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Abstract A model for the in-plane dynamic beha-

viour of a biconcave cable structure, subject to large

static deformations and potentially slack harnesses is

proposed, based on polynomial shape functions, in line

with the classical Ritz method. The model provides a

semi-analytical approach to the calculation of natural

frequencies and modal shapes of the structure. The

proposed formulation leads to an eigenvalue problem,

based on a reduced number of degrees of freedom

compared with equivalent FEM solutions, providing

the basis for fast and accurate sensitivity analysis. The

behaviour of the deformed structure is analysed in

detail to understand the non-linear effects of non-

symmetric mass and load distribution and slack

harnesses on natural frequencies and corresponding

modal shapes. Results confirm the relevance of the

non-linear effects, due to the statically loaded config-

uration, on the linear vibrations of the structure, in

particular evidencing the influence of the slackening

of harnesses on modal shapes. Results are compared to

analytical models, where available (single sagged

cable), and to FEM solutions (for cable trusses with

non-uniform mass and load distribution and poten-

tially slack harnesses), providing good agreement.

Keywords Cable structures �Dynamics �Non-linear
effects � Large deformations

1 Introduction

Objective of this paper is to provide a simplified and

accurate model for the dynamic response of a class of

cable structures (e.g. cable-suspended roofs and

pedestrian, cable-suspended, pre-stressed bridges with

vertical harnesses) subject to both operating and

exceptional static loading conditions.

The dynamic behaviour of this class of structures is

significantly affected by the geometrical configuration

and stress distribution they assume under initial static

loading, in particular the partial slackening of har-

nesses (a situation in which, due to exceptional static

loads, part of the harnesses are slack, while the sagging

cable and remaining harnesses are still in tension,

contributing to the stiffness of the structure) influences

their response (in terms of modal shape evolution) to

increasing loading conditions. The proposed model is

based on a simple description of the statically loaded

configuration, involving a reduced number of degrees

of freedom, and leads to a simplified but accurate

description of the dynamics of the structure.

A simplified, semi-analytical model is desirable

because it provides a reference for cross-checking

results obtained with FEM analysis, it can be the tool

for a fast and accurate preliminary analysis of a

number of different geometrical configurations, load-

ing and pre-tension conditions, avoiding the need for

re-meshing of different structural configurations, as

required by the FEM approach.
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A semi-analytical approach provides the means for

a synthetic and more intuitive description of the inner

mechanical structure of the problem, in particular the

present simplified model provides the basis for further

developments in the non-linear dynamics regime,

where approximate solutions can provide more in-

depth understanding of the basic phenomena.

Although semi-analytical models have been devel-

oped for the static behaviour of cable trusses, we have

no evidence of semi-analytical models for the dynamic

response of this class of structures, taking into account

both a non-symmetrically loaded deformed geometry

and the slackening phenomenon.

The dynamic analysis of vibrating strings dates

back to the beginning of the eighteenth century, with

the experimental works of Sauveur and with the

famous dispute involving Euler, Daniel Bernoulli, and

d’Alembert. The problem was finally resolved by the

work of Fourier (1807) and Dirichlet (1829). The

problem of the dynamic behaviour of a sagged cable

proved more elusive: von Kàrmànn et al. [1], in their

relation over the collapse of the Tacoma Narrow

bridge (1941), studied the natural modes of a three-

span inextensible cable structure with flexible sup-

ports, but only in 1974 Irvine [2–5] proposed an

analytical model able to correctly simulate the

dynamic behaviour of a single sagged cable in the

linear domain (and of a symmetrical bi-concave cable

truss). Irvine introduced the k coefficient explaining

the coalescence of the first and second mode of the

single sagged cable. Rega et al. [6] analyse large

amplitude free vibrations of a suspended cable.

Triantafyllou and Triantafyllou [7] provide a geomet-

ric theory for the description of frequency coalescence

and mode localization phenomena. Further analysis

has been conducted (both analytical and experimental)

to address the behaviour of single cables with different

boundary and loading conditions. Rega [8, 9] provides

a comprehensive review of the research on non-linear

vibrations of suspended cables. Srinil et al. [10]

investigate the multi-modal dynamics of horizontal/

inclined cables. Lepidi and Gattulli [11] analyse

thermal effects on the static and dynamic response of

elastic suspended cables. Recently Mansour et al. [12]

presented an analytical solution for the catenary-

induced non-linear effects on cable linear vibrations.

Regarding cable trusses dynamic behaviour, an ana-

lytical approach has been proposed by Mesarovic and

Gasparini [13, 14], in a well-designed series of papers

(1992) aimed at modelling the behaviour of an

8-element cable truss (representing a simplified model

for understanding the behaviour of a cable dome

structure) through generalised coordinates. Brown-

john [15] studies the vibration characteristics of a

suspension footbridge. Chen et al. [16] propose a

simplified model for the linear dynamic behaviour of

cable-truss footbridges.Wang et al. [17] provide a new

model for the in-plane dynamics of a suspension

bridge, including the hangers’ elastic properties,

through the transfer matrix method. The majority of

the analysis on 2 and 3-dimensional cable trusses is

conducted through the Finite Element Method. To our

knowledge no semi-analytical approach has been

proposed to date for the dynamic analysis of statically

deformed, partially slack cable structures. The present

paper provides a simplified (in the following pages the

majority of numerical tests is performed with a 10th

degree polynomial expansion), semi-analytical model

for accurately describing the dynamic behaviour of

biconcave cable trusses, starting from different initial

static loading conditions (including non-symmetrical

loads) and relevant deformed configurations. The

approach takes into account both geometric (large

displacements) non-linearity and slackening (unilat-

eral, tension-only constraints) of the vertical harnesses

(while no material non-linearity is currently included).

The solution is based on the approximation of the

vertical displacement of the cables through nth degree

polynomial shape functions.

A recent paper [18] proposes a non-linear model for

the static analysis of biconcave cable trusses, based on

polynomial shape functions and energy approach. The

(statically loaded) reference structure is described in

Fig. 1. The present paper extends the polynomial

shape-function approach to the in-plane dynamic

behaviour of the cable truss. As described in detail

in the previous paper, the static solution is found

through minimisation of total potential energy.

Regarding the dynamic behaviour of the structure,

the application of the Lagrange equation to the model

leads to a polynomial system, in which the coefficients

of the shape functions represent the generalized

coordinates. The linear components of the system

define an eigenvalue problem, the solution of which

provides frequencies and modal shapes of the linear

problem from the statically deformed configuration.

The numerical tests performed aim at both validating

the approach (the results are compared to Irvine’s
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solution and to a FEM approach) and at highlighting

the non-linear influence of the initial geometry

(including slackening of harnesses) on the linear

vibrations of the structure.

