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Abstract A numerical study is presented of the

electroosmotic flow (EOF) and transport of ionic

species through a slit soft nanochannel filled with

general electrolytes. The rigid walls of the undertaken

channel are coated with ion and fluid penetrable

charged polyelectrolyte layers (PELs). The physico-

chemical properties of the surface PELs grafted on the

lower and upper walls are considered to be either

similar or dissimilar in nature. A nonlinear model

based on the coupled Poisson–Boltzmann equation for

electrostatics and the modified Stokes equation for

hydrodynamics is adopted. Based on the Debye–

Huckel limit under a low potential approximation a

closed form solution for the induced potential and

axial velocity is derived. However throughout our

present study a sophisticated numerical technique is

adopted to consider a wide range of pertinent param-

eters governing the problem. It is observed that the

EOF and transport of ionic species strongly depends

on the choice of the PEL-charge and the background

electrolyte solution. In addition we have shown that

the selectivity of mobile electrolyte ions can be

actively tuned by regulating the physicochemical

properties of the surface PELs and the background

aqueous medium.

Keywords Electroosmotic flow � Polyelectrolyte
layer � General electrolyte � Ion selectivity

1 Introduction

In the recent years, there have been great interest to

study the electroosmotic flow (EOF) through nanoflu-

idic channels because of its versatile application

ranging from the industries of pharmaceutical and

biomedicine, chemical engineering, environmental

sciences, to name a few [1–7]. The nanofludic channel

in which the rigid walls are covered with soft

polymeric materials is often termed as soft nanochan-

nel. For such a channel, the soft layers, typically

represented by polyelectrolyte layers (PELs) are

sandwiched between rigid walls and the bulk elec-

trolyte solution. The PEL carries immobile charges
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due to the presence of ionizable functional group

within it and results in an increment in the Donnan

potential across the PEL. On the other hand, since the

PEL is made of polymeric material which offers

additional drag force on the fluid flow. Combination of

these two electrohydrodynamic effects may lead to

several remarkable features of the EOF and transport

of ionic species through the soft nanochannel.

Several researchers have attempted to model the

electrokinetic transport of ionized solution through

soft nanochannel due to its wide varieties of applica-

tions, e.g., in energy conversion systems [8], cell

membranes [9], bio-sensor [10], drug delivery [11],

etc. One of the earliest work in this direction was made

by Donath and Voigt [12] to study the electrokinetic

theory of surfaces covered with PEL. They have

introduced a new model based on the non-linear

Poisson–Boltzmann equation in order to calculate the

distribution of fixed charges across the structured

surfaces. Later Ohshima and Kondo [13] extends their

work to study the EOF through a parallel plate soft

nanochannel. Starov and Solomentsev [14] studied the

EOF though cylindrical capillary grafted with a porous

gel layer, by taking into account the specific ion

interaction with the porous layer. Keh and Liu [15]

studied analytically the EOF in a circular capillary

where the PEL is grafted on its walls. Later Keh and

Dong [16] considered the effect of pH-regulated PEL-

charge on the electrokinetic flow through a soft

capillary nanotube or nanoslit. Wu and Keh [17]

studied the combined diffusioosmotic and electroos-

motic flow through a capillary slit in which the channel

walls are covered by adsorbed PEL.

Das et al. [18–20] studied extensively the pressure

driven flow through a soft nanochannel. They have

shown that for such a nanofluidic device, the elec-

trochemomechanical energy conversion is highly

efficient and the efficiency is significantly higher than

that of the rigid nanochannel. Later Poddar et al. [21]

studied the generation of streaming potential through a

soft nanochannel under pressure driven flow by taking

the ion partitioning effect into account. A theoretical

study on the combined electroosmotic and pressure

driven flow through soft nanochannel has been

reported by Matin and Ohshima [22]. Later they [23]

have further extended their study to consider the

thermal transport characteristics of an electrolyte

solution through a soft nanochannel. Recently Xing

and Jian [24] studied extensively the steric effect on

the EOF through soft nanochannel.

In all these aforementioned studies, the transition

from the PEL to an electrolyte solution is sharp and a

step-like function is considered to represent the PEL-

electrolyte interface. The charge density as well as the

polymer segments are considered to be uniformly

distributed within the PEL. Duval and his core-

searchers [25–27] made a significant contribution on

the eletrokinetics of diffuse soft interface. In their

studies they have assumed the Boltzmann distribution

for the spatial variation of mobile ions. Considering

the Nernst-Planck equation for the spatial distribution

of ionic species, recently Bag et al. [28] studied

numerically the modulation of EOF through slit soft

nanochannel in which the PELs are of diffuse in

nature.

The ion transport phenomena have drawn great

interest because of its important practical applications

such as ionic current signals in nanopore-based

biosensing [29], separation of biomolecules [30], drug

delivery [31], etc. For a nanofludic channel, several

interesting features on ion transport phenomena

including ion selectivity have been reported by Yeh

et al. [32]. The selectivity of mobile ions results from

the consequence of the charges distributed along the

channel walls that favours the movement of counte-

rions and obturate the coions. As a result the ionic

current due to counterions is higher than that of the

coions. Ali et al. [33] experimentally designed an ion

selective nanopore in which the walls are functional-

ized with layer-by-layer assemblies of polyelec-

trolytes. They have shown that such devices are

capable to manipulate and control the movement of

chemical and biochemical species flowing through it.

Several theoretical studies [28, 34] have shown that

the surface PEL has the potential to modulate the ionic

current through a soft nanochannel.

In all the earlier studies on the EOF and transport of

ionic species through a soft nanochannel, the back-

ground electrolyte is taken as a symmetric 1:1

electrolyte solution and physicochemical properties

of the surface PELs grafted on the lower and upper

rigid walls are taken to be same. However Zheng et al.

[35] demonstrate that the multivalent ions have

significant effect on the modulation of EOF through

a rigid micro/nanochannel filled with general elec-

trolytes. In a recent article Hsu et al. [36] studied the

effect of salt valence on the ionic current rectification
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behaviour of charged conical nanochannel. The sce-

nario may be even more complicated for a soft

nanochannel. In addition depending on the physico-

chemical and hydrodynamic properties of the upper

and lower PELs, several interesting electrokinetic

effects may arise. Therefore, extending the earlier

studies on EOF through a soft nanochannel to take

effect of multiple ionic species as well similar/

dissimilar PELs properties into account is very

desirable. This is conducted in the present study by

considering the nonlinear model based on the coupled

Poisson–Boltzmann equation for electric double layer

(EDL) potential and the Darcy–Brinkman extended

Stokes equation for fluid flow.

