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Abstract The static behavior of an elastoplastic one-
dimensional lattice system in bending, also called a
microstructured elastoplastic beam or elastoplastic
Hencky bar-chain (HBC) system, is investigated. The
lattice beam is loaded by concentrated or distributed
transverse monotonic forces up to the complete
collapse. The phenomenon of softening localization
is also included. The lattice system is composed of
piecewise linear hardening—softening elastoplastic
hinges connected via rigid elements. This physical
system can be viewed as the generalization of the
elastic HBC model to the nonlinear elastoplasticity
range. This lattice problem is demonstrated to be
equivalent to the finite difference formulation of a
continuous elastoplastic beam in bending. Solutions to
the lattice problem may be obtained from the resolu-
tion of piecewise linear difference equations. A
continuous nonlocal elastoplastic theory is then built
from the lattice difference equations using a contin-
ualization process. The new nonlocal elastoplastic
theory associated with both a distributed nonlocal
elastoplastic law coupled to a cohesive elastoplastic
model depends on length scales calibrated from the
spacing of the lattice model. Differential equations of
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the nonlocal engineering model are solved for the
structural configurations investigated in the lattice
problem. It is shown that the new micromechanics-
based nonlocal elastoplastic beam model efficiently
captures the scale effects of the elastoplastic lattice
model, used as the reference. The hardening—softening
localization process of the nonlocal continuous model
strongly depends on the lattice spacing which controls
the size of the nonlocal length scales.
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List of symbols

Parameters Dimension Relative
dimensionless
parameter

a Element length (L) a*=a/L=1/n

ki Hardening ML*T?
plastic
bending

modulus

ki :k;/EI

k,  Softening ML*T™?
plastic
bending

modulus

=k / EI

C Elastic rotation (M L? sz) -
stiffness of

hinge:

C =Ella
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C; Hardening M L? T2 - Ky Elastic limit L K;‘, = KyL
plastic curvature of
rotation the beam
stiffness K.  Plastic @h ki =KL
— . 2 p—2
G, Softenmg ML"T) curvature for = (m— 1)K’ / ke
plastic M=M, e
rotation u Dimensionless  —
stiffness moment
E Young modulus (M L7'T? 0 Angle (incline) -
of the beam of element
1 Area moment LY - A®  Total hinge _
of inertia rotation
L Lengthof the (L) - AOp  Plastic hinge -
beam rotation
lo  Limit of the L) Iy=1,/L 7 Total curvature (L") x=aL
plastic zone of the beam
I Characteristic (L) =1 / L
length
M  Bending ML*T™?  u=ML/EI
moment
M*  Additional ML*T?
harder}mg— Subscripts
softening
moment K Kinematic (boundary condition)
. . 2 =2 :
M, Yield bending (M L"T™) w, =ML / EI =x; P Concentrated load at the tip
?It;merz“l ) 0 Uniformly distributed load
= K
o 4 S Static-equivalent (boundary condition)
m Ultimate to - m=M, / M, . L U
yield moment i At the node i or in the ith hinge
ratio p Plastic
n Number of - u Ultimate value
elements y Yield elastic value
q Number of -
plastic hinges
P Single MLT?  P=pElx/L=
transverse BpESe, /n
load applied '
at the tip 1 Introduction
Q  Uniformly MT?) 0= Z[EQEIK),/L2
distributed — 2B ESey /nL This paper focuses on the link between discrete
load elastoplasticity and nonlocal continuum elastoplastic-
w Deflection @® w*=w/L ity through a paradigmatic lattice system. In the
(transversal K deri . hanics-based
displacement) presegt work, we derive a new micromec .ar.ucs- ase
. Longitudinal WL ¥ =x/L (or dlscrete—based). non}ocal elastoplasticity .model
coordinate from an elastoplastic lattice model. Understanding the
Bp  Dimensionless — Bp = PL/Elx, source of nonlocal plasticity is of primary interest for
concentrated = nP/ESs, an accurate capture of scale effects of small-scale
tip load structures, for a consistent multiscale analysis of
Bo Dg_nef{;lonlgss - Bo= OL* )2Ex, microstructured solids, and for physically controlling
lszgl ute = nQL/2ESz, the localization processes, especially in the presence
5 Tip deflection (L) 5 = w(L)/L = w*(1) of softening materials. It is demonstrated in this paper

(free end)
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that hardening—softening elastoplastic lattice systems
may behave in the same manner as one-dimensional
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nonlocal elastoplastic systems, using rational argu-
ments for bridging both models at the micro and the
macro level.

Elastic lattices, as opposed to elastoplastic lattices,
have been thoroughly investigated in engineering
physics [1, 2] and relatively recently have been shown
to be related to some nonlocal elastic continua, see for
instance [3-6]. For example, Eringen et al. [3]
calibrated bilinear nonlocal integral kernels from the
dynamics of a linear axial lattice. Eringen introduced
in 1983 [5] a stress gradient model with a length scale
also calibrated from axial lattice wave dispersion
characteristics. Most of the results focus on the
dynamics of axial chains, but the results may be
generalized to strings, rods in torsion, or even in-plane
or out-of-plane beam behavior [7]. It is only recently
that the length scale calibration of Eringen’s stress
gradient model [5] has been justified from a so-called
continualization process of the lattice difference
equations [8]. The continualization process consists
in approximating the finite difference operators of the
lattice model by differential operators using the
Taylor-based expansion [9] or rational expansion
[10]. Using such a continualization process, it has
been recently demonstrated that bending of elastic
chain also called Hencky Bar-Chain (HBC) system
can be approximated using Eringen’s nonlocal elas-
ticity beam mechanics [8, 11]. The nonlocal length
scale has been identified from the lattice spacing, thus
giving a type of physical support for justifying
nonlocal elastic beam mechanics. However, these
results have been mainly derived for linear elastic
interactions. Even if nonlinear lattice systems can also
be continualized for the wave propagation of an axial
chain [9, 10, 12, 13], very few results are available for
the nonlocal behavior of nonlinear beam problems,
especially in statics. The study by Triantafyllidis and
Bardenhagen [14] is noted for the static behavior of a
nonlinear hyperelastic axial chain and its link with the
strain gradient elasticity model. Cohesive elasticity
laws have been derived from discrete elasticity
models, with convex and non-convex energy
[15-17]. In these models, the convex part of the
elastic energy gives rise to a “local” distributed
elasticity inside the element, whereas the concave part
associated to the softening phenomenon can be
captured by the cohesive behavior with discontinuous
kinematics. Braides and Gelli [16] and Gelli and
Royer-Carfagni [17] asymptotically obtained local

elasticity laws coupled to zero-length cohesive elas-
ticity using so-called I'-convergence results (varia-
tional convergence that ensures convergence of the
minimum problem). In the latter methods, the elastic-
ity inside the nonlocalized element was preserved in a
local format. Hérisson et al. [18] investigated the
possible use of nonlocal mechanics based on strain and
stress gradient elasticity (including Eringen’s nonlocal
model) for capturing scale effects in nonlinear elastic
axial lattices. The considered nonlinearity is of a
material type and the nonlocal elasticity inside the
element is coupled with a nonlocal cohesive behavior
in the softening range. Geometrically nonlinear HBC
lattices have been also studied [19] from a nonlocal
continualized model under stress gradient. Dell’Isola
et al. [20] generalized the geometrically nonlinear
HBC lattice by including both axial and bending
elastic interactions. More general HBC lattices with
axial, bending and shear interactions have been
recently developed by Turco et al. [21] and Kocsis
and Challamel [22] including geometrical nonlinear-
ities. With respect to inelastic lattices, Challamel et al.
[23] built a nonlocal Continuum Damage beam model
from a lattice made of Discrete Damage hinges in
bending.

In this paper, we examine an elastoplastic lattice in
bending with the piecewise linear hardening—soften-
ing law, following the methodology of Challamel et al.
[24] initially applied at the continuum beam level in
terms of nonlocal elastoplastic bending—curvature
constitutive law. The lattice elastoplastic model can
be viewed as a type of elastoplastic Hencky’s model
composed of elastoplastic hinges linked to rigid
elements. Hencky developed in 1920 [25] his chain
theory for lattice systems with linear elastic interac-
tion. The piecewise nature of the constitutive law leads
to linear difference equations for both elastic and
plastic region, whose connection may be achieved
from continuity conditions. As exact solutions of
linear difference equations are available in standard
textbooks [26, 27], the solution to the present piece-
wise linear difference problem will also be sought in
an exact form. Wood’s paradox [28, 29] of elastic
unloading in the presence of softening is solved with
an equivalent lattice-based nonlocal model, and the
softening localization zone is shown to depend firmly
on the lattice spacing. In a continuous beam with a
local softening behavior, the length of elements
vanishes, and the global response after the maximum
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load tends toward the complete unloading elastic
response.