2 Problem description and assumptions

Biconcave cable structures with vertical harnesses

(see Fig. 1) are constituted by a weight-bearing cable

(bracing cable) and a stabilising cable (sagging cable).

The two cables are connected with vertical harnesses

(equally spaced in most applications). The structure is

pre-tensioned in order to ensure the required rigidity

and to limit the deformations when affected by

external loads. Under static vertical loads, these

structures present a rich non-linear behaviour. In

particular, when subject to exceptional loads, part of

the harnesses can become slack, while the sagging

cable and other harnesses are still in tension. The non-

linear static problem has been analysed in a previous

paper [18] while, in the present paper, we will focus on

the modal behaviour of the deformed structure. The

following assumptions are used: horizontal displace-

ments of both cables are considered negligible, cable

length is approximated with the first three terms of its

series expansion, material behaviour is linear, har-

nesses are simulated with inextensible, tension-only

constraints for the static solution while, for the linear

dynamic case, tensioned harnesses are, more conve-

niently, simulated through a continuous displacement

constraint between bracing and sagging cable. The

hypothesis of inextensible harnesses is widely adopted

for analytical models (e.g. Irvine, Brownjohn, Kmet)

and provides a realistic first approximation for the

behaviour of most biconcave cable structures. A more

detailed simulation of the structural behaviour can be

obtained by considering the elastic properties of

harnesses, as demonstrated by Wang et al. It is worth

noticing that the present approach can be easily

modified to include the elastic contribution of har-

nesses. Finally, static condensation is adopted.

3 Static equilibrium

Bracing and sagging cable (and their displacements)

are described with polynomial shape functions of the

form:

y xð Þ ¼ l
Xn

i¼1

bi
x

l

� �iþ1

� x

l

� �i� �
ð1Þ

The statically loaded configuration, and relevant

cable tension, can be calculated [18] minimising total

potential energy under unilateral displacement con-

straints, representing the effect of inextensible, ten-

sion-only harnesses.

In the following pages we will denote the statically

deformed configuration, obtained by minimizing the

total energy, with b xð Þ for the bracing cable and s xð Þ
for the sagging cable. The relevant vectors of the

coefficients of the polynomial shape functions being,

respectively, b and s, the corresponding tensions in the

bracing and sagging cable are denoted with Ĥb and Ĥs.

In favour of simplicity, we will omit noting vector

transposition. We express the dynamic displacements,

respectively for the bracing and sagging cable, as:

-10,00

-8,00

-6,00

-4,00

-2,00

0,00

0,00 10,00 20,00 30,00 40,00 50,00 60,00

S13

B1
B2

B3 B4 B5 B6 B7 B8 B9 B10
B11 B12

B13

S1
S2

S3
S4 S5

S6 S7 S8 S9
S10 S11

S12

Fig. 1 Biconcave cable structure—deformed geometry under non-symmetric load
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v xð Þ ¼ l
Xn

i¼1

vi
x

l

� �iþ1

� x

l

� �i� �
and

w xð Þ ¼ l
Xn

i¼1

wi

x

l

� �iþ1

� x

l

� �i� � ð2Þ

In the following, in order to describe the linear

dynamic response of the structure, we will retain only

quadratic terms in the calculation of the Lagrangian of

the problem.

4 Kinetic energy

Supposing the mass is uniformly distributed on the

span a1l� x� a2l of the bracing cable (as in the case

of most cable-suspended roofs) or directly transmitted

to the bracing cable by inextensible connections (as for

the mass of the deck and loads in the case of pedestrian

cable-suspended bridges), neglecting the mass of the

sagging cable (negligible when compared with the

mass of the suspended loads) and neglecting horizon-

tal displacements, the kinetic energy EK can be written

as:

EK ¼ 1

2

Za2l

a1l

m _v2 x; tð Þdx ð3Þ

and, in terms of shape functions:

EK ¼ 1

2
ml2

Za2l

a1l

Xn

i¼1

_vi
x

l

� �iþ1

� x

l

� �i� �( )2

dx ð4Þ

Integrating:

EK ¼ 1

2
ml3

Xn

i;j¼1

_vi _vj
1

iþ jþ 3
aiþjþ3
2

��

� 2

iþ jþ 2
aiþjþ2
2 þ 1

iþ jþ 1
aiþjþ1
2

�

� 1

iþ jþ 3
aiþjþ3
1 � 2

iþ jþ 2
aiþjþ2
1

�

þ 1

iþ jþ 1
aiþjþ1
1

��

ð5Þ

In matrix form:

EK ¼ 1

2
ml3 _vK _v ð6Þ

where K is the mass matrix, with

Ki;j ¼
1

iþ jþ 3
aiþjþ3
2 � 2

iþ jþ 2
aiþjþ2
2 þ 1

iþ jþ 1
aiþjþ1
2

� �

� 1

iþ jþ 3
aiþjþ3
1 � 2

iþ jþ 2
aiþjþ2
1 þ 1

iþ jþ 1
aiþjþ1
1

� �

ð7Þ

Differentiating with respect to _v we obtain:

oEK

o _v
¼ ml3K _v ð8Þ

and, again differentiating with respect to t:

d

dt

oEK

o _v

� �
¼ ml3K€v ð9Þ

For the calculation of the other terms of the

Lagrangian, two cases must be distinguished:

• the statically loaded configuration does not present

slack harnesses, therefore v ¼ w (under the com-

monly adopted assumption that vertical harnesses

can be represented through a continuum constraint

on relative vertical displacements of the two cables)

• the statically loaded configuration presents slack

harnesses along the span 0� x� ll and therefore

v 6¼ w for 0� x� ll and v ¼ w for ll� x� l

5 Fully-tensioned harnesses

In case of fully-tensioned harnesses, the expression for

cable elongation is derived, approximated to the third

term of its series expansion. A simplified formulation,

with cable elongation calculated to the second term,

can be easily obtained and is given in Eqs. 29 and 30; a

comparison between the results of the two approxi-

mations is provided in results’ Sect. 8.6.

DL ffi
Z l

0

1þ 1

2
b0 þ v0ð Þ2� 1

8
b0 þ v0ð Þ4

� �
dx

�
Z l

0

1þ 1

2
b
02 � 1

8
b
04

� �
dx

¼
Z l

0

b0v0 þ 1

2
v
02 � 1

8
4b

03v0 þ 6b
02v

02 þ 4b0v
03 þ v

04
� �� �

dx

ð10Þ

where b is the initial configuration of the cable and v

represents a vertical displacement from the initial

configuration. In matrix form, Eq. 10 can be expressed

as follows (see ‘‘Appendix 1’’ for details):
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DL ffi 1

8
l 8bBvþ 4vBv� 4b bGbð Þv� 6v bGbð Þv½

� 4v bGvð Þv� v vGvð Þv�
ð11Þ

where B is [18] a square matrix, with: Bij ¼ ijþiþjþ1
iþjþ1

�
2ijþiþj
iþj

þ ij
iþj�1

and G is the 4-dimensional tensor

resulting from integration of Eq. 10 (see ‘‘Appendix

1’’).

