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Abstract In the present research, a new comprehen-

sive model of a flexible articulated flapping wing robot

using the bond graph approach is presented. The

flapping kinematics of a two-section wing is intro-

duced via the bond graph based approach on a hybrid

mechanism providing amplitude and phase character-

istics. The aerodynamic quasi-steady approach

equipped with stall correlation is utilized according

to the reduced flapping frequency and the angle of

attack ranges. The local flow velocity and the wing

position are calculated in both wing and body coor-

dinates taking into account rotation and translation of

the wing different parts. Estimation of the effective

angle of attack is performed by calculating the

instantaneous torque distribution on both wing sec-

tions. Aeroelastic modeling is employed in which the

wing structure is assumed as an elastic Euler–

Bernoulli beam at the leading edge with three linear

torsional modes. In this novel integrated bond graph

model, computation of the performance indices

including the average lift and thrust, consumed and

produced powers by flapping and mechanical effi-

ciency are presented. Due to existence of the numer-

ous geometric and kinematic parameters in articulated

flexible flapping wing, such a model is essential for

design and optimization. Consequently, an example of

a typical parametric study and the results validation

are carried out. It is indicated that the sensitivity of the

bird performance to relative change in design vari-

ables would increase for out of phase flapping, second

part stiffness, flapping amplitude, frequency and

velocity respectively. It is interesting that by employ-

ing the reverse-phase flapping which is possible only

via articulated wings, the maximum efficiency could

be achieved. In addition, it is shown that adjusting the

wing torsional stiffness is a crucial item in design of

passive flapping robots. The key advantage of the two-

section flapping wing is depicted as the controlling

capability of the angle of attack in the outer part of the

wing. Finally, the improved version of the bird is being

addressed by approximately 15% progress in propul-

sive efficiency.

Keywords Elastic articulated wings � Flapping
wing � Bond graph approach � Aerodynamic model �
Flight dynamic characteristics

1 Introduction

The humankind has always been enchanted by the

magic of the bird’s flight, and always admires its

beauty and complexity. The perfect harmony between

the bird physical structure and the functions of their
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body organs, and understanding the relationship

between the physiology of birds with the scientific

principles and rules is very interesting [1]. The bird is

an efficient and superior flying vehicle with more than

150 million years of evolution. Men have always

dreamed to fly while watching the flying birds. The

birds are capable of flying efficiently in their flight

maneuvers, take off and landing with the ease of

appearance through their two-section wings in contrast

to the approach used to fly the relatively simple

human-made planes with the fixed and rotary wings.

The complex aerodynamic based on the flapping flight

is a usual challenge in investigating the birds flight,

and scientists are hopeful to discover and reveal the

secrets of the bird’s flight [2]. Nowadays, the

researches on the flapping aircrafts have increased

significantly due to the weight loss of equipment

mounted on them, including their sensors and actua-

tors. However, there is a lack of studies on the

articulated flapping wings, and it would be very

difficult to find the commercial articulated wing birds

[3]. It is logical to inspire from the nature in the efforts

to design a small-scale aerial vehicle. Constructing the

wings that are more similar to the biological two-

section wings and analyzing their performance, one

can get a better insight of implementing these wings in

a flapping bird, and become closer to imitating the

flight of the birds [2].

The flapping birds with two-section wings have

more aerodynamic and bionic advantages than the

single-section wings. The two-section flapping wings

have flapping, twisting and folding movements that

make their flying performance much closer to the real

birds [4]. Some of the most important advantages of

the articulated flapping wings are their greater simi-

larity to the large-scale wings of the real birds, the

possibility of the aerodynamic improvement of the

wing tip, the probability of the greater control over the

aerodynamic and dynamic parameters of the bird, the

capability of the lateral control with more degrees of

freedom, and the opportunity of using the modern

actuators such as smart alloys, shape memory alloys,

piezo actuators andmacro fiber composites. Of course,

the use of the articulated wings in modeling process

have some disadvantages, such as increasing the

weight of their connections and links, as well as the

complexity of designing such birds, but these disad-

vantages can be neglected comparing to their advan-

tages. However, there are very few studies focusing on

the articulated wings with folding capability and the

researches in this field are not sufficient [5]. The

simulated movements of the wings still are not able to

imitate all of the birds’ flying characteristics, and their

flight flexibility and aerodynamic efficiency are lim-

ited [4].

Among the studies on the articulated flapping

wings, the Kim et al. [3] research on design, fabrica-

tion, and flight test of the articulated ornithopter can be

mentioned. In this study, a two-section flapping bird

with the flapping frequency of 2–3 Hz has been

simulated based on the kinematic analysis, and the

results have been validated using MATLAB, Solid-

Works and ADAMS computer softwares. Finally,

design parameters have been analyzed using the

motion capture cameras. In another study, Hua et al.

[4], numerically analyzed the aerodynamics of a three-

section flapping wing based on the realistic flying

features of the real birds through the numerical

simulations. For this purpose, a flapping mechanism

was designed for a three-section flapping wing to

simulate both flapping and double folding motions,

and to study the aerodynamic characteristics of the

great birds. In addition, the aerodynamic performance

of a three-section flapping wing under the typical flight

conditions was compared to the two-section wing, and

it was proved that the three-section flapping wing has

better aerodynamic performance than the two-section

wings. Chand et al. [6] focused on design analysis,

modelling and empirically validation of a relatively

new generation of the full-scale two-section flapping

wing robots. In this study, the Euler angles have been

used rather than the Quaternions in the dynamical

model to show the flight direction of the flying

ornithopter in the three-dimensional space for provid-

ing smoother rotational maneuvers using the spherical

linear interpolation. The main objective of this paper

was on the autonomous control of the bird. Stowers

and Lentink [7] presented the results of the flapping

wing passive morphing based on the experimental

outcomes of the predictive dynamical model, and the

dimensional analysis of a passively unfold wing. The

purpose of their research was to illustrate the ability of

the two-section wings to unfold without any additional

actuation while the wings flap. Moreover, for better

understanding the bird passive dynamics, a computer

model of the wing unfolding process was constructed

based on the rigid body dynamics in the Motion

Genesis software, which linked the model and the
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aerodynamic relationships to each other. Srigrarom

and Chan [8] developed a sample flapping bird that

mimics the flapping movement of the birds’ articu-

lated wings, and examined the lift and propulsive

forces characteristics for various wing designs. This

research focused on the arrangement of the wing main

spar as well as the materials used for constructing the

wings, which can improve the wings performance. In

addition, in order to understand the mechanism for

producing the required lift, different techniques for

measuring lift and thrust forces were used. Shams et al.

[9] conducted an investigation to calculate the aero-

dynamic forces of a two-section flapping bird with

seagull characteristics. This flapping bird which

produces lift and thrust forces with the help of the up

and down stroke movements of its two-section wings

was simulated assuming the quasi-steady aerody-

namic, the wings phase lag, and the rigid four bar

mechanism for each of the wings sections. Guerrero

et al. [10] presented the initial design of an unmanned

aerial vehicle with two-section wings, inspired by

biology. The numerical studies were performed on the

proposed bird model to evaluate the aerodynamic

performance and the flight stability in both gliding and

flapping states. Moreover, shape, size, and flight

conditions of the model were considered for estimat-

ing the performance of a seagull. Negrello et al. [11]

presented the initial kinematic and geometric design of

a flapping bird, which has the ability to carry out the

video surveillance and the reconnaissance missions

under the mechanical constraints by the use of the fluid

dynamics. In order to define the dimensional charac-

teristics of the flapping vehicle, at first the biological

study has been done, such as the weight-to-span ratio

analysis for proper flight kinematics. On the other

hand, the different flapping mechanisms were ana-

lyzed in order to find the best way to produce the

flapping motion of the articulated wings. In addition,

the flight stability and the flapping effects on the flight

dynamics were investigated. In addition to these

researches, the highly acclaimed results of an artificial

hinged-wing bird model have been introduced by a

German research group under the supervision of the

Festo commercial company [12]. The introduced

smart bird has been studied using two new flying

features inspired by the biological nature of the birds,

namely the active wing torsion and the partial linear

kinematics.

