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Abstract In this present work, a hybrid energy

scavenger using two mechanisms of transduction

namely piezoelectric and electromagnetic and sub-

jected to the Gaussian white noise is investigated. The

stochastic averaging method is used here in other to

construct the Fokker–Plank–Kolmogorov equation of

the system whose the statistic response in the station-

ary state is the probability density. The mean square

voltage and current are obtained for different value of

white noise intensities as the output power generated

by piezoelectric circuit and electromagnetic circuit. In

addition, combining the Gaussian white noise and

coherence excitation, the Ghost-Stochastic resonance

is observed through the mean residence time and

improve the amount of energy harvested by the

scavenger. The agreement between the analytical

method and those obtained numerically validates the

effectiveness of analytical investigations. The results

obtained in this manuscript reveal that, while the

natural frequency is absent in the external coherent

force, the amount of energy harvested by the energy

scavenging device can be improved for certain value

of noise intensity.

Keywords Probability � Mean residence time �
Ghost-stochastic resonance

1 Introduction

Energy harvesting, known also as energy scavenging,

covers a great body of technologies and devices that

transform low grade energy sources such as solar

energy, environmental vibrations, thermal energy, and

human motion into usable electrical energy. Thanks to

the recent technology progress recorded in the elec-

tronic domain, the electrical energy consumption by

the electronics components has dramatically

decreased, incited the proliferation of the wireless

devices. Thus, the energy harvesting technology has

become a very attractive solution for a wide variety of

applications such as consumer electronics, outpatient

medical electronics (hearing aids, pacemakers, smart

implants) or imaging (camera inside the human body).

It is know in the literature that, there are three

mechanisms allow to transduce vibration energy to

electricity namely electrostatic [1], electromagnetic

[2] and piezoelectric [3]. Many authors namely Elvin

et al.[4], Inman [5], reviewing the state of the art on the

energy harvesting. Most works on energy harvesting
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took the deterministic approach by considering the

nonlinearity what can exhibit transduction materials

and study its impact on the system performance. Mann

[6] designed a nonlinear electromagnetic energy

harvester that uses magnetic interactions to create a

bistable potential well and validated the potential well

escape phenomenon can be used to broaden the

frequency response by theory and experiments. Spec-

tor et al.[7] proposed a theoretical model by using a

beam element and performed experiment to harvest

power from PZT material. They showed that a simple

beam bending can provide the self-power source of the

strain energy sensor. Kim et al.[8] reported that

piezoelectric energy harvesting showed a promising

results under pre-stress cyclic conditions and validated

the experimental results with finite element analysis.

Let us notice that, the main objective in this

research field is to enhance harvested energy by the

devices. For this, build the hybrid system combining

two mechanisms of transduction is essential. Bin et al.

[9] built a hybrid energy harvester combined piezo-

electric with electromagnetic mechanism to scavenge

energy from external vibration. They studied the effect

of the relative position of the coils and magnets on the

PZT cantilever end and the poling direction of

magnets on the output voltage of the harvested energy.

Wang et al. [10] built a hybrid device for powering

wireless sensor nodes in smart grid. It emerges from

the results obtained that, from current-carrying con-

ductor of 2.5 A at 50 Hz , the proposed harvester

combining piezoelectric components and electromag-

netic elements can generate up to 295.3 lW . Madinei

et al. [11] developed a hybrid cantilever beam

harvester and by using an applied DC voltage as a

control parameter to change the resonant frequency of

the harvester to ensure resonance as the excitation

frequency varies. These hybrid models mentioned

above functioning in the surrounding where the

vibration source can be modeled by the coherence

excitation. However, in the most situations, the

vibrations are random and time-varying. Cottone

et al.[12] found numerically and experimentally that

the nonlinear oscillators can outperform the linear

ones under stochastic excitation. Fokou et al.[13] used

a probabilistic approach to analytically predict the

system’s response, the stability and the estimation of

system’s reliability. Mokem et al.[14] proposed a

hybrid device combining piezoelectric and electro-

magnetic transduction and subjected to the colored

noise. The authors shows that, the system performance

can be improve for the small value of the relaxation

time. Foupouapouognigni et al.[15] built the hybrid

model and studied the stochastic resonance phe-

nomenon, which is characterized by the large ampli-

tude of vibration and increase the system performance.