Introducing the square matrices C and !, defined
as: C ¼ bGb and ! ¼ sGs, Eq. 11 can be more

conveniently written, respectively for the bracing

and sagging cable, as:

DL ffi 1

8
l 8bBvþ 4vBv� 4bCv� 6vCv½

�4v bGvð Þv� v vGvð Þv�
ð12Þ

DL ffi 1

8
l 8sBvþ 4vBv� 4s!v� 6v!v� 4v sGvð Þv½

�v vGvð Þv�
ð13Þ

The elastic energy for the bracing cable can be

approximated as EE ffi 1
2

EA
l

� 	
b
DL2 and it can be written

(retaining only quadratic terms) as:

EE ffi 1

2

EA

l

� �

b

DL2

ffi 1

8

EA

l

� �

b

l2 4bBv � bBvþ bCv � bCv� 4bBv � bCv½ �

ð14Þ

Differentiating with respect to v we obtain:

oEE

ov
¼ 1

4

EA

l

� �

b

l2 4bB�bBþbC�bC�4bB�bC½ �v

ð15Þ

where � denotes the Kronecker product. Proceeding

with the same approach for pre-tension energy and,

again, retaining only quadratic terms:

EH ¼ ĤbDL ffi 1

8
lĤb 4vBv� 6vCv½ � ð16Þ

Differentiating with respect to v:

oEH

ov
¼ lĤb B� 3

2
C

� �
v ð17Þ

Neglecting the potential energy of loads, because it

is linear with respect to the generalised coordinates,

the Lagrangian of the problem is:

L ¼ EK � EE � EH ð18Þ

Substituting the derivatives obtained fromEqs. 9, 15

and 17 in the Lagrange equation d
dt

oL
o _vj

� �
¼ oL

ovj
and

extending the approach to the sagging cable, we

obtain:

x2Kv ¼ � 1

ml3
EA

l

� �

b

l2 bB� bBþ 1

4
bC� bC� bB� bC

� �


þ EA

l

� �

s

l2 sB� sBþ 1

4
s!� s!� sB� s!

� �

þ lĤb B� 3

2
C

� �
þ lĤs B� 3

2
!

� ��
v

ð19Þ

The solution of Eq. 19 provides the eigenvalues and

eigenvectors for the loaded truss with fully-tensioned

harnesses.

Equation 19 is linear with respect to the dynamic

displacement v while it has a non-linear dependence

on the initial geometry, described through the vectors

b and s.

The matrix B and the 4-dimensional tensor G are

invariants for the problem, while the two-dimensional

matrices: C ¼ bGb and ! ¼ sGs depend on the initial

conditions (i.e. the geometrical configuration of the

statically loaded structure) through the coefficients of

the shape functions of, respectively, the bracing and

sagging cable b and s.

The square matrices bB� bB and sB� sB describe

the contribution of the first term of Eq. 10 i.e. b
0
v0

� 	
to

the elastic component of the stiffness matrix. This

term depends on the initial deformation b.

The matrix B describes the contribution of the

second term of Eq. 10 i.e. 1
2
v02

� 	
to the pre-tension

component of the stiffness matrix. This term is

independent from the initial configuration of the

structure.

It is interesting to notice that the reduced equation

x2Kv ¼ lĤbBv (obtained in the case the initial con-

figuration is linear and the relevant vector b is null) is

the equation of a vibrating string of length l and

tension Hb, approximated via polynomial shape

functions.
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The square matrices 1
4
bC� bC and 1

4
s!� s!

describe the contribution of the fourth term, of

Eq. 10, i.e.� 1
8
6b02v02ð Þ, to the elastic component of

the stiffness matrix.

The square matrices �bB� bC and �sB� s!
describe the combined contribution of the second and

third term of Eq. 10, i.e. b
0
v0 and � 1

8
4b03v0ð Þ, to the

elastic component of the stiffness matrix.

Finally, the square matrices � 3
2
C and � 3

2
!, with

C ¼ bGb and ! ¼ sGs, represent the contribution of

the third term of Eq. 10, i.e. � 1
8
4b03v0ð Þ, to the pre-

tension component of the stiffness matrix.

6 Slack harnesses, v 6¼ w

In case of slack harnesses, the sagging cable deformed

configuration can, more conveniently, be described

through a piecewise function, the function is linear

where the harnesses are slack while, where the

harnesses are in tension, the function (in line with

the hypothesis of inextensible harnesses) corresponds

to the initial sagging cable configuration plus the

vertical displacement of the bracing cable (see Fig. 2).

Let’s l � l be the abscissa of the first non-slack harness,
obtained via static loading analysis. In this case, in

correspondence to the span 0� l � l where the

harnesses are slack, the bracing and sagging cable

displacement functions are independent.

In order to calculate the energy contribution of the

sagging cable, the sagging cable elongation is derived.

The value of ŝ ¼ s llð Þ is immediately derived by

substitution. The piecewise deformed configuration of

the sagging cable, in case of slack harnesses, follows:

sdyn xð Þ ¼ s xð Þ þ v xð Þ for ll\x� l

sdyn xð Þ ¼ x

ll
s llð Þ þ v llð Þ½ � for 0\x� ll

(

ð20Þ

sdyn xð Þ being the dynamically deformed configuration

of the structure; l and, consequently, s llð Þ are

constant terms for a given statically deformed config-

uration. Denoting, for simplicity of notation ŝ ¼ s llð Þ
The corresponding cable length is (see ‘‘Appendix 2’’

for detailed calculation):

DL ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2 þ 2ŝvþ v2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q

þ 1

2

Z l

ll
2ŝ

0
v0 þ v02 � 1

8
4s03v0 þ 6s02v02 þ 4s0v03 þ v04
� 	� �

dx

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q
1

2

2ŝvþ v2

llð Þ2þŝ2
� 1

8

2ŝvþ v2ð Þ2

llð Þ2þŝ2
h i2

8
><

>:

9
>=

>;

þ 1

2

Z l

ll

2ŝ
0
v0 þ v02 � 1

8
4s03v0 þ 6s02v02 þ 4s0v03 þ v04
� 	� �

dx

ð21Þ

and in matrix form, neglecting higher order terms, we

obtain:

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00 50,00 55,00 60,00

s( ·l)