2 Problem formulation

The study on EOF through an infinitely long slit soft

nanochannel of height 2h under an externally applied

electric field of strength E0 (Fig. 1) is presented. The

channel is filled with general electrolyte, which is

either a pure electrolyte or a mixture of pure

electrolytes. The channel walls are grafted with an

ion and fluid penetrable PEL. The thicknesses of lower

and upper PELs are given by d1 and d2, respectively.
The net additional charges entrapped within the lower

and upper PELs are qf1 ¼ Z1FN1 and qf2 ¼ Z2FN2,

respectively, where F is the Faraday constant. The

valence and the molar concentration of the immobile

charges present within the lower and upper PELs are

Z1, N1 and Z2, N2, respectively. In our present study

two different situations is considered, e.g., the lower

and upper PELs entrap either similar (Z1Z2 [ 0) or

dissimilar (Z1Z2\0) immobile charges. The permit-

tivity of the PELs and the electrolyte medium are

considered to be the same, �f and this assumption is

reasonable for a PEL with sufficiently high water

content [25–27]. Below the governing equations along

with the numerical method is presented.

2.1 Mathematical model and numerical method

The EDL induced electric potential is governed by the

Poisson equation given as

��f
d2u
dy2

¼
qeðyÞ þ qf1 : � h\y� � hþ d1
qeðyÞ : � hþ d1\y� h� d2
qeðyÞ þ qf2 : h� d2\y� h

8
><

>:

ð1Þ

Here qeðyÞ ¼
P

j Fzjnj is the net charge density due to

the mobile ions, where zj and nj are respectively the

valence and the molar concentration of the jth ionic

species. Here the summation is carried over all the

species present in the system. The spatial distribution

of concentration of mobile electrolyte ions are

considered to follow the Boltzmann distribution, i.e.,

njðyÞ ¼ n1j exp
�ezjuðyÞ
KBT

� �

ð2Þ

Here e, KB and T are the elementary charge, gas

constant and absolute temperature, respectively. The

bulk molar concentration of the jth ion is denoted by

n1j . The rigid walls are assumed to be electrically

neutral and non-slip in nature. The appropriate

boundary conditions associated with equation (1) are

Fig. 1 Schematic of the

present situation

123

Meccanica (2019) 54:2131–2149 2133



du
dy

j�h ¼ 0;

du
dy

jð�hþd1Þ� ¼ du
dy

jð�hþd1Þþ ;

ujð�hþd1Þ� ¼ ujð�hþd1Þþ ;

du
dy

jðh�d2Þ� ¼ du
dy

jðh�d2Þþ ;

ujðh�d2Þ� ¼ ujðh�d2Þþ ;

du
dy

jh ¼ 0;

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ð3Þ

The fluid within the soft nanochannel flows under the

influence of external electric field. The flow field

within creeping flow regime is governed by Darcy–

Brinkman extended Stokes equation within the PELs

and Stokes equation governs the flow field outside of

it. Under fully developed flow condition, the govern-

ing equation for the axial velocity u(y) is given by

l
d2u

dy2
þ qeE0 � lc;1u ¼ 0 : �h\y� � hþ d1

l
d2u

dy2
þ qeE0 ¼ 0 : �hþ d1\y� h� d2

l
d2u

dy2
þ qeE0 � lc;2u ¼ 0 : h� d2\y� h

8
>>>>>>><

>>>>>>>:

ð4Þ

where l is the viscosity of the fluid. The terms �lc;1u
and �lc;2u appearing in Eq. (4) represent the fric-

tional force due to presence of polymer segments

within the lower and upper PELs, respectively. Here

lc;iði ¼ 1; 2Þ is the drag coefficient of the respective

PELs.

The axial velocity may be obtained by solving the

Eq. (4) subject to the following boundary conditions

uj�h ¼ 0;

ujð�hþd1Þ� ¼ ujð�hþd1Þþ ;

du

dy
jð�hþd1Þ� ¼ du

dy
jð�hþd1Þþ ;

ujðh�d2Þ� ¼ ujðh�d2Þþ ;

du

dy
jðh�d2Þ� ¼ du

dy
jðh�d2Þþ ;

ujh ¼ 0;

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð5Þ

Introducing the non-dimensional variables �y ¼ y=h,
�u ¼ u=u0 and �u ¼ u=UHS where u0 ¼ RT=F and

UHSð¼ eeE0u0=lÞ is the Helmholtz-Smoluchowski

velocity, the nondimensional form of the Eqs. (1)

and (4) can be written as

�d2 �u
d�y2

¼
ðjhÞ2 �qeþZ1 �N1½ � : � 1\�y� � 1þ �d1
ðjhÞ2 �qe : � 1þ �d1\�y�1� �d2
ðjhÞ2 �qeþZ2 �N2½ � : 1� �d2\�y�0

8
><

>:

ð6Þ

and

d2�u

d�y2
þ ðjhÞ2 �qe ¼

b21�u : � 1\�y� � 1þ �d1
0 : � 1þ �d1\�y� 1� �d2
b22�u : 1� �d2\�y� 0

8
><

>:

ð7Þ

where variables with ‘bar’ represent the corresponding

non-dimensional values. Here �qe ¼
P

j
zjn

1
j exp ð�zj �uÞ

P
j
z2
j
n1
j

is

the non-dimensional form of the net charge density

due to mobile electrolyte ions. The Debye layer

thickness is denoted as j�1 with

j�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
efu0=F

P
j z

2
j n

1
j

q
. Here �Ni ¼ NiP

j
z2
j
n1
j

and

bið¼ lc;ih
2=lÞði ¼ 1; 2Þ are, respectively, the scaled

molar concentration of the immobile PEL-charges and

softness parameters of the respective PELs. The

dimensionless forms of the boundary conditions (3)

and (5) are as follows

d �u
d�y

j�1 ¼ 0;

d �u
d�y

jð�1þ�d1Þ� ¼ d �u
ðd�y jð�1þ�d1Þþ ;

�ujð�1þ�d1Þ� ¼ �ujð�1þ�d1Þþ ;

d �u
d�y

jð1��d2Þ� ¼ d �u
d�y

jð1��d2Þþ ;

�ujð1��d2Þ� ¼ �ujð1��d2Þþ ;

d �u
d�y

j1 ¼ 0

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ð8Þ

and
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�uj�1 ¼ 0;

d�u

d�y
jð�1þ�d1Þ� ¼ d�u

d�y
jð�1þ�d1Þþ ;

�ujð�1þ�d1Þ� ¼ �ujð�1þ�d1Þþ ;

d�u

d�y
jð�1þ�d1þ�d2Þ� ¼ d�u

d�y
jð1��d2Þþ ;

�ujð1��d2Þ� ¼ �ujð1��d2Þþ ;

�uj1 ¼ 0

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð9Þ

The governing equations for induced potential (6) and

velocity field (7) are nonlinear and coupled in nature.