Let us remind that, when the nonlinear system is

subjected to the combination of the harmonic excita-

tion and the random force, many phenomena can be

observed such as the stochastic resonance and the

ghost-stochastic resonance. These two phenomena are

characterized by the large amplitude of vibration.

Indeed, the stochastic resonance occurs when the

frequency of system’s vibration is present in the

frequency bandwidth of the harmonic excitation.

However, when the maximum amplitude of the system

is reached for a frequency of vibration absent in the

frequency bandwidth of the harmonic force, this

phenomenon is called a ghost-stochastic resonance.

While one observes in the literature, a growing

interest in the theoretical investigation of the ghost-

stochastic resonance phenomenon in the nonlinear

systems [16–22], in our knowledge, the study of this

phenomenon on the performance of the energy

harvesting devices is not made. The main objective

of this manuscript is to investigated the performance

of the hybrid system when the ghost-stochastic

resonance occurs (Fig. 1).

The rest of paper is organized as follows: In Sect. 2,

we describe the system with model equation, followed

by the assessment of the statistic response of the

system. We draw the probability density function in
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Fig. 1 Schematic of the hybrid energy harvester
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order to search for the probable amplitude of the

mechanical and electrical response in Sect. 3. In

Sect. 4, numerical simulations are made, from which

we study the ghost-stochastic resonance. We conclude

the Work in Sect. 5

2 Description of the system with the model

equation

The design of hybrid energy harvester combining two

mechanisms of transduction of ambient energy is

composed of two parts namely the mechanical and the

electrical part. We used the energy scavenger build by

Lefeuvre in Ref.[23] with some modifications, by

changing the rigid mass by a permanent magnet rod,

and by adding a coil, in oder to enhance the output

power and enlarge its application field. It is worth

noting that, in the schematic model, the mechanical

part is composed of a nonlinear spring with the linear

stiffness coefficient k1 and nonlinear stiffness coeffi-

cient k3 while the electrical part presents two subsys-

tems namely the piezoelectric circuit and the

electromagnetic circuit. The piezoelectric circuit is

composed of the piezoelectric element and the load

resistance Rp. The electromagnetic circuit has a

permanent magnet of mass M, that produces a

magnetic field Bz, the coil, connected to the rigid

housing representing the stator is characterized by an

inductance Le. The load resistance of magnetic circuit

is RL. When the harvester is subjected to the external

excitation Z(t), the displacement of the magnetic mass

M induces in the piezoelectric circuit, the deformation

of piezoelectric element giving rise to the electrical

field across the piezoelectric element. However, in the

magnetic circuit, the displacement of the magnetic

mass M induces a fluctuation of the magnetic flux in

the surface of the coil, and consequently, a generation

of electromotive force fmðiÞ ¼ BziLcoil in the mechan-

ical part, while in the magnetic circuit, we can note the

Lenz electromotive voltage feð _zÞ ¼ �BzLcoil _z with z,

Lcoil, and i, the displacement, the length of the coil and

the current that flows in the coil respectively, Bz being

the magnetic field generated by the permanent magnet.

A summary of equations is provided here [23] giving a

full derivation of the mechanical and piezoelectric

circuit equations. Using the Kirchhoff’s law in the

electromagnetic circuit by letting Bz ¼ Buz, we

obtained motion equations given by:

M€zþ d _zþ k1zþ k3z
3 þ Bilcoil � h2 v ¼ Z tð Þ

Cp _vþ
v tð Þ
Rp

þ h2 _z ¼ 0

Le _iþ Rli� Blcoil _z ¼ 0

ð1Þ

where d is the damping coefficient, Cp, the capacity of

the capacitor and h2 the electromechanical coupling

coefficient. The physical parameters used in this

manuscript are given in Table 1.