It is the first time, to our knowledge, that a nonlocal
elastoplastic beam model is built from elastoplastic
lattices. In Challamel et al. [8], nonlocal elastic beam
models have been built from elastic lattices, using
Hencky bar-chain model. The generalization to non-
local Continuum Damage beam models from elastic-
damage Hencky bar-chain model is due to Challamel
et al. [23]. This study is devoted to the transition from
discrete elastoplastic beam model to nonlocal contin-
uous elastoplastic beam models, using a rigorous
continualization process. Analytical solutions for both
the discrete and the nonlocal continuous elastoplastic
systems are derived. Efficiency of the nonlocal
continuous approaches to capture the scale effects of
the elastoplastic lattices is presented.

2 A discrete plasticity mechanics problem
in bending

The microstructured elastoplastic cantilever beam is
examined in Figs. 1 and 2. The beam is composed of
n rigid elements of length a connected to elastoplastic
hinges (or rotational spring), and connected to the
clamped section. The total length of the cantilever
beam is denoted by L, such as L = na. This microstruc-
tured beam is loaded by a concentrated force P at the
free end, (see Fig. 1), or a uniform distributed loading
Q along the microstructured beam, (see Fig. 2). The
constitutive law in each elastoplastic joint may be
written from the bending moment—rotation relation-
ship as:

———---

i<gr—1, % >0 i>qp—1,%,=0

w,=w,

Y

o+
w,=w;

i=0 1 2 3 gr—1 n-2 n-1 n
Fig. 1 Microstructured cantilever beam loaded by a concen-
trated transverse load, P, applied at its tip, according to the
lattice approach
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Fig. 2 Microstructured cantilever beam loaded by a uniformly
distributed transverse load, Q, according to the lattice approach

M;

C(AH, — AHP,,) with AG,
i1 — 2w + Wi
_ Wit :lv + wi_g and Agp,i = ay,; (1)

where M; is the bending moment in the ith elastoplas-
tic hinge, C is the elastic rotational stiffness, A0, is the
relative rotation between two adjacent segments, and
A0, ; is the plastic rotation which can be expressed
with respect to the plastic curvature from A0, ; = ay,, ;.
Furthermore, the discrete to continuous scale transi-
tion is based on C = El/a where E is Young’s modulus
and / is the area moment of inertia of the equivalent
continuous beam, asymptotically obtained for an
infinite number of periodic cells. This model is exactly
the same as the HBC system without the plasticity
phenomena [25]. C = El/a, where a plays the role of a
small parameter, can be understood to be a rescaling of
rigidity or normalization procedure, as used by
Hencky [25] for pure bending systems or more
recently by Dell’Isola et al. [20] for coupled axial-
bending systems.

The elastoplastic constitutive law can be rewritten
as:

Wit) — 2w + Wi
Mi:EI<l ! ! _~p[)

a2

(2)

A piecewise linear hardening—softening plasticity
loading function is considered in each elastoplastic
hinge, whose plasticity loading function is written as:

f(Mi, M) = |M;| — (M, +M;) <0 (3)

where M, is the plastic moment and M; is an
additional static variable which controls the harden-
ing—softening process. M; is the bending moment
which is assumed to remain positive during the

bending test, so that IM;| = M,.



Meccanica (2018) 53:3083-3104

3087

The loading functions in the hardening and soften-
ing phase are respectively written as:

M; = k‘:;{p‘i if y,; € [0; %]
with k. = (m — l)M,,/k;

M; =My — My + K, (7 — <c)
if Api > Ke with M,, = mM,,

(4)

where klj >0 and kp‘ <0 are the hardening and the
softening plastic bending modulus, (see Fig. 3), M, is
the ultimate bending moment and m is the ultimate to
yield bending moment ratio (i.e. m = M,/M,,).

The loading—unloading conditions (Kuhn-Tucker
conditions) are defined by:

f(Mi,M;) <0, 7,,>0, f(Mi, M), =0 (5)

During the examination of the monotonic test, once
plasticity is initiated, the bending moment (or the
generalized stress) remains on the yield surface and
the loading criterion is satisfied i.e. f(M;,M;) =0,
except for the unloading phase in presence of soften-
ing, and then:

M; =M, + M} (6)

Fig. 3 Elastoplastic
bending moment—curvature
law of each element with a
linear hardening (if

Bending moment
MAN[M.L2T?]

AO, € [0;ax.], M = |/

M, + C,,*AHP with Cp+ > 0)
and a linear softening (if
AO, >ak., M =

M, +C, (A0, — ax.) with
C, <0

The equilibrium equation inside the beam lattice
can also be written in a discrete form as:

M —2M; + M;_
+1 ! + 1 _ 0 (7)

a

It is worth mentioning that the coupled system of
difference equations associated with the elastoplastic
lattice corresponds exactly to the finite difference
formulation of a “local” continuous elastoplastic
beam. The associated “local” continuous constitutive
law whose finite difference formulation is formulated
in Eq. (2) is based on the following elastoplastic
bending moment—curvature:

M =EI(w" - y,) (8)

where w” is the second-order derivative of the
deflection with respect to x, the longitudinal coordi-
nate. In the so-called local framework, the bending
moment depends on the total curvature and the plastic
curvature, a property which won’t be valid anymore
for the nonlocal elastoplastic constitutive law consid-
ered in the continualization process of the lattice
equations.

c;c/(c+c;)
“with Cr>0

(@]
P S
XS
I
Q
A

(-]
: Total rotation A6, A6
i []
6 =0 AG, = ak; Plastic rotation AG,
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The plasticity loading function of the “local”
continuous model is obtained from Eq. (3) and is
written as:

f(M.M") = M| — (M, +M") <0 9)

where M* is an additional static variable which
controls the hardening—softening process, [see
Eq. (3)]. Finally, the “local” equilibrium equation of
the associated continuous beam (with an infinite
number of periodic cells i.e. in absence of scale
effects) is written from Eq. (7) as:

M'=Q (10)

where M” is the second-order derivative of M with
respect to x.

Thereafter, the following dimensionless parame-
ters, normalized with respect to the physical charac-
teristics of the beam, i.e., L, E and [ are introduced to
correspond to: longitudinal coordinate, x*; limit of the
plasticized zone, [j;; characteristic length, A.; deflec-
tion, w*; hardening plastic bending modulus, k'*;
softening plastic bending modulus k,*; plastic curva-
ture, /;, yield curvature, x}; normalized concentrated
load at the free end, fip and normalized uniformly
distributed load, f,, see Figs. 1 and 2 with discrete
systems or Figs. 8 and 9 with continuous beams.

I I,

x*zf;l(’;:—o;/lczi;w*zy

L L L L

kt k; M,L
+x Pk P v R - __r
T N TR A T

P PL PL Q0 oL oI
Br=5 =7 'ﬁQ___—_

P, M, Elx, "°TQ, 2M, 2EIx,

(11)

In the next two sections, all the parameters that have
been used and their associated dimensionless param-
eters can be found in the nomenclature provided. It
should be noted that the derivatives of all dimension-
less parameters are hereafter considered with respect
to the dimensionless coordinate, x*, (i.e., 9/0x*).

3 Elastoplastic lattice system in bending

The discrete elasticity law Eq. (2), can be written as:

M (A G,
A0 AO, A0,

EI
) with C = — (12)
a

y

@ Springer

In the hardening regime, the discrete loading
function derived from Eq. (4) can be written as:

Mi = MI’ + C;AO,,, if A()p‘,‘ € [0, aKC]
+

M k
kp a

M; = CAO; if Af,; =0

Figure 3 shows the bilinear elastoplastic bending
moment—curvature law and states the various param-
eters considered.

In the plasticity zone, i.e. for x € [0;l], 1,,; = 0, the
deflection is thereafter annotated w~, while it is
annotated w, in the elastic zone, i.e. for x € [Iy;L],
where y,,; = 0.

3.1 Exact deflection solution in the hardening
regime

In the case of a concentrated load, P, at the free end of
the cantilever beam, (see Fig. 1), the moment M; is
equal to P(L — ai). For sufficiently small rotations, as
far as elasticity is preserved along the lattice, this
system corresponds to the HBC one, as previously
investigated by Hencky [25]. Plasticity occurs if
PL > Mp. The plasticity propagates along the beam
from the clamped section if x,/L < (1 — M,/PL).