The discretized form of the Eqs. (6) and (7) are

obtained by using finite difference method through a

second order central difference scheme. The tridiag-

onal matrix algorithm (TDMA) is used to solve the

discretized algebraic equations. A iterative method is

employed to solve the algebraic equations for both the

potential and flow field equations in a coupled manner.

We first solve the Eq. (6) subject to the boundary

condition (8) iteratively. Initially iteration procedure

starts with a guess value of the potential which is

considered to be its bulk value (zero potential), and the

iterations are continued until the absolute difference

between two successive iterations becomes smaller

than the tolerance limit 10�6. With the known

potential a similar iterative method is used to solve

the fluid flow Eq. (7) subject to the boundary condition

(9).

2.2 Current density and selectivity of mobile ions

In this subsection the mathematical expressions for the

ionic current density and the ion selectivity parameter

is provided. The ionic current density of jth ionic

species is given by

Ij ¼ zjFMj: ð10Þ

where the molar flux of the jth species is given by

Mj ¼ �Dj 5 nj þ ðljEþ qÞnj: ð11Þ

where q is the velocity vector,Dj and ljð¼ zjDjF=RTÞ
are the diffusion coefficient and electrophoretic

mobility of the jth species, respectively. We have

assumed that the mobility of the mobile ions can take

the same value within PEL and electrolyte medium.

According to Stigter [37], the drag coefficient of an ion

of radius a in a Brinkman medium of Brinkman

parameter kð¼
ffiffiffiffiffiffiffiffiffiffiffiffi
lc;i=l

q
Þ is 6pla 1þ kaþ ðkaÞ2=9

� �
.

In the present article we have approximated the

correction factor 1þ kaþ ðkaÞ2=9
� �

by unity, since

ka is usually less than 1 so that ions can be treated as

essentially point charges. Hence the ion mobility

within the PELmay be considered to be same as that in

electrolyte medium.

The axial component of the ionic current Mj is

given as

Mx;j ¼ �Dj

onj

ox
þ ljE0 þ uðyÞ
� �

nj ð12Þ

The non dimensional form of the axial component of

ionic current (i.e., Ix;j), scaled by I0ð¼ Fn1j UHSÞ, is
given by

�Ix;j ¼ � zj

Pej

o�nj
o�x

þ K
z2j �nj

Pej
þ zj�nj�u ð13Þ

where the scaled quantity Pejð¼ uHSh=DjÞ is the

Peclet number. The respective terms in the right hand

side of the above equation represents the contribution

due to concentration gradient, convection and elec-

tromigration along the axial direction of the slit soft

nanochannel. It may be noted that for the EOF through

infinitely extended slit soft nanochannel, the contri-

bution due to concentration gradient along the axial

direction vanishes and hence one can write

�Ix;j ¼ K
z2j �nj

Pej

þ zj�nj�u ð14Þ

The average axial current density is given by

�Ij ¼
1

2

Z 1

�1

�Ix;jdy ð15Þ

and the total current in the system can be obtained as

�I ¼
P

j

�Ij ð16Þ

where the summation is considered for all the

electrolyte ions present in the system. In order to

quantify the preference for the ions transported

through a soft nanochannel we have defined the

nondimensional quantity termed as ionic selectivity

(S) and is given by
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S ¼
�Ic � �Ia

�I
ð17Þ

�Ia, �Ic are the anionic and catatonic currents,

respectively.

3 Results and discussions

In this section some of the representative results of this

rigorous study are presented. The computed solution

for the EDL potential and the axial velocity are

validated with the corresponding analytical results

derived under the Debye–Huckel approximation. A

detailed discussion of the derivation of the corre-

sponding analytical solution and the validation of our

computed results are provided in Appendix. The

present numerical results are presented subsequently

by considering much larger ranges of the parameter

space. Below the dimensional values of the pertinent

parameters considered in this study are enlisted.

The strength of the externally applied electric field

is taken to be E0 ¼ 103 V/m. The channel height (2h)

is 20nm and the thicknesses of the lower and upper

PELs are varied from 0 to 0.2h. The hydrodynamic

penetration length of the PEL is varied from 1nm to 10

nm so that the scaled softness parameter may range

from 1 to 10. The PEL-charges are considered to be

either positive or negative with valence Z ¼ �1 and

the molar concentration of the PEL-charges ranges

from low to high (100 mM). Such typical values of

physicochemical parameters may appear in biointer-

face problems [18–28]. The results are presented here

when a soft nanochannel is filled with binary sym-

metric, asymmetric electrolytes as well mixed elec-

trolytes and its bulk concentration is varied from low

to high to cover a wide span of EDL thickness. For

illustration the binary symmetric as well as asymmet-

ric electrolytes are taken to be KCl (1:1 electrolyte)

MgCl2 (2:1 electrolyte) and LaCl3 (3:1 electrolyte). In

addition the results are presented for general elec-

trolytes, i.e., a mixture of these binary electrolytes

with different proportionate. Such types of electrolytes

are often considered as background aqueous media for

transport of fluid across the micro/nanofluidic based

devices [36, 38]. The values of the diffusivity of the

mobile electrolyte ions are given by DKþ ¼ 1:943�
10�9 m2=s, DMgþ2 ¼ 0:70� 10�9 m2=s, DLaþ3 ¼
0:874� 10�9 m2=s and DCl�1 ¼ 2:047� 10�9 m2=s.

The bulk concentrations of 1:1, 2:1 and 3:1 elec-

trolytes are denoted by n01, n
0
2 and n

0
3, respectively with

the bulk concentration of corresponding electrolyte

ions are n1j . The running index j can take the values 1,

2 for electrolyte ions present in 1:1 electrolyte; 3, 4 for

2:1 electrolyte; and 5,6 for 3:1 electrolyte, respec-

tively. It may be noted that the bulk concentration of

the electrolytes ions may be obtained from the

corresponding concentration of the bulk electrolytes

and the relation are given explicitly as [39] n11 ¼
n12 ¼ n01 (for 1:1 electrolyte); n

1
3 ¼ n02, n

1
4 ¼ 2n02 (for

2:1 electrolyte); and n15 ¼ n03, n16 ¼ 3n03 (for 3:1

electrolyte).