By using the time-transformation( t ¼ s
x

), Eq. (1)

gives rise to the following non-dimensional system:

x00 þ la x0 þ x0 x� b2 yþ r x3 þ b1 r ¼ N sð ÞðaÞ

y0 þ a2y� b22x
0 ¼ 0ðbÞ

r0 þ a3 r � b11 x
0 ¼ 0ðcÞ

ð2Þ

with NðsÞ ¼
Pm

i¼1

f0 cos xisð Þ þ n sð Þ where

Pm

i¼1

f0 cos xisð Þ is a harmonic excitation, with f0 the

amplitude of coherence force, xi ¼ k þ i� 1ð Þx0 is

the frequency of the coherence force with k a constant

took here equal to 2. x0 is the fundamental frequency.

The variable n sð Þ, is the Gaussian white noise

verifying the statistics properties: \n sð Þ[ ¼ 0,

Table 1 Physical parame-

ters of hybrid model
Parameter Value Unit

Lcoil 0.03 m

M 1 mg

k1 �100 N/m

k3 500 N/m

d 0.1 -

h2 0.1 -

RL 1 kX

B 0.1 T

Le 1 mH

Cp 4 F

Rp 500 X
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\n sð Þn sð Þ[ ¼ 2DdðsÞ. The dimensionless parame-

ters are given as follow:

la ¼ �x d

k1

; r ¼ �l2k3

k1

; b2 ¼ �h2vo
lk1

; b1 ¼ �BLcoilio
lk1

a2 ¼ 1

xCpRp
; b22 ¼ � h2l

voCp
; b11 ¼ lBLcoil

Lio
; a3 ¼ RL

x Le
;

z ¼ lx txð Þ; v ¼ vo y txð Þ; i ¼ io r txð Þ;

N sð Þ ¼ �Z
s
x

� �
l�1k1

�1

ð3Þ

3 Stochastic averaging method

In this heading, we assume that, f0 ¼ 0. We use the

stochastic averaging method to provide the statistic

response of the harvester. In the quasi-harmonic

regime, the solution of the mechanical system (2) is

of the form:

x sð Þ ¼ aðsÞ sð Þ cos hð Þ; x0ðsÞ ¼ �xaðsÞ sð Þ sin hð Þ
ð4Þ

where h ¼ xsþ wðsÞ with w, the phase angle and aðsÞ
the amplitude. Substituting Eq. (4) into Eq. (2) (b)–

(c), the solution of obtained equation can be written as

follow:

y sð Þ ¼ C1e�a2 s þ b22 a sð Þx x cos hð Þ � a2 sin hð Þð Þ
x2 þ a2

2

r sð Þ ¼ C2e�a3 s þ a sð Þb11x x cos hð Þ � a3 sin hð Þð Þ
x2 þ a3

2

ð5Þ

In the steady state, Eqs. (5 a)–(b) can be rewritten as:

y sð Þ ¼ b22 a sð Þx x cos hð Þ � a2 sin hð Þð Þ
x2 þ a2

2

r sð Þ ¼ a sð Þb11x x cos hð Þ � a3 sin hð Þð Þ
x2 þ a3

2

ð6Þ

where

x cos hð Þ � a2 sin hð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

2
p

cos hþ arctan
a2

x

� �� �

x cos hð Þ � a3 sin hð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a3

2
p

cos hþ arctan
a3

x

� �� �

ð7Þ

Thus, the amplitudes of steady-state current and

charge are given by:

Y ¼ b22 axffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

2
p ;R ¼ ab11 xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ a3
2

p ð8Þ

Substituting Eqs. (4) and (6) into Eq. (2), and apply-

ing the determinist averaging method in the determin-

ist part of the obtained system, we have:

a0 ¼ � c22N sð Þ sin hð Þ
2xc55

� c11a

2xc55

u0 ¼ c33N sð Þ cos hð Þ
c44a

þ a2c12

c44

þ c13

c44a

ð9Þ

where

c11 ¼ b1
2x3a3 � b2

2x3a2 þ lax3a3
2 þ lax5

þlaxa2
2a3

2 þ lax3a2
2 � b2

2xa2 a3
2 þ b1

2xa3 a2
2

c22 ¼ 2 a2
2x2 þ 2 a2

2a3
2 þ 2x2a3

2 þ 2x4

c33 ¼ �8 a2
2a3

2 � 8x4 � 8x2a3
2 � 8 a2

2x2

c44 ¼ 8x5 þ 8x3a3
2 þ 8x3a2

2 þ 8xa2
2a3

2

c55 ¼ x4 þ x2a3
2 þ a2

2x2 þ a2
2a3

2

c12 ¼ 3rx2a3
2 þ 3r a2

2x2 þ 3 rx4 þ 3 r a2
2a3

2

c13 ¼ �4x2a2
2a3

2 þ 4 b1
2x4 � 4x4a2

2 � 4x6 � 4 b2
2x4

�4x4a3
2 þ 4b1

2x2a2
2 � 4 b2

2x2a3
2

þ4x0a2
2a3

2 þ 4x0a2
2x2 þ 4x0x2a3

2 þ 4x0x4

ð10Þ

Finally, applying the stochastic averaging method, in

Eq. (9) , we obtain the Ito equation defined as:
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da ¼ � 2c11a

xc55

þ D

2ax2

� �

dt þ
ffiffiffiffiffiffi
D

x2

r

dB1

dh ¼ c12a
2 þ c13ð Þdt
c44

þ
ffiffiffiffiffiffiffiffiffiffi
D

x2a2

r

dB2

ð11Þ

where B1 and B2 are the normalized wiener process.

We observe in Eq. (11) that a and h are independent.

Thus, we can provided the probability density for the

amplitudes( a), rather than a joint probability density

for h. The probability density Pða; sÞ of the instanta-

neous amplitude a satisfies the Fokker–Planck–Kol-

mogorov equation:

o

os
p a; sð Þ ¼ � � c11

2xc55

� D

x22a2

� �

p a; sð Þ

� � c11a

2xc55

þ D

2ax2

� �
o

oa
p a; sð Þ þ

Dð Þ o
2

oa2
p a; sð Þ

2x2

ð12Þ

In the stationary state, the solutions of Eq. (12) is

given by:

p að Þ ¼ Nae
� c11a

2x

2Dð Þ x2þa3
2ð Þ x2þa2

2ð Þ ð13Þ

where N is the normalization constant which can be

assessed numerically using Simpson’s method.

Through a transformation from variable ða; hÞ, to the

original variables ðx; x0Þ, an expression for the sta-

tionary densities function of x and x0 can be derived as:

Pn x; x0ð Þ ¼P a; hð Þ
2p a

ð14Þ

p að Þ ¼ N

2p
exp �

c11x x2 þ x
02

x2

� �

2D x2 þ a2
3

� �
x2 þ a2

2

� �

0

@

1

A ð15Þ

Thus, the expected value of the mean square electric

current and charge can be calculated following this

formula (Fig. 3):

hy2 sð Þi ¼ hY2i ¼ b22xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

2

p

 !2

�ha2i

¼ b22xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

2

p

 !2
Rþ1

0

a2p að Þda

hY2i ¼
2b2

22xD x4 þ x2 a2
3 þ a2

2

� �
þ a2

2a
2
3

� �

c11 x2 þ a2
2

� �

ð16Þ

and

hr2 sð Þi ¼ hR2i ¼ b11xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

2

p

 !2

�ha2i

¼ b11xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

3

p

 !2
Rþ1

0

a2p að Þda

hR2i ¼
2b2

11xD x4 þ x2 a2
3 þ a2

2

� �
þ a2

2a
2
3

� �

c11 x2 þ a2
3

� �

ð17Þ

4 Numerical simulation

4.1 Algorithm of numerical simulation

The numerical scheme used in this manuscript is based

on the Euler version algorithm. By letting _x ¼ u,

Eq. (2) can be rewritten as follow:

x0 ¼u

u0 ¼ � lau� x0xþ b2y� rx3 � b1r þ N sð Þ
y0 ¼ � a2yþ b22u

r0 ¼ � a3yþ b11u

ð18Þ

The discrete equations can be written as:

xiþ1 ¼xi þ uih

uiþ1 ¼ui þ �laui � x0xi þ b2yi � rx3
i � b1ri

	 

hþ fk sð Þ

yiþ1 ¼yi þ �a2yi þ b22ui½ �h
riþ1 ¼ri þ �a3yi þ b11ui½ �h

ð19Þ

In the purpose to compare the analytical results

obtained via the stochastic averaging method, the

numerical simulation is made for the harvester.
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Figure 4 , shows the good agreement between the

numerical results and those obtained analytically. We

also draw in Fig. 2, the 3D representation of proba-

bility density of harvester. It emerges from these

results that, the probability distribution is unimodal.

4.2 Mean residence time and ghost-stochastic

resonance phenomenon

In this heading, we assume that, f0 6¼ 0. Thus, the

harvester is subjected to the combination of the

coherence excitation
Pm

i¼1 f0 cos xisð Þ and the random

force fk sð Þ. In the purpose to get a deep understanding

of the observed dynamics and the influence of noise,

we can assess the mean residence time and mean

amplitude response.

Let us remind that equation(Eq.(2)) is nonlinear and

should exhibit many frequency components. For the

large value of time(s ! 1), the asymptotic solution

of Eq.(2) can be given as follows:

\xðsÞ[ as ¼
P

j

xmðjxiÞ cos jxis� wmðjxiÞ½ �

ð20Þ

where j is a non-negative constant which may be in

integer or fractional form, xmðjxiÞ and wmðjxiÞ are the
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Fig. 2 Stationary probability density of the system in 3D representation for: for la ¼ 0:3, b2 ¼ 0:005, b1 ¼ 0:003, a2 ¼ 0:000001,

b22 ¼ �0:005, b11 ¼ 0:003, a3 ¼ 0:0003, r ¼ 0:05, x0 ¼ 1
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mean response amplitude and phase lag respectively at

the frequency jxi. The mean amplitude response is

defined as in Ref. [13]:

xm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
s þ A2

c

p
ð21Þ

where As and Ac are the ith sine and cosine compo-

nents of the Fourier coefficients defined as follows:

AS ¼
2

nT

ZnT

0

xðsÞ sinðxisÞds

Ac ¼
2

nT

ZnT

0

xðsÞ cosðxisÞds

ð22Þ

where n ¼ 500, while T ¼ 2p
xi

is the period harmonic

excitation.
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Figure 5a shows the evolution of the numerically

computed xmðxÞ for x ¼ x0, x ¼ x1 ¼ 2x0 and x ¼
x2 ¼ 3x0 as a function of the noise intensity D. A

typical noise-induced resonance is realized with theses

frequencies. x1 and x2 are present in the input signal.

The resonance observed with these frequencies is the

usual stochastic resonance [24, 25]. The resonance

associated with the missing frequency x0 is ghost-

stochastic resonance. The ghost-stochastic resonance

occurs at D ¼ Dmax ¼ 0:3. This can be corroborated in
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Fig. 5 a Mean amplitude response xmðxÞ versus noise intensity

D , b Mean residence time versus noise intensity D, c–d
Efficiency versus noise intensity D for

a3 ¼ 0:0003,a2 ¼ 0:000001, e–f Output voltage versus noise

intensity for la ¼ 0:3, b2 ¼ 0:005, b1 ¼ 0:003, b22 ¼ �0:005,

b11 ¼ 0:003, r ¼ 0:05, f0 ¼ 0:39, x0 ¼ 1
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Fig. 5b by plotting the mean residence time. Indeed, in