Since the under investigation flapping robot system

has been composed of a combination of the mechan-

ical, electromagnetic, and the aerodynamic systems,

the exclusive bond graph method which is the great

tool for modeling the multiphase systems and calcu-

lating the energy efficiency, can be utilized for

modeling the flapping ornithopters. The bond graph

method is applicable to a wide range of the complex

dynamic and the multidisciplinary systems, specially

the mechanical and the electrical systems, as well as

the chemical, fluid, thermodynamic, ecological, mag-

netic, and biomedical and many other systems [13]. In

the last decades, using this method as a common

approach have significantly become into consideration

in many design and engineering fields, including the

simulation of the electrical [14, 15] and the power

transmission [16, 17] systems, as well as the multi-

body mechanical [18–20] and the mechatronic

[21–24] mechanisms. In the field of the complete

modeling of the unmanned aerial vehicles in micro and

nano scales, especially the intended flapping type,

limited researches have been conducted using the

bond graph method. Bontemps et al. [17] focused on

the power modeling of a flapping wing nano-air-

vehicle power transmission system and its electro-

magnetic engine in order to investigate the transmitted

power to the wings from the power source; hence, the

improvement of the actuation efficiency would be

possible. The main objective was to develop the power

system of an insect like flapping robot in terms of the

kinematics and the scale using the MEMS technolo-

gies. Due to the prototype multiphysics nature, the

Bond Graph formalism have been used as a tool for

modeling such a multiphysics system and its energetic

analysis. In addition, the results have been validated

with the experimental results, and the model efficiency

has been determined. However, the whole configura-

tion of the flapping bird was not presented. Dupont

et al. [25] developed the bond graph modelling in the

field of the flapping wing micro-air-vehicle aerody-

namics for investigating the flapping flight perfor-

mance in nature. The dynamic model of a flapping bird

with a main body and two wings was presented using

the Newton–Euler formulation with a fixed body

coordinate system. Some simplifications and assump-

tions, such as considering wings as rigid beams,

neglecting wings mass and inertia and considering the

body aerodynamic forces. Although in this research, a

complete description of the system, including the
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power transmission, the dynamic behavior of the

system and the wing modeling has been carried out,

there is a need to improve and overcome the modeling

defects, such as the wings bond graph model. Doan

et al. [26] presented a numerical model based on the

bond graph approach for a simple micro flapping

robot, in order to analyze and investigate wing

kinematics and overall estimation of the lift force. In

this bond graph model, the quasi-steady aerodynamic

theory and the Lagrange dynamic equation were

considered as the basic principles. In addition, wing

kinematics which enhances the total lift force has been

derived based on the non-linear optimization of the

system sensitivity parameters including the spring

stiffness, the working frequency, the input voltage and

etc. However, in this study the bond graph modeling of

the body and the flapping mechanism has been

neglected. Jahanbin et al. [27] examined the possibil-

ity of modeling a flapping wing robot utilizing the

bond graph method, and indicated that the proposed

model not only eliminates the complexity of modeling

such complicated systems, but also provides useful

information about the power flow between the bird

different subsystems. Since the purpose of this study

was to simulate the wings flapping motion in a

hovering flight, various simplifications, such as con-

sidering one-section rigid wings as the rigid Euler–

Bernoulli beam, as well as neglecting the aerodynamic

forces, were made. In another study, Jahanbin and

Karimian [28] followed their former research, and

tried to do the parametric study of an elastic flapping

robot in a hovering flight neglecting the aerodynamic

forces. In this regard, the effects of various mechanical

and electrical parameters such as wings flexibility,

relocation of the forced point of action, motor initial

inertia, torsional spring stiffness and wings phase lag,

on the elastic deflection of the wings, the concentrated

applied force to the wing and the flapping angle, were

investigated. It was shown that the bond graph method

could simplify the parametric study of such complex

systems. Furthermore, an integrated and systematic

modeling of all components and subsystems of a

single-section flapping wing was developed using the

bond graph method by Karimian and Jahanbin [29].

The wings kinematics was independently imple-

mented with the aim of evaluating the flapping bird

lateral movements, and the aerodynamic forces were

extracted assuming the quasi-steady theory. More-

over, the performance evaluation of the flapping bird

was carried out with the parametric study around the

important quantities, such as frequency, velocity,

torsional stiffness and flapping amplitude, which

resulted in attractive and applicable consequences. In

addition, the ability of the flapping wing robot to

create the lateral forces without using any additional

control surfaces and only by creating the asymmetry in

the pattern of wing flapping was studied in order to

perform the transverse or lateral maneuvers. Finally, it

was shown that based on the proposed bond graph

model, it would be possible to study the effect of

design variables, mechanical characteristics, geomet-

rical constraints, and especially bird kinematics on a

wide range of the performance parameters.

Regarding the bond graph modeling of the articu-

lated flapping wings, there is no meticulous and

comprehensive work. Therefore, in this paper, it

would be tried to provide an inclusive and systematic

bond graph model of the articulated flapping wing

various components. This modeling process provides

the basic framework for many other research activities

in the field of performance and stability analysis,

controller design, kinematic and structural optimiza-

tion, and the evaluation of the similar flapping birds.

Subsequently, to achieve such modeling in bond graph

environment, first the subsystems models are pre-

sented including the mechanism, wing, body and the

tail of the bird, then these subsystems are intercon-

nected and linked together as a unified set. In

particular, and as a major achievement of this activity,

two-section wing modeling with a middle hinge-point

constraint, considering all degrees of freedom is

elaborated in detail. The kinematics of the wing both

sections are provided by a new hybrid mechanism,

which is composed of 4-bar and 5-bar mechanisms,

respectively for first and second sections of the wings.

In this modeling, not only the quasi-steady aerody-

namics with force coefficients correction is utilized,

but also for estimating the twisting angles of the wing

sections, the coupling behavior of the aeroelastic

interaction is also considered. The impact of any

design variables or control parameters on the bird

performance can be easily studied through this inte-

grated and systematic model.
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2 The governing equations of the flapping wing

subsystems

The under investigation flapping ornithopter in this

study includes the main body, the two-section wings

with the span of 1 m, a pair of DC motors and power

transmission systems. In this section, the governing

equations of the main components of the power system

(propulsion and power transmission systems), two-

section wings and the main body, which are modeled

with the help of the bond graph method, are presented.

2.1 Power system

Figure 1 illustrates the schematic diagram of the

presented bird power system, including the propulsion

system and the power transmission mechanism. In this

system, a pair of DC motors is used as the propulsion

system. The motor armature consists of an inductance

and a resistance that converts the electrical energy to

the mechanical one. The motor characteristics include

the armature voltage Ea, the nominal voltage Vt, the

armature current Ia, the armature resistance ra and the

armature inductance La. The governing differential

equations of this model are as follows:

d

dt
Ia ¼ � ra

La
Ia �

Kv

La
xa þ

Vt

La
d

dt
xa ¼

Kt

J
Ia �

B

J
xa �

TL

J

8
><

>:
ð1Þ

In the above equations, xa, Kv, J, B, Kt and TL,

respectively are the angular velocity, the armature

velocity constant, the motor moment of inertia, the

friction constant, the motor torque constant and the

friction torque of the motor. In the proposed flapping

bird, for each of the wings, a combination of 4-bar and

5-bar mechanisms is utilized as a power transmission

system to independently create the flapping motion of

each section of the wing, according to Fig. 1. The

mechanisms are designed in such a way that the two

links are attached to the crank (main gear) at two

different radiuses of the crank and with a certain phase

difference.

The attached link to the crank at a smaller radius is

connected to the first section of the wing, the attached

link to the crank circumference is connected to the

second section of the wing, and they produce the

flapping motion of both wing sections with the crank

rotation (Fig. 1). The source of flow supplied by the

DC motor is considered as the input of the mecha-

nisms. The kinematic equations of the flapping

mechanism are extracted as follows. In order to

extract the linear and angular velocities of the center of

mass of link d1 connected to the first section of the

wing, we have:

V
*

A1
¼ d

dt

r1 cos k1
r1 sin k1

� �

¼ �r1 _k1 sin k1
r1 _k1 cos k1

� �

ð2Þ

V
*

B1
¼ d

dt

�eþ l1 cos c1
hþ l1 sin c1

� �

¼ �l1 _c1 sin c1
l1 _c1 cos c1

� �

ð3Þ

In the above relations, V
*

A1
and V

*

B1
are respectively

the linear velocity vectors of the points A1 and B1 (the

Fig. 1 The schematic

diagram of the power system

of the presented flapping

wing
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beginning and end-points of link d1), r1 is the radius of

the crank in which the d1 link is attached and l1 is the

connection point of link d1 to the first section of the

wing. Moreover, e and h represent the horizontal and

vertical distance between the hinge points of the wing

to the body, c1 is the flapping angle of the wing first

section, and k1 is the instantaneous angle of the

connection point of d1 link (point A1). Now, knowing

the linear velocities of the beginning and the end

pointsof d1 link, the linear velocity of mass center of

this link can be calculated as follows:

V
*

xd1
¼ � 1

2
r1 sin k1

� �
_k1 �

1

2
l1 sin c1

� �

_c1 ð4Þ

V
*

yd1
¼ 1

2
r1 cos k1

� �

_k1 þ
1

2
l1 cos c1

� �

_c1 ð5Þ

In order to calculate the angular velocity of link d1,

according to the geometry of the mechanism and

finding the instantaneous center of rotation, which is

obtained by intersecting directions perpendicular to

V
*

A1
and V

*

B1
.The equations of line I and II are

respectively derived as follows:

y� h ¼ ðxþ eÞ tan c1 ð6Þ

y ¼ x tan k1 ð7Þ

From the intersection of lines I and II, the

coordinate of the instantaneous center of rotation

point is obtained as follows:

xcr ¼
e tan c1 þ h

tan k1 � tan c1
ð8Þ

ycr ¼ tan k1
e tan c1 þ h

tan k1 � tan c1
ð9Þ

rcr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2cr þ y2cr

q

� r1 ð10Þ

In which, rcr is the distance between the instanta-

neous center of rotation and point A1. xcr and ycr are the

instantaneous center of rotation point coordinates.