The rest of the article is organized as follows. In

Sect. 3.1 the results are presented for similar physic-

ochemical properties of the upper and lower PELs.

The background solution is taken to be either binary

symmetric/asymmetric electrolytes (e.g., 1:1 or 2:1 or

3:1) or a mixed solution of these electrolytes with

different proportionate. The thickness and the softness

parameter of both the lower and upper PELs are

considered to be the same. Section 3.2 contains the

results for the modulation of EOF through a soft

nanochannel filled with a binary symmetric electrolyte

(1:1 electrolyte). Here the physicochemical properties

of the PELs are considered to be different in nature,

e.g., the thickness of the lower and upper PELs are

different and entrap oppositely charged immobile

ions. In each of these sections the effect of pertinent

parameters on the overall flow modulation as well as

the transport of the mobile ions are discussed in great

detail. Finally in Sect. 4 we have provided a brief

summary of our findings.

3.1 Both the upper and lower PELs bear similar

charges

In Figs. 2 and 3 the EDL induced potential and axial

velocity are shown when the soft nanochannel is filled

with either pure symmetric/asymmetric electrolyte or

mixed electrolyte. The component electrolytes are

present in the mixed electrolyte with same proportion.

The thicknesses of both the PELs are considered to be

the same dð¼ d1 ¼ d2Þ ¼ 0:1h with a hydrodynamic

softness parameter bð¼ b1 ¼ b2Þ ¼ 1. The lower and

upper PELs entrap either negative (Z1 ¼ Z2 ¼ �1) or

positive (Z1 ¼ Z2 ¼ 1) immobile charges. The bulk
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concentration of the background electrolyte solution

(n0) is taken to be 10 mM.

It is clear from the results presented in Figs. 2 and 3

that the induced potential distribution and hence the

axial velocity profile depends on the choice of the

background electrolyte. The magnitude of the induced

potential and its decay within the PEL depends

strongly on the characteristic EDL thickness (j�1).

With the fixed bulk concentration n0 ¼ 10 mM, the

EDL thickness j�1 ¼ 1:77 nm when the background

electrolyte is 2:1 electrolyte, and is smaller than that of

the 1:1 electrolyte (j�1 ¼ 3:08 nm). Hence for the 1:1

electrolyte the surface polymer layer is engulfed by the

(a) (b)

Fig. 2 The EDL induced potential distribution is shown for

different choice of background electrolytes with fixed bulk

concentration n0 ¼ 10 mM. The results are shown here when

both the lower and upper PELs entrapped either a negative

immobile charges (Z1 ¼ Z2 ¼ �1) or b positive immobile

charges (Z1 ¼ Z2 ¼ 1) with fixed N1 ¼ N2 ¼ 100 mM, bð¼
b1 ¼ b2Þ ¼ 1 and PEL thickness dð¼ d1 ¼ d2Þ ¼ 0:1h

(a) (b)

Fig. 3 The axial velocity components are shown in a, b. The parameters are considered to be the same as in Fig. 2
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thick EDL and the PEL-charge have strong impact on

the EDL induced potential and hence the axial

velocity. On the other hand for 2:1 electrolyte, the

screening of the PEL-charge increases because of the

thin EDL where the PEL extends beyond the EDL. As

a result when the background solution is 2:1 elec-

trolyte, the magnitude of EDL induced potential and

hence the axial velocity profile are lower and are much

sharper within the PEL in comparison with that for the

1:1 electrolyte. A similar justification can be made for

the other background electrolytes.

Another interesting feature of the EDL induced

potential and flow pattern are evident from Figs. 2 and

3. There is an interplay between the choice of the

background electrolytes and the nature of the immo-

bile charges entrapped within the surface PEL. It is

evident from Figs. 2 and 3 when the aqueous medium

is binary symmetric electrolyte (1:1 electrolyte) the

magnitude of the EDL potential and axial velocity are

same for negative and positively charged PELs. On the

other hand when the background solution is either

binary asymmetric or mixed electrolytes, the EDL

potential as well as axial velocity follows different

pattern for negative and positively charged PELs. For

binary asymmetric electrolytes, (e.g., 2:1, 3:1 elec-

trolytes) the valence of the counterion with respect to

the negatively charged PEL is higher than that of the

positively charged PEL. So the charge neutralisation

due to the penetration of counterions across the PEL is

higher for the negatively charged surface PEL which

in turn results in a reduction in magnitude of the net

effective charges entrapped within the surface PEL.

Hence the magnitude of EDL potential and the axial

velocity across the soft nanochannel with negatively

charged surface PEL is lower than that of the

positively charged surface PEL. On the other hand

for symmetric electrolytes the magnitude of EDL

induced potential and so the axial velocity are not

affected by the choice of PEL-charge since the valence

of both cations and anions are the same. A similar

justification can be made on the mixture of

electrolytes.

Next the effect of bulk electrolyte concentration

(n0) on the overall flow modulation is shown. To

provide a quantitative measurement we have pre-

sented the variation of average axial velocity (�uavg) in

Fig. 4 with the bulk electrolyte concentration, where

�uavg ¼ 0:5
R 1

�1
�uð�yÞdy. The results are presented here

for binary electrolytes as well as general electrolytes in

which the component electrolytes are mixed with

same proportions. Fig. 4a illustrate the results when

(a) (b)

Fig. 4 The variation of average velocity (�uavg) with bulk

concentration (n0) for different choice of background elec-

trolytes. The results are shown here when both the PELs entraps

a negative charges (Z1 ¼ Z2 ¼ �1); and b positive charges

(Z1 ¼ Z2 ¼ 1) with fixed concentration of PEL-charge

(N1 ¼ N2 ¼ 100 mM), softness parameter bð¼ b1 ¼ b2Þ ¼ 1

and PEL thickness (d1 ¼ d2 ¼ 0:1h). The inset figure corre-

sponds to the value of the EDL potential along the central line of

the channel (i.e., �/c)
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both the PELs bear negative charges with Z1 ¼ Z2 ¼
�1 and the results for positively charged PELs with