·l

Fig. 2 Biconcave cable structure, slack harnesses—sagging cable geometry (not to scale)
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DL ffi ŝlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lv

þ 1

2

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q � ŝ2l2

llð Þ2þŝ2
h i3

2

8
><

>:

9
>=

>;
lv � lv

þ 1

8
l 8sMvþ 4vMv� 4sUv� 6vUv½ �

ð22Þ

where U ¼ sHsð Þ and H is a 4-dimensional tensor,

resulting from integration in Eq. 21 (see ‘‘Appendix

1’’):

Substituting Eq. 22 in the expression for elastic

energy, and maintaining only second order terms we

obtain:

EEs ¼
1

2

EA

l

� �

s

Dl2s

¼ 1

2

EA

l

� �

s

ŝlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lvþ lsMv� l

2
sUv

2

64

3

75

2

ð23Þ

EEs ¼
1

2

EA

l

� �

s

l2
ŝ2

llð Þ2þŝ2
lv � lvþ sMv � sMv

(

þ 1

4
sUv � sUvþ 2

ŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lv � sMv

� ŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lv � sUv� sMv � sUv

9
>=

>;

ð24Þ

Differentiating we obtain:

oEEs

ov
¼ EA

l

� �

s

l2

(
ŝ2

llð Þ2þŝ2
l� lþ ŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

llð Þ2þŝ2
q l

� 2sM � sU½ � þ sM � s M �U½ � þ 1

4
sU� sU

)
v

ð25Þ

A similar approach for pre-tension energy leads to

the following expression for energy (again, only

quadratic terms):

EHs ¼ HDL

¼ Ĥs

(
1

2

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q � ŝ2l2

llð Þ2þŝ2
h i3=2

2
64

3
75lv � lv

þ 1

8
l 4vMv� 6vUv½ �

)

ð26Þ

Differentiating and keeping only linear terms (no

constant and no higher order terms), we obtain:

oEHs

ov
¼ Ĥs

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q � ŝ2l2

llð Þ2þŝ2
h i3=2

2
64

3
75l� l

8
><

>:

þl M � 3

2
U

� �
9
>=

>;
v

ð27Þ

Finally, substituting in the Lagrange equation, we

can write:

x2Kv¼� 1

ml3
EA

l

� �

b

l2 bB�bBþ1

4
bC�bC�bB�bC

� �


þ lĤb B�3

2
C

� �
þ EA

l

� �

s

l2
ŝ2

llð Þ2þŝ2
l�l

"

þ ŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q l� s 2M�U½ �þ sM� sMþ1

4
sU� sU� sM� sU

3
75

þ lĤs

lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q � ŝ2l

llð Þ2þŝ2
h i3=2

2
64

3
75l�lþ M�3

2
U

� �
2
64

3
75

9
>=

>;
v

ð28Þ

The solution of the previous system (Eq. 28)

provides frequencies and mode shapes for the linear

vibration of a biconcave cable truss from its statically

loaded configuration (b; sÞ in the case of slack

harnesses in the interval 0� x� ll. When compared

with Eq. 19 it is worth noticing that:

• As expected the terms related to the bracing cable

contribution to the stiffness matrix do not change.

• The sagging cable terms EA
l

� 	
s
l2 sB� sBþ 1

4
s!



�s!� sB� s!� þ lĤs B� 3
2
!

 �
have been sub-

stituted with the analogous EA
l

� 	
s
l2 sM½ �sM þ

1
4
sU� sU� sM � sU� þlĤs M � 3

2
U

� 	 �
, relating

to the ll� x� l portion of the sagging cable; in

case ll ¼ 0, we have M ¼ B, ! ¼ U, and the two

terms coincide.
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• New terms have been added to the sagging cable

component of the stiffness matrix: EA
l

� 	
s
l2

ŝ2

llð Þ2þŝ2
l� lþ ŝffiffiffiffiffiffiffiffiffiffiffiffiffi

llð Þ2þŝ2
p l� s 2M �U½ �

� �

describing the contribution of the portion of the

sagging cable with slack harnesses 0� x� llð Þ to
the elastic component of the stiffness matrix and

lĤs
lffiffiffiffiffiffiffiffiffiffiffiffiffi

llð Þ2þŝ2
p � ŝ2l

llð Þ2þŝ2½ �3=2
� �

l� l

� �
, describing the

contribution of the portion of the sagging cable

with slack harnesses 0� x� llð Þ to the pre-tension
component of the stiffness matrix.

7 Problem formulation: summary

In summary, two equations (Eqs. 19, 28) for the linear

dynamic behaviour of biconcave cable trusses subject

to large static deformations have been derived under

rather general assumptions (i.e. static condensation,

horizontal displacements are neglected and the calcu-

lation of cable elongation is approximated to the first

three terms of its series expansion). The two equations

address, respectively, the case of fully tensioned and

of partially slack harnesses

Equations 19 and 28 can be further simplified by

truncating the series expansion for the cable length to

the second term, obtaining respectively, for fully-

tensioned and partially slack harnesses, the following

expressions:

x2Kv ¼ � 1

ml3
EA

l

� �

b

l2bB� bBþ EA

l

� �

s

l2sB� sB

�

þ lĤbBþ lĤsB
�
v

ð29Þ

x2Kv ¼ � 1

ml3

(
l2

EA

l

� �

b

bB� bBþ lĤbB:

þ EA

l

� �

s

l2
ŝ2

llð Þ2þŝ2
l� lþ sM � sM

"

þ 2
ŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

llð Þ2þŝ2
q l� sM

3

75

þ lĤs

lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q l� lþM

2

64

3

75

)
v

ð30Þ

In the following Sect. 8.6 we compare the results

provided by Eq. 19 (three terms of the series expan-

sion) and Eq. 29 (two terms of the series expansion).

8 Results

Five series of simulations have been performed, with

the aim of both validating the approach and describing

the non-linear effects of different initial loading

conditions and initial geometries on natural frequen-

cies and corresponding modal shapes.

1. Single sagged cable, uniform load and mass

distribution The present approach (simplified

2-terms model, Eq. 29) is compared with analyt-

ical results (Irvine) for symmetric loading and

mass distribution conditions.

2. Biconcave cable truss with increasing uniform

loading The present approach is compared with

the results obtained through a FEM model.

3. Biconcave cable truss with non-symmetric,

increasing loading conditions, including slacken-

ing of harnesses The results of the present

approach are compared to the results of a FEM

model.

4. Biconcave cable truss with non-symmetric loading

conditions and different sag of the sagging cable

The results of the present approach are analysed

for increasing sag of the sagging cable.

5. Biconcave cable truss with non-symmetric loading

conditions The results of 2-terms and 3-terms

models are compared to a FEM referencemodel.