In the cantilever beam under uniformly distributed
load, Q, plasticity occurs if M; = QL*12 > Mp, (see
Fig. 2). Plasticity propagates along the beam from the

clamped end if x;/L<1— ,/2MP/QL2.

Thereafter, the loading case P corresponds to
concentrated load at the tip and the loading case
Q corresponds to uniformly distributed load. The
subscripts p or o are used to refer the parameters to the
corresponding loading case.

The plasticity propagates along the beam from the
clamped section. In a continuous elastoplastic beam,
the plasticity zone ranges from x = 0 to x = [y, where
lo = lpp or ly = lpg according to the considered loading
case P or Q, is the limit of the plasticity zone that can
also be written in a dimensionless form according to
the dimensionless concentrated load f with ff = fp or

B = Po:
1

1
lp=1——2-orly,=1——— (14)

Pr VPo
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The number of plasticized hinges ¢ can be defined
as
<t o) 41 (15)
n n
where | x| is the smallest integer (or floor) function of
the real value x.

The maximum length of the plasticity zone is
reached in a continuous beam when the moment M, at
the clamped end is equal to M,, i.e., when the
dimensionless load parameter reaches its maximum
value: fip=m or fop=m, (see Fig. 3). Once this
dimensionless load reaches the peak, m, the softening
stage controls the post-localization process in the first
hinge while all the other hinges discharge elastically
without any additional propagation of plasticity along
the beam. The maximum number of plasticized
hinges, ¢ max, can then be defined:

qpPmax = {n(l —%)J +1 or
gomax = {nV/;tng +1 "

The discrete activation of the plastic hinges with
respect to the load parameter is shown in Figs. 4 and 5
for different values of n, namely forn =4 and n = 12
in the hardening phase. Clearly, Fig. 4 as Fig. 5 shows
that the discrete problem is a non-smooth problem,
which can be efficiently represented by the smooth
continuous model but only for a sufficiently large
number of elastoplastic hinges.

In the first part of the beam, for x € [0; [y[, plasticity
occurs, y, > 0, and the deflection is annotated w™,
while it is annotated w', in the elastic zone, i.e., for
x € [lp; L] where y,, = 0. The difference problem can
be then expressed for i € [0;q — 1] according to
Egs. (2) and (4)—(6) with

(L — ai)P — M,
ky

Tpi 1 i
L L
o =g (1-3) ]

M; = P(L —ai) and y,; =

0 " (L—ai)’Q/2 —M
MiZE(L—al) and y,; = = L

i 1 i\?
L 1-1)
or K K lﬁg( n> ]
(17)

leading to the linear second-order difference equation
expressed for i > 0 with:

Wi —2w; +wi 1 1 i
a2 P<L_al)<ﬁ+k_+ _k_+ or
Wit 2Wi + Wi 1 Q 2 1 1 M[’
—=(L— R I
@ T m e ) T E

(18)

with the lattice-based boundary conditions at the
clamped end: wy = 0 and w; = w_,. Determining the
lattice moment definition at the first node and using the
lattice-based boundary conditions gives the moment at
the clamped end, M, with respect to the deflection of
the first node wy, (see Fig. 3):

Fig. 4 Evolution of the ¢gp m=2 -
active elastoplastic hinges
beyond the elastic point with
5 and 25 elements-systems ﬁP
in the case of concentrated |
. 5/3
tip load, P
5/4 1
1
0

qgp,n=25
_O_ qpvn:5
1/5 2/5 172
4ar
n

@ Springer
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Fig. 5 Evolution of the go m=2 A
active elastoplastic hinges
beyond the elastic point with
5 and 25 elements-systems ﬁQ
in the case of uniformly
distributed load, Q 2
5/4)” 1
G
qp-n= 25
_G_ qQ ) n= 5
1 T 1
0 1/5 2/5 172
10
n
CC+ 2W1 M W‘_];F ﬁ 1
My =—L <—+—" =PL =D+ —|(i-7)
cC+Ci\a ' Cf Ky 6n ks
_2|PL(t 1 M, g1+ I (20)
= wi=a | E+E —% or P kf* ) kil 2n?

(19)

Mo =
‘Tc+ci\a T Cf 2

_ajerr (1 1\ M,
= Wl_“[4 <E1+kp+ 2k

It should be noted that in the elastic regime, i.e., if
kp+ — 0o (no plasticity rotation), the elastoplastic

_cG (2W1+Mp> _ov

moment-rotation law is written as My = 2Cwy/a,
which means that the first hinge at the clamped section
is considered to be twice as stiff as the others, i.e.,
Co = 2C as already assumed by Hencky [25] and
detailed in [8].

In case of concentrated tip load, P, the exact
solution of this second-order difference equation can
be sought from the cubic shape function: w; = Aq.
+ Aji + Axi* 4+ Asi®, where Ay to A5 are unknown
constants [8, 27]. The clamped boundary condition for
wo leads to the vanishing of the constant term A,
whereas the second boundary condition for w;
(w; =w_; leads to A; = — A3) gives the unknown
parameter A,. Insertion of this function into Eq. (18)
leads to the exact dimensionless deflection at nodes i
of the discrete elastoplastic system:

@ Springer

In the elastic regime, if fp < 1 ori > gp, y,; = 0,
Eq. (20) can be considered with kp+ — 00. The
dimensionless deflection w;™ at the node i of the
discrete elastic system differs slightly from the
continuous elastic solution (see [8]). In the case of a
concentrated load at the tip, the yield tip deflection,
dy,p, obtained for fip = 1, is given by:

5%13 +x Ky* 1
AR u 1)

The ratio of the dimensionless tip deflection to the
one of the yield’s is used hereafter to normalize the
results, as shown in Figs. 6 and 10.

In case of uniformly distributed load, Q, the
solution of the second-order difference equation given
in Eq. (18) can be obtained again from a quartic
function: w; = By + Byi + Bai> + Bsi® + B,i* where
By to B, are unknown constants. The boundary
conditions of the discrete clamp-free problem lead to
the vanishing of the constant term By, (wo = 0),
whereas the second boundary condition for w; gives
the unknown constant By according to By (w; = w_,_

— B{ = — B3). Insertion of this solution into
Eq. (18) also leads to the identification of the constants
B,, B3, and By, regardless of the size n of the system.
The dimensionless deflection of the discrete elasto-
plastic system is then calculated exactly as:
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Fig. 6 Dimensionless load-
tip displacement of

elastoplastic discrete 2 A
bending system with m = 2,
kf*=02and k,* =0.2
and various numbers of L5
constitutive elements, 7, in ﬂ ® n=35
the case of a concentrated P e - 10
load at the tip, P 1 n=
e p =25
0.5 1 n=7175
—+— Local: n = o
0 T T
0 1 6
glg(.ij 1D1mens10nless load- m=2. k; =02, k; _02
p displacement of
elastoplastic discrete 2 4 7
bending system with m = 2, ) e
kr*=02and k" =0.2 =
and various numbers of L5 1 =
constitutive elements, n, in I3 /,/” d n=5
the case of a uniformly Q P £ - 10
distributed load, Q I / n=
A p=25
0.5 A n=15
—— Local: n — o
0 T T T T T
0 1 3 4 5 6
g
6)’
£3
wi5 1 1\ dy.0 1 1
’*Q:ﬁ—% 1+ (ifi3)+'[iQ 1+ — - =w =t (23)
Ky 30 ki 12 ki | nt n

_|_

1 1 1] 2
f”Q(l —p> (1 +k+*> —Wl ﬁ
n p p n

(22)

In the elastic regime, if fp < 1 ori > qg, ¥, = 0,
Eq. (20) has to be considered with k;r — 00 to obtain

the dimensionless deflection w;" at the node i of the
discrete elastic system as already formulated with such
an elastic discrete system (see Challamel et al. [8]). It
should be noted that the yield tip deflection in the case

of a uniformly distributed load, é, ¢, is then given by:

The ratio of the tip deflection to the one of the
yield’s is used hereafter to normalize the results, as
shown in Figs. 7 and 11.