Therefore, the angular velocity of link d1 is obtained

as:

xd1 ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2cr þ y2cr

p
� r1

 !

r1 _k1 ð11Þ

In addition, in order to extract the linear and angular

velocities of the center of mass of link d2 attached to

the second section of the wing, the following equations

are used:

V
*

A2
¼ d

dt

r2 cos k2
r2 sin k2

� �

¼ �r2 _k2 sin k2
r2 _k2 cos k2

� �

ð12Þ

V
*

B2
¼ d

dt

�eþ L1 cos c1 þ l2 cos c2
hþ L1 sin c1 þ l2 sin c2

� �

¼ �L1 _c1 sin c1 � l2 _c2 sin c2
L1 _c1 cos c1 þ l2 _c2 cos c2

� �

ð13Þ

In the above equations, V
*

A2
and V

*

B2
are the linear

velocity vectors of points A2 and B2 (the beginning and

end-points of link d2). r2 is the crank radius and l2 is the

connection point of link d2 to the second section of the

wing. c2 is the flapping angle of the wing second

section and k2 is the instantaneous angle of the

connection point of link d2 (point A2). Now, having the

linear velocities of the begginig and end-points of link

d2, the linear velocity of the link center of mass can be

calculated as follows:

V
*

xd2
¼ � 1

2
r2 sin k2

� �
_k2 �

1

2
L1 sin c1

� �

_c1

� 1

2
l2 sin c2

� �

_c2 ð14Þ

V
*

yd2 ¼
1

2
r2 cos k2

� �
_k2 þ

1

2
L1 cos c1

� �

_c1

þ 1

2
l2 cos c2

� �

_c2 ð15Þ

Now, the superposition principle is used for calcu-

lating the angular velocity of link d2, and it is assumed

that xd2 is resulted from the two different movements,

which are combined together as follows:

xd2 ¼ x _c1
d2
þ x _c2

d2
ð16Þ

where x _c1
d2

and x _c2
d2

represent the angular velocity of

link d2 under the influence of the wing first and second

section, respectively. In order to find the contribution

of x _c1
d2
, which is the angular velocity due to the

flapping of the wing first section, it is sufficient to draw

the velocity of the wing first section end at B2 location,

and find the center of rotation on the basis of it. In

order to find the instantaneous center of rotation which

is obtained by intersecting directions perpendicular to

V
*

A2
and V

*

B2
velocities, the equations of line III and IV

are derived as follows:
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y� yB2
¼ xþ xB2

ð Þ tan c1 ð17Þ

y ¼ x tan k2 ð18Þ

B2 ¼
�eþ L1 cos c1 þ l2 cos c2
hþ L1 sin c1 þ l2 sin c2

� �

ð19Þ

In the above equations xB2
and yB2

are the coordi-

nates of point B2. Equation (17) is the equation of the

line which B2 is one of its points and tan c1 is its slope.
Moreover, Eq. (18) represents the line passing through

A2, which center of coordinate is one of its points and

tan k2 is its slope. The intersection of these two lines,

one can get the instantaneous center of rotation as

follows:

x _c1
d2
¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2cr1 þ y2cr1

q
� r2

0

B
@

1

C
Ar2 _k2 ð20Þ

Similarly, in order to describe the distribution of

x _c2
d2
, one can calculatex _c2

d2
by finding the instantaneous

center of rotation by intersecting the line with slope of

tan c2 which passes through point B2, and the line

passes through point A2 that the center of coordinate is

one of its points and its slope is tan k2:

y� yB2
¼ xþ xB2

ð Þ tan c2 ð21Þ

y ¼ x tan k2 ð22Þ

x _c2
d2
¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2cr2 þ y2cr2

q
� r2

0

B
@

1

C
Ar2 _k2 ð23Þ

xd2 ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2cr1 þ y2cr1

q
� r2

0

B
@

1

C
Ar2 _k2

þ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2cr2 þ y2cr2

q
� r2

0

B
@

1

C
Ar2 _k2 ð24Þ

2.2 Main body, the power generation components

and the control systems

The main body along with the power generation

components and the control systems of the flapping

mechanism can be modeled as a rigid body that has the

translational and rotational movements in a three-

dimensional space. To construct the corresponding

bond graph of each subsystem, a body fixed coordinate

axis that originates at the center of mass of the body,

and its axes coincide with the main axis of the body is

applied. According to Fig. 2, the angular and linear

kinematic parameters of the body can be decomposed

along the proposed coordinate axis.

Using Newton’s second law, the rotational and

transitional relations can be extracted in the following

way [30]:

F ¼ op

ot

�
�
�
�
rel

þx� p ð25Þ

s ¼ opJ
ot

�
�
�
�
rel

þx� pJ ð26Þ

In the above equations F = [Fx,Fy,Fz]
T and

s = [sx,sy,sz]
T, respectively are the vectors of net force

and torque acting on the body. Moreover, p = [px,py,-

pz]
T and pJ= [pJx,pJy,pJz]

T, respectively are the linear

and angular momentum vectors, x = [xx,xy,xz]
T is

the angular velocity vector, and t represents the time.

Using the results of Eqs. (25) and (26), finally, the

nonlinear Euler equations of the main body are

obtained as follows:

_p ¼ Fþ mxTA� mxTAT ð27Þ

_pJ ¼ sþ xTJ
� 	

BT � xTJ
� 	

B ð28Þ

where

Fig. 2 The flapping bird in three-dimensional overall motion
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A ¼
0 pz=m 0

0 0 px=m
py=m 0 0

2

4

3

5 ð29Þ

B ¼
0 pJz=Jz 0

0 0 pJx=Jx
pJy=Jy 0 0

2

4

3

5 ð30Þ

J is the diagonal matrix of Jx, Jy and Jz the mass

moments of inertias, and m represents the body mass.

Solving the Euler equations, the values of the linear

velocities Vx, Vy and Vz, as well as the angular

velocities xx, xy and xz are obtained relative to the

coordinate system, which continuously changes the

principle directions, it would be difficult to interpret

the body motion with respect to the body-fixed

coordinates. Moreover, in order to use the Euler

equations, the components of the external forces and

torques (derived from the coordinate system con-

nected to the body) should be aligned with the

coordinate axes connected to the body. Since it is

unlikely that the external forces and moments will be

easily linked to continuously changing directions, and

since the interpretation of body movements with

respect to the body-fixed coordinates is difficult, so it

is necessary to look for a coordinate transformation

from the body-fixed frame to the other more conve-

nient frame. It could facilitate the interpretation of the

motion. There are several methods of coordinate

transformations that can be used to transfer the body-

fixed coordinates to the inertial coordinates, but

among them, the most popular one is using the Euler

anglesu (roll), h (pitch) andw (yaw). Accordingly, the

corresponding transformation matrices are defined as

follows:

U ¼
1 0 0

0 cos/ � sin/
0 sin/ cos/

2

4

3

5 ð31Þ

H ¼
cos h 0 sin h
0 1 0

� sin h 0 cos h

2

4

3

5 ð32Þ

W ¼
cosw � sinw 0

sinw cosw 0

0 0 1

2

4

3

5 ð33Þ

Now, having the linear and angular velocities of the

bird in the body-fixed coordinates system, the

corresponding components of these velocities can be

determined in the inertial coordinates system. Accord-

ingly, using the following rotation matrices, the

transformation from the body-fixed coordinates to

the inertia coordinates is done:

VXYZ ¼ WHUV ð34Þ

xXYZ ¼ WHUx ð35Þ

In the above equations, V = [Vx,Vy,Vz]
T is the bird

linear velocity vector in the body-fixed frame, VXYZ=-

[VX,VY,VZ]
T is the bird linear velocity vector in the

inertial frame and xXYZ= [xX,xY,xZ]
T is the bird

angular velocity vector in the inertial frame. In order to

transform the coordinate axes, the Euler angles u, h
and w are required which can be calculated from the

following equation:

x ¼
_/� _w sin h

_h cos/þ _w cos h sin/
� _h sin/þ _w cos h cos/

2

4

3

5 ð36Þ

Solving the above equations, _h, _w and _/ are

obtained as follows:

_h
_w
_/

2

4

3

5 ¼

cos/xy � sin/xz

sin/
cos h

xy þ
cos/
cos h

xz

xx þ sin/
sin h
cos h

xy þ cos/
sin h
cos h

xz

2

6
6
6
4

3

7
7
7
5

ð37Þ

Finally, integrating the above relations, u, h andw
are obtained that are the modulated variables, and their

initial values are considered to be zero.

2.3 Articulated flapping wing, considering

the effects of the aerodynamic and torsional

forces

In the present model, the articulated wings are

considered for the flapping bird. The main motivation

for utilizing the articulated wings is the ability of the

wing root in producing the lift force, and the wing tip

in producing the thrust force. As a result, the wing

first-section lacks a twisting mechanism, and only the

second-section has a twisting mechanism. Here, the

flapping mechanism of the wing both sections is

considered independently.
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2.3.1 Governing kinematic equations

of the articulated wing

In the field of the kinematic science, position, velocity,

acceleration, and all higher derivatives of the space

variables (relative to time or any other variables) are

investigated, and accordingly, the kinematics of the

connected mechanical robotic manipulators contains

all of the geometric and the time dependent features of

the motion. In order to extract these kinematic

equations, the location and orientation of the con-

nected links are investigated. In order to simplify the

study of their movement, the frames are connected to

the link joints according to the Fig. 3. The lengths of

the first and second sections of the wing are respec-

tively L1 and L2, and the flapping angles of each

section around their respective axes are c1 and c2
respectively. The wing first section has the constant

chord of c1,i=1,…,5 = 0.2, and the second section has

the variable chord of c2,i=2,4,…,10 = c2,i=1,3,…,9 =

(0.2,0.25,0.2,0.15,0.1).