The following Table 1 provides a synthetic descrip-

tion of the numerical experiments.

The reference structure used for numerical exper-

iments is derived from a 60-m, previously studied

biconcave cable truss [18–21] with the following

parameters:

• Span = 60 m.

• Sag of the bracing cable = 4.02 m.

• Sag of the sagging cable = 4.02, 3.52, 3.02, 2.52,

2.02 m.

• E = 1.40 * 1011.

• Area of the bracing cable, Ab = 0.0019995 m2.

• Area of the sagging cable, As = 0.0012996 m2.

• Distributed mass = 907.796 kg/m * LF, were LF

is a load multiplication factor.
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The finite element model used for testing is a

simplified, 22-nodes (44 d.o.f.), geometrically non-

linear truss model, with tension-only elements repre-

senting cables and harnesses; equivalent loads are

concentrated on the nodes of the bracing cable.

8.1 Test series 1: single sagged cable—uniform

load

A first series of numerical tests is performed, on a

uniformly loaded, single sagged cable (the bracing

cable of the 60-m reference structure), to compare the

results obtained with the present approach (with the

expression for elongation limited to the second term)

to the results obtained using the analytical solution

provided by Irvine. The polynomial expansion has

been truncated at the 10th term.

Figures 3 and 4 describe the behaviour of the first

five modal components (and relevant frequencies)

subject to two different uniformly distributed load

conditions and relevant mass distribution (respectively

with load factor 2 and 8). The dotted lines represent the

modal components according to the present approach

while diamonds represent the corresponding values

derived from Irvine’s analytical solution. The numbers

on the lines represent the vibrating periods expressed

in seconds. As expected, the form of the first

symmetric modal component shifts (with increasing

Table 1 Numerical experiments

Test series Model Load factor Sag of bracing/sagging

cable initial config. (m)

Hb0

(KN)

Hs0

(KN)

1. Single sagged cable—

uniform load

Shape 2 terms, Irvine 0.5, 1, 4, 8, 10 4.02 5.88E5 n. a.

2. Truss—uniform load Shape 3 terms, FEM 0.04, 0.2, 0.5, 1.0, 1.5 4.02/4.02 5.88E5 5.88E5

3. Truss—non-symmetric

load

Shape 3 terms, FEM 1_1 ? 8_1 (0.5 intervals) 4.02/4.02 5.88E5 5.88E5

4. Truss—non-symmetric

load, different sag

Shape 3 terms 2_1 4.02/4.02, 3.52,

3.02, 2.52, 2.02

5.88E5 Depending

on sag

5. Truss load on half span,

comparison of two-terms

and three-terms model

Shape 2 terms,

Shape 3 terms, FEM

2_0 4.02/4.02 5.88E5 5.88E5

T4=.996737

T2=1.6319T1=1.99347

T5=0.791904

T3=1.21518

0605040302010

Fig. 3 Modal shapes—uniform load and mass distribution, load factor 2
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T4=1.133

T1=2.26599

T3=1.46323

T5=0.903547

T2=2.24597

0605040302010

Fig. 4 Modal shapes—uniform load and mass distribution, load factor 8

Table 2 Comparison

between Irvine’s approach

and present solution—

period of vibration (s)

Load factor

1 2 4 8

Shape

AS1 1.916030 1.993470 2.108530 2.265990

S1 1.438430 1.631900 1.917220 2.245970

S2 1.050060 1.215180 1.339710 1.463230

AS2 0.958015 0.996737 1.054270 1.133000

S3 0.755826 0.791904 0.839773 0.903547

AS3 0.638673 0.664469 0.702822 0.755303

S4 0.545807 0.568488 0.601619 0.646686

Irvine

1 1.916038 1.993474 2.108532 2.265991

2 1.438587 1.633460 1.918375 2.244976

3 1.050645 1.215819 1.340039 1.463423

4 0.958019 0.996737 1.054266 1.132995

5 0.755804 0.791943 0.839802 0.903547

6 0.638679 0.664491 0.702844 0.755330

7 0.545989 0.568740 0.601832 0.646937

Delta (%)

1 0.0004% 0.0002% 0.0001% 0.0000%

2 0.0109% 0.0955% 0.0602% - 0.0443%

3 0.0557% 0.0526% 0.0246% 0.0132%

4 0.0004% 0.0000% - 0.0004% - 0.0004%

5 - 0.0030% 0.0049% 0.0035% 0.0000%

6 0.0010% 0.0034% 0.0031% 0.0036%

7 0.0333% 0.0444% 0.0354% 0.0388%
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load) from a two-node shape to a zero-node shape, and

the lower frequency shifts from the one-node asym-

metric form to the zero-node symmetric form.

The results of the two approaches are totally

consistent, the difference in both frequencies and

modal shapes being negligible; the following Table 2

shows the difference between period of vibration T

(s) as calculated via Irvine’s analytical solution and via

present approach with load factors ranging from 1 to 8:

the values practically coincide (maximum error 0.1%).

Figure 5 describes the change in the first vibration

periods with increasing load (from load factor 1 to load

factor 10). It is worth noticing that the first mode is

antisymmetric up to a load factor of 9, when a crossover

between the first symmetric and antisymmetric mode takes

place (Irvine’s elastogeometric parameter k2 ¼ 4p2).

8.2 Test series 2: cable truss—increasing uniform

loading

A second series of tests has been performed on the

reference cable truss for increasing uniform loading

(load factor 0.04, 0.2, 0.5, 1.0, 1.5). Due to inexten-

sible harnesses hypothesis, in absence of slackening,

the shape functions of bracing and sagging cable

coincide.

The following Fig. 6 represents the mode shapes

obtained from the present approach (lines) and from a

FEM model (markers) for a load factor of 1. The

numbers on the lines represent the vibration period

expressed in seconds. The modal shapes obtained with

the present approach are very close to the results

obtained with FEM.

Table 3 presents the results in terms of vibration

periods for load factor 1, again, the results are very

close for the first three modes (all less than 1%

difference in vibration period). The fourth mode

presents a difference of about 3% between the

vibration period obtained with present model and

with FEM. This can be partly explained by the

different load and mass distribution (continuous for

the present model and concentrated in the 11 nodes of

the bracing cable for the FEM model).

The following Fig. 7 presents the results of the

experiments conducted with the present approach

(lines) and a comparison with FEM results (calculated

for load factor 0.4 and 1.0). As expected the increase in

load factor determines a (non-linear) increase in the

vibration period.

