexural mode (¢), and the first longitudinal mode (d). (Color figure online)
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Fig. 3 Resonance curves for selected angular velocity and tip
mass 71, = 0.05, a and c first flexural vibration mode: & = 0.2,
C, = 0.0292, 0 = 45°, b and d second flexural mode: ¢ = 0.2,

studied structure can be difficult to be achieved in
practice. In contrast, for the second mode the nonlinear
effect occurs for negative values of detuning param-
eter 0 = —5.0 (black), 0 = —2.0 (blue) or ¢ = 0 (red)
in Fig. 5b and moderately large amplitudes, achiev-
able in practice.

Assuming constant angular speed £ = 10 rad/s and
fixing amplitude of external loading & = 0.2, we check

(b)
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e
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C, =0.0423, 0 =45°. Q=0 rad/s—black, Q = 10 rad/s—
red, Q = 20 rad/s—blue, Q = 300 rad/s—green. (Color figure
online)

an influence of the preset angle on the system
response. In Fig. 6 the preset angle 0 is varied in wide
ranges from 6 = 0° up to 6 = 90°. We note that in a
real structure a large change of the preset angle may
generate additional beam deformations which are not
taken into account here as the model predicts in-plane
oscillations. The change of preset angle affects the
components of angular velocity vector in relation to
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beam’s orientation and therefore affect the beam
response. For the first mode and fixed excitation
amplitude the resonance curves are shifted into higher
frequencies while preset angle 0 is increased (see
Fig. 1). For the second mode the resonance curves are
almost not affected (Fig. 6b). It means that higher
modes are much less sensitive for variation of preset
angle.

The response of the system against angular velocity
is also tested for fixed excitation amplitude and
detuning parameter. The bifurcation curves for the
first mode computed for data given in (86) are
presented in Fig. 7. For zero or small detuning
parameter ¢ = 0 rad/s or ¢ = 0.2 rad/s or if detunig
parameter has negative values as presented in Fig. 7b
for 0 = —0.2 rad/s till ¢ = —10 rad/s, there is one
maximum of the response lactated at zero angular
velocity and then if we vary Q in positive or negative
direction amplitudes decrease, tending to zero. For
large and positive values of the detuning parameter,
o = 0.5 rad/s till ¢ = 10 rad/s (Fig. 7a) the amplitude
curves have two maxima located symmetrically with
respect to zero angular velocity. As it is seen in Fig. 8
for ¢ = 10 rad/s and negative rotation the character-
istic has an opposite slope to that obtained for positive
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rotation. We note that both curves are mirror sym-
metric being in agreement with Eq. (85) which
depends on square of angular speed.

Similar analysis based on data (87) is repeated for
the second vibration mode (Fig. 9). The curves are
again mirror symmetric, in this case however, the
slopes of the curves are opposite to those demonstrated
for the first mode. Furthermore, for ¢ = —4 rad/s
(Fig. 9b) two separate solutions are obtained (magenta
curve), the small amplitude curve with maximum
located at zero and the large amplitude curve observed
by the isolated “island” at the top. The above
mentioned results show clearly that the beam rotation
may increase vibrations and may lead to the multiple
solutions.

The above computations have been performed for
fixed hub radius R;, = 0.035 m. The resonance curves
computed for 5 times and 20 times larger radius for
the first and the second mode are presented in
Figs. 10a and 11a. As we may notice the increased
hub radius shifts resonance curves into higher fre-
quencies direction without a change of the resonance
curve nature, with hardening for the first and softening
for the second mode. In fact, if we increase the hub
radius then the blade is shifted from the hub centre and
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Fig. 4 Resonance curves for selected angular velocity and tip mass m, = 1.0, a first flexural vibration mode: ¢ = 0.045, C, = 0.0142,
0 = 45°, b second flexural mode: & = 0.045, C, = 0.0169, 0 = 45°. Q = 0 rad/s (black), Q = 5 rad/s (red), Q = 10 rad/s (blue).