3.2 Iterative computation of the full hardening—
softening response of the elastoplastic lattice

beam

As shown in Fig. 3, in the elastic, hardening, and the
softening phase, the constitutive law is given by:

@ Springer
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M; =Ely; if y;<wkyandif yx,; =0
Mi = M[’ + k;rXpﬂ' if Xp,i c [0; KC]

El

with k. = (m 1)k+

(24)

M= My +k, (1 — Ke) if 2, >
with M,, = mM,, and M,, = El¥,

The dimensionless discrete moment y; at the node
i can be written according to the loading case, see
Eq. (17), as:

. N 2
P = ﬁp(l _é> O l; o = ﬁQ(l —i> (25)

In the hardening regime, the boundary conditions at
the clamped section, i.e., wo = 0 and w; = w_;, give
the dimensionless deflection of the first node wi *:

Lo ! 1]
wit=5a k| 1t | — | With Ho = Ko
P P

= fpor uy = Hopo = ﬁQ
(26)

Iteratively, the other dimensionless node deflec-
tions in the plastic zone, w; ™, can be computed as
follows:

-3b)
Wi+1 =5 i * - *
n? k) Tk

with w; = p;p and i € [0; gp — 2] or p; = ;o and
iel0;q0 — 2]

At the elastic—elastoplastic interface, i.e., for
i=q—1 with g=g¢gp or g=gqgy, the continuity
condition of the deflection gives w(’;j 1= w;fl and

*

*— *—
+ 2w — w5

27)

wj]’ = wjf. The expression of the discrete elastoplas-

tic moment—curvature in the (¢ — 1)th and gth hinges
gives the following matching equations:

K 1 1
*+ _ Y
Wy = n2 |:uql (1 + k**) k**

*

+2w, o —w

K)‘ *+ k—
and wq+1 = 2l + 2w, —w,

(28)

with u, = u, pand g = gp or u, = u, o and g = gg.
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The dimensionless deflection of the nodes in the
elastic zone, w;™*, can be iteratively obtained from the
following equation:

*
*+

Wir1 = Kz 2wt —wi (29)
with y; = p; pand i € [gp + 2; n] or with ; = p; o and
i €[gp + 2;nl].

Once fp or P reaches m, the first hinge behaves
with a negative plastic bending modulus. The bound-
ary conditions at the clamped section give the
dimensionless deflection of the first node in the
softening regime according to Eq. (24):

Ky 1 m—1 m
= 1 — 30
e A= I

where fio = o p = Pp Or Uy = o0 = P according to
the considered load distribution.

The other hinges, in the plasticity part, for
I < gp max OF i < go max, Unload elastically while the
plasticity curvature reached at the maximum load
remains constant during the unloading process. The
dimensionless node deflections can then be computed
iteratively from the first node:

(“ HJO_Q_Q*
<ﬁQ k+*> (1 - ,il)z_k;*
(31)

In this softening regime, the dimensionless deflec-
tion of the nodes in the pure elastic part of the chain,
for i > gp max O 1> gp max» Can be computed
according to Eq. (28) from the continuity condition
at the elastic—elastoplastic interface. The normalized

dimensionless tip deflection w*(1) / K, of the full

softening-hardening process of the discrete elasto-
plastic bending system is plotted in Figs. 6 and 7 with
various numbers of elements in each loading case. For
sufficiently large values of n, a snap-back occurs,
which is controlled by the size of the first element a
with respect to the total size of the beam L, with a/
L=1/n.

When the number of elements tends towards an
infinity, i.e. n — o0, the continuous softening beam is
asymptotically obtained while the size of the first
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element vanishes. Then, as shown in Figs. 6 and 7, the
global response after the maximum load tends toward
the complete unloading elastic response, known as
Wood’s paradox, for the continuous softening beam.

4 Continualization of elastoplastic interactions
in bending

The discrete equations are extended to an equivalent
continuum via a continualization method, for the
displacement, the plastic curvature, and the moment.
In this section, a representative continualized elasto-
plastic beam model is established in order to capture
the specific scale effects of the microstructured
elastoplastic problem. The propagation of plasticity
in the hardening range is then captured within a
nonlocal continuous elastoplastic model. This contin-
uum is shown as a fully coupled nonlocal elastoplastic
beam model able to capture, for instance, the propa-
gation of the plasticity along the beam in the case of
hardening.

4.1 Continualization method for nonlocal
elastoplastic laws

The following relationship between the discrete and
the equivalent continuous system w; = w(x = ia),
Ypi = Xp;(x = ia) and M; = M(x = ai) holds for a
sufficiently smooth deflection and plastic curvature as:

and M(x + a) = f: @', (x) = eM(x)  (32)

where 0, = 0/0x is the spatial differentiation and ¢
is a pseudo differential operator as introduced for
example in [10, 30-32]. The principle of deriving
higher-order continuous equations from lattice inter-
actions is old and has been already used during the
XIXth century by Piola for elastic materials (see [33]
for an extensive analysis of the works of Piola with
respect to this question).

By expanding the finite difference operator using
Eq. (32), Eq. (2) can be continualized as

4 . a
M =EI [E sinh? (5 ax)w — X[’:| (33)
For a sufficiently smooth variation of the consid-
ered variable, the pseudo-differential operator can be
approximated by the following Taylor expansion:

4 a a
o h2 (_ x) _ 2 - 4 4 4
—5sinh® (50 ax+lzax+0(a ) (34)
which leads to a gradient-type moment—curvature
elastoplastic law:

2
M =EI [w” + L@

A x,,] +0(a") (35)

A typical gradient-type curvature-driven model is
recognized, with the square of characteristic length, /2,
equal to @*/12. A numerical solution could be directly
computed from the second-order continualized equa-
tion using higher-order boundary conditions. How-
ever, the pseudo-differential operator can also be
efficiently approximated by Padé’s approximant, to
compute dynamic responses [10, 30-32] or a quasi-
static response in the case of pure elasticity [8] or
damage mechanics [23]. To avoid the difficulties
associated with higher-order boundary conditions in
the resolution of such continualized schemes [34],
Padé’s approximation of the finite difference Lapla-
cian operator is used:

2 2
%Sinhz (fax) % L wimE=C (36)

a’ A2
2 756)( 12

Equation (35) can be turned into the following
analytical relationship:

M=M= EI(W' = 3, + 7)) (37)

The continualized nonlocal constitutive law at the
cross section level can then be written from the
discrete bending moment—elastic curvature relation-
ship given in Eq. (2). The new nonlocal elastoplastic
law contains scale effects which affect the moment
and the plastic curvature gradients. In a certain sense,
the scale effect affects the internal variables of both
the elasticity and the plasticity. We note that this
nonlocal law is valid for monotonic or cyclic loadings.
An Eringen’s type nonlocal elastic law is recognized
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when the plastic curvature can be ignored (see [8] for
the application of Eringen’s stress gradient theory to
the bending behavior of nonlocal elastic Euler—
Bernoulli beam models). This nonlocal law can also
be viewed as a fully coupled nonlocal elastoplastic
bending moment curvature law. In the hardening and
softening regime, the loading function, derived from
Eq. (24), is simply given by:

M =M, + k;y, for z, € [0; k.| with M, = Elx,

M=M,+k, (xp — Kc) for y, > k. with M, = mM,,

(38)

It is worth mentioning that the elastoplastic consti-
tutive law is nonlocal both from the bending moment
gradient and from the plastic curvature gradient,
whereas the loading function is kept in a local form
due to the continualization of the moment and the
plastic curvature at the same points.

In the first stage, two parts of the nonlocal
elastoplastic beam need to be considered separately,
as mentioned in Sects. 3.1 and 3.2. In the first part,
ranging from the clamped section to [y, plasticity
occurs, since y, # 0 where x € [0;/y]. The displace-
ment is annotated with the superscript “—", as u",
whereas in the second part, beyond [y, a pure elastic
behavior takes place, since y, = 0 where x € [l;L] itis
annotated with the superscript “+” as u*.

The continualized nonlocal elastoplastic law is
valid for propagating elastoplastic zones. The contin-
ualized finite length cohesive law is also derived from
a continualization procedure in the presence of
discontinuous kinematic variables, [A0], and is written
by:

M = EI ([Aa@] - Xp> with [A0] = 0" — 0~
B {w(x +a)— w(x)} [w(x) —w(x — a)}

a a

(39)

where the cohesive loading function in the hardening
and the softening range is similar to Eq. (38). This
cohesive law associated with some kinematic discon-
tinuities will be used at the clamped boundary in both
the hardening and the softening elastoplastic phases. It
plays a crucial role in the softening regime as it will be
detailed in this paper, in Sects. 4.3 and 4.4. To
summarize, both the distributed nonlocal elastoplastic
constitutive law and the associated cohesive law
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depend on the lattice spacing denoted by “a”. They
can be considered as nonlocal, in the sense that the
constitutive law does not depend only on the state
variable but also includes its gradient, or its value at
another point.