Z1 ¼ Z2 ¼ 1 are presented in Fig. 4b. It is observed

that the magnitude of �uavg reduces with the increase in

bulk concentration of the background electrolyte (n0Þ.
It may be noted that for higher values of electrolyte

concentration, the shielding effect is strong enough to

reduce the net effective charge entrapped within the

PEL and leads to a reduction in magnitude of the

average flow rate. On the otherhand for low concen-

tration of bulk electrolyte the average flow rate may

attain a local maximum (minimum) when both the

PELs are negatively (positively) charged. It may be

noted that the occurrence of local maxima or minima

in profile for average flow rate is evident for all types

of undertaken electrolytes with low concentration. A

similar observation has been reported by Haywood

et al. [40] for EOF through rigid nanochannel

(d1 ¼ d2 ¼ 0Þ filled with a binary symmetric elec-

trolyte. It may be noted that at a low electrolyte

concentration, the overlapping of adjacent thick EDLs

results in a nonzero net charge along the bulk fluid

region and it produces a non zero value of EDL

potential along the central line of the channel (see inset

figures in Fig. 4). If we further decrease the electrolyte

concentration from its critical values at which uavg
attains its maximum value, the electrostatic interaction

between the overlapped EDL increases and results in a

further reduction of average flow rate.

The effect of bulk electrolyte concentration (n0) on

the average current (cationic, anionic and total

current) densities is shown in Fig. 5. The results in

Fig. 5a, c are illustrated when the upper and lower

PELs entraps negative immobile charges (Z1 ¼
Z2 ¼ �1) and the results for positively charged PELs

(Z1 ¼ Z2 ¼ 1) are shown in Fig. 5b, d. Results are

presented here for fixed value of N1 ¼ N2 ¼ 100 mM,

bð¼ b1 ¼ b2Þ ¼ 1 and PEL thickness d1 ¼ d2 ¼ 0:1h.

The background electrolyte is taken to be either pure

symmetric/asymmetric electrolyte and mixed elec-

trolyte in which the component electrolytes are present

with same proportions. It is evident from Fig. 5 that

the average current density approaches to a constant

value for strong electrolyte concentrations. For a thick

EDL at low electrolyte concentrations, the fluid

convection has significant role on the transport of the

mobile ions and the flow rate decreases significantly

with the rise in electrolyte concentration (Fig. 4).

Hence for higher values of electrolyte concentration,

the electromigration dominates the transport beha-

viour of the mobile ions and results in a constant value.

As expected for binary symmetric (1:1) electrolyte, the

average current density when the PEL entraps the

positive charges (Fig. 5a, c) is the same as that of

negatively charged PEL (Fig. 5b, d). It is reasonable

since the valence of cation and anion are the same. In

addition for a symmetric electrolyte the cationic

(anionic) current density dominates over anionic

(cationic) current for negatively (positively) charged

PEL, since the majority of transported ions are cations

(anions) and hence leads to a higher cationic (anionic)

current. On the otherhand when the background

electrolyte comprises of either binary asymmetric

electrolytes (2:1 or 3:1) or mixture electrolytes, the

current density profiles for negatively and positively

charged PEL are completely different. Here a strong

interplay between cationic and anionic current may

occur depending on the charge properties of the

surface PEL and choice of background electrolyte

solution.

To provide a quantitative measurement of the

interplay between the cationic and anionic currents we

have shown the results for ion selectivity parameter

(S), and is defined earlier in Eq. (17). The positive,

negative and zero values of S stand for cation

selective, anion selective and nonselective nanochan-

nel, respectively. The results for negatively and

positively charged PELs are presented Fig. 6a, b,

respectively.

It is interesting to note that the cationic, anionic as

well as net current depends strongly on the choice of

salt type and hence leads to various pattern of ion

selectivity parameter. For the choice of binary sym-

metric electrolyte as background medium, the value of

the ion selectivity parameter S is positive (negative)

when the PEL is negatively (positively) charged

(Fig. 6). Here the cationic (anionic) current dominates

anionic (cationic) current (Fig. 5c, d) and leads to

positive value of S. On the otherhand when the

background electrolyte is either binary asymmetric or

general electrolytes we observed several interesting

features of the ion transport across the soft nanochan-

nel. Fig. 6a depict that the value of S always lies

within [0,1] when the PEL is negatively charged. It is

reasonable for negatively charged PEL where the

cationic current dominate the anionic current

(Fig. 5c). On the otherhand if the PEL is positively
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charged and the background electrolyte is either

binary asymmetric or general electrolytes, we found

a critical value of electrolyte concentration beyond

which the ion selectivity parameter S may switch its

value from negative to positive. For low electrolyte

concentrations, the neutralisation of PEL-charge due

to shielding effect is insignificant. For such a situation

the effective PEL-charge is sufficient enough to create

a strong anionic current which dominates over the

cationic current and leads to a negative value of S. On

the other hand for high electrolyte concentrations

where the thin EDL is engulfed by the PEL, the

screening of PEL-charge is significant and hence the

effective PEL-charge is not enough to create strong

anionic current to dominate the conduction current due

to electromigration of cations (PEL-coions) with

higher valence. As a result the cationic current

(a) (b)

(c) (d)

Fig. 5 The dependence of a, b total current density (�I) and c,
d anionic and cationic current densities ( �Ia, �Ic) with bulk

electrolyte concentration (n0) on different choice of background

electrolytes. The results are shown here when both the PELs

entraps a, c negative charges (Z1 ¼ Z2 ¼ �1); and b, d positive

charges (Z1 ¼ Z2 ¼ 1) with fixed concentration of PEL-charge

N1 ¼ N2 ¼ 100 mM, softness parameter bð¼ b1 ¼ b2Þ ¼ 1 and

PEL thickness d1 ¼ d2 ¼ 0:1h
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dominates and leads to a positive value of ion

selectivity (S).