(Color figure online)
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Fig. 5 Bifurcation diagrams against amplitude of excitation for
selected detuning parameters a mode 1, 0 = —5.0 (black), ¢ =

0 (blue), 0 = 1.0 (red), ¢ = 1.5 (green), ¢ = 3.0 (brown),
C, =0.0292, and b mode 2, ¢ = —5.0 (black), 6 = —2.0
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Fig. 6 Resonance curves for selected preset angle 6 = 0°
(black), 0 = 15° (red), 0 = 30° (blue), 0 = 45° (green), 0 = 60°
(pink), 6 = 75° (orange), 0 = 90° (gray); Q = 10 rad/s, a first

centrifugal inertia forces increase as well. This gives
an effect similar to the increased angular speed,
bearing in mind all assumptions related to the model.
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(blue), ¢ =0 (red), ¢ =1.0 (green), g =>5.0 (brown),

C, =0.0423; 0=45°, Q=10rad/s, tip mass m, = 0.05.
(Color figure online)
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flexural vibration mode: ¢ = 0.2, C, = 0.0292, Q = 10 rad/s,
n, = 0.05 and b second flexural mode: & = 0.2, C, = 0.0423,
Q =10 rad/s, m; = 0.05. (Color figure online)

The influence of the hub radius on natural vibrations is
shown by backbone curves marked by dashed-dotted
lines in Figs. 10a and 11a. The curves are shifted
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Fig. 7 Bifurcation diagrams against angular velocity €2 and for
selected detuning parameters a o = O0rad/s (black),
o =0.2rad/s (red), ¢ =0.5 rad/s (blue), ¢ =1 rad/s (ma-
genta), ¢ =4 rad/s (green), o = 10rad/s (orange) and
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corresponding negative values b ¢ = —0.2 rad/s (red),
o = —0.5 rad/s (blue), ¢ = —1 rad/s (magenta), ¢ = —4 rad/s
(green), 0 = —10 rad/s (orange). First flexural vibration mode;
0 = 45, m, = 0.05. (Color figure online)
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Fig. 8 Bifurcation diagrams against angular velocity € and for detuning parameters ¢ = 10 rad/s for negative (a) and corresponding
positive (b) angular velocity values; ¢ = 10 rad/s. First flexural vibration mode; 6 = 45°, ri, = 0.05

towards higher frequencies maintaining their harden-
ing or softening. This result is in an agreement with
result presented in [10] obtained by different
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approach. Bifurcation diagrams of blade response
against the hub radius computed for various detuning
parameters are shown in Figs. 10b and 11b, for the
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Fig. 9 Bifurcation diagrams against angular velocity €2 and for
selected detuning parameters a ¢ = O0rad/s (black),
o = 0.5 rad/s (red), ¢ = 1 rad/s (blue), ¢ = 4 rad/s (magenta),
o =10 rad/s (green) and corresponding negative values
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Fig. 10 Resonance curves a for various hub radius
R, =0.035m (black), R, =5x0.035m (blue),
R; =20 x 0.035 m (red), and bifurcation diagram b of vibra-
tion amplitude against hub radius R;, for selected detuning
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(magenta), ¢ = —10 rad/s (green). Second flexural vibration
mode; 0 = 45°, ri, = 0.05. (Color figure online)
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First flexural vibration mode; € = 10 rad/s, 0 = 45°,
m, = 0.05. (Color figure online)
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Fig. 11 Resonance curves a for various hub radius
R, =0.035m (black), Ry =5x%0.035m (blue),

R; =20 x 0.035 m (red), and bifurcation diagram b of vibra-
tion amplitude against hub radius R;, for selected detuning

first and the second mode, respectively. The course of
the bifurcation curves is different with the slopes
opposite to the corresponding resonance curves.

6 Conclusions

The developed model of the rotating beam structure
enables analysis of free and forced oscillations for a
large amplitude range. The partial differential equa-
tions and associated boundary conditions are derived

for constant or varied angular speed 1// = Q, arbitrary
hub radius, preset angle 0, tip mass m; attached to the
beam. The beam model takes into account coupled
longitudinal and transversal beam’s oscillations
assuming extensionality of the beam. External and
internal resonances (not presented in this paper) can be
studied by the proposed model.

The mathematical model have been formulated
assuming angular velocity, tip mass, preset angle,
amplitude and frequency of excitation as a bifurcation
parameters. Therefore, the solution has been found
analytically by perturbation technique under the
assumption that angular velocity is of ¢ order. This
approach allows to construct the solution successively,
starting from a non-rotating beam and then to include
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parameters ¢ = —5.0 rad/s (black), ¢ = —2.0 rad/s (blue),
o = —1.0 rad/s (green), ¢ = 0.0 rad/s (red), ¢ = 3 rad/s (ma-
genta). Second flexural vibration mode; Q = 10 rad/s, 6 = 45°,
i, = 0.05. (Color figure online)

the influence of rotation in the successive perturbation
orders. The obtained analytical solutions enable
complete bifurcation analysis for the most important
mentioned above structural parameters which are kept
as free in the solution.

