
Torque on a slip sphere rotating in a semi-infinite
micropolar fluid

H. H. Sherief . M. S. Faltas . E. A. Ashmawy . M. G. Nashwan

Received: 15 November 2016 / Accepted: 24 January 2018 / Published online: 5 February 2018

� Springer Science+Business Media B.V., part of Springer Nature 2018

Abstract In this paper, the steady rotational motion

of a slip sphere in a semi-infinite micropolar fluid is

investigated. The sphere is assumed to rotate about a

diameter perpendicular to an impermeable plane wall.

The slip and spin boundary conditions are imposed on

the spherical particle surface while on the plane wall

surface the classical no-slip and no-spin conditions are

utilized. A semi-analytical technique based on the

principle of superposition together with a numerical

method, called the collocation method, is employed to

obtain the hydrodynamic torque acting on the spher-

ical particle. Numerical results for the torque are

obtained and illustrated graphically.

Keywords Micropolar fluid � Analytical–numerical

technique � Collocation technique � Slip condition

1 Introduction

The Navier–Stokes theory cannot describe accurately

the correct behavior of some types of fluids with

microstructure. This motivated Eringen [1] to intro-

duce his theory of micropolar fluids which give a

mathematical model for many industrial and natural

fluids appearing in biological sciences and engineer-

ing applications. The motion of a micropolar fluid is

characterized by two main vectors: the classical

velocity vector which describes the motion of

macro-volume elements and the microrotation vector

which is responsible for the rotation of microelements

about their centroids in an average sense [1]. In the

literature, there are several attempts to discuss the

behavior of micropolar fluid flows under different

boundary conditions. The axially symmetric microp-

olar fluid flow problems have recently attracted the

attention of many researchers to investigate. A simple

formula has been derived by Ramkissoon [2] to

evaluate the couple experienced by a micropolar fluid

on an axisymmetric body rotating slowly about its axis

of symmetry. Charya and Iyengar have investigated

the oscillatory flow of an approximated sphere rotating

in a micropolar fluid in [3]. Sherief et al. [4] discussed

the axi-symmetric motion of a general prolate body in

a micropolar fluid.The couple experienced by axi-

symmetrical bodies rotating steadily in incompress-

ible micropolar fluids is of practical interest in many

technological applications. It is required for designing

and calibrating viscometers that measure the viscosity
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coefficients of micropolar fluids [5]. This motivated

the authors to investigate the rotational motion of

axially symmetric bodies in steady incompressible

micropolar fluid flows.

The study of interaction problems between small

rigid particles and a wall has different practical

applications in many fields such as separation pro-

cesses and filtration, transport of sediments and

motion of rigid cells in blood vessels. The interaction

of a solid particle with a containing wall depends on

the geometrical shape position, and orientation of the

particle as well as the geometry of the wall. There are

some studies in the literature that have treated the wall

effects on the motion of a rigid particle relative to a

wall over the past decades. Some authors have

discussed the motion of a sphere translating along or

rotating around an axis perpendicular or parallel to a

smooth wall in a Stokes flow under the assumption of

low Reynolds number, e.g. [6–8]. One of the efficient

techniques used to treat this type of problems is a semi-

analytical technique employing an efficient numerical

method called the boundary collocation method. In

this collocation method, the conditions imposed on the

boundary are satisfied on the generating arc of the

axisymmetric particle. These conditions result in a

system of linear algebraic equations that could be

solved simultaneously to give the desired unknown

constants. Gluckmanet al. [9] developed the technique

of collocation series solution for unbounded, axially

symmetric multi spherical Stokes flow. This work has

been extended by Leichtberg et al. [10] to bounded

flows for chains of coaxial spheres in tubes. A useful

review of the use of the collocation method in

mechanics can be found in [11]. The technique of

collocation is also used by Ganatos et al. [12] to

discuss the motion of a sphere in a viscous fluid normal

to two parallel plane boundaries assuming no-slip

condition. Keh and Chang [13] utilized the collocation

technique to investigate the problem of creeping

motionof a slip sphere perpendicular to two planar

walls. Keh and Hsu [14] applied the same procedure to

investigate the photophoretic motion of an aerosol

sphere normal to a plane wall. For micropolar fluids,

Kucaba-Piętal [15] applied the classical no-slip con-

dition on the spherical boundary and on the wall to

study the motion of a sphere normal to a plane wall.

The classical no-slip boundary condition has been

used extensively in the field of fluid dynamics.

However, in the last century various studies have

been demonstrated that the no-slip condition may not

always occur and that the fluid particles may slip at the

surface of the boundary [16–18]. There many research

papers illustrate that the no-slip condition may lead to

non realistic behavior; e.g. [19–22]. A general bound-

ary condition that assumes that fluid particles are

slipping on the solid boundary was proposed byNavier

[23].It assumes that the fluid tangential velocity

relative to the solid boundary is proportional to the

shearing stress acting at the contact point [24]. It has

reported that, the slip condition has been applied to

problems of Newtonian fluids [25–30] and recently of

micropolar and microstreach fluids [31–34].

This work presents an analytical numerical treat-

ment to the problem of the slow steady rotational

motion of a micropolar fluid due to a rotation of a slip

spherical particle about a diameter perpendicular to an

impermeable plane wall. The spin and slip boundary

conditions are used on the surface of the spherical

particle while the classical no-slip and no-spin condi-

tions are imposed on the wall. A semi analytical

procedure based on the principle of superposition

together with the numerical collocation technique is

utilized.