Fig. 5 Period (s)—uniform load and mass distribution, load factor increasing from 1 to 10
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Table 3 Uniform load and mass distribution, load factor 1—periods (s), first 4 modes

I II III IV

Shape (s) 1.5686 1.1777 0.9031 0.7825

FEM (s) 1.5676 1.1876 0.9044 0.8046

Delta (%) 0.06 - 0.84 - 0.16 - 2.76

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

1.80

2.00

05.100.105.000.0

T 
(s

ec
)

Load Factor

f4 shape

f3 shape

f2 shape

f1 shape

f4 FEM

f3 FEM

f2 FEM

f1 FEM

Fig. 7 First 4 periods (s) for increasing uniform load (LF 0.04, 0.2, 0.5, 1.0, 1.5)

T3=0.9031

T2=1.1777

T1=1.5686

T4=0.7825

0605040302010

Fig. 6 Modal shapes—uniform load and mass distribution, load factor 1
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8.3 Test series 3: cable truss—increasing non-

symmetric loading

A fourth series of tests is performed, on the reference

structure, to understand the impact of increasing non-

symmetrical loading on frequencies andmodal shapes.

The cable truss is loaded with a uniform load on the

entire span (load factor = 1) and a second uniform

load on the left-hand half-span (progressively reaching

load factor 8). Figure 8 describes the loading and

relevant deformed configuration for load factor 2_1

(solid line: shape functions, markers FEM).

Figures 9, 10, 12 and 13 depict the results of modal

analysis resulting from the present approach (dotted

lines, the labels represent vibration period T in

seconds) and resulting from FEM model (markers),

corresponding to different left-hand uniform load.

From load factor 1_1 to load factor 4.5_1 the harnesses

remain fully tensioned. From load factor 5_5 har-

nesses start to become slack.

LF =2.00
LF=1.00

-9

-7

-5

-3

-1

1

Fig. 8 Non-symmetric load and mass distribution, load factor 2_1 (not to scale)

T3=1.0098

T2=1.3880

T1=1.6803

T4=0.8623

0605040302010

Fig. 9 Modal shapes—non-symmetric load and mass distribution, load factors 2_1
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The two models provide very close results in terms

of modal shape. Regarding vibration periods, as

expected, the models provide close results for lower

frequencies, with an increase in the differences

between shape function and FEM for higher frequen-

cies (see Table 4).

With increasing, non-symmetric loading, the two

models continue to provide close results both in terms

of shape functions (see Fig. 10) and of vibration

periods (Table 5).

A further increase of loading leads to the slackening

of left-hand hangers, as described in Fig. 11, were the

slackening is evident from the straight-line configura-

tion assumed by the left-hand segment of the sagging

cable (no vertical load transmitted by hangers).

In this case, due to slack harnesses, eigenvalues

and eigenvectors are calculated based on Eq. 28 and

the shape functions of bracing and sagging cable are

independent in the span 0� l � l. The resulting modal

T3=1.0365

T2=1.6070

T1=1.7768

T4=0.9176

0605040302010

Fig. 10 Modal shapes—non-symmetric load and mass distribution, load factors 4_1

Table 5 Non-symmetric load and mass distribution, load factors 4_1—periods (s), first 4 modes

I II III IV

Shape (s) 1.7768 1.6070 1.0365 0.9176

FEM (s) 1.7686 1.6241 1.0563 0.9345

Delta (%) 0.46 - 1.05 - 1.88 - 1.82

Table 4 Non-symmetric load and mass distribution, load factors 2_1—periods (s), first 4 modes

I II III IV

Shape (s) 1.6803 1.3880 1.0098 0.8623

FEM (s) 1.6841 1.4025 1.0094 0.8953

Delta (%) - 0.23 - 1.03 0.04 - 3.69
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shapes (for load factor 6_1) are described in Figs. 12

and 13 (respectively for the bracing and sagging cable)

and relevant vibrating periods are described in

Table 6.

The results from the shape function approach are

very close to the FEM results in terms of vibration

periods of the first two modes, the difference increases

with increasing frequencies (third and fourth mode).

Notwithstanding the fact that the difference in modal

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0
0 5 10 15 20 25 30 35 40 45 50 55 60

brace

sag

fem brace

fem sag

Fig. 11 Statically deformed configuration—non-symmetric load and mass, load factor 6_1 (not to scale)

T3=1.0900

T2=1.7436

T1=1.9359

T4=0.8886

0 10 20 30 40 50 60

Fig. 12 Modal shapes—non-symmetric load and mass, load factors 6_1—bracing cable
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T3=1.0900

T2=1.7436

T1=1.9359

T4=0.8886

0 10 20 30 40 50 60

Fig. 13 Modal shapes—non-symmetric load and mass, load factors 6_1—sagging cable

Table 6 Non-symmetric load and mass distribution, load factors 6_1—periods (s), first 4 modes

I II III IV

Shape (s) 1.9359 1.7436 1.0900 0.8886

FEM (s) 1.9321 1.7387 1.1272 0.9256

Delta (%) - 0.19 - 0.28 3.42 4.17

0.5

0.7

0.9

1.1

1.3

1.5

1.7

1.9

2.1

2.3

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

T 
(s

ec
)

Load Factor

f4 shape

f3 shape

f2 shape

f1 shape

f4 FEM

f3 FEM

f2 FEM

f1 FEM

Fig. 14 First 4 periods (s) for increasing non-symmetric load (LF from 1_1 to 8_1). (Color figure online)
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shapes is more pronounced, compared with the

examples with fully tensioned harnesses, the shape

function model and FEM continues to provide

substantially consistent results.

The following Fig. 14 provides a comparison

between shape function and FEM results in terms of

vibration periods (first four modes), for increasing

load factor, from 1_1 (symmetric) to 8_1. The load

factor increase step is 0.5 for shape function (15

samples) and 1.0 for FEM (8 samples). The red lines

and red markers denote initial loading conditions

leading to slack harnesses.

The comparison between present approach and

FEM demonstrates a good agreement, both in mode

shape and in frequency. The difference in frequency

increases for higher frequencies; this can be partly

explained by the fact that the two models are based on

a different representation of load and mass distribution

(uniformly distributed for the present approach and

mass and load concentrated in the 11 nodal points of

the bracing cable for the FEM model).

8.4 Test series 3: non-linear effects of initial

geometry on modal shapes

The following Figs. 15, 16, 17, 18, 19, 20, 21 and 22

represent the change in the first four modal shapes of

bracing and sagging cable for increasing load factor

(from 1_1 to 8_1). Vertical displacements are plotted

on the vertical axis as a function of span and increasing

non-symmetric loading. The non-linear effect of

increasing loads is evident; in particular, from load

factor of 5_1 (initial slackening), the modal shape

evolution is markedly affected by the slackening of

left-side harnesses, the most evident effect being a less

pronounced change in modal shape with increasing

load.