4.2 Boundary conditions for the nonlocal
elastoplastic beam and elastoplastic interface
continuity

Two types of boundary conditions can be considered
in such discrete-based continuous systems, named
hereafter as the local kinematic boundary condition or
the static-equivalent boundary condition.

e The local type of kinematic boundary condition at
the clamped section posits that the continuous
rotation is vanishing, i.e., wir(O) =0.

e The so-called static-equivalent boundary condi-
tion uses the cohesive law expressed at the
clamped boundary. It posits that the bending
moment, expressed in the first hinge (or rotational
spring), can be expressed as a function of the
displacement at the first node, for the full harden-
ing—softening response [23, 34]. This relationship
is actually derived from the nonlocal kinematic
boundary condition, i.e. w™(a) = w™ (— a), which
defines the displacement of the closest node of the
clamped end as a function of the load f3:

ZVZ(ZG) - xp(O)}
with M(0) = M, + k1, (0)

w1 ﬁﬂ;(ﬁ_l)]

Kk o2
with B = Bp or B =,

M(0) = EI [

y

(40)

The dimensionless deflection of the beam for
x = a or x* = 1/n, can also be equivalently computed
from the exact lattice solution given in Eq. (20) or in
Eq. (22) according to the loading configuration.

Once the load reaches the peak, i.e., ip = m or
Bo = m, the softening stage occurs and is controlled by
the negative plastic bending modulus. Softening
occurs in the clamped section, at x = 0 while the
beam unloads elastically even in the rest of the
plasticity zone. In such conditions, the local kinematic
boundary condition cannot be considered at this stage.
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Only static-equivalent boundary conditions, within the
frame of a nonlocal cohesive model, are consistent.
Within the plasticity zone that is extended to its
maximum length, ie., for lopp =1 — 1/m or Iy
=1 — m~ "2, the plastic bending reached at the load
peak, xp max, remains constant. According to Eq. (24)
and using the same methodology, the exact deflection
for x = a can be defined as:

w*(1/n) 1 1
— L =—f
K 2n? P+ ki

with B = Bp or B =,

1

(m—l)-&-k[;

(B—m)

(41)

At the elastic—elastoplastic interface, at x = [, both
static-equivalent and non-local kinematic boundary
conditions lead to the same consequence, in both the
hardening and the softening stages. The continualiza-
tion assumes that the elastic—elastoplastic interface
abscissa, x = [y, continuously increases with load,
with Iy = lpp or Iy = lpp. The following conditions
derived from the discrete continualized equations are
considered:

e Deflection continuity: w™(l) = w(lp).

e Discrete bending moment continuity:
wlo—a)+w (lo+a)=wly—a) +w(-
lo + a) since y,(lp) = 0 and w™(ly) = wt(ly), see
Eq. (2).

e Discrete rotation continuity: w™ (ly + a) —

w (lp —a) =whly + a) — wT(y — a).

These conditions lead to w(ly) = wh(ly) and
w (lp — a) = wh(ly — a) and/or w(ly + a) = w(l.
+ a) as previously shown and tested in the case of
continualized nonlocal damage mechanics beam mod-
els [23]. Examination of only two of these three
continuity conditions in ly — a, Iy and [y + a gives
exactly the same analytical solution of continualized
deflection, w'(x), in the elastic part. As a conse-
quence, the deflection is continuous along the contin-
ualized nonlocal beam but its derivative, i.e., its
rotation is no longer continuous in the vicinity of the
elastoplastic interface.

4.3 Deflection of the nonlocal elastoplastic beam
in the hardening regime

The continuous beam model is represented in Figs. 8
and 9 according to the loading case P and
Q respectively.

In the case of a concentrated tip load, P, the bending
moment varies linearly according to x and then
M" = 0. Deriving the loading consistency condition
givenin Eq. (8) M" = M*" =k and using M" = 0
leads to a plastic curvature constraint: ;{;’ = 0. There-
fore, the nonlocal continuous elastoplastic model
established in Eq. (37) leads to the local constitutive
law given in Eq. (8). For such a loading configuration,
the continualized model leads to the same differential
equations as the local one: the continualized model
and the local elastoplastic model are identical, except
eventually when considering the boundary conditions,
as discussed later. The continuous problem can be
formulated as a second-order differential equation
with respect to the dimensionless deflection wp*:

W’J—:Hzﬂpa—x*)(w 1>—i @)

Ky ky ky

In the case of uniformly distributed load, Q, the
bending moment is parabolic according to x and
M" = Q. The loading consistency condition leads to
xg =0/ k, and then the elastoplastic constitutive law
is corrected, according to Eq. (37), by the small length
terms as:

21 " 2 Q
M_ZCQ_EI(WQ_Xp+le_p) (43)
If x € [O; ZSQL, the nonlocal continuous elasto-
plastic model established in Eq. (37) leads to a second-
order differential equation for the deflection that can
be presented in a dimensionless format as:

Wé*” %\ 2 1 *2 1
= :ﬁQ(lfx) 1+k+* —2[3’Qlc 1+k+*
y P P

1 : 2
— = with [
_ 1
1262

(44)

where f is the dimensionless load parameter intro-
duced in Eq. (11).
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7]

7 w(x)

7 P
X >0 =0

x=0 X = lop X L

Fig. 8 Continuous cantilever beam loaded by a concentrated
transverse load, P, applied at its tip

X >0

x=0 x=lo xL

Fig. 9 Continuous cantilever beam loaded by a uniformly
distributed transverse load, Q

Then, integrating Eq. (42) twice, and using the
boundary condition at the fixed end w™(0) = 0, the
following deflection equation is given in the plasticity
part of the beam model, for x* € [0; 5] where I = [,
or Iy = [y, according to the considered model with a
local or nonlocal kinematic boundary condition.

4.3.1 Load-induced deflection into the elastoplastic
part of the beam

e In the case of local kinematic boundary condition,
w'(0) =0, the dimensionless deflection solution
Wpx and wy ' in the plasticity zone are written as:

@ Springer

wok _ Po A

Kt 12( o )“1 x) 1}

1 1

- 21;2/3Q<1+—,>+ .

l k) ky

Bo o
3 ]+k+*

For the loading case composed of the concentrated
load only, it is worth noting that the elastoplastic
response is independent of the number of elements
n and is, as a consequence, equivalent to the local
response of the considered elastoplastic beam. This
insensitivity to the microstructure is no more verified
in presence of distributed loading.

X
2

e Using the cohesive law (also called static-equiv-
alent) expressed at the clamped section, and based
on w (a) =w (— a), leads to the alternative
solution of wp* and w,":

*2

WI:E BP |: *\3 jl X
K 6 < +k+*> (1=x7) 2k

L F L) -
Pp (1 +k+*> <1 +3nz>x

wos _ Po o4
1 1-— -1
K 12<+k+*>[( *) }
1 1
*2
ﬁQ 1 *
+? 1+k+* 1+; X

It should be noted that when n — 0, i.e., when the
local case can be considered, both kinematic and static-
equivalent boundary conditions yield the same results.

In the case of the static-equivalent boundary
condition, it is worth noting that introducing x* = j/
n where j is an integer as j < gop or j < gop into

x*2

2

(40)
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Fig. 10 Comparison of the
load-tip displacement of the
full hardening—softening
process of the elastoplastic
bending lattice (n = 5) with
the continualized model and
with the local law in the case
of a concentrated tip load, P

--x-- Discrete system
—e— Static equivalent

Local: n — o

Fig. 11 Comparison of the
load-tip displacement of the
full hardening—softening 2
process of the elastoplastic

bending lattice (n = 5) with

the continualized models

and with the local law in the B 0
case of a uniformly

distributed load, Q

-—x-- Discrete system
—e— Static equivalent
Local kinematic

Local: n — oo

Eq. (46) produces the exact lattice solution of the
deflection at the node j previously established in
Eq. (20) or in Eq. (22).

4.3.2 Deflection in the purely elastic part of the beam

The deflection in the whole of the nonlocal beam can
be obtained by the integration of the curvature in the
elastic part, whose integration constants are calculated
from the kinematics boundary conditions at the
elastic-elastoplastic interface. In the elastic part, the
integration of the governing differential equation
needs two boundary conditions, namely the kinemat-
ics continuity at the elastic—elastoplastic interface.