2 Governing equations

The steady motion of a micropolar liquid, in the

absence of body forces and body couples, is governed

by [1]

div u~¼ 0; ð2:1Þ

� lþ jð Þ curl curl u~þ j curl m~� grad p ¼ 0; ð2:2Þ

aþ bþ cð Þ grad div m~� c curl curl m~þ j curlu~� 2j m~
¼ 0;

ð2:3Þ

where u~; m~are representing the vectors of velocity and

microrotation, and p denotes the pressure throughout

the fluid flow. The physical constants l; jð Þ are

characterizing the viscosity parameters and a; b; cð Þ
are denoting the gyro-viscosity coefficients. In the

governing Eqs. (2.2)–(2.3), the assumption of low

(� 1) Reynolds numbers is employed so that the non

linear inertial terms have been neglected.

The following relations give the stress and couple

stress tensors, respectively [1]
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tij ¼ �pdij þ l uj;i þ ui;j
� �

þ j uj;i � eijkmk
� �

; ð2:4Þ

mij ¼ a mr;r dij þ b mi;j þ c mj;i; ð2:5Þ

where dij is denoting the Kronecker delta and eijk is

representing the alternating tensor.

3 Statement of the problem

Consider the slow steady rotational motion of an

incompressible micropolar fluid past a rotating sphere

of radius a with angular velocity X about a diameter

perpendicular to an impermeable plane wall located at

a distance b from the center of the particle, as shown in

Fig. 1. It is convenient to choose the center of the

sphere at the origin and to use cylindrical system of

coordinates q;/; zð Þ together with the spherical coor-

dinates r; h;/ð Þ.According to the axisymmetric nature

of the problem, all the field functions do not depend on

the coordinate / and thus the vectors of the velocity

and microrotation can be represented as follows

u~¼ u/ q; zð Þ e~/; ð3:1Þ

m~¼ mq q; zð Þ e~q þ mz q; zð Þ e~z; ð3:2Þ

Let

div m~¼ F; curl m~¼ Ge~/; ð3:3Þ

The field Eqs. (2.2)–(2.3) reduce to

op

oq
¼ 0;

op

oz
¼ 0; ð3:4Þ

ðlþ jÞL�1u/ þ jG ¼ 0; ð3:5Þ

mq ¼ 1

v2
oF

oq
þ c
2j

oG

oz
� 1

2

ou/

oz
; ð3:6Þ

mz ¼
1

v2
oF

oz
� c
2j

1

q
o

oq
ðqGÞ þ 1

2q
o

oq
ðqu/Þ; ð3:7Þ

where

v2 ¼ 2j
aþ bþ c

:

Equation (3.4) implies that the pressure is constant

throughout the flow. In addition, the velocity u/ and

the two functions F and G can be obtained by solving

the differential equations

L�1ðL�1 � ‘2Þu/ ¼ 0; ð3:8Þ

r2 � v2
� �

F ¼ 0; ð3:9Þ

L�1 � ‘2
� �

G ¼ 0; ð3:10Þ

where

L�1 ¼
o2

o q2
� 1

q
o

o q
þ o2

o z2
;

‘2 ¼ jð2lþ jÞ=cðlþ jÞ:
ð3:11Þ

To complete the formulation of the problem, the

boundary conditions have to be specified at the surface

of the sphere and at the surface of the impermeable

plane. In the present study, we propose the slip and

spin boundary conditions at the surface of the sphere

and the no-slip and no-spin conditions at the surface of

the plane wall. It is of some interest to investigate the

possibility that the macro-elements of the micropolar

fluid may slip at the surface of the sphere. For

Fig. 1 Geometry of the

problem
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Newtonian fluids, this issue was first treated by Basset

[24]. Therefore, based on the slip boundary condition

of Newtonian fluids, the reasonable assumption of this

condition for micropolar fluids is that the tangential

velocity of the fluid relative to the solid at a point on its

surface is proportional to the tangential stress of the

fluid at that point. The constant of proportionality, b1,
between these two quantities is called the coefficient

of sliding friction. It is assumed to depend only on the

nature of the fluid and solid surface. The slip condition

is a dynamical boundary condition. We think that this

boundary condition is a physically realistic condition

to apply at slip surfaces for micropolar fluids. The

second boundary condition that we will apply at the

surface of the rotating sphere is a condition about the

microrotation vector. It should be noted here that there

is no uniform consensus on the microrotation bound-

ary conditions for micropolar fluids. An interesting

review for various types of this boundary condition is

given by Migun [35]. Condiff and Dahler [36]

proposed a kinematic boundary condition that relates

the microrotation and vorticity vectors at the surface of

the sphere. This condition is called the spin-vorticity

condition which states that the microrotation is

proportional to the vorticity. The constant of propor-

tionality, s, between these two quantities is called the

spin parameter. It depends also on the nature of the

fluid and solid. Therefore at the surface of the rigid

sphere, r ¼ a

b1ðu/ � qXÞ ¼ tr/; ð3:12Þ

m~jboundary ¼
s

2
curl u~jboundary; ð3:13Þ

where the coefficient b1 varies between zero and

infinity. If the slip coefficient is taken equal to zero, the

case of perfect slip is then considered. In addition, the

classical no-slip case can be recovered when the slip

coefficient approaches infinity and a finite value of b1
corresponds to a partial slip. The parameter s is

varying from 0 to 1. The no-spin case corresponds to

s ¼ 0; that is the micro-elements close to the boundary

are not able to rotate, and s ¼ 1 corresponds to perfect

spin of the microelements at the surface of the solid

body. In fact, the dynamical slip boundary condition

(3.12) is used by many authors in the literature for

Newtonian viscous fluids. The slip length parameter

l=b1 has been measured under various physical and

geometrical circumferences for viscous fluids

[37–39]; and it is basically found that this parameter

depends on the nature of fluid and solid. This

motivated us to use the slip hypothesis for micropolar

fluids.