According to Fig. 3:

r1 ¼
s1 cos c1
s1 sin c1

� �

ð38Þ

v1 ¼
�s1 _c1 sin c1
s1 _c1 cos c1

� �

ð39Þ

r2 ¼
L1 cos c1 þ s2 cosðc1 þ c2Þ
L1 sin c1 þ s2 sinðc1 þ c2Þ

� �

ð40Þ

v2 ¼
�L1 _c1 sin c1 � s2ð _c1 þ _c2Þ sinðc1 þ c2Þ
L1 _c1 cos c1 þ s2ð _c1 þ _c2Þ cosðc1 þ c2Þ

� �

ð41Þ

In which, r1= [x1,y1]
T and r2= [x2,y2]

T represents

the position vector of each proposed point of the first

and the second sections of the wing relative to the

origin of the coordinates attached to their joint.

v1= [vx,1,vy,1]
T and v2= [vx,2,vy,2]

T are the correspond-

ing velocity vectors at those points, and s1 and s2 are

measured along the span length relative to the origin of

the first and the second sections, respectively.

2.3.2 Wing aerodynamic model considering

the torsion and the body angle of attack

In the present model, the effect of aerodynamic forces

on the wing, wing torsion, and body angle of attack are

considered. The aerodynamic forces are as the

distributed forces applied to the wing. Therefore, in

addition to the concentrated force applied from the

power transmission system, the distributed force that

actually represents the aerodynamic forces on the

wing, must also be taken into account. According to

Fig. 3, Newton’s second law for the bond graph

modeling of the distributed aerodynamic forces on the

wing and the concentrated forces applied by the

mechanism to each sections of the wing can be present

as follows:

X
F ¼ ma ¼

X2

i¼1

ZLi

0

fi xi; tð Þdri þ
Xn

k¼1

Fi;k xi;k; t
� 	

0

@

1

A

k ¼ 1; 2; . . .;1
ð42Þ

where fi(xi,t) presents the distributed force of the wing

ith section, and Fi,k(xi,k,t) represents the concentrated

force which is applied from the mechanism to the wing

ith section at point xi,k, andm and a are respectively the

wing mass and acceleration. It should be noted that,

each wings sections of the articulated flapping wings

produces the aerodynamic lift and propulsive forces

separately. Ultimately, these forces are integrated

along the wingspan after projection and creation of the

aerodynamic forces and moments applied to the body.

Based on the velocity and angle of attack of various

wing elements, the calculation of the lift and the drag

forces coefficients are done through the approximate
Fig. 3 Kinematic details of the present two-section wing
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functions, and the resulting lift Li and dragDi forces of

the wing ith section are calculated. In this regard, the

angle of attack variations along the wing span can be

considered as follows:

aiðriÞ ¼ a0;i � tan�1 Vz

Vx

� �

þ tan�1 vy;i

Vx

� �

� ei

i ¼ 1; 2

ð43Þ

In the above equation, the first term a0,i is the initial
incidence angle of ith section of the wing which is

considered constant in the present modeling. The

second term abody represents the body angle of attack.

The third term awing presents the flapping contribution
in changing the angle of attack of ith section of the

wing, and finally the fourth term ei introduces the twist
angle of the ith section. This twisting angle is

calculated based on the aeroelastic coupling. The

details of the torsional aeroelastic model are presented

in the following. In addition, vy,i is the linear vertical

velocity of the wing ith section, Vx is the flapping wing

forward velocity and Vz is the flapping bird upward

velocity.

In this study, the angle of attack is calculated

separately for each wing, and the integral of the

aerodynamic forces are evaluated. Consequently, the

wings are independent from each other, and the

asymmetric analysis would be possible. The instanta-

neous lift force of each section of the left and the right

wings can be evaluated as follows by the use of the thin

airfoil theory:

LiðtÞ ¼
1

2
qa

ZLi

0

V2
x þ v2y;i þ V2

z


 �
cl;i dSi i ¼ 1; 2

ð44Þ

In the above equation, dSi is the cross section area

of an element of the wing ith section in top view and is

equal to cidsi in which ci is the wing ith section chord

and qa is the air density. Also, cl,i is the lift coefficient
of the wing ith section. The aerodynamic models with

a range of the angle of attack variations beyond the

stall should be utilized, in order to increase the

accuracy of the calculation of the aerodynamic lift and

drag forces coefficients, and the estimation of the

coefficients under the condition of the flow separation

that is inevitable for a flapping bird with the single-

section wings. Here, the experimental data related to

the flat plate are used, and an appropriate curve is fitted

to these data, which approximately contains two linear

functions:

cl ¼
a0a a � astall
p
2
� a


 � clstall
p=2� astall

� �

a� astall

8
<

:
ð45Þ

where astall and clstall , respectively are the stall angle of
the cross section and the lift coefficient immediately

after stall. a0 is the slope of the lift curve in linear state.

For estimating the drag coefficient according to the

experimental data and the simple curve fit, the

following pattern can be suggested:

Cd ¼
Cdmax

1� cos2a
2

� �

þCd0 a� astall

Cdmax

1� cos2a
2

� �

þCd0 þCdstall

� �

a� astall

8
>><

>>:

ð46Þ

In this equation, Cd0 and Cdstall , respectively are the

friction drag coefficient and the drag coefficient due to

the flow separation. The value ofCdmax
for a flat plate is

equal to about 2 which corresponds the angle of 90�.
The above empirical factors are estimated based on the

experimemtal data available for wind tunnel test of

very thin sections. To sum up, it can be said that the

application of the models, which describe the aerody-

namic coefficients, makes it possible to effectively

compare and indicate the relative advantages of using

the two-section wings in reducing the probability of

the flow separation and stall. Now, the instantaneous

drag force of each section of the left and the right wing

can is evaluated as:

DiðtÞ ¼
1

2
qa

ZLi

0

V2
x þ v2y;i þ V2

z


 �
Cd;i dSi i ¼ 1; 2

ð47Þ

Finally, the propulsive force component Fx,i, the

vertical force component Fz,i, as well as the lateral

force component Fy,i, which apply to the body from

the ith section of each wing at any moment, can be

evaluated from the following relationships:
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Fx;iðtÞ ¼
1

2
qa

ZLi

0

V2
x þ v2y;i þ V2

z


 �

cl;i sin ai � Cd;i cos ai
� 

dSi i ¼ 1; 2

ð48Þ

Fz;iðtÞ ¼
1

2
qa

ZLi

0

V2
x þ v2y;i þ V2

z


 �

cl;i cos ai þ Cd;i sin ai
� 

cos
Xi

j¼1

cj

 !

dSi i ¼ 1; 2

ð49Þ

Fy;iðtÞ ¼
1

2
qa

ZLi

0

V2
x þ v2y;i þ V2

z


 �

cl;i cos ai þ Cd;i sin ai
� 

sin
Xi

j¼1

cj

 !

dSi i ¼ 1; 2

ð50Þ

Similarly, the aerodynamic moments of theM u,Mh

and Mw applied to the body are also calculated

summing up the moments produced by the wing both

sections:

M/ðtÞ ¼
X2

i¼1

ZLi

0

FL
z;i � FR

z;i

h i
sidsi ð51Þ

MhðtÞ ¼
X2

i¼1

ZLi

0

FL
z;i þ FR

z;i

h i
d � ci

4


 �
dsi ð52Þ

MwðtÞ ¼
X2

i¼1

ZLi

0

FL
x;i � FR

x;i

h i
sidsi ð53Þ

where FL
x;i and FL

z;i, respectively represent the propul-

sive and the vertical forces produced by the ith section

of the left wing. Similarly, FR
x;i and FR

z;i, respectively

represent the propulsive and the vertical forces

produced by the ith section of the right wing. d

represents the distance between the leading edge and

the center of mass of the whole wing which is equal to

0.02. It should be noted that, at this step the changes in

the location of the wing center of mass and the

moments of inertia while flapping, are not taken into

account. In addition, the aerodynamic center is located

at ci/4 for thin airfoils at low speeds, and cmci=4
¼ 0 for

thin and symmetrical airfoils.

2.3.3 Aerodynamic modeling of the flapping bird tail

The lift force of the tail has two effects on the body: 1.

This force is added to the vertical force of the body and

then applied to it. 2. This force is multiplied by the

distance between the center of mass of the tail from the

wing and is added to the pitch moment. For this

purpose, the model of the pitch moment results from

the tail is added to the pitch moment equation as

follows:

atail ¼ � tan�1 Vz

Vx

� �

þ de þ tan�1 Qltail

Vx

� �

ð54Þ

whereQ is the rate of pitch, ltail is the distance between

the tail and the wing center of mass which is

considered 0.3 m. de is the deviation angle of the

elevator, which is assumed to be zero. The lift force

produced by the tail is evaluated by the following

equation:

Ltail ¼
1

2
qaclmax

Qltailð Þ2þV2
x


 �
sin 2atailð ÞStail ð55Þ

In the above equations, atail represents the tail angle
of attack, and Stail is the tail area which is considered

equal to 0.008 m2.

2.3.4 Torsional mode shapes of the articulated wing

The initial model has a passive (predetermined)

twisting angle, the equations of which were given in

the previous section. At this step, it is possible to

investigate the torsional aero elastic characteristics of

the wing by defining its torsional mode shapes, and

considering the dynamics of the wing torsional

deformations.

The beams have many features of the conventional

aviation structures. The high-aspect ratio wings and

the rotor blades of the helicopters are often considered

ideally as the beams in preliminary designs. Even for

low-aspect ratio wings, although the plate model is

more realistic, the bending and the torsional deforma-

tions of the wing can be estimated using the beam

theory, taking into account the adjusted torsional

stiffness coefficient. At first, the non-uniform
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properties will be considered for the beam along the s-

axis, which is chosen to be coinciding with the elastic

axis of the beam. In the beams ideal model, this axis is

assumed to be straight, and in other word, it corre-

sponds to the locus of the cross-sectional shear centers.