Fig. 5b, when the noise intensity D is equal to

D ¼ 0:05, the size of the orbit increases when the

value of D increases. However, the orbit remains in the
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Fig. 6 a Output power versus noise intensity D, b 3D-

representation of the Output power of hybrid model versus

noise intensity D and piezoelectric coupling coefficient for

a3 ¼ 0:0003,a2 ¼ 0:000001, la ¼ 0:3, b2 ¼ 0:005,
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Fig. 7 a, c, Time series of

the mechanical subsystem,

b, d, Probability distribution

of the mechanical subsystem

for for la ¼ 0:3,
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a3 ¼ 0:0003, r ¼ 0:05,
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right well. For D� 0:05, the orbit visits the left well

and gives rise to the ghost-stochastic resonance

phenomenon when the noise intensity takes the value

D ¼ Dmax ¼ 0:3.

In Fig. 6a, we compare the output power generated

by the hybrid model and those obtained by the

piezoelectric and electromagnetic model respectively.

We notice that the energy harvested by the hybrid

model is higher than the one harvested by the

piezoelectric or electromagnetic circuit. We provide

in Fig. 6b, the 3D-representation of the output power

of the hybrid model versus noise intensity and

electrical impedance of piezoelectric circuit a2. We

observe that, for a fixed value of noise intensity D, the

maximum of output power decreases when a2

increases.

4.3 Efficiency in power conversion

of the harvester

The efficiency conversion of energies dispersed in the

environment by the electricity’s generator is the one of

the fundamental elements for evaluating the system’s

performance. Thus, the efficiency of the hybrid model

is assessed by using this formula:

g ¼ Pe

Pm
� 100 ð23Þ

with Pe and Pm, are respectively, the electrical and the

mechanical power effective value. It is well known in

the literature that the power effective value is defined

as:

pt ¼
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Fig. 8 Time series of the

piezoelectric voltage and

magnetic current, a Voltage

of piezoelectric circuit

before the ghost-stochastic

resonance, b Magnetic

current of the magnetic

circuit before the ghost-

stochastic resonance,c
Voltage of piezoelectric

circuit when the ghost-

stochastic resonance occurs,

d Magnetic current of the

magnetic circuit when the

ghost-stochastic resonance,

for for la ¼ 0:3,

b2 ¼ 0:005, b1 ¼ 0:003,

a2 ¼ 0:000001,

b22 ¼ �0:005, b11 ¼ 0:003,

a3 ¼ 0:0003, r ¼ 0:05,

f0 ¼ 0:39, x0 ¼ 1
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where pinst is the instantaneous power and s is the time.

In Fig. 5c, d, we drawn the efficiency conversion of

the piezoelectric and electromagnetic subsystem ver-

sus noise intensity D. It emerges from these fig-

ures that, when x ¼ x0, the efficiency increases for

D\Dmax, reaches a maximum for D ¼ Dmax ¼ 0:3

when the ghost-stochastic resonance occurs, and

decreases for D[Dmax. We also provided in Fig. 5e,

f, the output power for x ¼ x0, for different values of

electrical impedance of the piezoelectric a2 and

magnetic circuit a3. We observe in these figures that,

while the fundamental frequency is absent in the input

signal, the harvester can generated a significative

energy. In addition, we also notice in these fig-

ures Fig. 5e, f that, an enhancing the a2 and a3 lead to

decrease the output power.

We plotted in Fig. 7, the time series of the

harvester, with the corresponding probability distri-

bution. In Fig. 7a, b, we observe that the system

vibrates in the right-well and presents a lot of

maximum and minimum. No any transition is

observed in this condition. However, in Fig. 7c, the

transition phenomenon is observed. The system

vibrates around the position X = 0 between the

positions X = -4.29 and X = 4.359. This is corrob-

orated by Fig. 7d. We plot in Fig. 8a–d, the voltage of

the piezoelectric subsystem and the magnetic current

of the magnetic circuit versus the time, corresponding

to the probability density function plotted in Fig. 7b, d.