On the plane wall, z ¼ �b, we have

u/ ¼ 0; ð3:14Þ

mq ¼ 0; mz ¼ 0; ð3:15Þ

Also, far away from the particle, we have

u/ ! 0; mq ! 0; mz ! 0 as r ! 1: ð3:16Þ

4 Method of solution

We shall use the method of superposition to solve the

problem. The solution of the problem will be taken as

the sums of the solutions of two different problems.

The first problem is similar to the current one with the

absence of the wall. This one is solved using spherical

polar coordinates. In the second problem we assume

that the sphere is removed after reaching the steady

state and solve the new problem of steady motion past

the wall using cylindrical coordinates. Mathematically

speaking, since the equations of motion and the

boundary conditions characterizing the problem at

hand are linear, then the superposition principle can be

used such that [12–15]

u/ ¼ u/s þ u/w; ð4:1Þ

mq ¼ mqs þ mqw; ð4:2Þ

mz ¼ mzs þ mzw; ð4:3Þ

where the parts u/ s; mq s; mzs denote the general

solution of the equations of motion in the spherical

polar coordinate system r; h;/ð Þwhich give vanishing
fluid velocity and vanishing microrotation compo-

nents as r ! 1. The parts u/w; mqw; mzw represent

the general solution of the equations of motion in the

cylindrical system of coordinates q;/; zð Þ which

produce finite velocity and finite microrotation com-

ponents everywhere in the flow field [12].

The general solutions of Eqs. (3.8) and (3.9) in

spherical coordinates, which are regular as r ! 1, are

given respectively, by
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u/ s ¼
X1

n¼1

Anr
�n�1 þ Bnr

�1=2Knþ1=2ð‘rÞ
� �

P1
nðfÞ; f ¼ cosh;

ð4:4Þ

Fs ¼ �
X1

n¼1

Cnr
�1=2Knþ1=2ðvrÞPnðfÞ; ð4:5Þ

where An; Bn; Cn are unknown constants.

Inserting the solution (4.4) into Eq. (3.5), we obtain

Gs ¼ � lþ j
j

‘2
X1

n¼1

Bnr
�1=2Knþ1=2ð‘rÞP1

nðfÞ: ð4:6Þ

Substituting expressions (4.4)–(4.6) into (3.6) and

(3.7), we get the microrotation components as

mq s ¼
X1

n¼1

An A1nðr; fÞ þ Bn B1nðr; fÞ þ Cn C1nðr; fÞ½ �;

ð4:7Þ

mz s ¼
X1

n¼1

An A2nðr; fÞ þ Bn B2nðr; fÞ þ Cn C2nðr; fÞ½ �:

ð4:8Þ

Moreover, the function given by the expression

(4.4) can be rewritten as

u/ s ¼
X1

n¼1

An A3nðr; fÞ þ Bn B3nðr; fÞ½ �; ð4:9Þ

where the functions Ain; Bin; i ¼ 1; 2; 3 and Cjn; j ¼
1; 2 are listed in the ‘‘Appendix A’’.

The general solutions of the Stokes Eqs. (3.8) and

(3.9) in the cylindrical coordinate system are given,

respectively, by

u/w ¼
Z1

0

AðwÞe�x z þ BðwÞe�n z
� �

x J1ðxqÞdx;

ð4:10Þ

Fw ¼
Z1

0

C xð Þ e�s zx J0ðxqÞdx; ð4:11Þ

The integrals (4.10) and (4.11) rather than the

infinite series form of the solution in cylindrical

coordinates is required owing to the infinite non-

periodic extent of the planar boundary. By proper

choice of the unknown functions AðwÞ;BðwÞ and

CðwÞ, the solutions (4.10) and (4.11) are capable of

exactly cancelling the disturbances produced by the

sphere along the confining wall [12].

where n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ ‘2

p
; s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ v2

p
.

From (3.5) and (4.4), we have

Gw ¼ � lþ j
j

‘2
Z1

0

B xð Þx e�nzJ1ðxqÞdx; ð4:12Þ

Substitution from(4.10)–(4.12) in (3.6) and (3.7)weget

mqw ¼
Z1

0

1

2
AðwÞx2e�xz þ lþ jð Þ

j
B xð Þnxe�nz

	

�C xð Þ
v2

x2e�sz



J1ðxqÞdx;

ð4:13Þ

mz w ¼
Z1

0

1

2
AðwÞx2e�xz þ lþ jð Þ

j
B xð Þx2e�nz

	

�C xð Þ
v2

sxe�sz



J0ðxqÞdx

ð4:14Þ

Substituting the above expressions into (4.1)–(4.3),

we get the following expressions of the fluid velocity

and microrotation components

mq ¼
X1

n¼1

An A1n q; zð Þ þ Bn B1n q; zð Þ þ CnC1n q; zð Þð Þ

þ
Z1

0

L1 x; zð ÞxJ1ðxqÞ dx;

ð4:15Þ

mz ¼
X1

n¼1

An A2n q; zð Þ þ Bn B2n q; zð Þ þ CnC2n q; zð Þð Þ

þ
Z1

0

L2 x; zð ÞxJ0ðxqÞ dx;

ð4:16Þ

u/ ¼
X1

n¼1

An A3n q; zð Þ þ Bn B3n q; zð Þð Þ

þ
Z1

0

L3 x; zð ÞxJ1ðxqÞ dx; ð4:17Þ
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where the functions Liðx; zÞ with i ¼ 1; 2; 3 are listed

in the ‘‘Appendix A’’.