The limit between the plastic and elastic part is located
at x = [o where [ has already been defined as lpp or lyp
in the dimensionless relationship given in Eq. (14).
The deflection is assumed to be continuous at the
elastic—elastoplastic interface, i.e., w™(lp) = w'(l).
Integrating the curvature twice from the bending
moment curvature relationship in the elastic zone and
taking into account this kinematic continuity condition
gives the following equation of the dimensionless
deflection wy™ and wy," within the elastic part:
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Fig. 12 Deflection field
along the whole
elastoplastic bending lattice
(n = 5) for three
concentrated tip load values,
fp, ranging into the
hardening stage

m=2, n=5, kp**z 02, k;*:—o.z

--+-- Discrete system
—— Static equivalent
Local: n — o
Plasticity zone
......... w (lop)

o lop(Bp)

Fig. 13 Deflection field
along the whole
elastoplastic bending lattice
(n = 5) for three uniformly
distributed load values, f,
ranging into the hardening
stage

m=2, n=5, k;*=0.2, K'=-02

Discrete system
Static equivalent
Local: n — e
Loc. kinematic
Plasticity zone
w (ZOQ)

lyo (ﬁQ)

—+*
WQ-,K ﬂQ x\4 * * *
=T = ol (v — )
y

wo' (l(*)Q) 1
B ( f ) - 47
+ o1\ X 00 + K; lzﬁQ ( )

where Bp; and By, are constant parameters to be
defined according to the second boundary condition,
which has to remain consistent with the condition
considered in the plasticity zone.
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e The local kinematic model simply considers the
continuity of the rotation at the inter-
face:w”(lo) =w' (lo), and gives:

—
Bp) = BPKiL(lOP) L

( ) <2ﬁp 1) o

p 1
Bor = Box =5 -2 L+
14

P (2Bo2 + 1)

+
k; 3\/3 Vho

(48)
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Fig. 14 Differenc§ m=2 n=5 k202 k'=-02
between the deflection fields 0.18 - P P
of the discrete system ¥ %
(n = 5) and those obtained Weps,” W Local, Bp =2
from the continualized K: Local, Bp = 5/3
models for three '0 1
concentrated tip load values, ) Local, Bp=4/3
Pp, ranging into the . _
hardening stage Static eq.. fp=2
006 4 [ N\ T T e Static eq., Bp=5/3
- Static eq., Bp =4/3
X lop (Bp)
0
Fig. 15 Difference m=2 n=5 k'=02 k, '=-02
between the exact deflection 0.18 -
fields of the discrete system %
(n = 5) and those obtained Weys.”W Local, B =2
from the continuali;ed K: Local, ﬁQ -5/3
models for three uniformly VO o |
distributed load values, f,, : ) Local, B = 4/3
ranging into the hardening e . _
stage ) ) —— Staticeq., fp=2
0064/ ~\ T Static eq., By = 5/3
""""""""" - Static eq., By = 4/3
’ X l()g (BQ)
0 1 T T T )
0 0.2 0.4 0.6 0.8 . 1
X

It should be noted that, in the loading case P, the
complementary elastic deflection is independent of the
number of elements n since it is equivalent to the local
response. As a consequence, the kinematic boundary
conditions, in such a case, lead to an elastoplastic
response of the lattice system equivalent to the one of
the local elastoplastic constitutive law, i.e., for
n — oo, plotted in Figs. 6 as 10, or in Fig. 7 as in
Fig. 11.

In the loading case Q, at the yield point, fo — 1
leads to lop — 0 and to Bpgx — 1/3. As a conse-
quence, Eq. (47) leads to:

wo(1) —'%‘(1 —#) (49)

As a consequence, unlike the loading case P, the
local elastoplastic response obtained for n — oo and
plotted in Fig. 7 departs from the local kinematic

response, as shown in Fig. 11. This surprising stiffen-
ing result, already obtained in other studies of
Eringen’s nonlocal beam response under distributed
loading [8], slightly differs from the softening effect of
the discreteness of the lattice system presented in
Eq. (23). Actually, a nonlocal effect appears here in
the elastic process with such a distributed load
whereas it does not exist with a concentrated load
[8]. As a consequence, the continualized nonlocal
model with a local kinematic boundary condition does
not give satisfactory results as compared to the exact
lattice solution, see Figs. 11 and 16. The use of a
static-based boundary condition formulated in terms
of a cohesive law at the boundary is recommended to
avoid this paradox.

e Static-equivalent conditions (viewed as non-local
kinematic boundary conditions) lead to the same
condition at the elastic—elastoplastic interface:
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Fig. 16 Relative difference
between &y, the load-tip
displacement of the discrete -
system (n = 5) and 0, the tip
displacements obtained sys.
from the continualized s, /
elastoplastic models, in both /
loading cases in the
hardening stage

4 —*
m=2, n=5, k, =02, k, =-02

. --x-- Q-Loc. Kinematic
Q-Local: n — oo
—a— (Q-Static eq.

P-Local: n —

e —e— P-Static eq.

w (o —a)=wr(y — a), and/or w (.

+a) =w'(ly + a), as previously shown and
tested in the case of damage mechanics [23],
which gives:

(B 1 Bo (1
Boi — Bpe — — (2P~ PPy~
L= Brs k;*<2+2/3,, >+2 T32) "

B 1 1
BQIZBQS:?Q It )\t 2
P

1<1+/3Q>2/3Q1;z+1 1
3k \/Bo n? k) VBo
(50)

Note that fp — 1 leads to Bpg — (1 + 130212
and fip — 1 leads to Bps — (1 + 1/n®)/3. As a
consequence, Eq. (47) is in perfect accordance with
Egs. (21) and (23) since the yield tip deflection exactly
matches the one of the discrete system. In this load
distribution case, as already observed in a previous
study [8], the nonlocal model obtained by continual-
ization of the discrete system gives the exact response
in the elastic process, but only if static-equivalent
boundary conditions are considered (or lattice-based
nonlocal boundary conditions, equivalent to cohesive
boundary conditions).

Beyond the elastic point, the complementary elastic
deflection, for x* € [[j; 1] with Ij = I;p or I; = I,
can then be computed from Eq. (47) with the param-
eter Bpg or Bpg instead of Bp; or with the parameter
Byk or By instead of By, according to the loading
case and the model examined. With such loading, the
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(514> 513 m

B

dimensionless normalized tip deflection wt* / Ky 18

plotted in Figs. 10 and 11.Itis possible to verify thatin
both cases, local kinematic or static, a perfect match
between the elasticity and the elastoplastic solutions is
obtained.

As previously mentioned in Sect. 4.3.1, at the
nodes abscissa, the solution of the static equivalent
model leads to the exact deflection of the discrete
system in elastoplastic part as well as into the elastic
part. As a consequence, if fp = n/(n —j), in case of
n/(n—Jj) in
case of uniformly distributed load, Q, the limit
between the elastic and the elastoplastic parts matches
with a node coordinate, ie., [j, = (qop — 1)/n or
Iop = (qog — 1)/n, the continualized nonlocal elasto-

concentrated tip load, P, or if ﬁQ =

plastic solution at the node abscissa perfectly matches
the exact lattice response for both P and Q loading
cases as shown in Figs. 10, 11, 12, 13, 14 and 15.
Therefore, when the load increases into the elasto-
plastic range, /), the elastoplastic interface grows
starting from the clamped section. When it matches
with a node abscissa, the tip deflection computed with
the static equivalent continualized equations are
strictly equivalent with the response of the discrete
system, see Fig. 16. For instance, this case can be
specifically observed along the whole beam with
fp =2/3and n =5 in Fig. 14.

Note that for n — o0, i.e., in the local case, with
l. = 0, and according to Eq. (50), Bps = Bpg and
Bps — Bpk. As a consequence, as an asymptotic
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property of both nonlocal models, both boundary
conditions lead to the same local model in the plastic
and the elastic part of the beam. The dimensionless tip
deflection computed according to this local model is
also plotted as a reference in Fig. 10, 11, 12, 13, 14 and
15.

4.4 Complete collapse of the nonlocal
elastoplastic beam: softening regime

After the peak load, a softening phase controls the
behavior of the beam, composed of a softening
cohesive law at the clamped boundary, a plasticity
zone in unloading and an elastic complementary zone.
The so-called cohesive boundary condition at the
clamped section, (also previously presented as static
equivalent boundary condition), has then to be
considered in the softening regime.