In order to show explicitly the effect of PEL-charge

on the regulation of ion selectivity, the results in Fig. 7

are shown by varying PEL-charge from negative to

positive for low, moderate and high bulk electrolyte

concentrations (n0). Fig. 7a depicts that the PEL-

charge has significant effect on the ion selectivity for

low electrolyte concentrations. We observed that the

value of S is zero for uncharged PEL (N ¼ 0) when

background electrolyte is symmetric in nature. On the

other hand if the background electrolyte is binary

asymmetric or mixed in nature, the channel may

behave like a nonselective channel (i.e., S 6¼ 0) even

for uncharged PEL. For such a case even though there

is no net fluid flow across the channel but the

conduction currents due to cations and anions are

unequal, leading to a nonzero value of ion selectivity

(a) (b)

Fig. 6 The dependence of ion selectivity on the bulk electrolyte

concentration n0 is shown. Results are presented in a when both
the lower and upper PELs entrapped negative immobile charges

(Z1 ¼ Z2 ¼ �1) and in b for positively charged PELs

(Z1 ¼ Z2 ¼ 1). The other parameters are considered to be the

same as in Fig. 5

(a) (b) (c)

Fig. 7 The variation of selectivity (S) with with the parameter

zN is shown for bulk electrolyte concentration a n0 ¼ 1 mM ,

b n0 ¼ 10 mM, c n0 ¼ 103 mM. Here zð¼ Z1 ¼ Z2Þ and Nð¼
N1 ¼ N2Þ are valence and molar concentration of the surface

PEL, respectively. For a mixed electrolyte the component

electrolytes are present with same proportions. Results are

presented for fixed softness parameter bð¼ b1 ¼ b2Þ ¼ 1 and

PEL thickness d1 ¼ d2 ¼ 0:1h
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parameter S. The channel behaves like a perfect ion

selective channel (S ¼ �1) at higher values of PEL-

charge at low electrolyte concentrations (Fig. 7a). As

expected at low electrolyte concentration, the value of

S gradually reduces from 1 to 0 with the decrease in

PEL-charge of negative polarity. In addition the value

of ion selectivity parameter S approaches to -1 for

further increase in positive PEL-charge. On the

otherhand at high electrolyte concentrations (Fig. 7b,

c), the profile for S with PEL-charge ceases to its

symmetric pattern for binary asymmetric or mixed

electrolytes. Here a strong interplay between reduced

PEL-charge due to strong charge neutralisation and

charge properties of the background electrolyte ions

leads to such a typical pattern in ion selectivity

parameter S.

In Fig. 8 we have shown the results for ion

selectivity parameter S for a mixed electrolyte in

which component electrolytes are present in different

proportionate. The results are presented here for

mixture of 1:1 and 2:1 electrolytes in Fig. 8a and in

Fig. 8b for a mixture of 1:1 and 3:1 electrolytes, by

varying the PEL-charge. The results for binary

electrolytes (either 1:1, or 2:1, or 3:1 electrolyte) with

bulk electrolyte concentration 10 mM are also

presented. The results are presented for different

values of concentration ratio f1 and f2 where f1 ¼
n02=n

0
1 and f2 ¼ n03=n

0
1, respectively with fixed

n01 ¼ 10 mM. Figure 8 suggests that for a mixed

electrolytes, a small change in concentration ratio f1 or

f2 may lead to a considerable change in the ion

selectivity parameter and hence the transport phe-

nomena. For positively charged PEL the ion selectiv-

ity parameter S follows some specific pattern. For such

a case the common counterion is Cl� ion. For smaller

values of f2 (or f3) the value of S is close to that of 1:1

electrolyte. As expected with the increase in concen-

tration ration f2 (or f3), the selectivity for mixed

electrolyte approaches towards that of the 2:1 (or 3:1)

electrolyte. However such a pattern is not possible

when the PEL is negatively charged. This difference is

due to the fact that there are two different counter ions

(i.e., Kþ and Mg2þ) with different valences.

3.2 Upper and lower PELs bear opposite charges

In Figs. 9 and 10 the effect of asymmetric physico-

chemical and hydrodynamic properties of the upper

and lower PELs on the flow modulation and transport

(a) (b)

Fig. 8 The variation of selectivity (S) with the parameter zN is

shown for a mixture of 1:1 and 2:1 b mixture of 1:1 and 3:1

electrolytes. Here zð¼ Z1 ¼ Z2Þ and Nð¼ N1 ¼ N2Þ are valence
and molar concentration of the surface PEL, respectively.

Results are presented for different electrolyte concentration

ratio f2ð¼ n02=n
0
1Þ and f3ð¼ n03=n

0
1Þ with fixed n01 ¼ 10 mM for

fixed softness parameter bð¼ b1 ¼ b2Þ ¼ 1 and PEL thickness

d1 ¼ d2 ¼ 0:1h. The results for binary electrolytes (either 1:1,

or 2:1, or 3:1 electrolyte) with bulk electrolyte concentration

10 mM are also included
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(a) (b)

Fig. 9 The a induced potential ( �u) and baxial velocity(�u) are
shown for different values of PEL thickness with fixed value of

softness parameter bð¼ b1 ¼ b2Þ ¼ 1 and bulk electrolyte

concentration n0 ¼ 10 mM. The lower and upper PELs entraps

positive and negative immobile charges, respectively (i.e.,

Z1 ¼ þ1;Z2 ¼ �1) with fixed N1 ¼ N2 ¼ 100 mM

(a) (b)

Fig. 10 The variation of a average velocity �uavg and b ion

selectivity parameter S, with the electrolyte concentration is

shown. The results are presented for different values of PEL

thickness and fixed softness parameter bð¼ b1 ¼ b2Þ ¼ 1 and

the lower and upper PELs entrap positive and negative immobile

charges, respectively (i.e., Z1 ¼ þ1;Z2 ¼ �1) with fixed

N1 ¼ N2 ¼ 100 mM
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of ionic species are shown. The background elec-

trolyte is considered to be a binary symmetric (1:1)

electrolyte with bulk concentration n0. The thickness

of both the PELs are considered to be either same or

different. In Figs. 9 and 10 we have shown the results

for different values of PEL thickness with fixed values

b1 ¼ b2 ¼ 1. The PEL grafted on the lower and upper

walls of the soft nanochannel bear opposite charges

with N1 ¼ N2 ¼ 100 mM. In addition we have

included the case where one of the wall is grafted

with PEL and another one is left uncoated.