The tangential stress component sr / is given by

sr/
2lþ j

¼
X1

n¼2

An an q; zð Þ þ Bn bn q; zð Þ þ Cncn q; zð Þð Þ

þ
Z1

0

AðxÞRþ BðxÞSþ CðxÞTð Þ dx

ð4:18Þ

where the functions an; bn; cn and R; S; T are listed in

the ‘‘Appendix A’’

Applying the boundary conditions (3.14) and (3.15)

on the surface of the plane wall z ¼ �b to Eqs. (4.15)–

(4.17) we get

L1 x;�bð Þ ¼
X1

n¼1

An A
�
1n x;�bð Þ þ Bn B

�
1n x;�bð Þ

�

þCnC
�
1n x;�bð Þ

�
;

ð4:19Þ

L2 x;�bð Þ ¼
X1

n¼1

An A
�
2n x;�bð Þ þ Bn B

�
2n x;�bð Þ

�

þCnC
�
2n x;�bð Þ

�
;

ð4:20Þ

L3 x;�bð Þ ¼
X1

n¼1

An A
�
3n x;�bð Þ þ BnB

�
3n x;�bð Þ

� �
;

ð4:21Þ

where A�
in; B�

in and C�
in; i ¼ 1; 2; 3 are listed in the

‘‘Appendix B’’.

Substituting the expressions (A.9)–(A.11) for

Li x;�bð Þ; i ¼ 1; 2; 3 into (4.19)–(4.21), we obtain a

linear system of three algebraic equations that can be

solved simultaneously to give the unknown functions

A xð Þ;B xð Þ and C xð Þ as follows

AðxÞ ¼
X1

n¼1

AnA
ð1Þ
n xð Þ þ BnB

ð1Þ
n xð Þ þ CnC

ð1Þ
n xð Þ

� �
;

ð4:22Þ

BðxÞ ¼
X1

n¼1

AnA
ð2Þ
n xð Þ þ BnB

ð2Þ
n xð Þ þ CnC

ð2Þ
n xð Þ

� �
;

ð4:23Þ

CðxÞ ¼
X1

n¼1

AnA
ð3Þ
n xð Þ þ BnB

ð3Þ
n xð Þ þ CnC

ð3Þ
n xð Þ

� �
;

ð4:24Þ

where the functions A
ðiÞ
n ; B

ðiÞ
n ; C

ðiÞ
n with i ¼ 1; 2; 3 are

listed in the ‘‘Appendix B’’.

Substituting Eqs. (4.22)–(4.24) together with equa-

tions (A.9)–(A.11) into expressions (4.15)–(4.17), we

get after some rearrangements the velocity and

microrotation components

mq ¼
X1

n¼1

An A1n þ A0
1n

� �
þ Bn B1n þ B0

1n

� �
þ Cn C1n þ C0

1n

� �� �
;

ð4:25Þ

mz ¼
X1

n¼1

An A2n þ A0
2n

� �
þ Bn B2n þ B0

2n

� �
þ Cn C2n þ C0

2n

� �� �
;

ð4:26Þ

u/ ¼
X1

n¼1

An A3n þ A0
3n

� �
þ Bn B3n þ B0

3n

� �
þ CnC

0
3n

� �
;

ð4:27Þ

where A0
kn;B

0
kn;C

0
kn; k ¼ 1; 2; 3 are listed in the

‘‘Appendix B’’.

Inserting (4.22)–(4.24) into (4.18), we obtain the

shear stress sr/ in terms of An; Bn and Cn in the form

sr/
2lþ j

¼
X1

n¼1

An anðq; zÞ þ a0nðq; zÞ
� �

þ Bn bnðq; zÞð
�

þ b0nðq; zÞ
�
þ Cn cnðq; zÞ þ c0nðq; zÞ

� ��
;

ð4:28Þ

where the functions a0n; b
0
n; c

0
n are listed in the

‘‘Appendix A’’.

Now, we apply the remaining boundary conditions

on the spherical boundary by substituting expressions

(4.25)–(4.28) into Eqs. (3.12) and (3.13)to get

X1

n¼1

An A1nða; h Þ þ A0
1nða; h Þ

� �

þ Bn B1nða; h Þ þ B0
1nða; h Þ

� �

þ Cn C1nða; h Þ þ C0
1nða; h Þ

� �

¼ 0; ð4:29Þ
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X1

n¼1

An A2nða; hÞ þ A0
2nða; hÞ

� �

þ Bn B2nða; hÞ þ B0
2nða; hÞ

� �

þ Cn C2nða; hÞ þ C0
2nða; hÞ

� �

¼ X s; ð4:30Þ

X1

n¼1

An A3n a;hð ÞþA0
3n a;hð Þ

� �
�k0 an a;hð Þþa0n a;hð Þ

� �� �

þBn B3n a;hð ÞþB0
3n a;hð Þ

� �
�k0 bn a;hð Þþb0n a;hð Þ

� �� �

þCn C0
3n a;hð Þ�k0 cn a;hð Þþc0n a;hð Þ

� �� �

¼aXsinh;