4.4.1 Deflection in the elastoplastic part of the beam

Within the plasticity zone that is extended to its
maximum length, i.e., for x* <1 — 1/m in case
P or for x* <1 —m " in case Q, the plastic
curvature reached at the load peak remains constant
and is equal to the maximum plastic curvature
reached at the peak load, y na.x. In the softening
range, for x* € ]0;1 — 1/m] (concentrated tip load)
or for x*€[0;1—1/y/m] (uniformly distributed
load), the beam unloads elastically, and the following
equation prevails:

—x*//

_ PL X
() s
M

o1
(ﬁP k+*>(1 - X ) _k+*

)4

W—*l/

Q )2
K <ﬁQ+k+*>(1_X )
—2|I%| Bp+ o
¢ k+* 2kt

If the deflection at the clamped section is vanishing,
i.e., w (0) = 0, the dimensionless deflections w,* and
wy" within the plasticity part, assuming the second

2

a
ith 2 = —
AT

(51)

boundary condition (cohesive or static equivalent)

relative to the known deflection of w™(a) or w™*(1/n)
determined into Eq. (40), can be written as:

W;igx*) :é <ﬁp +km+*> {(1 —x*)3_1}

ﬁP + m (1 1
2n kp 2n k;:* k; *
and

T
WKQ:{S (ﬁg + k**) {(1 —x*)“_l]
*2 m 1
_ lC ﬁQ—'_ﬁ +2k+*
*2 4
ﬁQ m 1 1
ton < k* ) (k;* B k;*)

where Sp; and Sy, are constant parameters.

x*? + SQ[X* with

(52)

4.4.2 Deflection in the purely elastic part of the beam

The behavior remains purely elastic for x* € [13; 1]
(where Iy =1l5p or [y =1l;,) without any plastic
curvature in this elastic domain. In the elastic part of
the beam, the deflection can be easily computed from
the bending moment—curvature constitutive law
knowing the boundary conditions at the elastic—
elastoplastic interface. The static-equivalent boundary
conditions, as previously presented in Sect. 4.2,
assume the deflection continuity as the first condition,
ie., wps(1 = 1/m) = wi(1 —1/m) or

wo's(1 = 1/y/m) = wjs(1 = 1/y/m) leading to:
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(53)

where Up; and Uy, are constant parameters, defined
according to the loading case P or Q respectively. The
second boundary condition, of a static-equivalent
type, ie., wps(1—=1/m+1/n)=wis(1—1/m+1/n)
or  wyk(l1—=1/ym+1/n)=wii(1-1/y/m+1/n)

gives.
[ m (1 1>3 1] 1<1 1)
n=c \mn) Tl T\
6/(;L m n m k; m
1
_ Py + Sp] and
P
U nm <1 1)4 1]
o= =) ——
12k ym n m

1 1\ 1
—2m?+ 1 (1——+—]—+S
(mL + )( \/ﬁ—’_zn)k;-*—'_ 01

(54)

where Sp; and Sy, are the constant parameters
previously defined into Eq. (52).

The dimensionless deflection can then be computed
during the softening stage in the complementary
elastic part of the beam. The normalized dimension-
less tip deflection, 6/d,, of the full hardening—soften-
ing process are presented with respect to the
dimensionless load parameter i, and f, in Figs. 10
and 11. It should be noted that if unloading or
softening occurs when the elastoplastic interface, i.e.
lp, matches a node abscissa, the tip deflection obtained
with static equivalent continualized model is exactly
equivalent to the one of the discrete system during
unloading or in the softening regime.

In the local case, n — oo, [.— 0, the softening
plastic zone tends to vanish and the elastic unloading
prevails. The dimensionless deflection, computed
from Eqgs. (53) and (54) when n — oo, confirms that

@ Springer

65;‘,_},/63 = K;/3 and 65;@/6/3 = K;/4 as obtained
initially with the exact elastic solution in Eqs. (21) and
(23). As shown in Figs. 6 and 7, the softening response
of the system strongly depends on the number of
elements, n. For sufficiently large values of n, the
snap-back response is observed with a complete
unloading behavior. This phenomenon, known as
Wood’s paradox [28, 29], is also clearly exhibited in
both loading cases, in Fig. 10 as in Fig. 11.

5 Discussion of the results

With the linear hardening of elastoplastic lattices, the
continuous nonlocal elastoplastic moment—curvature
law coupled with the cohesive-type boundary condi-
tions is the most efficient of the nonlocal continual-
ization process. In the presented cases, the static
equivalent continualized model always gives the
deflection or displacement, in the elastoplastic zone,
at the node abscissa of the discrete system used as a
reference. Furthermore, if the load makes the elastic—
elastoplastic interface coincides with a node abscissa,
in the elastic part, the solution in the overall beam
coincides at the lattice nodes for both the lattice and
the nonlocal continuous systems. As a consequence,
when the maximum load makes this interface coincide
with a node abscissa, the continualized softening tip
deflection also exactly matches the discrete response,
which is not the case in Figs. 10 and 11 as shown in
detail in Fig. 16.

In the nonlinear hardening case, these specific
properties would not be valid anymore. As already
observed in the case of unidimensional elastic damage
lattices [8], static-equivalent boundary conditions
would give the most consistent results, while the
exact deflection or displacement of the equivalent
continuous media at the node abscissa departs slightly
from the discrete system in the non-linear part.

This formulation is able to capture the scale effects
of such lattices. It clearly shows that the characteristic
length scale of the equivalent nonlocal continuous
media is intrinsic for each microstructured system. It is
load independent. It is also expected that the nonlocal
length scale could depend on the physics (discreteness
of the matter in a small scale) and the order of the
difference equations associated with the inelastic
lattice mechanics.
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As a possible extension to this study, a one-
dimensional axial problem has to be considered in
order to show that characteristic length is associated
with the square length of the considered periodic
elements, @, of the discrete system.

According to the physical parameter examined,
such as the axial displacement of the stretched fiber
inside the beam or its whole deflection, the character-
istic length scale of the equivalent continuous media is
intrinsic for each microstructured system and is load
independent. However, it should strongly depend on
the degree of the differential equation linking the
physical values of the macroscopic continuous
medium, asymptotically obtained for an infinite num-
ber of cells.

6 Conclusion

In this paper, we have investigated the bending of an
elastoplastic lattice beam (also called elastoplastic
Hencky Bar-Chain or HBC system) for different
loading configurations. The lattice system is com-
posed of piecewise linear hardening—softening elasto-
plastic hinges (or rotational springs) connected to
some rigid elements. This lattice system may be
referred to as a lattice system that includes only the
nearest neighbors for the elastoplastic interaction.
Solutions of the elastoplastic lattice equations have
been obtained exactly for the piecewise linear hard-
ening—softening law.

A nonlocal elastoplastic theory has been built from
the lattice difference equations using a continualiza-
tion process. It has been demonstrated that the new
nonlocal elastoplastic theory depends on additional
length scale rigorously calibrated from the spacing of
the lattice model. This nonlocal elastoplastic system
has not been derived in the literature to the authors’
knowledge. A lattice-dependent cohesive elastoplastic
law governs the response in the softening regime. The
new micromechanics-based model possesses some
nonlocality for the constitutive law, but preserves the
local nature of the plasticity loading function. A
comparison of the results obtained from the new
engineering beam model with the lattice model
illustrates the efficiency of the new nonlocal elasto-
plastic model, especially for capturing the scale effects
inherent in the lattice model (considered to be the

reference model). The hardening—softening localiza-
tion process strongly depends on the lattice spacing.

General elastoplastic interactions at the microlevel
can be examined, in order to derive a more general
nonlocal elastoplasticity model. The results presented
in this paper, valid for elastoplastic HBC systems, may
be extended to axial elastoplastic lattices. This study
can be seen as a first step towards the foundation of a
more general theory of lattice-based nonlocal elasto-
plastic structural models.

Compliance with ethical standards

Conflict of interest The authors declare that they have no
conflict of interest.

References

1. Born M, von Karman T (1912) On fluctuations in spatial
grids “Uber Schwingungen in Raumgittern”. Phys Z
13:297-309

2. Brillouin L (1953) Wave propagation in periodic structures.
Dover Publications Inc., New York

3. Eringen AC, Kim Byoung Sung (1977) Relation between
non-local elasticity and lattice dynamics. Cryst Lattice
Defects 7:51-57

4. Kunin IA (1982) Elastic media with microstructure I.
Springer, Berlin

5. Eringen AC (1983) On differential equations of nonlocal
elasticity and solutions of screw dislocation and surface
waves. J Appl Phys 54:4703-4710. https://doi.org/10.1063/
1.332803

6. Eringen AC (2002) Nonlocal continuum field theories.
Springer, New York

7. Challamel N, Picandet V, Collet B et al (2015) Revisiting
finite difference and finite element methods applied
to structural mechanics within enriched continua. Eur J
Mech A Solids 53:107-120. https://doi.org/10.1016/j.
euromechsol.2015.03.003

8. Challamel N, Wang CM, Elishakoff I (2014) Discrete sys-
tems behave as nonlocal structural elements: bending,
buckling and vibration analysis. Eur J Mech A Solids
44:125-135.  https://doi.org/10.1016/j.euromechsol.2013.
10.007

9. Zabusky NJ, Kruskal MD (1965) Interaction of “solitons”
in a collisionless plasma and the recurrence of initial states.
Phys Rev Lett 15:240-243. https://doi.org/10.1103/
PhysRevLett.15.240

10. Rosenau P (1986) Dynamics of nonlinear mass-spring
chains near the continuum limit. Phys Lett A 118:222-227.
https://doi.org/10.1016/0375-9601(86)90170-2

11. Wang CM, Zhang Z, Challamel N, Duan WH (2013) Cali-
bration of Eringen’s small length scale coefficient for ini-
tially stressed vibrating nonlocal Euler beams based on
microstructured beam model. J Phys Appl Phys 46:345501.
https://doi.org/10.1088/0022-3727/46/34/345501

@ Springer


https://doi.org/10.1063/1.332803
https://doi.org/10.1063/1.332803
https://doi.org/10.1016/j.euromechsol.2015.03.003
https://doi.org/10.1016/j.euromechsol.2015.03.003
https://doi.org/10.1016/j.euromechsol.2013.10.007
https://doi.org/10.1016/j.euromechsol.2013.10.007
https://doi.org/10.1103/PhysRevLett.15.240
https://doi.org/10.1103/PhysRevLett.15.240
https://doi.org/10.1016/0375-9601(86)90170-2
https://doi.org/10.1088/0022-3727/46/34/345501

3104

Meccanica (2018) 53:3083-3104

12.