An asymmetric pattern of the induced potential and

hence the axial velocity is evident from Fig. 9. When

the thicknesses of the lower and upper PELs are same

(i.e., d1 ¼ d2), the profile for induced potential and

axial velocity on the upper half of the channel is just

opposite to that of the lower portion and which may

lead to a zero flow rate. On the otherhand for a soft

nanochannel where d1 6¼ d2, even the upper and lower
PELs entrap opposite charges a nonzero flow rate may

be achieved (Fig. 10a). The average flow rate reduces

with the rise in electrolyte concentration (n0) and at a

critical value of electrolyte concentration the average

flow rate may attains a local maxima. For thick EDL at

low electrolyte concentrations, the overlapped EDL

result in an occurrence of the local maxima on the flow

profile (Fig. 10a). In Fig. 10b, we have shown the

variation of ion selectivity parameter S with elec-

trolyte concentration n0. The value of S is close to zero

when the thicknesses of both the PELs are equal. For

such a case, the net flow rate is zero and ions are

transported across the channel only because of elec-

tromigration. On the otherhand for d1 6¼ d2, the fluid

convection plays an important role at least for the thick

EDL where the screening of PEL-charge is insignif-

icant. In addition for d1 6¼ d2, the magnitude of the net

charges entrapped within lower and upper PELs are

different. Hence the cationic current differs from that

of the anions and it leads to a nonzero value of ion

selectivity parameter S. The effect of convective

transport diminishes with the rise in electrolyte

concentration and leads to a constant value of S.

4 Conclusion

In this article we have analyzed extensively the

modulation of EOF and transport of mobile ions

through a slit soft nanochannel. The background

electrolyte is considered to be either binary symmet-

ric, asymmetric electrolyte or mixed electrolyte solu-

tion. The soft PELs are grafted on the lower and upper

walls may have similar/dissimilar physicochemical

properties. Some important observations on the flow

modulation are as follows.

• The screening of PEL-charge and hence the

magnitude of induced potential as well as axial

velocity across the nanochannel depends strongly

on the choice of background electrolyte and its

bulk concentration.

• At a low electrolyte concentration when the EDL

becomes comparable to the channel half height, the

overlapping of adjacent EDLs impacts signifi-

cantly on the overall flow modulation. The average

flow rate decreases with the rise in bulk

concentration.

• For a symmetric electrolyte, the magnitude of EDL

induced potential and hence the axial velocity are

not influenced by the polarity of the PEL-charge,

while for binary asymmetric or mixed electrolyte

as background solution the polarity of PEL-charge

has strong impact.

• An asymmetric flow pattern may be achieved for a

dissimilar physicochemical and hydrodynamic

properties of the surface PELs.

In addition, depending on the choice of the charge

properties of the PEL and electrolyte medium we

observed several interesting features of the transport

of mobile ions. If the symmetric electrolyte is the

background solution, a cation (anion) selective char-

acteristics is achieved when both the PEL entrap

negative (positive) charges. The scenario is even more

complicated when the background electrolyte is either

binary asymmetric or mixed in nature. A cation-

selective characteristics of the undertaken soft

nanochannel is evident from the results when both

PELs entrap negative charges. On the other hand for

123

2144 Meccanica (2019) 54:2131–2149



positively charged PEL, depending on the concentra-

tion of bulk electrolyte the channel may show a cation-

selective, anionic-selective or non-selective charac-

teristics. It is interesting to note that soft nanochannel

may behave like a perfect ion selective channel at

higher values of PEL-charge and at low electrolyte

concentrations. Such a typical situation may occur

irrespective of the choice of background solution. In

addition when the physicochemical and hydrodynamic

properties of the lower and upper PELs are different in

nature, a cation or anion selective characteristics may

be achieved by suitably tuning the PELs electrohy-

drodynamical properties.
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Appendix

It may be noted that under a low potential limit (i.e.,

j �uj\\1), one may invoke the Debye–Huckel

approximation. With this assumption the governing

equations for the potential and axial velocity, given in

Eqs. (6) and (7), respectively can be linearized as

follows

d2 �u
d�y2

� P2 �u ¼
�Q : � 1\�y� �d1
0 : � 1þ �d1\�y� 1� �d2
�R : 1� �d2\�y� 1

8
><

>:

ð18Þ

and

d2�u

d�y2
¼

b2�uþ ðjhÞ2 �u : � 1\�y� �d1
ðjhÞ2 �u : � 1þ �d1\�y� 1� �d2
b2�uþ ðjhÞ2 �u : 1� �d2\�y� 1

8
><

>:

ð19Þ

where P ¼ ðjhÞ2, Q ¼ ðjhÞ2Z1 �N1 and R ¼
ðjhÞ2Z2 �N2. Here we have assumed that the values of

the softness parameter of the lower and upper PELs are

the same and is given by bð¼ b1 ¼ b2Þ. Below we

have provided the closed form solution of the EDL

induced potential and axial velocity field obtained

from the linearized model described above.

The closed form solution of (18) subject to the

boundary conditions (8) can be obtained as

�u ¼

A1 exp ðP�yÞ þ B1 exp ð�P�yÞ þ Q

P2
: � 1\�y� � 1þ �d1

A2 exp ðR�yÞ þ B2 exp ð�R�yÞ : � 1þ �d1\�y� � 1� �d2

A3 exp ðP�yÞ þ B3 exp ð�P�yÞ þ R

P2
: 1� �d2\�y� 1

8
>>>><

>>>>:

ð20Þ

where the constants Ai, Bi (i = 1, 2, 3) are given by

A1 ¼ B1 exp ð2PÞ;

A2 ¼
c2d1 � c1d2

b1c2 � b2c1

� �

;

A3 ¼ B3 exp ð�2PÞ;

B1 ¼
1

a1
A2 exp ðPð�1þ �d1ÞÞ � B2 exp ð�Pð�1þ �d1ÞÞ
� �

B2 ¼
b2d1 � b1d2

b1c2 � b2c1

� �

B3 ¼
1

a4
A2 exp ðPð1� �d2ÞÞ � B2 exp ð�Pð1� �d2ÞÞ
� �

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

ð21Þ

with

a1 ¼ exp ðPð1þ �d1ÞÞ � exp ð�Pð�1þ �d1ÞÞ
a2 ¼ exp ðPð1þ �d1ÞÞ þ exp ð�Pð�1þ �d1ÞÞ

a3 ¼ � Q

P2

a4 ¼ exp ðPð�1� �d2ÞÞ � exp ð�Pð1� �d2ÞÞ
a5 ¼ exp ðPð�1� �d2ÞÞ þ exp ð�Pð1� �d2ÞÞ

a6 ¼ � R

P2

b1 ¼ ð 1
a4

� 1

a5
Þ exp ðPð1� �d2ÞÞ

b2 ¼ ð 1
a1

� 1

a2
Þ exp ðPð�1þ �d1ÞÞ

c1 ¼ ð 1
a4

þ 1

a5
Þ exp ð�Pð1� �d2ÞÞ

c2 ¼ ð 1
a1

þ 1

a2
Þ exp ð�Pð�1þ �d1ÞÞ

d1 ¼
a6

a5
; d2 ¼

a3

a2

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð22Þ
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With the known value of EDL induced potential �u, we
can derive the analytical solution of Eq. (19) subject to

the boundary condition (9) as

�u ¼
E1 exp ðb�yÞ þ F1 exp ð�b�yÞ þ G1 �u� G2Q : � 1\�y� � 1þ �d1
E2�yþ F2 þ �u : � 1þ �d1\�y� 1� �d2
E3 exp ðb�yÞ þ F3 exp ð�b�yÞ þ G1 �u� G2R : 1� �d2\�y� 1