ð4:31Þ

where k0 ¼ 2þ j=lð Þk is the non-dimensional slip

parameter on the spherical boundary and k ¼ l=ab1.
The total couple,Tz e~z, acting on an axi-symmetrical

particle, rotating about its axis of revolution in a

micropolar fluid can be obtained by applying the

formula [2]

Tz ¼ 4p ð2lþ jÞ lim
r!1

r2u/ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p ; ð4:32Þ

Applying this formula to the problem at hand, we

get the hydrodynamic couple acting on the surface of

the sphere as

Tz ¼ 4p 2lþ jð ÞA1: ð4:33Þ

The boundary collocation method is used to

determine the unknown constants An; Bn; Cn numer-

ically. To satisfy the conditions applied in

Eqs. (4.29)–(4.31) along the entire spherical surface

we use the collocation method. The collocation

technique enforces the imposed conditions at a finite

number of discrete points on the generating arc of the

spherical particle (from h ¼ 0 to p) and then truncat-

ing the infinite series in Eqs. (4.25)–(4.28) into finite

ones. Satisfying the boundary conditions (3.12) and

(3.13) at N discrete points on the generating arc of the

spherical boundary, thus the infinite series in

Eqs. (4.25)–(4.28) are truncated after N terms. This

results in a system of 3N linear algebraic equations in

the truncated form of (4.29)–(4.31) that can be solved

simultaneously to give the 3N unknown constants

An; Bn and Cn. The fluid velocity and microrotation

components are then obtained. The definite integrals

appearing in Eqs. (4.29)–(4.31) (see ‘‘Appendix A’’)

are performed numerically. To improve the accuracy

of the truncation technique to any degree, we can take

a sufficiently large value of N.

5 Results and discussion

The arc 0� h � p was divided into N equal parts by

the points h1 ¼ d; hk ¼ k=p; k ¼
2; 3;. . .;N�1; hN ¼ p� d; where d is a small positive

number. As mentioned before, substitution of these

values in the boundary conditions gives us a system of

3 N linear equations. These equations were solved

numerically using a Fortran program utilizing the LU-

decomposition method. We started with N = 5 and

increased N in steps of 5. Watching the resulting

values, we found that for N � 40 the values have

stabilized up to 4 decimal places. In all the calculations

of this manuscript and other manuscripts by the

authors [4, 26, 34] it was found that the resulting

matrix is always invertible. This is not always the case.

It was reported in [40] that in some rare cases counter

examples can be constructed.

The collocation solutions of the non-dimensional

hydrodynamic couple, ~T ¼ Tz=a
3lX, on the solid

sphere caused by the surrounding fluid for different

values of the parameters a=b,1=k, j=l and s are

tabulated in Tables 1 and 2 and graphed in Figs. 2 and

3. For small values of the aspect ratio a=b, the number

of collocation points needed is less than 20 while for

larger values of the aspect ratio the number of

collocation points reached 40. As expected, the results

in Table 1 indicate that the non-dimensional couple

increases monotonically with the increase of j=l, for
any given value of the ratio a=b[ 0:01. It also shows

that, for any given value of j=l, the couple increases
monotonically with the increase of a=b. It can be

concluded from this table that the couple values

decreases considerably as the aspect ratio becomes

smaller. It can be expected also that the couple

vanishes when the aspect ratio a=b is taken zero. In

addition, the results presented in Table 1 agree with

the results of Wan and Keh [41] for classical viscous

fluids when the micropolarity parameter j=l vanishes.

The results tabulated in Table 2 illustrate that the

non-dimensional couple is monotonically increasing

function of s, for any given value of ratio a=b.

Figures 2 and 3 shows the behavior of the non-

dimensional couple versus 1=k for different values of
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the aspect ratio a=b and the spin parameter, respec-

tively. It is observed that the values of the couple

increases with the increase of the slip parameter. The

case of classical no slip condition is reached when the

slip parameter 1=k approaches infinity while the case

of perfect slip is obtained when the slip parameter is

assigned the value zero. It can be concluded also form

the tables that in the limiting case when the aspect ratio

a=b approaches zero, the torque acting on the sphere

vanishes; that is the sphere itself will disappear.

6 Conclusion

The motion of a spherical particle rotating steadily in a

micropolar fluid about a diameter perpendicular to an

infinite plane wall is investigated theoretically. A semi

analytical technique together with the numerical

collocation method has been utilized to obtain the

solution of the equations of motion characterizing the

slow steady motion of a micropolar fluid. It is assumed

that the fluid particles close to the rigid spherical

boundary can slip and spin while the no-slip and no-

spin conditions are imposed on the surface of the plane

wall. The total couple experienced by the fluid on the

particle is obtained. One of the important results of this

problem is that the spin parameter has a significant

influence on the couple acting on the spherical

particle. In addition, the increase of the micropolarity

parameter increases the resistance of the micropolar

fluid so that the values of the couple experienced by

the fluid increase. It is observed from the numerical

results that the aspect ratio a=b plays an important role

in choosing the number of collocation points.
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Appendix A

A1n ¼
r�n�2

2
2nþ 1ð ÞfP1

nðfÞ � nþ 1ð ÞP1
n�1ðfÞ

� �
;