13.

14.

15.

16.

17.

19.

20.

21.

22.

Collins MA (1981) A quasicontinuum approximation for
solitons in an atomic chain. Chem Phys Lett 77:342-347.
https://doi.org/10.1016/0009-2614(81)80161-3

Kresse O, Truskinovsky L (2003) Mobility of lattice
defects: discrete and continuum approaches. J Mech Phys
Solids ~ 51:1305-1332.  https://doi.org/10.1016/S0022-
5096(03)00019-X

Triantafyllidis N, Bardenhagen S (1993) On higher order
gradient continuum theories in 1-D nonlinear elasticity.
Derivation from and comparison to the corresponding dis-
crete models. J Elast 33:259-293

Truskinovsky L (1996) Fracture as a phase transition.
Contemporary research in the mechanics and mathematics
of materials. R. C. Batra and M. F. Beatty, CIMNE, Bar-
celona, pp 322-332

Braides A, Gelli MS (2002) Continuum limits of discrete
systems without convexity hypotheses. Math Mech Solids
7:41-66. https://doi.org/10.1177/1081286502007001229
Gelli MS, Royer-Carfagni G (2004) Separation of scales in
fracture mechanics: from molecular to continuum theory via
I' convergence. J Eng Mech 130:204-215. https://doi.org/
10.1061/(ASCE)0733-9399(2004)130:2(204)

. Hérisson B, Challamel N, Picandet V, Perrot A (2016)

Nonlocal continuum analysis of a nonlinear uniaxial elastic
lattice system under non-uniform axial load. Phys E Low
Dimens Syst Nanostruct 83:378-388. https://doi.org/10.
1016/j.physe.2016.03.044

Challamel N, Kocsis A, Wang CM (2015) Discrete and non-
local elastica. Int J Non Linear Mech 77:128-140. https://
doi.org/10.1016/j.ijnonlinmec.2015.06.012

dell’Isola F, Giorgio I, Pawlikowski M, Rizzi NL (2016)
Large deformations of planar extensible beams and panto-
graphic lattices: heuristic homogenization, experimental
and numerical examples of equilibrium. Proc R Soc A
472:20150790. https://doi.org/10.1098/rspa.2015.0790
Turco E, dell’Isola F, Cazzani A, Rizzi NL (2016) Hencky-
type discrete model for pantographic structures: numerical
comparison with second gradient continuum models. Z Fiir
Angew Math Phys 67:85. https://doi.org/10.1007/s00033-
016-0681-8

Kocsis A, Challamel N (2018) On the foundation of a
generalized nonlocal extensible shear beam model from
discrete interactions. In: Spec. Issue Honour Prof. Maugin,
Springer. H. Altenbach, J. Pouget, M. Rousseau, B. Collet
and T. Michelitsch

@ Springer

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

Challamel N, Picandet V, Pijaudier-Cabot G (2015) From
discrete to nonlocal continuum damage mechanics: analysis
of a lattice system in bending using a continualized
approach. Int J Damage Mech 24:983-1012. https://doi.org/
10.1177/1056789514560913

Challamel N, Lanos C, Casandjian C (2010) On the prop-
agation of localization in the plasticity collapse of harden-
ing—softening beams. Int J Eng Sci 48:487-506. https://doi.
org/10.1016/j.ijengsci.2009.12.002

Hencky H (1920) Uber die angeniherte Losung von Sta-
bilitdtsproblemen im Raummittels der elastischen
Gelenkkette. Eisenbau 11:437-452

Goldberg S (1958) Introduction to difference equations:
with illustrative examples from economics, psychology, and
sociology. Courier Corporation, New York

Elaydi S (2005) An introduction to difference equations, 3rd
edn. Springer, New York

Wood RH (1968) Some controversial and curious devel-
opments in the plastic theory of structures. In: Heyman J,
Leckie FA (eds) Engineering plasticity. Cambridge
University Press, Cambridge, pp 668-691

Bazant ZP (1976) Instability, ductility and size effect in
strain-softening concrete. ] Eng Mech ASCE 102:331-334
Wattis JAD (2000) Quasi-continuum approximations to
lattice equations arising from the discrete nonlinear tele-
graph equation. J Phys Math Gen 33:5925. https://doi.org/
10.1088/0305-4470/33/33/311

Kevrekidis PG, Kevrekidis IG, Bishop AR, Titi ES (2002)
Continuum approach to discreteness. Phys Rev E
65:046613. https://doi.org/10.1103/PhysRevE.65.046613
Andrianov IV, Awrejcewicz J, Weichert D (2009) Improved
continuous models for discrete media. Math Probl Eng
2010:e986242. https://doi.org/10.1155/2010/986242
Dell’Isola F, Andreaus U, Placidi L (2015) At the origins
and in the vanguard of peridynamics, non-local and higher-
gradient continuum mechanics: an underestimated and still
topical contribution of Gabrio Piola. Math Mech Solids
20:887-928

Picandet V, Hérisson B, Challamel N, Perrot A (2016) On
the failure of a discrete axial chain using a continualized
nonlocal continuum damage mechanics approach. Int J
Numer Anal Methods Geomech. https://doi.org/10.1002/
nag.2412


https://doi.org/10.1016/0009-2614(81)80161-3
https://doi.org/10.1016/S0022-5096(03)00019-X
https://doi.org/10.1016/S0022-5096(03)00019-X
https://doi.org/10.1177/1081286502007001229
https://doi.org/10.1061/(ASCE)0733-9399(2004)130:2(204)
https://doi.org/10.1061/(ASCE)0733-9399(2004)130:2(204)
https://doi.org/10.1016/j.physe.2016.03.044
https://doi.org/10.1016/j.physe.2016.03.044
https://doi.org/10.1016/j.ijnonlinmec.2015.06.012
https://doi.org/10.1016/j.ijnonlinmec.2015.06.012
https://doi.org/10.1098/rspa.2015.0790
https://doi.org/10.1007/s00033-016-0681-8
https://doi.org/10.1007/s00033-016-0681-8
https://doi.org/10.1177/1056789514560913
https://doi.org/10.1177/1056789514560913
https://doi.org/10.1016/j.ijengsci.2009.12.002
https://doi.org/10.1016/j.ijengsci.2009.12.002
https://doi.org/10.1088/0305-4470/33/33/311
https://doi.org/10.1088/0305-4470/33/33/311
https://doi.org/10.1103/PhysRevE.65.046613
https://doi.org/10.1155/2010/986242
https://doi.org/10.1002/nag.2412
https://doi.org/10.1002/nag.2412

	Bending of an elastoplastic Hencky bar-chain: from discrete to nonlocal continuous beam models
	Abstract
	Introduction
	A discrete plasticity mechanics problem in bending
	Elastoplastic lattice system in bending
	Exact deflection solution in the hardening regime
	Iterative computation of the full hardening--softening response of the elastoplastic lattice beam

	Continualization of elastoplastic interactions in bending
	Continualization method for nonlocal elastoplastic laws
	Boundary conditions for the nonlocal elastoplastic beam and elastoplastic interface continuity
	Deflection of the nonlocal elastoplastic beam in the hardening regime
	Load-induced deflection into the elastoplastic part of the beam
	Deflection in the purely elastic part of the beam

	Complete collapse of the nonlocal elastoplastic beam: softening regime
	Deflection in the elastoplastic part of the beam
	Deflection in the purely elastic part of the beam


	Discussion of the results
	Conclusion
	References