This selection of the s-axis structurally uncouples the

torsion and the transverse bending displacements for

the isotropic beams. The torsional elastic deformations

ht are positive in the direction of the right-hand side.

The twisting moment T is the structural torque, which

here, T represents the external aerodynamic torque,

which is equal to the summation of the distributed

torques on the first and the second sections of the wing,

and is calculated from the following equation:

Tðs; tÞ ¼
X2

i¼1

Ti si; tð Þ ¼ �
X2

i¼1

ci

4
Fz;i ð56Þ

Considering qbIpds as the polar mass moment of

inertia about the s-axis, the equation of motion is

determined by equating the resultant twisting moment

on both ends of the integrated element to the rate of

change of the element angular momentum about the

elastic axis:

oT

os
¼ qbIp

o2ht
ot2

ð57Þ

where

qbIp ¼
Z

A

qb y2 þ z2
� 	

dA ð58Þ

In this case, A is the transverse cross sectional area

of the beam, y and z are the Cartesian coordinates of

the transverse cross section, and qb is the mass density

of the beam. As long as qb of the cross section is

constant, Ip is the area of the polar mass moment of

inertia per unit length. However, when qb changes

along the cross-section of the beam, qbIp is interpreted
as mass polar moment of inertia for the cross-

section. The twisting moment can be written in terms

of the twist rate and the Saint–Venant torsional rigidity

as follows:

T ¼ GJ
oht
os

ð59Þ

Putting this equation in Eq. (56), the partial differ-

ential equation of motion for a non-uniform beam is

obtained as follows:

o

os
GJ

oht
os

� �

¼ qbIp
o2ht
ot2

ð60Þ

For the special case of the uniform beams, this

equation simplifies to the one-dimensional wave

equation as follows:

GJ

qbIp

o2ht
os2

¼ o2ht
ot2

ð61Þ

Taking into account the distributed torques on the

wing surface, the above equation occurs in the

following form:

qbIp
o2ht
ot2

� GJ
o2ht
os2

¼
ZL

0

Tðs; tÞutðsÞ ds ð62Þ

where ut presents the torsional mode shapes. In order

to calculate the torsional mode shapes, the homoge-

neous solution of the above equation is used. Using the

separation of variables method, and taking into

account the boundary conditions of the two ends of

the beam (clamped end at s = 0 and free end at s = L),

the modal stiffness aj and natural frequencies xj are

respectively obtained as follows:

ajL ¼ ð2j� 1Þp
2

j ¼ 1; 2; . . . ð63Þ

xj ¼ aj

ffiffiffiffiffiffiffiffiffi
GJ

qbIp

s

¼ ð2j� 1Þp
2L

ffiffiffiffiffiffiffiffiffi
GJ

qbIp

s

j ¼ 1; 2; . . .

ð64Þ

In addition, the mode shapes or the eigenfunctions

are obtained from the following equation:

ut;jðsÞ ¼ sin ajs
� 	

¼ sin
ð2j� 1Þps

2L

� �

j ¼ 1; 2; . . .

ð65Þ

Finally, the non-homogeneous solution of Eq. (44)

results in the following relation, based on which the

bond graph model of the wing torsion is constructed:

qbIp €YðtÞ þ GJa2j YðtÞ ¼
ZL

0

Tðs; tÞut;jðsÞ ds ð66Þ

where Y(t) is the time respons.
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2.3.5 Aerodynamic power and propulsive efficiency

The performance quantities including power and

efficiency, which are criteria for evaluating bird

aerodynamic performance, are averaged and calcu-

lated using the following relationships in one cycle

within the steady oscillatory interval:

PA
in;steady ¼

1

T

ZT

0

Mx dt ð67Þ

In the above relation, PA
in;steady is the average input

power which is actually the power consumed in the

flapping mechanism. T is the flapping period and x is

the flapping instantaneous angular velocity, which can

equivalent to any of the angular velocities of the first

and second sections of the wing i.e. _c1 and _c2.
Moreover, M is the aerodynamic bending moment

of the wing hinge-point which is evaluated from the

following equation:

M ¼ 1

2
qa
X2

i¼1

ZLi

0

V2
x þ vy;i þ V2

z

� 	
cicl;isi dsi ð68Þ

Finally, the propulsive efficiency g can be obtained
as follows:

g ¼
PA
out;steady

PA
in;steady

ð69Þ

where PA
out;steady is the average useful power:

PA
out;steady ¼

1

T

ZT

0

FxVx dt ð70Þ

3 Bond graph model of the flapping wing

The complete bond graph model of the system can be

constructed from the combination of the bond graph of

its subsystems. In order to simplify, the comprehen-

sive bond graph of the present system can be

developed, considering its subsystems as follows: 1.

A pair of the separated power system for each wing,

including two DC motors and two mechanisms that

produce the flapping motions for each wing section

independently. 2. Main body and its accessories, and

the forces and moments transmitted to it. 3. Two-

section wings, considering its aerodynamic model and

the elastic torsion. 4. Tail.

In bond graph environment, the basic concept is to

determine the flow of energy in a system. In any sort of

systems, the energy flow is always directed by

simultaneous involvement of two independent param-

eters. These two parameters are defined by the general

power variables of Effort e and Flow f. So, the

language of bond graphs aims to represent the physical

systems through power interactions. These power

factors have different explanations in different phys-

ical domains. However, in several energy domains,

power could always be utilized as a generalized

coordinate to model coupled systems. One of these

systems might be an electrical motor driving a crank;

in which the form of energy varies in the system. Fore

more clarity, in Table 1, the power (effort and flow)

and energy variables of different parts of the present

model are listed.

Figure 4 indicates the bond graph model of the

flapping bird power system. The DC motor is an

electromechanical system. The motor armature has a

resistance and an inductance that converts the electri-

cal energy to the mechanical one. The motor model

consisting of a source of effort is connected to the

1-junction and the gyrator. The 1-junction represents

the constant flow passing through the armature, and

the inductance and the resistance bonds are connected

to it. The gyrator essentially acts as the energy

converter from electrical to mechanical one, and is

connected to the 1-junction which represents the

angular velocity of the motor shaft. It should be noted

that the core of the motor bond graph model is its GY,

which represents the propulsive force generated by the

electrical energy. In addition, the input voltage is

modeled as the source of effort (Se) in the bond graph.

The small gear mount on the motor shaft is connected

to the crank (Fig. 1), and in fact, the source of flow is a

velocity that comes from the DC motor, and is

considered as an input to produce the angular motion

of the crank. It is presented as a 1-junction with an

I-element that expresses the rotational inertia of the

crank around its own axis. The bond graph of the

flapping mechanism of the wings is constructed of

1-junctions related to the rotational velocities of the

cranks, the flapping velocities, and the linear and

angular velocities of the connecting rods center of

mass, which are connected to I-elements represented
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the mass and the moment of inertia of the components

of the mechanism. The Modulated Transformers

(MTF) relate these 1-junctions to each other. The

modules of the transformers have been derived from

relations (4), (5), (11), (14), (15) and (24).

In Fig. 5, the main body bond graph along with the

horizontal, vertical and the lateral forces, as well as the

roll, pitch and the yaw moments transmitted from the

wings are presented. The rigid body bond graph is

modeled as the two separated triangles in which the

1-junctions are located at their vertices. One triangle

expresses the linear motion and the other one repre-

sents an angular motion, also the 1-junctions at their

vertices represent the linear velocities of the center of

mass and the angular velocities of the body. The

triangles edges, which connect the two adjacent

1-junctions, are replaced by the MGY, which the

modules are the linear or the angular momentums.

Also, the inertial elements (I) corresponding to the

masses and the mass moments of inertias are con-

nected to their corresponding 1-junction with the

integral causality. Here, the component of the body

propulsive force is generated by Eq. (48), and trans-

mitted to the 1-junction of the linear velocity along the

body x-axis. Also, by using Eq. (49), the component of

the vertical force applied to the body is generated, and

is transmitted to the 1-junction of the body linear

velocity along the z-axis. Finally, the body lateral

force component is constructed according to Eq. (50),

and is transferred to the 1-junction of the body lateral

velocity along the y-axis. In the case of the moments,

from Eqs. (51), (52) and (53), respectively, the roll,

pitch and the yaw moments are calculated, and are

applied to the 1-junctions correspond to the angular

velocities along the x, y and z body-axes.