The detailed analysis is performed for selected
resonance zones around the first and the second mode
of transversal vibrations. The partial differential
equations have been solved directly by the multiple
time scales method up to the third order perturbation
for the selected external resonances. The analysis
exhibits hardening phenomenon for the first mode and
softening for the second vibration mode. The
increased angular velocity shifts the backbone curves
as well as the resonance curves into the higher
frequencies direction. The effect of hardening or
softening however, is maintained also if angular
velocity is increased. This result is due to the fact of
considering angular speed as ¢ order. Similar effect has
been observed for increased hub radius, which shifts
backbone and resonance curves into higher frequen-
cies direction without a change of the shape of the
curves, maintaining hardening for the first and
softening the second resonance zone. The bifurcation
analysis of beam response against angular velocity
shows that the response is mirror symmetric for
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positive and negative rotations and depending on the
excitation frequency (detuning parameter) may lead to
increase or decrease of vibration amplitudes and, in a
case of the second mode, the existence of isolated
multiple solutions. The variation of preset angle shifts
the first resonance zone while for the second mode
resonance the influence is very minor.

In the future research the analytical solution will be
sought for coupled transversal-longitudinal oscilla-
tions due to internal resonances and for high speed
rotations which requires different scaling. The model
can be extended to a multi-bladed nonlinear rotor and
then the effect of blades detuning on nonlinear
vibration modes, resonance zones or vibration local-
isation can be studied for different boundary condi-
tions, including influence of the tip mass.
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Appendix 1: Comparison of finite element method
and analytical model

See Tables 1 and 2.

Table 1 Mode shapes and

. Tip mass i, =0
corresponding natural

Tip mass r, = 0.05

frequencies of the beam Mode Frequency (Hz) Mode Frequency (Hz)

with tip mass X -
No. Shape FEM Analytic No. Shape FEM Analytic
1 Ist b 8.0374 8.03737 1 Ist b 7.334 7.33393
2 2nd b 50.367 50.3693 2 2nd b 46.551 46.5522
3 3rd b 141.02 141.036 3 3rd b 131.55 131.561
4 4th b 276.33 276.373 4 4th b 259.77 259.808
5 S5th b 456.74 456.865 5 S5th b 432.1 432.202
6 6th b 682.21 682.477 6 6th b 648.78 649.019
7 7th b 952.71 953.212 7 7th b 910 910.457
8 8th b 1268.2 1269.07 8 8th b 1215.8 1216.65
9 9th b 1628.6 1630.05 9 9th b 1566.4 1567.69
10 10th b 2033.9 2036.15 10 10th b 1961.6 1963.63

Label b (1) represents

bending (longitudinal) 16 st 1 48373 4837.26 16 Ist 1 46073 4607.32

mode shape
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Table 2 Mode shapes and
corresponding natural

Tip mass ni, = 0.1

Tip mass i, = 1.0

frequencies of the beam Mode Frequency (Hz) Mode Frequency (Hz)

with tip mass - -
No. Shape FEM Analytic No. Shape FEM Analytic
1 Ist b 6.7843 6.78427 1 Istb 3.5599 3.55988
2 2nd b 44.245 44.246 2 2nd b 37.146 37.1466
3 3rd b 126.9 126911 3 3rd b 116.34 116.344
4 4th b 253.03 253.071 4 4th b 240.44 240.476
5 S5th b 423.59 423.688 5 S5th b 409.61 409.712
6 6th b 638.79 639.023 6 6th b 623.84 624.06
7 7th b 898.78 899.224 7 7th b 883.09 883.526
8 8th b 1203.6 1204.38 8 8th b 1187.3 1188.11
9 9th b 1553.2 1554.53 9 9th b 1536.5 1537.82
10 10th b 1947.7 1949.73 10 10th b 1930.6 1932.64

Label b (1) represents

bending (longitudinal) 15 Ist1 44002 4400.2 12 Ist1 26494 2649.39

mode shape
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