We notice in Fig. 8, the amplitude of the voltage of the

piezoelectric circuit and magnetic current of the

magnetic circuit is higher when the ghost-stochastic

resonance occurs. Thus, when the ghost-stochastic

resonance occurs, the piezoelectric output power and

the magnetic output power will be maximized, and

consequently, improves the amount of energy har-

vested by the scavenger. This shows the correlation

between the peaks location in the probability density

function and the output power.

5 Discussion

In a broad sense and as we show in this work, kinetic

energy harvesters can convert any mechanical motion

(like fluid flows, pressure variations and ambient

vibrations) into electrical energy to power systems

located in its environs [26]. In this purpose, it is

necessary to take account of the presence of nonlin-

earity, both desired and undesired. Nonlinearities

appear through nonlinearity in the spring force [27]

and others component’s nonlinearities. A number of

recent contributions seek to use nonlinearity in a novel

way to improve the harvesters performances (see

[28–30]), thus justifying the consideration of nonlin-

earity in this work.

This work shows that for our device, the maximum

power of the hybrid model is greater than that of the

piezoelectric and electromagnetic models indepen-

dently (Fig.6). As pointed in [31], hybridization of two

conversion mechanisms in a single system improved

the functionality of the harvester in the low frequency

range (such as vehicle motion, human motion, and

wave heave motion, which usually occur at low

frequencies (\20Hz) [32–34]). It is seen that the

results are qualitatively in rather good agreement with

those from [35], that noticed that the total synergis-

tically extracted power from the hybrid harvester is

more than the power obtained from each indepen-

dently. Many authors [36–38] have pointed that,

hybridization could be deliberately exploited within

a mechanical system for optimized energy harvesting.

Experimental results from [35] confirms that the

extracted power at various loading conditions for

available ambient excitations is greater.

In this manuscript, the harmonic excitation is

combined with Gaussian white noise. As we men-

tioned in the preceding sections, the type of energy

harvester system under study, could be subjected to

noise, coming from many sources (such as physical

structure-generated noise [39], environmental and

transportation noise [40–43] and pneumatic noise

[44–46].

The results obtained in this work, shows an

improvement of the system performance when the

noise intensity is around D � 0:3 (See Fig. 5c, d) for a

frequency of vibration absent in the frequency band-

width of the harmonic force. It is known in the

literature that, when the nonlinear system is subjected

to the combination of the harmonic excitation and the

random force, many phenomena can be observed such

as the stochastic resonance and the ghost-stochastic

resonance. These two phenomena are characterized by

the large amplitude of vibration [47–49]. Zheng at al.

[50, 51] in their work, have indicated that the available

power generated under stochastic resonance is notice-

ably higher than the power that can be collected under
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other harvesting conditions. As in this study this

resonance occurs and the maximum amplitude of the

system is reached for a frequency of vibration absent

in the frequency bandwidth of the harmonic force, this

phenomenon is called a ghost-stochastic resonance

[52–55].

6 Conclusion

In summary, the hybrid energy scavenging device

subjected to the Gaussian White noise is investigated.

Using the stochastic averaging method, we con-

structed the Fokker � Plank � Kolmogorov equation

whose the solution in the stationary state is the

probability density. From this statistic response, we

assessed the output power of the piezoelectric and

electromagnetic circuit under the form of mean square

voltage and current. The impact of electrical impe-

dance of piezoelectric and electromagnetic subsystem

is presented with detail. It emerges from these results

that, the output power of the two electrical circuit

enhance when the coupling parameters increase while

a enhancing of the electrical impedances lead to the

reduction of the output power. In addition, combining

the coherence force with random excitation, the ghost-

stochastic resonance occur and improved the system

performance. The agreement between the analytical

and numerical results validated the efficiency of the

analytical method proposed. The results obtained in

this manuscript reveal that, while the natural fre-

quency is absent in the coherent excitation, the system

performance can be improved for certain value of the

noise intensity.
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