8
><

>:

ð23Þ

where the constants Ei, Fi (i = 1, 2, 3) and Gi (i = 1, 2)

are given by

E1 ¼ �p1 exp ðbÞ � F1 exp ð2bÞ;

E2 ¼
l3l5 � l2l6

l1l5 � l2l4

	 


;

E3 ¼ �p6 exp ð�bÞ � F3 exp ð�2bÞ;

F1 ¼
b
p2

E2 exp ðbð�1þ �d1ÞÞ � F2 exp ð�bð�1þ �d1ÞÞ
� �

þ p3

p2
;

F2 ¼
l3l4 � l1l6

l1l5 � l2l4

	 


;

F3 ¼
1

p9
E2ð1� �d2Þ þ F2 þ p10
� �

G1 ¼
ðjhÞ2

P2 � b2

G2 ¼
ðG1Þ2

b2

8
>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð24Þ

with

p1 ¼ G1 �ujðy¼�1Þ � G2Q

p2 ¼ �b exp ðbð1þ �d1ÞÞ þ exp ð�bð�1þ �d1ÞÞ
� �

p3 ¼ 1� G1½ � d �u
dy

jð�1þ�d1Þþ þ bp1 exp ðb�d1Þ

p4 ¼ � exp ðbð1þ �d1ÞÞ þ exp ð�bð�1þ �d1ÞÞ
p5 ¼ ð1� G1Þ �ujð�1þ�d1Þþ þ G2Qþ p1 exp ðb�d1Þ
p6 ¼ G1 �ujðy¼1Þ � G2R

p7 ¼ �b exp ð�bð1þ �d2ÞÞ þ exp ð�bð1� �d2ÞÞ
� �

p8 ¼ 1� G1½ � d �u
d�y

jð1��d2Þþ þ bp6 exp ð�b�d2Þ

p9 ¼ � exp ð�bð1þ �d2ÞÞ þ exp ð�bð1� �d2ÞÞ
p10 ¼ ð1� G1Þ �ujð1��d2Þ� þ G2Rþ p6 exp ð�b�d2Þ

l1 ¼
1

p2
��1þ �d1

p4
; l2 ¼

1

p4
; l3 ¼

p5

p4
� p3

p2

	 


l4 ¼
1

p7
� 1� �d2

p9
; l5 ¼

1

p9
; l6 ¼

p10

p9
� p8

p7

	 


8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð25Þ

A similar analytical solution for the potential and

velocity field is also provided by Matin and Ohshima

[22, 23] for a soft nanochannel in which the lower and

upper PELs bear symmetric charges and the channel is

filled with 1:1 electrolyte solution. The symmetry

condition along the central line of the channel is

considered by them. We found that our results agree

well with the result by Matin and Ohshima [22, 23].

In Figs. 11, 12 and 13, we have validated our

numerical results with the corresponding analytical

solution obtained under a low potential limit. The

(a) (b) (c)

Fig. 11 The comparison of induced potential are shown for a

n0 ¼ 1 mM, b n0 ¼ 10 mM, c n0 ¼ 103 mM with fixed

N1 ¼ N2 ¼ 100 mM when the lower and upper PELs entrapped

positive immobile charges respectively (Z1 ¼ þ1; Z2 ¼ þ1)

with fixed PEL-charge N1 ¼ N2 ¼ 100 mM, softness parameter

bð¼ b1 ¼ b2Þ ¼ 1 and PEL thickness d1 ¼ d2 ¼ 0:1h. The

solid lines represent the analytical results based on Debye–

Huckel limit and dashed lines represent the corresponding

computed results
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results for EDL induced electric potential for a low,

moderate and strong electrolyte solution and the upper

and lower PEL bears similar charges are shown in

Fig. 11. A similar set of results for axial velocity is

shown in Fig. 12. Figure 13 depicts the results for

EDL induced potential as well as axial velocity when

the upper and lower PELs entraps the charges with

opposite polarity. From the results presented in

Figs. 11, 12 and 13 it is clear that our numerical

results agrees well with the corresponding analytical

solution for strong electrolyte solution. On the other

hand a significant discrepancy in the computed and

theoretical results is evident at low electrolyte con-

centrations. It may be noted that the screening of PEL-

(a) (b) (c)

Fig. 12 The comparison of axial velocity are shown for a

n0 ¼ 1 mM, b n0 ¼ 10 mM, c n0 ¼ 103 mM with fixed

N1 ¼ N2 ¼ 100 mM when the lower and upper PELs entrapped

positive immobile charges respectively (Z1 ¼ þ1; Z2 ¼ þ1)

with fixed PEL-charge N1 ¼ N2 ¼ 100 mM, softness parameter

bð¼ b1 ¼ b2Þ ¼ 1 and PEL thickness d1 ¼ d2 ¼ 0:1h. The

solid lines represent the analytical results based on Debye–

Huckel limit and dashed lines represent the corresponding

computed results

(a) (b)

Fig. 13 The comparison of a induced potential, b axial velocity

are shown with fixed N1 ¼ N2 ¼ 100 mM when the lower PEL

and upper PEL entrapped positive and negative immobile

charges respectively (Z1 ¼ þ1; Z2 ¼ �1) with fixed PEL-

charge N1 ¼ N2 ¼ 100 mM, softness parameter bð¼ b1 ¼
b2Þ ¼ 1 and PEL thickness d1 ¼ d2 ¼ 0:1h. The solid lines

represent the analytical results based on Debye–Huckel limit

and dashed lines represent the corresponding computed results
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charge is higher at strong electrolyte and leads to a

decrease in effective PEL-charge and results in

smaller values of EDL induced potential and hence

the axial velocity. The results presented in Figs. 11,12

and 13 suggest that the numerical scheme adopted here

is capable of providing a good approximation of the

EOF and transport phenomena of mobile through soft

nanochannel.
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