8_1

7_1

6_1

5_1

4_1

3_1

2_1

1_1
0

5 10
15

20
25

30
35 40 45 50 55 60

lo
ad

 fa
ct

or

span

Fig. 15 Increasing non-symmetric load (LF from 1_1 to 8_1)—first mode, bracing cable, modal shape
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Fig. 16 Increasing non-symmetric load (LF from 1_1 to 8_1)—first mode, sagging cable, modal shape
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Fig. 17 Increasing non-symmetric load (LF from 1_1 to 8_1)—second mode, bracing, modal shape
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Fig. 18 Increasing non-symmetric load (LF from 1_1 to 8_1)—second mode, sagging, modal shape
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Fig. 19 Increasing non-symmetric load (LF from 1_1 to 8_1)—third mode, bracing, modal shape
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Fig. 20 Increasing non-symmetric load (LF from 1_1 to 8_1)—third mode, sagging, modal shape
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Fig. 21 Increasing non-symmetric load (LF from 1_1 to 8_1)—fourth mode, bracing, modal shape
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For all four modes the modal shapes undergo a

relatively fast change up to load factor 5_1 (slacken-

ing), then the rate of change in the modal shape

suddenly decreases.

8.5 Test series 4: cable truss—increasing non-

symmetric loading, variable sag

Five numerical experiments are run to understand the

influence of the geometry of the sagging cable on

frequencies and modal shapes. The sagging cable sag

is increased at intervals of 0.5 m, from 2.02 to 4.02 m.

The bracing cable initial (unloaded) tension is kept

the same (5.88E5 KN) for the five cases, therefore the

decrease of sag corresponds to an increase in the initial

pre-tensioning of the sagging cable to ensure the same

pre-tension of the bracing cable.

Results are represented in Figs. 23, 24 and 25.

An increase in sag of the sagging cable corresponds

to an increase in the period of each mode. This can be

explained by the fact that an increase in sag requires a

decrease in pre-tension of the sagging cable (in order

to maintain a constant tension in the bracing cable),

therefore it results in a decrease of the sagging cable

contribution to total pre-tension energy and an overall

decrease in the rigidity of the stiffness matrix. The

following Fig. 24 presents the evolution of the first

four modal shapes with the progressive increase in sag

8_1

7_1

6_1

5_1

4_1

3_1

2_1

1_1
0

5 10
15

20
25

30
35 40 45 50 55 60

lo
ad

 fa
ct

or

span

Fig. 22 Increasing non-symmetric load (LF from 1_1 to 8_1)—fourth mode, sagging, modal shape
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of the sagging cable, for the same energy content (the

arrows indicate the increase in sag), while Fig. 25

presents the evolution of the curvature of the modal

shapes.

An increase of the sag of the sagging cable

generates an increase of the average curvature for

first, second and fourth mode. The third mode presents

a different response to the change in the sag, with a

decrease in curvature when the sag reaches about

2.5 m. The second mode gradually shifts from a one-

node to a two-node configuration, with a related

increase in the average curvature. For sag slightly over

3.5 m, the curvature of the second mode intersects the

curvature of the third mode.

1st mode 2nd mode

3rd mode
4th mode

0 2,5 5 7,5 10 12,5 15 17,5 20 22,5 25 27,5 30 32,5 35 37,5 40 42,5 45 47,5 50 52,5 55 57,5 60

Fig. 24 Increasing sag of sagging cable, non-symmetric load (LF 2_1)—first 4 modal shapes
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Fig. 23 Increasing sag of sagging cable, non-symmetric load (LF 2_1)—first 4 periods (s)
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8.6 Test series 5: cable truss, half span load, 2nd

and 3rd-term model comparison

Numerical experiments have been performed, to

understand the behaviour of the simplified model

(Eqs. 29, 30) including only the first 2 terms of the

series expansion, compared with the 3-term model and

the FEM solution.

The following Table 7 and Fig. 26 compare the

results of the two models and the relevant FEM results

in the case of load factor 2_0.

For the first and second mode both 2-term and

3-term models provide results in line with the FEM

simulation. As expected the three-terms model per-

forms closer to the FEMmodel. For higher modes both

models gradually diverge from the results obtained

with FEM simulation. The reason of relatively larger

differences among the results for the fourth mode can

be explained by the fact that the actual dynamic

response to the particular load configuration analysed

(only half span loaded) determines (for higher modes)

increasing horizontal displacements, not considered

by the present model. This leads to an under-estima-

tion of the kinetic energy and, consequently, to an

under-estimation of the relevant period.

Figure 26 shows the first four vibration modes of

the bracing cable as calculated with the FEM model

(dots), 2-term shape function model (black lines) and

3-terms shape function model (red lines). The plot

confirms a good fit between the shape function models

and FEM, demonstrating how the simplified 2-terms

model can provide a reasonable approximation of both

frequency and shape functions, suitable for prelimi-

nary analysis of the impact of exceptional loads on the

dynamic response of the structure.

Table 7 Cable truss loaded

on half span—period (s) for

the first four vibration

modes

Model First mode (s) Second mode (s) Third mode (s) Fourth mode (s)

FEM 1.3887 1.2265 0.7857 0.6249

2-Terms shape 1.3463 1.1673 0.7167 0.5219

3-Terms shape 1.3831 1.1966 0.7433 0.5460

2-Terms/FEM - 3.1% - 4.8% - 8.8% - 16.5%

3-Term/FEM - 0.4% - 2.4% - 5.4% - 12.5%

first

second
third

fourth
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Fig. 25 Increasing sag of sagging cable, non-symmetric load (LF 2_1)—average curvature
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9 Summary and conclusions

A model has been developed for the modal analysis of

cable trusses from their statically deformed configu-

ration, involving large deformations and potentially

slack harnesses. The model provides the tools for the

simplified modal analysis of the structure, generating

accurate results with a reduced number of degrees of

freedom (the examples in this paper are based on a

10th order polynomial shape function), while an

equivalent FEM model requires the solution of an

eigenvalue problem involving 44 degrees of freedom.

The model provides a semi-analytical approach able to

explain the rich non-linear effects of geometry and

loading conditions on dynamic response of biconcave

cable trusses with vertical harnesses.

The present approach can be extended, without

major modifications, to biconcave cable trusses, with

the obvious exclusion of the slackening of harnesses.

A series of tests has been performed to understand

the influence of different loading conditions, initial

shape of the structure (different sag of sagging cable)

and accuracy in the model (2nd and 3rd term of the

expression for cable elongation).

Numerical results demonstrate an almost perfect

agreement with previous analytical work by Irvine

(limited to symmetrical sagged cable) and substantial

agreement with FEM simulations (for cable trusses,

both symmetric and non-symmetric load distribution,

fully-tensioned and partially slack harnesses).