Figure 6 shows the bond graph of the body angular

and linear velocites transformation from the body to

the inertial coordinate system. The modulated Trans-

formers (MTF) represent the WHU transformations,

which take the components of the linear and angular

velocity vectors through the intermediate frames, and

produce the inertial linear and angular velocities

components. Finally, the bond graph of these trans-

formations is connected to the rigid body bond graph,

and makes it possible to formulate and completely

present the equations of motion of the three-dimen-

sional rigid body dynamic state equations of the rigid

body. Also, according to Eq. (37), which results in the

Table 1 Power and energy variables in various energy domains of the present model

Energy domains of the

subsystems

Power variables State variables Power Energy

Effort Flow Generalized

displacement (q)

Generalized

momentum (p)

Wing Mechanical

translation

Force

(F)

Velocity (V) Displacemen (s) Momentum (p) FðtÞVðtÞ Rs
Fds;

Rp
Vdp

Mechanical

rotation

Torque

(T)

Angular

velocity ( _c)
Angle (c) Angular

momentum (pJ)

TðtÞ _cðtÞ Rc
Tdc;

RpJ
_cdpJ

Power

system

Electrical Voltage

(Ea)

Current (Ia) Charge (q) Flux linkage (k) IaðtÞEaðtÞ Rq
Eadq;

Rk
Iadk

Mechanical

translation

Force

(F)

Velocity (V) Displacement (r) Momentum (p) FðtÞVðtÞ Rr
Fdr;

Rp
Vdp

Mechanical

rotation

Torque

(s)
Angular

velocity ( _k)
Angle (k) Angular

momentum (pJ)
sðtÞ _kðtÞ Rk

sdk;
RpJ

_kdpJ

Body Mechanical

translation

Force

(F)

Velocity (V) Displacement (x) Momentum (p) FðtÞVðtÞ Rx
Fdx;

Rp
Vdp

Mechanical

rotation

Torque

(s)
Angular

velocity (x)
Angle (E : u, h, w) Angular

momentum (pJ)

sðtÞxðtÞ RE
sdE;

RpJ
xdpJ

Tail Mechanical

rotation

Torque

(s)
Angular

velocity (x)
Angle (h) Angular

momentum (pJ)

sðtÞxðtÞ Rh
sdh;

RpJ
xdpJ
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three extra state-equations, the bond graph of the

generated velocities _/, _h and _w is indicated, and by

integrating the corresponding 1-junctions, the values

of the angles u, h and w can be obtained.

The bond graph of the flapping bird tail is shown in

Fig. 7, which is made according to the extracted

equations of the tail. Finally, the tail lift force obtained

from Eq. (55) is added to the Fz force generated by the

wing, and applied to the 1-junction of the body linear

velocity Vz. In addition, this tail lift is multiplied to the

distance between the tail and the wing center of mass

ltail ¼ 0:3(�Ltail � ltail), then it is added to the pitch

moment, and applied to the 1-junction of the body

angular velocity xz.

Figure 8 presents the bond graph of the two-section

flapping wing of the present bird, which is prepared

based on Eqs. (39) and (41). As can be seen in this

figure, Fcr1 and Fcr2 are the concentrated forces

acting on both wing sections from the mechanism

links which are connected to them, and are applied to a

pair of the flapping angular velocities 1-junctions as an

input to produce the flapping motion of the wing. The

modal forces of the wing each section is constructed

by integrating the distributed forces (lift force) on the

wing [according to Eq. (42)]. The modal forces are

connected to the 1-junctions presenting the wing linear

velocities Vp1 and Vp2 through the modulated source

of effort (MSe). The modules of the modulated

Fig. 4 Bond graph model

of the power system
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transformers are embedded from the kinematic rela-

tions (39) and (41).

Figure 9 depicts the related bond graph to the

torsional mode shapes of the wings, which is con-

structed according to relation (66). As can be observed

in the figure, three torsional modes have been consid-

ered for the wing. The modulus of transformers, which

are equal to the torsional mode shapes have been

calculated from Eq. (65). T is obtained from Eq. (56),

and Twing is the wing elastic torsion, which is equal to

the summation of the torsional mode shapes of the

wing.

Figure 10 indicates the way of producing the

aerodynamic lift and drag forces of the wing both

sections, illustrating them in the coordinate planes,

and generating the forces and moments transmitted

from the wings to the body. Vp1 and Vp2 are the linear

velocities of the wing first and second sections, Vx and

Vz are the bird vertical and horizontal velocities, and

TW is the wing torsional torque, which construct the

inputs of the aerodynamic block. Finally, Fx, Fy and Fz

forces, M u, M h and Mw moments, and the

aerodynamic torsion distribution on the wing T con-

stitute the outputs of the aerodynamic block.

Ultimately, the comprehensive bond graph model

of the flapping bird including the main body, a pair of

the flapping mechanisms, a pair of the direct current

motors and two-section articulated wings considering

the distribution of the aerodynamic forces on them,

elastic torsion along the wing and forces and moments

applied to the body is shown in Fig. 11. An important

point in this bond graph is the relationship between the

wing and the body. The body determines the position

of the wing via defining the location of the hinge

points, while the aerodynamic forces providing by the

wings are applied to body, which derives the bird

velocity and displacement. In other words, there are

interring connections between the wings and body for

transmitting linear and angular positions and aerody-

namic forces and moments produced by wings flap-

ping motion.

Fig. 5 Bond graph model of the main body including the forces and torques applied from the wing
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Fig. 6 Rigid body bond graph along with the coordinate transformation from the body to the inertia coordinate system

Fig. 7 Bond graph model of the flapping bird tail
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4 Results and discussion

4.1 Results validation

The present results were validated for two different

cases of typical flapping wing micro-air-vehicles

characteristics. In the first validation test case, the

verification was performed for a single-section flap-

ping wing at two constant forward velocities of 6 and

8 m/s and two initial incidence angles of 0� and 5�. In
this regard, the time-dependent variations of vertical

and forward forces of the bird at frequency of 5 Hz

were compared with the results obtained from the

MATLAB code validated by experimental data of

Pourtakdoust and Karimian [31]. This validation and

verification can be found in [29].

In the second validation case, the accuracy of the

present bond graph model in evaluating the kinematic

of the articulated flapping wing is confirmed by

comparing the velocity and displacement of the two-

section wing with the analytical solution. In Fig. 12,

the results of the present bond graph model are

compared with the results of a MATLAB code that

performs the numerical solutions by analytical

method. Generally, the results confirm the validity of

the present bond graph model, although there are few

differences. In Fig. 12a, a comparison of the flapping

angle profile for the first and second sections of the

wing can be observed. It should be noted that in the

bond graph modeling approach, the 4-bar mechanism

is developed focusing on the calculation of the

instantaneous velocities and the relationships between

the quantities. Thus, it can be expected that the

modeling approach in the bond graph environment is

different from the analytical solution approach based

on the direct insertion of the angular profiles. This

difference, and in particular the approximation of the

flapping angle to be completely harmonic, caused a

relative error about 4%. However, this error is mainly

because of a slight error in adjusting the wing

frequency due to the use of a descriptive function to

calculate the frequency in terms of the motor voltage.

In Fig. 12b, the comparison between the angular

velocities of the first and second sections of the wing is

Fig. 8 Bond graph model

of the two-section flapping

wing considering the

distributed aerodynamic

forces on the wing

123

1280 Meccanica (2020) 55:1263–1294



shown. As can be seen, the angular velocity amplitude

obtained from the bond graph model has an accept-

able accuracy level. A comparison between the

instantaneous linear velocity and displacement of the

end points of the wing first and second sections with

the numerical data is indicated in Fig. 12c, d, respec-

tively. Since the angular velocity and flapping angle

profiles obtained from the bond graph model have

relatively high conformity with the analytical solution,

so, the same adaptations can be seen for these

quantities.

4.2 Performance of the two-section flapping wing

In this section, the results of the bond graph model are

presented to investigate the flying performance of the

two-section flapping bird. In Fig. 13, the results of the

aerodynamic modeling in the nominal conditions are

indicated for the forward velocity of 6 m/s, the initial

wing incidence angle of zero, the flapping frequency

of 6 Hz, the wing both sections flapping amplitude of

30�, and the phase difference between the both wings

sections of 180�. The results are presented for one

flapping cycle according to the c-t pattern shown in

Fig. 13. As it is observed and expected, the average

vertical force Fz is zero, since the wing incidence angle

is zero, and the aeroelastic behavior is symmetric. In

the same situation, the horizontal force Fx indicates a

positive average value. Based on a simple distribution

of the plunging motion, it would be possible to predict

the propulsive force in symmetric flapping condition.

Fig. 9 Bond graph model of the torsion block includes the

torsional mode shapes of the wing

Fig. 10 Bond graph of the aerodynamic block including the aerodynamic forces and their transformations
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Fig. 11 The

comprehensive bond graph

model of the flapping bird

(a) (b)

(c) (d)

Fig. 12 Comparison between the bond graph model and the

analytical solution results. a flapping angles of the wing first and
second sections, b angular velocities of the wing first and second

sections, c vertical linear velocities of the end points of the wing
first and second sections, and d vertical displacement of the end

points of the wing first and second sections
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An interesting point is the dominant frequency of the

horizontal force which is usually twice the flapping

frequency. In the ideal condition, the horizontal force

curve has positive value. There are two reasons for

existence of some intervals in which the horizontal

force becomes negative. First, the torsional stiffness is

such that the variations of angle of attack due to the

summation of the total aerodynamic and inertial forces

Fig. 13 Variations of the

propulsive force, vertical

force, pitch moment,

flapping angles, consumed

power, useful power, wing

tip angle of attack, and the

wing tip twist angle versus

time in nominal conditions
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are more than its initial values. As a result, in some

regions of the wing, the sign of the resultant aerody-

namic force changes. Second, in aerodynamic model-

ing of the drag force, descriptive functions were

utilized to increase the force at the high angles of

attack. As expected, the generated propulsive power

Pout has the same pattern as well as the propulsive

force, and in some time periods, the useful propulsive

power is negative. In order to provide a criterion for

the range of variations of the important angles in the

flapping motion, the wing tip angle of attack a2,tip and
the elastic torsion of the wing tip e2,tip versus time are

also presented in a flapping cycle. As can be observed,

the maximum angle of attack for the flapping

frequency of 6 Hz and the constant velocity of 6 m/s

is about 30�, which indicates that in some wing

sections the stall have been occurred in certain time

intervals, and in this angle the elastic twist has been

considered.