ðA:1Þ

B1n ¼
lþ jð Þ
j

� nþ 1ð Þr�3=2Knþ1=2ð‘rÞP1
n�1ðfÞ

h

þ‘fr�1=2Knþ3=2ð‘rÞP1
nðfÞ

i
; (A.2)

Table 1 The normalized

couple for different values

of the diameter ratio a=b
and different values of the

micropolarity ratio j=l
when 1=k ¼ 10 and s ¼ 0:1

a=b N ~T

j=l ¼ 0 j=l ¼ 1 j=l ¼ 2 j=l ¼ 4 j=l ¼ 6

0.01 10 0.0000 0.0026 0.0048 0.0040 0.0042

15 0.0000 0.0046 0.0047 0.0047 0.0047

20 0.0000 0.0046 0.0047 0.0047 0.0047

0.1 10 0.0063 0.0615 0.0650 0.0702 0.0740

15 0.0063 0.0613 0.0652 0.0702 0.0740

20 0.0063 0.0613 0.0652 0.0702 0.0740

0.3 10 0.3387 0.6212 0.6965 0.7883 0.8510

15 0.3387 0.6213 0.6965 0.7903 0.8529

20 0.3387 0.6213 0.6965 0.7903 0.8529

0.5 30 1.9445 2.8942 3.3539 3.9556 4.3523

35 1.9445 2.8944 3.3539 3.9558 4.3525

40 1.9445 2.8944 3.3539 3.9558 4.3525

0.7 30 5.8603 8.3147 9.8733 12.0681 13.5755

35 5.8603 8.3147 9.8747 12.0683 13.5756

40 5.8603 8.3147 9.8747 12.0683 13.5756

0.9 30 12.8997 18.0271 21.7781 27.3969 31.4664

35 12.8997 18.0277 21.7792 27.3977 31.4674

40 12.8997 18.0277 21.7792 27.3977 31.4674
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C1n ¼
1

v2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p nr�3=2Knþ1=2ðvrÞ fPn�1ðnÞð
n

�PnðfÞÞ þ vr�1=2ð1� f2ÞKnþ3=2ðvrÞPnðfÞ
o

ðA:3Þ

A2n ¼
r�n�2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p 2nþ 1ð Þf2 � n
� �

P1
nðfÞ

�

� nþ 1ð ÞfP1
n�1ðfÞ

�
;

ðA:4Þ

B2n ¼
lþ jð Þ

j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p Bn nþ 1ð Þ r�3=2Knþ1=2ð‘rÞ P1
nðfÞ

�n

�nP1
n�1ðfÞ

�
� ‘ 1� f2

� �
r�1=2Knþ3=2ð‘rÞP1

nðfÞ
o

ðA:5Þ

C2n ¼
1

v2
�nr�3=2Knþ1=2ðvrÞPn�1ðfÞ
h

þ vfr�1=2Knþ3=2ðvrÞPnðfÞ
i
;

ðA:6Þ

A3n ¼
nr�n�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p Pn�1ðfÞ � fPnðfÞ½ � ; ðA:7Þ

Table 2 The normalized couple for different values of the

diameter ratio a=b and different values of the spin parameter s

for 1=k ¼ 10 and j=l ¼ 2

a=b N ~T

s ¼ 0 s ¼ 0:1 s ¼ 0:5 s ¼ 1:0

0.01 10 0.0000 0.0048 0.0238 0.0476

15 0.0000 0.0047 0.0233 0.0465

20 0.0000 0.0047 0.0233 0.0465

0.1 10 0.0069 0.0650 0.2975 0.5880

15 0.0069 0.0652 0.2981 0.5893

20 0.0069 0.0652 0.2981 0.5893

0.3 10 0.4465 0.6965 1.6962 2.9463

15 0.4465 0.6965 1.6965 2.9466

20 0.4465 0.6965 1.6965 2.9466

0.5 30 2.8271 3.3539 5.4611 8.0950

35 2.8271 3.3539 5.4613 8.0955

40 2.8271 3.3539 5.4613 8.0955

0.7 30 9.0336 9.8733 13.2363 17.4413

35 9.0340 9.8747 13.2379 17.4417

40 9.0340 9.8747 13.2379 17.4417

0.9 30 20.6980 21.7781 26.1011 31.5076

35 20.6982 21.7792 26.1033 31.5084

40 20.6982 21.7792 26.1033 31.5084

0 20 40 60 80 100
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

Fig. 2 Variations of the

normalized couple versus

slip parameter for different

values of j=l when a=b ¼
0:2 and s ¼ 0:1

0 20 40 60 80 100
0.0

0.5

1.0

1.5

2.0
Fig. 3 Variations of the

normalized couple versus

slip parameter for different

values of the spin parameter

when a=b ¼ 0:2 and

j=l ¼ 2
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B3n ¼
n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p r�1=2Knþ1=2ð‘rÞ Pn�1ðfÞ � fPnðfÞ½ � ;

ðA:8Þ

L1 x; zð Þ ¼ 1

2
AðxÞxe�xz þ lþ jð Þ

j
B xð Þne�nz � C xð Þ

v2
xe�sz

	 

;

ðA:9Þ

L2 x; zð Þ ¼ 1

2
AðxÞxe�xz þ lþ jð Þ

j
B xð Þxe�nz � C xð Þ

v2
se�sz

	 

;