The numerical simulation highlights some charac-

teristics of the modal behaviour of this class of cable

structures, in particular:

• The impact of slack harnesses, providing a dis-

continuity in the evolution of modal shapes.

• The influence of sagging cable geometry on

frequency and modal shape.

The relative simplicity of the approach makes it a

useful tool for the sensitivity analysis of cable trusses

under different initial geometries and loading condi-

tions and a promising tool for the analysis of more

complex cable structures (e.g. suspension bridges,

cable stayed roofs, cable domes).

Furthermore, its simplicity makes it a useful tool to

test and provide an interpretation to FEM dynamic

models.

Finally, the present simplified model provides the

basis for further development in the non-linear regime,

0605040302010

Fig. 26 Cable truss loaded on half span—first four vibration modes. (Color figure online)
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where approximate solutions can provide more in-

depth understanding of the basic phenomena.

Further research is under course to extend the

approach to non-linear dynamics.

Appendix 1: Expression for cable elongation.

Polynomial segment

Cable geometry is expressed via polynomial shape

functions:

y xð Þ ¼ l
Xn

i¼1

bi
x

l

� �iþ1

� x

l

� �i� �
and

y0 xð Þ ¼
Xn

i¼1

bi iþ 1ð Þ x

l

� �i
�i

x

l

� �i�1
� � ð31Þ

From Eq. 10, the general expression for elongation

in the segment ll� 0� l reads:

DL ffi
Z l

ll

b0v0 þ 1

2
v02 � 1

8
4b03v0 þ 6b02v02 þ 4b0v03 þ v04
� 	� �

dx

ð32Þ

For simplicity of notation lets’ pose:

#i xð Þ ¼ iþ 1ð Þ x

l

� �i
�i

x

l

� �i�1
� �

ð33Þ

Substituting expression 33 in expression 32, we

obtain:

DL ffi
Z l

ll

Xn

i;j¼1

bivj#i#jdxþ
1

2

Z l

ll

Xn

i;j¼1

vivj#i#jdx

� 1

8

Z l

ll

4
Xn

i;j;k;m¼1

bibjbkvm#i#j#k#mdx

� 1

8

Z l

ll

6
Xn

i;j;k;m¼1

bibjvkvm#i#j#k#mdx

� 1

8

Z l

ll

4
Xn

i;j;k;m¼1

bivjvkvm#i#j#k#mdx

� 1

8

Z l

ll

Xn

i;j;k;m¼1

vivjvkvm#i#j#k#mdx

ð34Þ

The vectors of coefficients v and b are independent

from the integration variable x, and the problem is

reduced to the evaluation of two tensors of integrals:

the matrix M with elements:

Mij ¼
Z l

ll

#i xð Þ#j xð Þdx ð35Þ

and the 4-dimensional tensor H, with elements:

Hijkm ¼
Z l

ll

#i xð Þ#j xð Þ#k xð Þ#m xð Þdx ð36Þ

Integrating Mij:

Mij ¼
Z l

ll

#i xð Þ#j xð Þdx ¼
Z l

ll

iþ 1ð Þ x

l

� �i
�i

x

l

� �i�1
� �

jþ 1ð Þ x

l

� � j

�j
x

l

� �j�1
� �

dx

ð37Þ

Mij ¼
ijþ iþ jþ 1

iþ jþ 1
1� liþjþ1
� 	

� 2ijþ jþ i

iþ j
1� liþj
� 	�

þ ij

iþ j� 1
1� liþj�1
� 	�

ð38Þ

In a similar way, integrating Hijkm:

Hijkm ¼
Z l

ll

#i xð Þ#j xð Þ#k xð Þ#m xð Þdx

¼
Z l

ll

iþ 1ð Þ x

l

� �i
�i

x

l

� �i�1
� �

jþ 1ð Þ x

l

� � j

�j
x

l

� �j�1
� �

k þ 1ð Þ x

l

� �k
�k

x

l

� �k�1
� �

mþ 1ð Þ x

l

� �m
�m

x

l

� �m�1
� �

dx

ð39Þ
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In the particular case in which l ¼ 0, matrix M

reduces to matrix B, with elements Bij:

Bij ¼
ijþ iþ jþ 1

iþ jþ 1
� 2ijþ iþ j

iþ j
þ ij

iþ j� 1
ð41Þ

And the 4-dimensional tensor H reduces to the 4-

dimensional tensor G, with elements Gij:

Appendix 2: Expression for cable elongation.

Linear segment

The lengthof the cable in the linear segment0� x� ll is:

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þs2 llð Þ

q
ð43Þ

and the total cable elongation can be calculated as:

DL ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2 þ 2ŝvþ v2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q

þ 1

2

Z l

ll

2ŝ
0
v0 þ v02

� 1

8
4s03v0 þ 6s02v02 þ 4s0v03 þ v04
� 	

dx ð44Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2 þ 2ŝvþ v2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ŝvþ v2

llð Þ2þŝ2

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ŝvþ v2

llð Þ2þŝ2

s
� 1

 !

ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q
1

2

2ŝvþ v2

llð Þ2þŝ2
� 1

8

2ŝvþ v2ð Þ2

llð Þ2þŝ2
h i2

8
><

>:

9
>=

>;

ð45Þ

and in matrix form, neglecting higher order terms, we

obtain:

Gij ¼
ijkmþ ijk þ ijmþ ijþ ikmþ ik þ imþ iþ jkmþ jk þ jmþ jþ kmþ k þ mþ 1

iþ jþ k þ mþ 1

� 4ijkmþ 3ijk þ 3ijmþ 3ikmþ 2ik þ 2imþ 3jkmþ 2jk þ 2jmþ 2kmþ k þ mþ 2ijþ jþ i

iþ jþ k þ m

þ 6ijkmþ 3ikmþ 3jkmþ kmþ 3ijk þ 3ijmþ jk þ jmþ ik þ imþ ij

iþ jþ k þ m� 1

� 4ijkmþ jkmþ ikmþ ijk þ ijm

iþ jþ k þ m� 2
þ ijkm

iþ jþ k þ m� 3

ð42Þ

Hijkm ¼ ijkmþ ijk þ ijmþ ijþ ikmþ ik þ imþ iþ jkmþ jk þ jmþ jþ kmþ k þ mþ 1

iþ jþ k þ mþ 1
1� liþjþkþmþ1
� 	
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1� liþjþkþm
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� 	
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iþ jþ k þ m� 2
1� liþjþkþm�2
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þ ijkm
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� 	

ð40Þ
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DL ffi ŝlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lvþ 1

2

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
llð Þ2þŝ2

q lvlv

� 1

8
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llð Þ2þŝ2
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2
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