In addition, in Fig. 13, the time history of the pitch

moment Mh, which is evaluated by integrating the

product of aerodynamic forces and relative position

vectors with respect to center of mass, is presented.

For this purpose, the position vector of each wing

sections relative to the center of mass has been used.

As can be seen, the overall behavior of the pitch

moment is similar to that of the vertical force, and the

minor differences observed in trend of these quantities

are due to the difference between the positions vectors

in the various positions of the wing. By comparing the

time variations of the torsion angle of the wing tip e2,tip
with the flapping angle c, it is found out that the phase
difference between the elastic twist of the wing

sections and the flapping angle is about 90�. This
result can be interpreted based on the linear velocity

variations resulted from the flapping motion of the

wings. In fact, as an example for c = 0 condition, the

angular velocity and, consequently, the linear velocity

are the maximum, and the aerodynamic forces at this

moment have maximum values. Thus, the elastic

torsion of the wings which are mainly influenced by

the aerodynamic forces are also the maximum. The

phase difference between the angle of attack a and the
flapping angle c can also be explained by the same

reason (based on the maximum velocity at the angle

c = 0). However, the torsion and attack angles are in

an opposite phase, because basically the wing elastic

twist, in the case that the elastic axis coincides with the

leading edge, has a sign opposite to the angle of attack,

and it reduces and stabilizes a.
Now, the results obtained from the bond graph

model of the flapping bird are presented to study its

performance curves and evaluate the aerodynamic of

the two-section wing in the flapping process. The

evaluation criteria of aerodynamic performance that

can be considered to compare the single-section and

two-section wings performance including the average

horizontal and vertical forces, average power con-

sumption, and average flapping efficiency. Therefore,

the effects of the torsional flexibility (GJ), flapping

frequency (fw), flapping amplitude of the wing first

section (c1), flapping amplitude of the wing second

section (c2), forward velocity of the bird (Vx), phase

difference between the inner and outer part of the wing

(X) and initial incidence angle of the wing (a0) on

evaluation criteria are studied. According to Table 2,

in the parametric study to describe the performance of

the two-section flapping wings, each of above param-

eters are appropriately changed around the nominal

values, and for each selected value, the performance

quantities, including the forces, power and efficiency

are averaged in one cycle within the steady-state

oscillation conditions.

Figure 14 indicates the propulsive force, vertical

force and the average consumed power, as well as the

propulsive efficiency of the flapping bird in terms of

the torsional stiffness of the wing. As it is observed, for

a certain amount of the torsional stiffness, the

propulsive force and efficiency have been approxi-

mately maximized. Consequently, these desired con-

ditions can be considered as the broader range of the

angles of attack which are less than the stall angle.

Regarding the effect of the torsional stiffness of the

Table 2 Parametric study quantities

Parameters Nominal condition Changing intervals

GJ (N cm2) 25 5–100

fw (Hz) 6 2–8

c1 (�) 30 15–60

c2 (�) 30 15–60

Vx (m/s) 6 2–10

X (�) 180 120–240

a0 (�) 0 0–10
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wing on the average vertical force, due to the zero

initial angle of attack which was considered in the

nominal condition, it is expected that the output be

zero. However, the slight variations of the vertical

force can be resulted from the complete asymmetry

between the up and down stroke pahses. One of the

major achievements is the prominent role of the

torsional stiffness in changing the propulsive force

that can be used as a control parameter in two-section

flapping wing robots. Here, power consumption

increment due to the increase in the wing torsional

stiffness is correctly indicated. In fact, the reduction in

torsional stiffness and the amplitude of the wing

deformation leads to an increase in the range of the

forces amplitudes which will facilitate the flapping

process, and reduce power consumption.

The next under investigation parameter is the

flapping frequency, which its effects on the aerody-

namic forces, consumed power and the flapping

efficiency are indicated in Fig. 15. The study of the

frequency results in the interesting achievements. Up

to about 3 Hz frequency, the average horizontal force

is negative, which means that the propulsive force due

to the wing flapping motion cannot overcome the wing

and body drag forces. Therefore, at frequencies lower

than 3 Hz, the aerodynamic force and, consequently,

produced power and propulsive efficiency are nega-

tive. At higher frequencies, the amount of the propul-

sive force is increased and the positive propulsive

efficiency is achieved. Interestingly, at a frequency of

about 4 Hz, the mamximum efficiency is acheived,

which would be a good performance situation. The

amount of the efficiency is limited to about 0.3 due to

the insignificant amount of the wing flexibility, but by

considering an appropriate value, this efficiency can

be improved. Increasing the frequency, directly results

in the double increase of the consumed power. Here,

by choosing the amount of the stiffness and the flow

velocity at the same values of the nominal flight, it can

be seen that increasing the frequency, moderately

increases the average propulsive force and then

reduces it. This event is due to the occurrence of the

flow separation phenomenon, which involves the

wider areas of the wings over a larger time period at

higher frequencies.

Figure 16 shows the variations of the aerodynamic

forces, consumed power, and flapping efficiency in

terms of the flapping amplitude of the first section of

the wing. It is observed that choosing the amplitude in

the range of about 25�–30� is desirable, despite the

geometric and the performance characteristics of the

flapping robot. Interestingly, similar to the frequency,

Fig. 14 Influence of the

torsional stiffness on the

average propulsive force,

average vertical force,

average consumed power

and propulsive efficiency
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at low flapping amplitudes, an efficient propulsive

force does not essentially produce. In other words, the

necessary and sufficient condition for producing the

propulsive force is the presence of the considerable

amplitude and frequency simultaneously. The varia-

tions of the consumed power versus the flapping

amplitude are of the second order of magnitude,

because the variations of the forces amplitude with

Fig. 15 Influence of the

flapping frequency on the

average propulsive force,

average vertical force,

average consumed power

and propulsive efficiency

Fig. 16 Influence of the

flapping angle amplitude of

the wing first section on the

average propulsive force,

average vertical force,

average consumed power

and propulsive efficiency
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respect to the flapping amplitude are of the second

order. From the variations of the horizontal force with

respect to the wing flapping amplitude, it can be

understood that the desired choice of the amplitude of

the wing first section is about 30� (i.e. same as the

desired nominal value). Another interpretation of this

desired value of the wing first section amplitude is the

equality of the first and second sections amplitudes of

the wings in desired out of phase conditions. Reducing

the amplitude of the vertical forces by increasing the

flapping amplitude and receding from the amplitude of

the wing second section indicates the greater proba-

bility of the flow separation, which attenuate the

aerodynamic efficiency. The greater flapping ampli-

tude results in an increase in the angle of attack and

intensifies the flow separation, which reduces both

horizontal and vertical forces. In order to complete the

discussion, the effects of the wing second section

amplitude on the bird performance criteria are also

examined.

In Fig. 17, the variations of the aerodynamic forces,

consumed power and the efficiency of the flapping

bird in terms of the flapping amplitude of the wing

second section are presented. Regarding this figure, it

can be explained that the closeness of the flapping

amplitude values of the wing first and second sections

in non-phase conditions is a significant point in design.

Such a similarity can be deduced from the comparison

between the curves of the propulsive force and

efficiency. Here, it can be observed that the behavior

of the average vertical force is in contrast to the

behavior of the horizontal force. It is due to the

variations of the resultant flapping amplitude of the

wing second section, assuming the non-phase condi-

tion of the wing both sections. Therefore, the angle of

the wing second section decreases to about c1. In other
words, sensitivity to variations of c1 is more than c2.
The small amount of the average vertical force

variations with respect to the flapping amplitude of

the wing second section can be somehow related to the

effect of the wing second section operation. Conse-

quently, considering the larger angles helps to form

the larger forces in the wing second section. Another

interesting point is the effect of the wing second

section amplitude on reducing the power consumption

which can be interpreted due to the reduction in the

total moments of inertia of the wing components

around the center of rotation. Indeed, as c2 increases,
the wing becomes closer to the folded position, and

produces less moment of inertia around the flapping

hinge point, which results in reducing the power

consumption. However, the improved efficiency

Fig. 17 Influence of the

flapping angle amplitude of

the wing second section on

the average propulsive

force, average vertical force,

average consumed power

and propulsive efficiency
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corresponds to the choice of c2 = 40 in the equivalent

conditions to this problem.

In Fig. 18, the variations of the flapping bird

performance in terms of the bird forward velocity

are presented. As can be observed, increasing the

velocity of the flapping wing bird improves the

amplitude of the propulsive force and efficiency. Such

a result is quite obvious and expected based on the

analysis of a wing section with plunging motion.

Nevertheless, at forward velocities higher than about

9 m/s, the amount of the drag force overcomes the

propulsive force generated by the flapping motion.

Hence, the trend of the resultant force will be

decelerating. In fact, the cause of decreasing the

vertical aerodynamic force by increasing the velocity

is considering the initial angle of attack to be zero in

the nominal flight conditions.

In Fig. 19, the variations in the aerodynamic forces,

consumed power, and propulsive efficiency of the

flapping bird are presented in terms of the phase

difference between the first and second sections of the

wing. An important and definite achievement is the

suggestion of the wings non-phase flapping. As it can

be seen, the amplitude of the propulsive and vertical

forces as well as the propulsive efficiency are

improved by choosing c2 = 180, which corresponds

to the non-phase state.