ðA:10Þ

L3 x; zð Þ ¼ A xð Þ e�xz þ B xð Þ e�nz
� �

; ðA:11Þ

an r; fð Þ ¼ � nð2þ nÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p r�n�2 Pn�1ðfÞ � fPnðfÞ½ �;

ðA:12Þ

bn r; fð Þ ¼ � nr�3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p Knþ1=2ð‘rÞ Pn�1ðfÞ � fPnðfÞ½ �;

ðA:13Þ

cn r; fð Þ ¼ jnr�3=2

v2 2lþ jð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p Knþ1=2ðvrÞ Pn�1ðfÞ � fPnðfÞ½ �;

ðA:14Þ

R ¼ 1

2
xe�x z x sin h J0ðxqÞ � xzþ 2ð Þr�1J1ðxqÞ

� �	 


ðA:15Þ

S ¼ � xr�1e�n zJ1ðxqÞ
� �

; ðA:16Þ

T ¼ jx
v2ð2lþ jÞ e

�s z s sin h J0ðxqÞ � x cos h J1ðxqÞð Þ
	 


:

ðA:17Þ

Appendix B

We can show by induction that

Z1

0

n nþ 1ð Þ
2

-�n�1 Pn

�b

-

� �
þ b

-
Pnþ1

�b

-

� �	 

J1ðqxÞdq

¼ �1ð Þn

2

xnbn

n� 1ð Þ! e
�bx;

ðB:1Þ

nðnþ 1Þ
Z1

0

1
ffiffiffiffi
-

p ‘zKnþ3=2ð‘-ÞGnþ1

�b

-

� �	

� n� 1ð ÞKnþ1=2ð‘rÞGn

�b

-

� �

J1ðqxÞdq

¼ �1ð Þnnðnþ 1Þ
ffiffiffi
p
2

r ffiffi
‘

p

x
e�bnGnþ1

n
‘

� �
; ðB:2Þ

Z1

0

1
ffiffiffiffi
-

p �nKnþ1=2ðvrÞ
v2

Pn

�b

-

� �
��b

-
Pn�1

�b

-

� �	 
	

þ 1

v

ffiffiffiffi
-

p
1� n2
� �

Knþ3=2ðvrÞPn

�b

-

� �

J1ðxqÞdq

¼ �1ð Þn
ffiffiffi
p
2

r
x
s
v�5=2e�bsPn

s
v

� �
;

ðB:3Þ

where s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ x2

p
, - ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ q2

p
.

Z1

0

n nþ 1ð Þ
2

-�n�2Pnþ1

�b

-

� �
qJ0ðqxÞdq

¼ �1ð Þn�1

2

xnbn

n� 1ð Þ! e
�x; ðB:4Þ

Z1

0

n nþ 1ð Þ r�3=2Knþ1=2ð‘rÞPnþ1

�b

-

� �	

�‘r�1=2Kn�1=2ð‘rÞGnþ1

�b

-

� �

qJ0ðqxÞdq

¼ �1ð Þn�1
n nþ 1ð Þbx

ffiffiffi
p
2

r ffiffi
‘

p

n
e�bnGnþ1

n
‘

� �
;

ðB:5Þ

Z1

0

qr�3=2

v2
�nPn�1

�b

-

� �
Knþ1=2ðvrÞ þ vzKnþ3=2ðvrÞPn

�b

-

� �	 


J0ðqxÞdq ¼ � �1ð Þn
ffiffiffi
p
2

r
v�5=2e�bsPn

s
v

� �
;

ðB:6Þ

2328 Meccanica (2018) 53:2319–2331

123



Z1

0

n-�n Pn�1

�b

-

� �
þ 1

-
Pn

�b

-

� �	 

J1ðqxÞdq

¼
Z1

0

n nþ 1ð Þ-�nGnþ1

�b

-

� �
J1ðqxÞdq

¼ �1ð Þn�1 bxð Þn�1

n� 1ð Þ! e
�bx;

ðB:7Þ

Z1

0

n
ffiffiffiffi
-

p
Knþ1=2ð‘-Þ Pn�1

�b

-

� �
þ b

-
Pn

�b

-

� �	 

J1ðqxÞdq

¼
Z1

0

n nþ 1ð Þ
ffiffiffiffi
-

p
Knþ1=2ð‘-ÞGnþ1

�b

n

� �
J1ðqxÞdq

¼ � �1ð Þnn nþ 1ð Þ
ffiffiffi
p
2

r ffiffi
‘

p

n
e�bnGnþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðx

‘
Þ2

r� �
;

ðB:8Þ

Direct application of these integrals, we get

A�
1nðx;�bÞ ¼ �1ð Þn

2

xnbn

n� 1ð Þ! e
�bx; ðB:9Þ

B�
1nðx;�bÞ ¼ �1ð Þnnðnþ 1Þ

ffiffiffi
p
2

r ffiffi
‘

p

x
e�bnGnþ1

n
‘

� �
;

ðB:10Þ

C�
1nðx;�bÞ ¼ �1ð Þn

ffiffiffi
p
2

r
x
s
v�5=2e�bsPn

s
v

� �
;

ðB:11Þ

A�
2n x;�bð Þ ¼ �1ð Þn�1

2

xnbn

n� 1ð Þ! e
�bx; ðB:12Þ

B�
2n x;�bð Þ ¼ �1ð Þn�1

n nþ 1ð Þbx
ffiffiffi
p
2

r ffiffi
‘

p

n
e�bnGnþ1

n
‘

� �
;