A simple explanation for these observations can be

the reduction of the attack angles in the second section

of the wing which is the comparative advantage of

two-section wings with respect to the one-section

ones. It should be noted that, in one-section wings,

especially at high frequencies and amplitudes, the

large portions of the wing surface are always suffering

the increase in the angle of attack which results in the

flow separation and stall, while in two-section wings

by controlling this quantity, one can significantly

improve the aerodynamic efficiency of the wing.

Figure 20 indicates the effect of the initial angle of

attack on the bird performance. As expected, by

increasing the wing initial incidence angle or the

initial angle of the bird orientation in horizontal flight,

the average amount of the produced vertical force

increases which provides the bird capability to climb

and carry loads. However, the average descent rate of

the produced propulsive force under these conditions

is small, and it can be concluded that increasing the

initial attack angle which resultes from the bird

trimming by the help of the tail control surface or

the change in wing incidence angle causes an increase

in the average lift force, and consequently in the bird

Fig. 18 Influence of the

bird forward velocity on the

average propulsive force,

average vertical force,

average consumed power

and propulsive efficiency
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rate of climb. Based on this curve, the wing desired

incidence angle can be considered about 2� corre-

sponding to the maximum efficiency point. The

decrease in efficiency afterward is due to the further

increase in the angles of attack and the flow separation

probability in areas near the wing tip or in the wider

time interval of a flapping cycle. However, a slight

initial angle of attack is necessary to create the positive

average lift force, and therefore changing this angle

can alter the relative sensitivity of the vertical and

Fig. 19 Influence of the

phase lag between the wing

first and second sections on

the average propulsive

force, average vertical force,

average consumed power

and propulsive efficiency

Fig. 20 Influence of the

wing incidence angle on the

average propulsive force,

average vertical force,

average consumed power

and propulsive efficiency
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horizontal or propulsion performance of the flapping

wing bird with respect to the wing frequency. In other

words, by decreasing this angle, the frequency vari-

ations mainly results in an average increase in the

propulsive force rather than increasing the average lift

force.

In Fig. 21, an improved design of the flapping robot

is simulated. According to the reported parameteric

Fig. 21 Variations of the

propulsive force, vertical

force, pitch moment,

flapping angles, consumed

power, useful power, wing

tip angle of attack, and the

wing tip twist angle versus

time in desired conditions
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study, one may find the appropriate values of the

design quantities in the vicinity of the benchmark

design. The index of such tuning could be defined as

the mean thrust or the propulsive efficiency. Based on

these performane measurements, the new selection of

the flapping amplitudes, forward velocity, phase lag of

the wing second section and particularly the torsional

stiffness of the wing material has been extracted. It is

interesting that by a change in above design variables a

considerable progress in the performance of the flying

robot would be achieved without any further cost or

penalty in weight. As depicted in Fig. 21 the thrust

force due to flapping is enhanced comparing to the

benchmark simulation in Fig. 13. Although the change

in flapping amplitude and the phase-lag between the

wing sections can be beneficial, the most performance

sensitivity of the aeroelastic behavior of the wing

structure during flapping process could be obviously

remarked through the torsional stiffeness variations,

and consequently the twist angle of the wing spanwise

stations. Comparing the profiles of the angle of attack

and twist angle in the wing tip location, in Fig. 21 and

13, reveal that adjusting angle of attack distribution by

the help of tunning the two-sectin mechanism would

be the key item in kinematic enhancement. Incorpo-

rating both kinematic and mechanical adjustment of

the parameters mentioned in Table 3, the mean

propulsive efficiency has been increased 8 percent

and reached to 0.42. Computing the mean thrust force

indicates more progress, which is partially due to the

change in forward velocity.

4.3 Comparison between the performance

of the single-section and two-section flapping

wings

In this section, an important and interesting topic

would be discussed which is one of the results of the

present research. In this regard, the motivation for

designing and manufacturing of the articulated flap-

ping wing can be investigated. From this point of view,

we will reach to a variety of topics, including

improvement and design of the wing geometries.

The main question in this respect is the necessity of

using an articulated flapping wing, and its efficiency

and operation. To answer the question of whether the

use of the articulated flapping wings can be useful and

helpful or not, a qualitative and a quantitative

approach can be used. From the qualitative point of

view, the physics of the problem indicates that in

single-section flapping wing, the probability of the

flow separation is increased due to the creation of high

attack angles in the wing tip areas, which increases as

the wing span, flapping frequency or amplitude

increase. Whereas in the articulated flapping wings

by adjusting the kinematic parameters, especially the

phase and amplitude differences, as well as the change

in the location of the middle hinge point, such an event

can be counteracted and, therefore, it results in a better

efficiency. There are important points that provide the

basis for an attractive design problem. On the one

hand, it includes the issue of providing the sufficient

lift and thrust forces and its counteraction to reduce the

flow separation and stall, and on the other hand, the

compromise between the added weight to the system

due to the mechanism improvement and the enhance-

ment of the aerodynamic performance, make the

design of the articulated wing more complicated.

In Fig. 22, a comparison between the performances

of the articulated flapping wing in various folding

angles of the wing second section is presented. In fact,

in this simulation, the amplitude of the wing second

section is considered to be zero, which is equivalent to

the assumption that the both wing sections are

connected or welded together. Therefore, the only

independent parameter in this case is the initial angle

between the lengths of the both wing sections which

the same angle would be saved. This angle can be

called the wing folding angle cfold. Based on the results
indicated in the above figure, it can be seen that the

zero angle (equivalent to the straight and unfolded

wing) is not improved for the average propulsive

force. In addition, in terms of the aerodynamic

efficiency, which can be considered as a more

appropriate indicator, the non-zero folding angle of

the wing can help to improve the aerodynamic

efficiency. The improvement of the efficiency and

the reduction of the power consumption by creating a

Table 3 Efficient value of

investigated parameters
Parameters Value

GJ (N cm2) 5

c1 (�) 30

c2 (�) 35

Vx (m/s) 8

X (�) 180

a0 (�) 0
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proper folding angle are about 10%. In Fig. 22, the

performance variations of the articulated wing are

plotted in terms of the amplitude of the wing second

section. These curves are important because of their

capability to provide a suitable scale between the

single-section and articulated wings. In fact, the

corresponding conditions to the single-section wing

is the same point as c2 = 0, which by default in this

simulation the initial folding angle is considered to be

zero, and a straight single-section wing shape is

produced. Increasing c2, which is the flapping ampli-

tude of the wing second section, practically leads to

achievement of the active articulated wing. It is

observed that by activating the wing second section,

the performance characteristics and especially the

efficiency are improved. So, it could be understood

that the usefulness and effectiveness of the articulated

wings are considerable.

Figure 23 shows the performance characteristics of

the flapping wing versus amplitude of the wing second

section. It is observed that the appropriate value of the

flapping amplitude of the wing second section is about

0.4 rad which certainly depends on the choice of

c1 = p/6 in this simulation and for this particular

geometry. Moreover, it is observed that the desired

choice of c2 for specific conditions of this simulation is

about 0.6 rad, and the choice of higher c2 values leads

to the efficiency drop. According to the adjusted value

of c1 = p/6 in this simulation, it would be found out

that c2 is equal to 0.6 rad in the sense of equalizing the

flapping amplitude of the wing first and second

sections. In other words, the efficiency is maximized

while the second section is active with the same

amplitude and in the opposite phase. In addition, it can

be seen that, although considering c2 amplitude more

than c1 can reduce the propulsive force and even

efficiency, it can increase the average lift force. The

rate of increasing the average lift force and decreasing

the average propulsive force, in the range of c2
amplitude more than that of c1, are the same. However,

this trend continues until c1 equals to about 0.8 rad.

After that, the aerodynamic indices will also drop. It

seems that the desired and maximum c2 angles can be

defined at any given frequency and for any given

geometry.

5 Conclusion

In this research, an integrated and systematic model of

an elastic two-section flapping wing based on the bond

graph approach was developed. For each of the

subsystems the corresponding bond graph model was

extracted, and finally by implementing the necessary

Fig. 22 Performance

characteristics of the two-

section flapping wing versus

folding angle in the state that

both wing sections are

connected or welded

together (passive second

section)
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geometrical transformations and kinematic formula-

tions of the wing motions, it becomes possible to study

and to simulate the dynamics of this bird. Since there is

more complexity in the flapping mechanism of the

articulated flapping wings, here a simple layout with

the less weight penalty was used. The aeroelastic

modeling in the form of the torsional mode shapes was

performed to estimate the torsional angles of the wing

sections. Moreover, an appropriate describing func-

tion was utilized to calculate and correct the aerody-

namic coefficients considering the stall effects.

Finally, to demonstrate the capability of this bond

graph model, a sample case study was performed. It

was shown that for a typical flapping bird, the use of

the articulated wing considerably improves the aero-

dynamic performance and the performance indices.

The articulated wing not only can improve the bird’s

efficiency in energy conversion and modify the

separation event in some of the wing sections at some

time intervals, but it also provides a large number of

control parameters that can be used to obtain the

variety of flight goals such as cruise or climb.

Choosing articulated wing structure, the transmission

of energy to various transitional and rotational chan-

nels can be controlled restrictively. As an example,

changing the flapping phase of the wing second-

section can produce more propulsive horizontal or

vertical forces. Using the presented parametric study,

the sensitivity of the performance parameters to the

kinematic variables or mechanical properties such as

stiffness were extracted and depicted. The achieve-

ment of this activity is to provide a comprehensive

model that would be a suitable framework for future

works in design and optimization areas.
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