ðB:13Þ

C�
2n x;�bð Þ ¼ � �1ð Þn

ffiffiffi
p
2

r
v�5=2e�bsPn

s
v

� �
; ðB:14Þ

A�
3n x;�bð Þ ¼ �1ð Þn�1 bxð Þn�1

n� 1ð Þ! e
�bx; ðB:15Þ

B�
3n x;�bð Þ ¼ � �1ð Þnn nþ 1ð Þ

ffiffiffi
p
2

r ffiffi
‘

p

n
e�bnGnþ1

n
‘

� �
:

ðB:16Þ

Also

Að1Þ
n ¼ 2e�bx

D
s
j
l
A�
1n �

j
l
xA�

1n þ 1þ j
l

� �
x2 � ns
� �

A�
1n

	 

;

ðB:17Þ

Bð1Þ
n ¼ 2e�bx

D
s
j
l
B�
1n �

j
l
xB�

1n þ 1þ j
l

� �
x2 � ns
� �

B�
1n

	 

;

ðB:18Þ

Cð1Þ
n ¼ 2e�bx

D
s
j
l
C�
1n �

j
l
xC�

1n

	 

; ðB:19Þ

Að2Þ
n ¼ � j e�bn

lD
2sA�

1n � 2xA�
2n þ x x� sð ÞA�

3n

� �
;

ðB:20Þ

Bð2Þ
n ¼ � j e�bn

lD
2sB�

1n � 2xB�
2n þ x x� sð ÞB�

3n

� �
;

ðB:21Þ

Cð2Þ
n ¼ � j

l
e�bn

D
2sC�

1n � 2xC�
2n

� �
; ðB:22Þ

Að3Þ
n ¼ e�bs

D
v2 � 2þ j

l

� �
xA�

1n




þ 2njl�1 þ 2n� x
j
l

� �
A�
2n

þx 1þ j
l

� �
x� nð ÞA�

3n

�
;

ðB:23Þ

Bð3Þ
n ¼ e�bs

D
v2 � 2þ j

l

� �
xB�

1n




þ 2n
j
l
þ 2n� x

j
l

� �
B�
2n

þx 1þ j
l

� �
x� nð ÞB�

3n

�
;

ðB:24Þ

Cð3Þ
n ¼ e�bs

D
v2 � 2þ j

l

� �
xC�

1n

	

þ 2n
j
l
þ 2n� x

j
l

� �
C�
2n



;

ðB:25Þ
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D ¼ j
l

x2 þ xs� 2ns
� �

þ 2 x2 � ns
� �

; ðB:26Þ

A0
1n r; hð Þ ¼

Z1

0

1

2
Að1Þ
n xe�xz þ lþ jð Þ

j
Að2Þ
n ne�nz

�

�A
ð3Þ
n

v2
xe�sz

!

xJ1ðxqÞdx;

ðB:27Þ

B0
1n r; hð Þ ¼

Z1

0

1

2
Bð1Þ
n xe�xz þ lþ jð Þ

j
Bð2Þ
n ne�nz

�

�B
ð3Þ
n

v2
xe�sz

!

xJ1ðxqÞdx;

ðB:28Þ

C0
1n r; hð Þ ¼

Z1

0

1

2
Cð1Þ
n xe�xz þ lþ jð Þ

j
Cð2Þ
n ne�nz

�

�C
ð3Þ
n

v2
xe�sz

!

xJ1ðxqÞdx;

ðB:29Þ

A0
2n r; hð Þ ¼

Z1

0

1

2
Að1Þ
n xe�xz þ lþ jð Þ

j
Að2Þ
n xe�nz

�

�A
ð3Þ
n

v2
s e�sz

!

xJ0ðxqÞdx;

ðB:30Þ

B0
2n r; hð Þ ¼

Z1

0

1

2
Bð1Þ
n xe�xz þ lþ jð Þ

j
Bð2Þ
n xe�nz

�

�B
ð3Þ
n

v2
s e�sz

!

xJ0ðxqÞdx;

ðB:31Þ

C0
2n r; hð Þ ¼

Z1

0

1

2
Cð1Þ
n xe�xz þ lþ jð Þ

j
Cð2Þ
n xe�nz

�

�C
ð3Þ
n

v2
s e�sz

!

xJ0ðxqÞdx;

ðB:32Þ

A0
3n r; hð Þ ¼

Z1

0

Að1Þ
n e�xz þ Að2Þ

n e�nz
� �

xJ1ðxqÞdx;

ðB:33Þ

B0
3nðr; hÞ ¼

Z1

0

Bð1Þ
n e�xz þ Bð2Þ

n e�nz
� �

xJ1ðxqÞdx;

ðB:34Þ

C0
3nðr; hÞ ¼

Z1

0

Cð1Þ
n e�xz þ Cð2Þ

n e�nz
� �

xJ1ðxqÞdx;

ðB:35Þ

a0n r; hð Þ ¼
Z1

0

Að1Þ
n Rþ Að2Þ

n S
�

þAð3Þ
n T

�
dx; ðB:36Þ

b0n r; hð Þ ¼
Z1

0

Bð1Þ
n Rþ Bð2Þ

n S
�

þBð3Þ
n T

�
dx; ðB:37Þ

c0n r; hð Þ ¼
Z1

0

Cð1Þ
n Rþ Cð2Þ

n S
�

þCð3Þ
n T

�
dx: ðB:38Þ
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